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September 9, 2025

This section starts with the basic definitions of the course — real and
complex Lie groups and then gives a series of basic examples. We then study
two important technical results that are used repeatedly in the subject: the
existence of left-invariant metrics on a Lie group and the smooth manifold
structure of the space of cosets of a sub-Lie group H of G and the quotient
map G — H\G.

1 The Basic Definitions

Definition 1.1. A Lie group is a smooth finite dimensional manifold G with
two structure maps, which are required to be smooth maps, m: G x G — G
and ¢: G — G, together with an element e € G. These structure maps define
a group structure on G with m as a product, e as the identity element, and
¢ as the map g — ¢~ '. A map ¢: G — H of Lie groups is a smooth map
from the manifold underlying G to that underlying H that is also a group
homomorphism

If G is a complex manifold and the structure maps m and ¢ are holomor-
phic, then G is a complex Lie Group. A map between complex Lie groups

is a holomorphic map that is a group homomorhism.

Obviously, these definitions define the category of Lie groups and a cat-
egory of complex Lie groups.

There is one technical issue in the definition of Lie groups and complex
Lie groups; namely what we mean by a manifold. There are two condi-
tions that are optional in the definition of a manifold: Hausdorff and 2"¢
countable (which means that there is a countable basis for the topology).
Usually, manifolds are assumed to be Hausdorff and second countable. We
shall always require that the manifolds underlying Lie groups be Hausdorff.



Normally, we shall implicitly assume that they are second countable as well,
but it is not essential as the following lemma shows.

Lemma 1.2. Let G be a connected Lie group. Then G is second countable.

Proof. We shall see later in this lecture that G is metrizable. It is a general
theorem in topology that a metrizable space is second countable if and only
if it has a countable dense subset. [Homework problem.]

Since G is a manifold, there is a neighborhood U of e in G diffeomorphic
to an open subset of R™ for some n < co. We take U to be invariant under
g+ g~ 1. The points of U with rational coordinate values form a dense open
subset Q C U. Consider now Hle U — G given by (g1,...,9%) — g1 G-
The domain of this map is an open subset of a Euclidean space and hence
has a countable dense subset. The same is true of its image Uy C G. It
follows that Uy, = U52,U; also has a countable dense subset. The proof is

completed by the following claim.
Claim 1.3. G = Uy.

Proof. Clearly, Uy is a non-empty, open subset of G. Since G is connected,
we need only show that U, is closed subset. Let z € G be a limit point
of Us. Then gU is an open subset about z and hence gU N Uy # 0. Let
h € gUNUy. Since h € Uy, it follows that h € U for some k < oo.
Also, h = gu for some u € U and hence ¢ = hu™! with u=! € U. Hence,
g e UkJrl C Uoo

Since Uy, contains all its limit points and G is a metric space, Uy is a
closed subset of G. O

O]

Corollary 1.4. A Lie group is second countable if and only if it has at most
countably many connected components.

1.1 Submanifolds and sub Lie groups

Definition 1.5. Let M be a smooth manifold. A smooth submanifold is
a subset N CM with the property that for each m € M there is a local
coordinate system (z', ..., z*) defined on an open set U containing the point
m such that NNU is given by the subset of U where the equations {z" 1 =

- = 2¥ = 0} hold. Then N inherits a unique smooth structure such that
the inclusion N — M is a smooth map. Such a map is called a smooth

embedding. [Since we are working exclusively in the smooth category we



shall drop the adjective smooth from the terminology both for submanifolds
and embedding. It is implicit.]

Notice that if N is a submanifold of M then it is a closed subset of
M. There is a converse to this. Suppose that ¢: N — M is an immersion
(injective differential at every point) and is a one-to-one map. Then the
image ¢(N) is a submanifold of M if and only if it is a closed subset. An
example showing that the image is not automatically closed is given by the

map

R' 4 R? - R?/Z2

where f(t) = (t,7t).

