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1 Review of ramification theory

Let Ok be a henselian DVR of characteristic p > 0 with fraction field K and residue field k. Then
there is a tower K3°° > K% 5 KW 5 K, where K™ is the maximal unramified extension of K and
K' is the maximal tamely ramified extension (i.e. the degree of any finite subextension of K /K"
is coprime to p). We have the following description of Galois groups:

Gal(K"/K) =~ Gal(k*P /k)

Gal(K"/K") = [ [ Ze(D).
L#p

We denote the inertia group I := Gal(K®P/K") and the wild inertia group P := Gal(K®P/K"Y).

Since we only care about ramification, we’ll assume that k is separably closed, so that Ok is
strictly henselian. Let v : K — Z be the valuation on K. Let L/K be a finite Galois extension
with Galois group GG. We can define a decreasing filtration G = Gg © G; D G2 D --- as follows:
G; ={oeGlv(o(ry) — ) =i+ 1}. Any o € G sends 71, to a unit multiple ury,; the map o — u
(mod 7p,) defines an injective homomorphism Go/G1 — k*. Similarly, any o € G; sends 7, to
T + awi“; the map o — a (mod 71,) defines an injective homomorphism G;/G;11 — k. Hence,
(G1 is a maximal p-subgroup of G a.k.a. the wild inertia subgroup.

2 The Swan conductor

Let X be a smooth projective curve with function field K over an algebraically closed field k, and
let U € X be a nonempty open subset. Let F be a finite field of characteristic £ # p. Given an
F-local system F on U, we get an Gal(K®P/K)-representation M by restricting to the generic point,
which factors through some finite Gal(L/K). For every closed point = € U, the inertia group I, acts
trivially on M. Now fix a closed point x € X — U, and let G = I,.

Theorem 1. The rational number

Z I Golz a dimp (M /M)

i=1

is independent of the choice of L and is an integer.



Remark 1. We can also define the Swan conductor using the upper numbering GV, defined as
follows. First we say that for u € Rxo, Gy := G|, We then define the unique continuous piecewise
linear function ¢ : R>¢ — R such that ¢(0) = 0 and ¢'(u) = (Go : G,)~!. The upper numbering
is defined by GV := G4-1(,). The set of jumps of G is defined as the image #(N) < Rxo, and we
can define Swan, (F) == > v dimp(MS" /ME™"), where v ranges over the jumps.

The convenient thing about the upper numbering is that for a normal subgroup N < G, (G/N)? =
im(G? — G/N), so that we can define the upper numbering on the entire Galois group Gal(K5P/K,.).
Also, there’s the Hasse-Arf theorem, which states that for G abelian, the jumps are integers.

This integer is called the Swan conductor of F at z and is denoted Swan, (F). Note that
e Swan,(F) = 0 iff the wild inertia subgroup acts trivially, i.e. F is tamely ramified at x.

e For F tamely ramified at x and G another local system on some open subset of X, Swan,(F ®

G) = Swan,(G) -tk F

Given a Q,-local system F on U with fiber V, we get a corresponding representation I, — GL(V)
defined over some finite extension Og/Z; (here, V = Fy ®o, Q, for some free Op-module Fp). We
have an action of I, on the F-vector space My = Fy/mpFy. We define Swan, (F) := Swan,(My).
It’s not too hard to show that this is independent of choice of Fj.

Example 1. (1) For a finite field Fy, the Kummer cover is the finite étale cover G0 — Gno
given by taking (¢ — 1)th powers. It is Galois with Galois group F. For a multiplicative
character x : Fj — C*, we can define the Kummer sheaf L(x) on Gp. Since the Kummer
cover is tamely ramified above 0 and oo (it has degree ¢—1), Swang(L(x)) = Swany (L(x)) = 0.

(2) The Artin-Schreier cover is the finite étale cover A} — A} given by x — 29 — x with Galois
group F,. Given an additive character ¢ : F; — C*, we can define the Artin-Schreier
sheaf L(1). For 1 nontrivial, we can show that Swany(L(¢)) = 1 as follows. We identify
F, =~ Gal(Fy[[u™]]/F4[[t~*]]), where u? — u = t. Now u~! is a uniformizer of the big field,
and for a € Fy, the corresponding automorphism sends u~! — (u+a)™' = v (1 + au™t)71,
sothat (u+a) ™ —u=t = —au™2 + O(u™3). Thus, G; = G, and Gy = 0. Since 1 is nontrivial,
there are no GG1-fixed points, and everything is Ga-fixed. Thus, the terms in the above sum
are 0 except for i = 1, so we get Swany (L(¢)) = 1.

3 The Grothendieck-Ogg-Shafarevich formula

Let F be a Q-local system on U. The Grothendieck-Ogg-Shafarevich formula is an index formula
for the Euler characteristic x.(U, F) (it can be shown that x.(U,F) = x(U, F)).

Theorem 2 (Grothendieck-Ogg-Shafarevich).

Xe(U. F) = xe(U)tk F = > Swan,(F)
zeX—-U

4 Applications to exponential sums

As Deligne noted very early on, étale cohomology is extremely useful for bounding exponential sums,
since exponential sums can often naturally be expressed as sums of traces of Frobenius.



