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5.3. Conformal maps and harmonic functions. We will now turn to the topics about confor-
mal maps and harmonic functions.

5.3.1. Conformal maps and harmonic functions. A map f: U — C is called conformal if it “pre-
serves the angles.” To be precise, let f: U — C be a C! map on U C C. As before, we can
write

f(z) = f(z,y) = u(z,y) + iv(z,y)
by viewing z = x 4 iy € U. Then the tangents in the z and y directions will be sent to

ou Ov
(1,0) — (&U’aaj> s and

Thus, if we let

be the Jacobian matrix of f, then the conformality condition means

(v,w)  (Jv, Jw)

[of < fw| [T [ Tw|

given any v,w € R%\ {0}. By this, we can see that holomorphic functions are included when their
derivatives do not vanish.

(5.40)

Proposition 5.41. If f: U — C is holomorphic at 29 € U with f’(z9) # 0, then f is conformal at
20-

Proof. By the Cauchy-Riemann equation (1.7), the Jacobian matrix of f at zg is

Ou  Ou Ou  Ou
ox Oy Jdy Ox
which is a rotation matrix when f’(zp) # 0. Thus, (5.40) holds. O

One can similarly show that the converse statement is also true. That is, a conformal map is in
fact a holomorphic function with a non-vanishing derivative.**

When Riemann originally studied conformal maps, he was trying to find conformal maps using
harmonic functions. For example, if one is able to solve the system

Au=0 inU
u=f ondU

for a domain U with a suitably given f on OU, then it is possible to relate it back to finding
conformal maps into a disc. We will go back to this in Section 5.4.

(5.42)

Besides the usage related to conformal map, the boundary value problem (5.42) is also important
in many other geometric questions, and even physics. The problem of solving the boundary value
problem (5.42) is called the Dirichlet problem. Our goal in the following two sections is to see
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whether we can solve it for a general class of domains and boundary data. On the other hand, we
will also see that (5.42) is not always solvable, depending on the given U and f. See Remark 5.60
and Assignment 8.

Before studying harmonic functions in a systematic way, we can already use the most fundamen-
tal property of them to solve the Dirichlet problem for a disc. Recall that harmonic functions satisfy
the mean-value equality based on Corollary 2.30. One can also prove this fact by starting from the
definition (Au = 0) directly.®® In fact, we can get a slightly stronger version than Corollary 2.30
by approximating the boundary values. We list it as a lemma here.

Lemma 5.43. Let u: B; — R be a continuous function that is harmonic in B;. Then
1 21 )
0) = — ) dt.
u(0) 5 /0 u (')

The Dirichlet problem for Bj is then related to generalizing the mean-value equality above to
an arbitrary point in B;. To achieve, we recall again that in Assignment 1, we study some good
properties of the function

zZ0 — %
hy(2) = T

which, especially sends 0 to zp. Thus, given a continuous u: B; — R that is harmonic inside By,
for any 2y € Bj, using h,,, we can consider

) = () = u (252 ).
which is still harmonic in B1.°* We can then calculate
1 2m . 1 2m 20 — eit
5.44 =u(0) = — u (e dt = — =) at.
(5.44) u(z0) = u(0) zn/g (et =oo | “(1—zoezt>

" )
zo—e" 1S
. , We

1—zgeit

Note that fﬂ;{i; is still on the unit circle by the property of h,, and by writting
can get
15
it _p (pi5) = 20" °€
€ 20 (6 ) 1 _zoeis'

Thus, differentiating leads to

) s 2 761’3 _Eeis
e”dt—( ¢ +(0 ) 0 )ds.

1—Ze™ (1 7Zeis)?

s

Dividing both sides by eif = 20=¢

1—zge®s’

eis E(]eis 1— |Zo|2
U=\ G T T 200 ) ¥ = o —o 2%
e’ —z9 1—7%e lers — 2|

we get

Putting this back to (5.44), we derive

2m ) — |z 2
(5.45) u(zo) = 1/0 u (") ’1‘0’618

2 eis — 2
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That is, the value of u in B; is completely determined by its value on 0Bj. The equality (5.45) is
called the Poisson formula.