Definition 1.6. Let G be a Lie group. A Lie subgroup H C G is a smooth
submanifold H of G that is closed under the product and inverses and con-
tains the identity element!.

The terminology is justified by the following lemma.

Proposition 1.7. If H C G is a sub-Lie group, then the restriction of the
product and inverse of G to H give H the structure of a Lie group and the
inclusion H C G is a morphism of Lie groups.

Proof. We consider the case when G is connected, and leave the general-
ization to non-connected groups to the reader. Since H is closed under
product and inverses and contains the identity, the restriction of the group
structure maps from G to H define the structure of a group on H. We need
only see that the product and the inverse are smooth maps of H. But they
are smooth maps of G and H is a smooth submanifold invariant under the
maps. Hence, the restriction of the maps to H are smooth. This establishes
that H with the induced structures is a Lie group. The inclusion H C G
is a smooth map and a group homomorphism and hence, by definition is a
morphism of Lie groups. O

There is an analogue of the first part of Lemma 1.7 for one-to-one im-
mersed subgroups.

Lemma 1.8. Let G be a Lie group. Suppose that H is a smooth manifold
and ¢: H — G is a one-to one smooth immersion whose image is a subgroup
of G. Then there is a unique Lie group structure on H so that ¢ is a
homomorphism of Lie groups.

'In the literature one sometimes finds the more general notion of sub Lie group where
the submanifold is not required to be closed, just to be one-to-one immersed.



Proof. Since H is a smooth manifold and a group, we need only show that
group multiplication and inverse are smooth maps. Let (h,h') € H x H.
There there are neighborhoods U,U’ and V' of h,h’ and hh', respectively,
such that p: U — G and ¢: U’ — G and ¢: V — G are embeddings onto
smooth (locally closed) submanifolds. Taking U and U’ sufficiently small
we can arrange that the product in G maps U x U’ — V. Since the group
multiplication of G is smooth the composition U x U’ — V C G is smooth,
and since V is a locally closed smooth submanifold of G, this implies that
U x U — V is smooth.

The argument for the inverse map is analogous. O

2 Examples

2.1 Real Lie Groups

Groups naturally arise as symmetry groups of some mathematical structure,
so they come with their defining action. Most Lie groups, complex Lie
groups, or linear algebraic groups arise in this way.

Any discrete group is a Lie group. If we require, as one often does, that a
manifold must be second countable, then only the countable discrete groups
are Lie groups. Of particular interest are the finite groups.

Example 1. The symmetries of a square in the plane, meaning a Euclidean
isometry of the square onto itself consists of rotations through multiples of
7/2 around the central point of the square, together with flips, either about
a line bisecting two opposite sides or a line passing through two opposite
vertices. These form a group of order 8 with a normal subgroup being the
group of 4 rotations. Similarly, the Euclidean symmetries of a regular n-gon
in the plane is a group of order 2n with a normal subgroup being the cyclic
group consisting of the n rotational symmetries.

Example 2. The real line R with m being addition and «(z) = —z is a
Lie Group, the additive group over R. The non-zero real numbers R* under
multiplication form a Lie group. Similarly, the additive group of complex
numbers C and the multiplicative group of non-zero complex numbers C* are
complex Le groups. The unit circle in the complex plane with product being
product of complex numbers and ¢ being inverse of complex numbers is a
Lie group. Indeed, it is a real Lie subgroup of the real Lie group underlying
the complex Lie group C*.

Example 3. Let V be a finite dimensional real vector space. Then the
general linear group of V', denoted GL(V), is a Lie group under matrix



multiplication and matrix inverse. Let V have a volume form vol(V) €
APV . Then SL(V) the subgroup of GL(V) of matrices that preserve this
form is a subgroup. Check that SL(V) is a smooth submanifold of GLV).
Let R™ have its usual coordinates and volume form, Then GL(R") is the
group of n X nm matrices of real numbers with non-zero determinant and
SL(R™) is the subgroup of matrices of determinant one.