4.1 Gauss sums

We'll start with a classical example. Fix a multiplicative character x : F; — C* and a nontrivial
additive character ¢ : F, — C*. The Gauss sum G(x, ) is defined as the sum ZaeF; x(a)y(a).
This can also be thought of as the sum over G,,(F,) of the traces of Frobenius of the rank 1
local system F := L(x 1) ® L(¢~1), which is 37 (—1)" tr Fr H:(G,,, F) by the Grothendieck trace
formula. By the properties in Section 2, we have Swang(F) = 0 and Swan,, (F) = 1. Since x.(Gn,) =
0, the GOS formula tells us that x.(Gn,F) = —1. Since G, is non-proper, H)(G,,,F) = 0.
Since FV =~ L(x) ® L(¢) is nontrivial, H2(G,,, F) =~ H%(G,,, F")¥ =~ 0. Thus, H(G,,, F) is
1-dimensional. Similarly, H'(G,,, F) is 1-dimensional.

Consider j : G,,, — P!. We have a distinguished triangle jiF — Rj.F — K of complexes on P!,
where K is supported at {0, 00}. Since the map jiF — j.F is an isomorphism (F is a nontrivial rank
1 local system), HOK =~ 0, so that the map H!(G,,, F) — H'(G,, F) is an injection and thus an
isomorphism. By Weil II, since F is pure of weight 0, we know that H}(G,,,F) is mixed of weight
< 1 and that H'(G,,, F) is mixed of weight > 1 (by Poincaré duality). Our isomorphism tells us that
both groups are pure of weight 1, so that the Gauss sum G(x,v¢) = Zio(—l)itr Fr H (G, F) =
—trFr H}(G,,,, F) has absolute value ¢'/2, as is classically known about Gauss sums.

4.2 Kloosterman sums

Again fix a nontrivial additive character ¢ : F; — C*. For n > 1 and a € [y, the Kloosterman
sums are defined

Ky o= Z V(X + -+ xp).

T1Tp=a

We can easily compute K, = (—1)""!, but the other Kloosterman sums are more mysterious.

The trivial bound is | K, | < (¢ — 1)"~!, but Deligne improved this to |K, .| < ng"T using étale
cohomology.

We consider the Kloosterman manifolds V*~! = {xy - - - x,, = a} = A". There is a map o : A" —

Al sending (z1,...,2,) = 21 + -+ + 2, and a map 7 : A” — Al sending (v1,...,2,) = 21 Tp.

K, o is the sum over V*~1(F,) of the traces of Frobenius of the pullback o*£(1)~1). Since it doesn’t

matter whether we use ¢ or ¢ =1, we'll set F = F (o) := o*L(1)) for convenience. Deligne’s estimate

on Kloosterman sums follows from (a) and (c) of the following geometric result, along with Weil II.

Theorem 3. HY(V"~1 F) satisfies the following:

~

b) H* = H*.

(a) H: =0 fori#n—1.
(b)
)
)

(c) For a # 0, dim H? ! = n.
(d) For a =0, dimH? ! = 1.

This theorem is proven by a simultaneous induction on n with the following theorem on the
pushforward R 'mF.
Theorem 4. (a) R" " 'mF|g,, is lisse of rank n.

(b) The extension by 0 to P! is the same as the direct image sheaf.

(c) Swang(R"!'mF) = 0; the monodromy around 0 is unipotent with a single Jordan block.



(d) Swane, (R"!m.F) = 1; the wild inertia has no fixed points.
(e) R'mF = RimyF

We take for granted that Theorem 3 for a given n implies Theorem 4 for n (the proof is in SGA
4.5, Section 7 of the chapter on trigonometric sums). The cases n = 1 and a = 0 aren’t too hard, so
we’ll omit them. It remains to show that Theorem 4 for n implies Theorem 3 for n + 1 for nonzero
a.

Let V" < A™*! have coordinates zo, ..., x,, and let g : V. — G,,, be the projection to the first
coordinate, and let h : V* — G, be the projection to the last n coordinates (h is an isomorphism).
By the projection formula, Rg.«F (¥oni1) =~ Rg(g*L(¢Y) ® hW*F(vo,)) ~ L(Y) ® Rgh*F (o).

Tn

Note that g factors as V" -, G, ™ G, — G,p,, where 7(x) = az~!. Thus, RgsF(Yoni1)

L(Y) ® T4 Ry F(Yoy,). The same thing is true for lower shriek: RgiF(¥oy,41) ~ T RmF (Vo). We
have Leray spectral sequences

BV = HY (G, L(Y) @ T RIMF (V0,)) = HPY(Va, F(¥0141))
*EP = HP (G, L) ® T4 RITW F(10,)) = HP (Vo F(0n41))

By the inductive hypothesis, RIm®F (¢o,) = 0 unless ¢ = n— 1, so the only possible nonzero terms
are !Eg(nfl) for p € {0,1,2}. Moreover, the inductive hypothesis implies that RImyF(vo,) —
RimpF(hoy,) is an isomorphism, so the same thing applies to *EY?. Since G,, is non-proper,
!qu ~ (0, so *qu =~ 0. By Poincaré¢ duality (apply everything we’ve said to 1), ’ES(”*” ~ (.
Thus, the only possible nonzero term is 'Ey" ™ =~ * ("1,

We can compute Swang (L () @7 R~ 1mF (vo,)) = 1 and Swany, (£(¢)®@7 R tmF(Yo,,)) = n.
Thus, GOS tells us that x.(G,,, L(¢) @7 R"~1mF (0,)) = —n— 1. Since there is only one nonzero
cohomology group, we see that H*(V.*, F(v0,,)) = HY (G, L(Y) @71 R"~1mF (10,)) has dimension
n, as desired.
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