On the other hand, formula (5.45) actually can be used to produce harmonic functions with a
prescribed continuous boundary datum. Thus, it provides a solution to the Dirichlet problem for
B;.

Proposition 5.46. Let v: 9B1; — R be a continuous function on the unit circle. Then if we define

1 27 is\ 1—|z|? .
v (e ds if z € By
() = { )

2 JO lets —z|?

v(z) if € 0B,
then u solves (5.42) for U = B; and f = v.

e

Proof. 1t is relatively direct to see the harmonicity in the interior. In fact, we can write®®

Rl I A
|€zs —Z|2 es — o

so, on By, u is the real part of the holomorphic function
1 w+z 1

— v(w) - - —dw.

27 Jop, w—z w

(5.47)

This part in fact does not require the continuity of v.

For the boundary continuity, we do need the continuity of v. For simplicity, we write

1 2 ) 1— |Z‘2
P’Uo(z) = 277_/0 Vo (628) mds

be the Poisson integral constructed from vg, which makes sense for any integrable function vy and
z € Bj. Thus, viewing P as a map from the space of integrable functions on 9B to the space of
harmonic functions on Bj, we can derive some basic properties of P, including the linearity and
the preservation of non-negativity. Based on this, to prove the boundary continuity, that is,

lim P,(z) = v(z0)

Z—r20

for any zp € 0Bj, we may assume v(zg) = 0 by possibly adding a constant to v.

Now we start to estimate and fix an arbitrarily small number ¢ > 0. By the continuity of v, we
can take § > 0 such that |v| < &/2 on B; N Bs(zp). For the part in the arc Cy := 9By N Bs(2p), we
will make use of the smallness of v, and on the rest Cy := 9B; \ Bj(29), we will estimate directly.
We consider

v; = v - idg
where id¢, is the characteristic function of C;. The pointwise bound |v;| < €/2 then implies

(5.48) P, | < % on B.

On the other hand, since vy vanishes on Cy, if we write zg = €’*° and

Ch = {eis:se (so—d,so+d)}



96 TANG-KAI LEE

for some d > 0, we have, when z is close to z,

1 27 ) 1— |Z’2 1 so—d+27 ) 1— |z’2
P, ()| =|— )y = _gs| = |— sy — g
P = |gr [ 020 gtps| = fgr [ e ) s
_2r—2d ol 11— |22
7-811 U - —_——
=" on 2C?

where C3 = 2 — 2cos(2d) = |’ — 1| is the minimum of |e*® — zo| on Cs. Hence, this implies that

£
(5.49) Pl < o
when z — zg. Combining (5.48) and (5.49), we get the continuity of u at z. O

The question we want to answer by the end of next section is to what extend we can solve (5.42).
We will use Perron’s method of approximation by subharmonic functions to achieve in some general
situations. We will first study properties of harmonic functions in this section, and then introduce
subharmonic functions and Perron’s method in Section 5.3.3.

First, we can use the mean-value property (the equality in Lemma 5.43) to derive the maximum
principle. Note that this is also what we’ve done for holomorphic functions. What we can do more
here is, we can instead start from the mean-value equality. For a continuous function u: U — R
on an open set U C C, we say that u satisfies the mean-value property if for any B, (z) C U, it
satisfies

1

2
u(zg) = 277/0 u (zo + re’) dt.

We know that harmonic functions satisfy the mean-value property by Lemma 5.43. As in Theo-
rem 2.27, it implies the strong maximum principle, and similarly the strong minimum principle.

Lemma 5.50. Suppose U is a connected open set in C and u: U — R satisfies the mean-value
property. If supy; v or infyy w is achieved at a point in U, then u is a constant function.

The proof is the same as that of Theorem 2.27 and we do not repeat it here. As a result, we
can see that the mean-value property in fact characterizes harmonicity. Note that the mean-value
property does not assume C? regularity.

Corollary 5.51. Suppose U is an open set in C and u: U — R satisfies the mean-value property.
Then u is harmonic.