Example 4. Let () be a non-degenerate quadratic form on a finite dimen-
sional real vector space V. W define O(Q), the orthogonal group of @, to be
the subgroup of GL(V') that leaves () invariant in the sense that A € GL(V)
is in O(Q) if and only if Q(Av) = Q(v) for all v € V. Check that O(Q) is
a smooth submanifold of GL(V') that closed under the product and taking
inverses and contains the identity. Applying the above lemma, we see that
it is a sub-Lie group of GL(V) and hence is a Lie Group in its own right.

The example O(n) is the orthogonal group of the standard positive def-
inite Euclidean inner product on R™. The group SO(n) is the subgroup of
O(n) of matrices of determinant 1. Show that SO(n) is the component of
the identity of O(n).

Example 5. Let V be a finite dimensional real vector space and w-V®V —
R be a non-degenrate skew-symmetric form. Then the subgroup of GL(V')
that preserves this form, Symp(V') is called a symplectic group. Check that
this is a Lie subgroup of GL(V). In the special case when V = R*" with
symplectic form

2n 2n n
w( E sie’, E tie') = g 82i—1t2i — S2it2i—1
i=1 i=1

i=—1
this is the symplectic group Symp(2n).

Example 6. If G; and G are Lie groups, then the product smooth manifold
(1 X G is naturally a Lie group under the product operations. Notice that
G1x{e} and {e} x Gy are sub Lie groups of G1 x G2, and this is a categorical
product in the category of Lie Groups.

2.1.1 Some Counter-Examples

Consider the torus 72 = R?/Z?. The translation structure on R? induces
an Abelian group structure on 72 that makes it a compact Lie group. Any
sub-Lie group H C T? is a closed subset of T? and hence is compact. As
a result every connected sub Lie groups of T2 is isomorphic to one of T2,
St {e}. If R C R? is a line through the origin in an irrational direction, then



it induces an injective map R' — T2 map of Lie groups whose image is not
compact and hence not a sub Lie group.

Notice that there is a quotient space T?/R! inherits a group structure
and also is is locally isomorphic to R! with local coordinates in which the
group structure is smooth. But the quotient is not a Lie group since it is
not Hausdorff.

There are similar examples in higher dimensional tori of all possible
codimensions > 1.

The examples show that in general if p: H — G is a map of Lie groups,
then the image is not necessarily a sub Lie group of G.

2.2 Examples of Complex Lie groups
As in the real case, we have:

Example 7. If G is a complex Lie Group and H C G is a complex sub-
manifold containing the identity element of G and closed under the product
operation and the inverse map, then H together with the restriction to H
of these structure maps is a complex Lie Group.

Example 8. A complex linear algebraic group is a complex algebraic sub
variety of M (n x n,C) contained in the Zariski open subset GL(n,C) and
closed under matrix multiplication and inverses.

Example 9. If V is a finite dimensional complex vector space then its
complex linear automorphisms form a complex Lie Group. Of course, we
can assume that V is isomorphic to C" for some n > 0. Thus, for some
n > 0 the complex Lie group GL(V) is isomorphic to the complex Lie Group
GL(n,C), the group of invertible n x n complex matrices. The product is
matrix multiplication and the inverse is the matrix inverse. The group is
an open subset of the complex vector space M (n x n,C) of complex n x n
matrices. In fact, being the complement of the divisor where {det = 0},
GL(n,C) is a Zariski open set and is a linear algebraic group over C. We
also have SL(n,C) C GL(n,C) of matrices of determinant 1 also a linear
algebraic group over C, and hence a complex Lie Group. For any non-
degenerate complex quadratic form @) on C™ we have its complex orthogonal
group, defined as in the real case. This also is a linear algebraic group over
C and hence a complex Lie group.

Example 10. For a on-degenerate symmetric complex bilinear form ¢ on
C™ we have the complex orthogonal group G(Q) of linear automorphisms
preserving (). Simiilarly, for a non-degenerate, skew symmetric, complex



bilinear form on C"™ we have the complex symplectic group, again a linear
algebraic group over C, and hence a complex Lie group.

Exmple 11. Consider a maximal lattice A C C. By definition A is gen-
erated by two elements that are linearly independent over R. The quotient
C/A is a compact complex curve diffeomorphic to S* x S'. Addition on C
induces a group structure on C/A that makes it a complex Lie group. This
is an elliptic curve. Show that it is not a complex linear algebraic group.

Example 12. More generally, if A C C™ is a lattice, meaning an integral
basis for A is an R-basis fior C", then addition on C™ descends to a complex
Lie group structure on the quotient C"/A. Such groups are complex tori.

3 Invariant metrics on ¢

Recall that a Riemannian metric g on a smooth manifold M is a smoothly
varying positive definite inner product on the tangent spaces of M. In local
coordinates (x!,...,2") for M, the metric is written as g = D gijda' ®
dz’? where the g;; are smooth functions of (z!,...,2") and the matrix
gij(zt, ... 2") is symmetric and positive definite for every (z',...,z") in
the coordinate patch.

Suppose that M is connected and g is a Riemannian metric.

Theorem 3.1. Define a distance function d: M x M — RZ0 by
d(p,q) = infL(w)

as w ranges over all piecewise smooth curves from p to q and the length of
a smooth curve ~y: [a,b] — M is f: Vg (t),4(t)dt and the length of a
piecewise smooth curve is the sum of the lengths of its smooth pieces. Then
d is a distance function

Proof. Being the infimum of non-negative functions, d(p,q) > 0 for all
p,q € M. Tt is clearly satisfies the triangle inequality [Adjoin paths.] and is
symmetric. [Reverse the path.] It is more subtle to show that d(p,q) > 0
for p # q.

Fix p € M and fix an orthonormal basis {e!,...,e"} for T,M. Take
coordinates near p so that p is the origin and ¢ = (9/0z%)(p). Let |v|?
denote the Euclidean norm in these coordinates. Then g(v,v) = |v|? for
every tangent vector at p. There is 0 < € < 1/2 such that for all ¢ in the
e-ball about 0 in these coordinates the metric |g,(v,v) — |v]? < €|v|?. Thus,
for any piecewise curve  in this neighborhood the g-length of « is at least



(1—¢) times the - Euclidean length of -y, and for any piecewise curve starting
at p and leaving the ball has length at least e(1 — €). This shows that if ¢
is in the e-ball then the distance from p to ¢ is at least (1 — €) times the
Euclidean distance from p to ¢, and if ¢ is not in this ball then the distance
from p to ¢ is at least (1 — ¢). O

Corollary 3.2. Let G be a Lie group. There is a Riemannian metric on G
on G that is invariant under left multiplication by every element g € G. The
associated metric is also invariant under left multiplication by every g € G
in the sense that for every p,q,g € G we have d(gp, gq) = d(p, q).

Proof. Fix a positive definite symmetric inner product (-,-). on T.G. For
each g € G and vy,vp € TG, define (v, v2)y = (g7 w1, 97 'vo)e. This is a
family of positive definite inner products on the tangent spaces of G. Since
left multiplication by ¢ varies smoothly with g these inner products vary
smoothly and hence form a Riemannian metric. By definition it is invariant
under left multiplication by every g € G. The associated metric is then also
invariant under left multiplication by every g € G. O

Definition 3.3. We call such Riemannian metrics and metrics left-invariant.

N.B. There is an analogous theory of right-invariant metrics.