Proof. We fix a ball B,(z) C U. Since u is continuous, we can use it to produce a harmonic function
by the Dirichlet problem for B;. That is, Proposition 5.46 implies that there is a continuous function
@: By(20) — R which is harmonic in B, (z0) and equals v on dB,(2g). Thus, u — v is identically zero
on 0B;(zp) and the maximum principle (Lemma 5.50) implies w — v is identically zero in B,(zp).
This implies that v = v, and hence v is harmonic near zp, and this argument applies to any zg. [0

Thus, functions satisfying the mean-value property are automatically harmonic. Note that the
regularity then suddenly becomes much stronger (from C! to analytic).
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Finally, we prove an important estimate for harmonic functions. It is called the Harnack in-
equality. It allows us to compare harmonic functions at different points.

Theorem 5.52 (Harnack inequality). Let u: U — R be a positive harmonic function. Given a
compact set K C U, there exists Cx < oo such that

supu < Ckg - inf u.
K K

The crucial point is that the constant C'x does not depend on the function itself. Thus, the
estimate can be applied to a large class of harmonic functions, and thus can be useful when we
want to get a uniform bound from a family or a sequence of harmonic functions.

Proof. We first deal with the case when K is a ball. Recall that we have the Poisson formula (5.45),
so for any z € By, we have

L2 1—z)?
u(z) = 271_/0 u () |€it_|!‘2dt.
To estimate the integrand, for r € (0,1) and z € B,, the triangle inequality implies
1—r<|e® =2 <1+

Thus,

1—7r 1—r? 1—|z)? 1—r? 1+7r

I+r = (1+7r)? = et — 2|2 = (1—1r)? = 1—7r
This and the usual mean-value property then imply

1—7r 1+7r

0) < < 0).
ru(0) < u(e) < Tru(0)
This is true for all z € B,., and hence we get

1+7r 14+7\? 1—7r 147)2
5.53 < 0) = : 0) < inf
(5.53) supu < 3—u(0) <1—r> T )_<1—r> B

for any r € (0,1).

We sketch the idea for the case of general compact sets. When we are given a compact K C U,
we can assume K is connected by looking at each of its connected components. Then we can find
zpm and z,, such that

u(zpr) = supu and u(zy,) = inf u.
K K

Take a curve « joining zps and z,,, and cover the curve by finitely many balls. This curve can be
bounded by at most N balls with radius r < dgu.(K,0U), where N only depends on K and U.
The inequality (5.53) can be applied to each of the balls, and combining them leads to the desired
estimate on K. O

Harnack’s estimate, as expected, has many applications. We end the section by mentioning a
direct application about monotone sequences of harmonic functions.
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Corollary 5.54. Let U be a connected open set in C and suppose u,, is a sequence of harmonic
functions on U. Suppose u, is an increasing sequence, in the sense that for uy < uwg < ---. Then
uy, either locally uniformly converges to a harmonic function on U, or locally uniformly converges
to oo.

Proof. We may assume u, > 0; otherwise, we can replace u, with u, —u; + 1. Fix 20 € U and
take d > 0 so small that Bs(z9) C U. We look at the limit L := lim,,—,o un(20), which exists by the
monotonicity.

If L < oo, then for n large, we have u,(z9) < 2L. We can apply Harnack’s estimate and get a
constant C' < oo (independent of n) such that for all n large as above,

sup up, < C- inf wu, <2CL.
Eé(ZO) B5(z0)

This finite bound and the monotonicity then imply w,, converges to a limit u. The monotone con-
vergence theorem implies that u still satisfies the mean-value property, so u is harmonic in Bs(2p).

If L = oo, then given any M < oo, we have u, > M for n large. We can apply Harnack’s
estimate and get a constant C’ > 0 (independent of n) such that for all n large as above,

Cinf u, > C’ sup u, > C'M.
Bjs(20) Bs(z0)

This implies u,, — oo uniformly on Bs(zp).
By the two cases above, we know that the two sets

{z eU: lim uy(z) < oo} and {z eU: lim uy(z) = oo}

n—oo n—o0
are both open. The connectivity of U then forces one of them is empty, and hence exactly one of
them holds for all z € U. g

We remark that by assuming the functions in Corollary 5.54 are positive, one can drop the
monotonicity assumption by using the Harnack estimate directly.

5.3.2. Subharmonic functions. The goal of this section is to study the Dirichlet problem (5.42) for
a general domain.

The method we will study was first employed by Perron, and it is based on the approximation
idea using “subharmonic functions,” which are subsolutions to the Laplace equation. In the one-
dimensionl case, harmonic functions are just straight lines, and then subsolutions to the Laplace
equation are exactly convex functions (functions with v” > 0). Perron’s method in the (simple)
one-dimensional case can be illustrated in Figure 12, which motivates the following definition.

Definition 5.55. Let U be an open set and v: U — R be a continuous function. We say v is
subharmonic if for any B, (zp) C U, it satisfies the mean-value inequality

1

27
v(zp) < 27T/0 v (20 + re') dt.
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FiGURE 12. When the boundary points are fixed, the straight line, the graph of a
harmonic function, maximizes the value at each point among all convex (subhar-
monic) graphs.

Clearly, different from the mean-value equality, subharmonic functions are much less rigid, and
we do not expect the regularity can be upgraded as in the harmonic case. We will still see in As-
signment 8 that subharmonic functions can be related to the Laplace equation, as mentioned above,
when they are assumed to be C2. In general, we can use the maximum principle to characterize
subharmonicity.

Theorem 5.56. Let v be a continuous function on a connected open set U C C. Then v is
subharmonic if and only if for any connected subdomain U’ C U and any harmonic function u on
U’, v — u satisfies the strong maximum principle on U’; that is, if v — u achieves its maximum at
an interior point p € U’, then it must be constant on U’.

Proof. The argumet for the “only if” direction is the same as the proof of Theorem 2.27, and we
go through it again as we did not repeat it for Lemma 5.50. Suppose the maximum M of v — u is
achieved in U’. We then consider

(v—u) ' (M)={2€U :1v(z) —u(z) = M}.
Since v satisfies the mean-value inequality and u satisfies the mean-value equality, for any zp €
(v —u)~Y(M), we can take r > 0 such that B,(z9) C U’ and hence for any ¢ € (0,r),

2m
M = v(z9) —u(zp) < 21/0 (v —u) (20 + Eeit) .

™

The maximality of M then implies v — u is constantly M in the ball. This implies (v —u)~1(M) is
open, and hence (v —u)~Y(M) = U".

For the “if” part, we will use the Dirichlet problem for balls. Fix a ball B,(z) C U. Since v is
continuous, by Proposition 5.46, there is a continuous function u: B,(29) — R which is harmonic in
B, (2p). The assumption implies that the maximum of v — u is achieved on the boundary 0B;(zp).
However, we know that v —u = 0 on the boundary, so we have v —u < 0 on the whole ball B, (2).
Using the mean-value equality for u, we get

1
27
and the proof is done. O

1 2

2T
/ u(zo +re')dt = — v (20 +re') dt,
0

v(z0) < u(zo) = 27 ),

Example 5.57. Although subharmonic functions do not have much rigidity, this means that it
may be easier to construct them. We mention two main sources here.

(1) Any harmonic function is obviously a subharmonic function.
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(2) If f(2) is holomorphic and non-vanishing, then |f(z)| is subharmonic and log |f(z)| is har-
monic. Thus, we have a large class of examples from holomorphic functions. See Assign-
ment 8.

Next, we list some basic constructions for subharmonic functions.

Proposition 5.58. Let v and v; be subharmonic functions on an open set U C C.
(1) kv (k > 0) is subharmonic.
(2) max {v,v;} is subharmonic.

(3) Given B,(z9) C U, replacing the values in B,(zp) with the Poisson integral leads to another
subharmonic function. That is, the function

o(2) if 2 € U\ By (20)
va(z) == %IOQWU(ZO_'_reit) Mdt if z € B, (20)

|re’t—(z—z0)|?

is subharmonic on U. This is called the harmonic lifting of v in B, (zp).

Proof. Tt is not hard to see from the definition of the mean-value inequality that kv is subharmonic
for k > 0.

For s := max{v,v1}, we look at a connected subdomain U’ C U and a harmonic function u
on U. Suppose s — u achieves its maximum at zg € U’, say s(z9) = v(2g). Then for any z € U’,

v(z) —u(z) < s(z) —u(z) < s(z0) —u(z0) = v(z0) — u(20).
Thus, v — u also achieves its maximum at zy € U’, so v —u is constant on U’. This implies that the

inequalities above are all equalities, and hence s — u = v — u is also constant.

For wv9, first we know that v < vs. We again look at a connected subdomain U’ C U and a
harmonic function u on U’. Suppose vy — u achieves its maximum at zg € U’. We consider the two
situations.

If z9 € U\ B:(20), then va(z9) = v(20), and hence for any z € U’,
v(2) — u(z) < wa(2) — u(z) < v2(20) — ulz0) = v(20) — ul20)-

Thus, v — u also achieves its maximum at zg € U’, so v — u is constant on U’, and the inequalities
above are equalities.

If 29 € B,(20), the harmonicity of vy implies vy — u is constant in U’ N B,.(20). We can then run
the same argument in the preceding paragraph to a point on U’ N dB,.(zg), on which ve = v. (|

5.3.3. Perron’s method to solve the Dirichlet problem. Now, we start to set up for Perron’s method
of solving the Dirichlet problem. Let U be a bounded and connected open set in C and f be
a function on 9U. We first do not assume f is continuous, but we assume it is bounded, say
lfl <M < oo.

As we mentioned, we want to use subharmonic function to approximate the solution to the
Dirichlet problem (if exists). Thus, we consider

S(f) = {v eC (U) : v is subharmonic in U with v|gy < f} .
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Note that by the bound |f| < M, any constant functions less than —M belong to S(f).
Perron’s strategy consists of the following two steps.

(1) Since subharmonic functions are bounded by harmonic functions (with the same boundary

data), it is reasonable to approximate the solution from below. Thus, we define a function
Pf on U by letting

(5.59) (Pf)(z):= sup wv(z)
veS(f)

for each z € U. Is Pf: U — RU {oo} harmonic?
(2) Does Pf satisfy the boundary condition? That is, is it true that
lim (P) (2) = /()
for p € OU?
Remark 5.60. . We can’t hope to get both of (1) and (2) for all U’s. For example, if one lets

U= B;\{0} and sets f =1 on 9B and f(0) = 0, then one cannot solve the Dirichlet problem for
such data. We will work on this example in Assignment 8.

As mentioned in Remark 5.60, it is not always possible to have the nice boundary behavior as
in (2). However, we can first see that (1) is in general true.

Theorem 5.61. The function P f constructed in (5.59) is harmonic in U. That is, (1) is correct.

The function Pf is called the Perron solution on U with boundary f.'® Note that when the
Dirichlet problem (5.42) is solvable, the solution must equal P f by the maximum principle.

Proof. First, for each v € S(f), the maximum principle (applied to v —0) implies v < supy f < M.
As a result, we first know that Pf: U — R is a bounded well-defined function. We write u := P f
and will prove that it is harmonic.

Given any B := B,(z) with B C U, by the definition of u, we can find a sequence of subharmonic
functions v, € S(f) such that

(5.62) lim v, (20) = u(2o).
n—oo
We will now produce a harmonic function from these v,’s, and show that it agrees with wu.

We may assume v, is an increasing sequence (i.e., v; < wy < ---) by replacing v, with
max {vy, -+ ,v,} inductively. The new sequence is still in S(f) by Proposition 5.58 and still pro-
duces the same limit (5.62) at zp. We then consider v,, the harmonic lifting of v, in B. Since
v, < Uy, and vy, is still in S(f), we have the (monotone) limit (5.62) is still preserved; that is,

(5.63) lim 0, (20) = u(z0).
n—oo
Moreover, for any z € B, the maximum principle implies

(5.64) Upt1(2) = Up(2) < max (Unt1 — 0p) = max (Un41 —vp) <0

16T his is a bit misleading since we do not know any actual boundary information about Pf.