4 The Space of Right Cosets of a Lie Subgroup

Theorem 4.1. Let G be a Lie group and H C G a Lie subgroup (including
that H is a closed subset). Consider the (left) action of H on G by left
multiplication H x G — G given by (h, g) — hg. The orbit through g is Hg,
which is a right coset of H if G. Thus, the quotient space of this action is
the space of H\G of right cosets of H. This space has the structure of a
smooth (Hausdorff ) manifold in such a way that the projection G — H\G is
a submersion (i.e., has surjective differential at every point) and is a locally
trivial fiber bundle with fibers isomorphic to H.

Proof. Lt m: G — H\G be the quotient map sending g — Hg. We give
H\G the quotient topology: a subset of U C H\G is open if and only if
7~ 1(U) is open.

Let n and k denote the dimensions of G and H, respectively. Since H is
a closed subspace of G, there is diffeomorphism p: B — B’ where B is the
open unit ball in R™ centered at 0 and B’ is an open neighborhood of e € G



with the property that (i) u(0) = e and (ii) setting U = H N B’, u~Y(U) is
the subspace {zFT! = ... = 2" = 0} N B. Let

S=Bn{z'=...=2¥=0} and 5" =pu(S) cG.

The point of intersection H N S" is e € G. Let ¢g: U x S — G be the map
Yo(h,s) = h-u(s). The differential of (e, 0) is an isomorphism. Thus,
possibly after replacing S and U by smaller neighborhoods of 0, we can
assume that the product map g: U x S — G is a diffeomorphism onto an
open subset of B’

We define ¢: H x S — G by 9(h,s) = hu(s). This map is a local
diffeomorphism ¢: H x S — G.

Claim 4.2. There is a neighborhood T of 0 in S such that the restriction
Y: HxXT — G is a one-one map.

Proof. 1If no such neighborhood 7" of 0 € S exists, then there are sequences
(hn, sn) and (R, s)) in H x S with s, +— 0 and s, — 0 such that for all

n»n

n, (hn,sn) # (b, s)) in H x S yet hpu(sy,) = hlu(sh). It follows that

n» n n
w(sn) = hth! u(s!) and hence that h'h! = u(s,)u(s))~t. Thus, h th
converges to 0 as n + oo and hence for all n sufficiently large h,,'h!, € U.
We have shown that for all n sufficiently large both (e, s,,) and (h,, *h! , s,)
lie in U x .S and have the same image under g. Since g is a diffeomorphism,
this implies that for all n sufficiently large we have (e, s,,) = (h, thy, s5,); i.e.,
for all n sufficiently large h,, = h], and s, = s},. This contradicts the fact

that (hn, sp) # (hl,, s),) for all n and completes the proof of the claim. [

n» n

Fix T with the property that ¢|g«7 is one-to-one. Since ¢: H x T — G
is the restriction of a local diffeomorphism to an open subset of the domain,
it is a local diffeomorphism. We have just seen that it is one-to-one. Con-
sequently, it is a diffeomorphism onto an open subset of G. Obviously, this
open subset contains H and is invariant under the left action of H. It follows
easily from the definition of the quotient topology that the map 7' — H\G
given by ¢t — Ht is a homeomorphism from 7" onto an open subset of G
containing the right coset He.

Clearly by right G-equivariance, such local coordinates exist around
any orbit Hg. Suppose given two such diffeomorphisms onto open sub-
set Yo: H x Ty — G and 91: H x Ty — G where p;(T) is centered at
gi € G. If the images of these two maps have non-empty intersection, say
Yo(ho,to) = ¥i1(h1,t1), then for small a neighborhood Vj of ¢y in T the
map Yg: {ho} x Vo — G is a smooth map whose image is contained in the



image of 1;. Hence, the composition of {ho} x Vj 0 & followed by ;!
and then projection to Tj is a smooth map. This is exactly the transition
function from the chart on Ty given by 1y and the chart on 77 given by
near the point Htg of H\G. This shows the transition functions are smooth
and hence they define a smooth structure on the quotient space.

Clearly, in this smooth structure, the quotient map is a smooth map
with surjective differential and kernel the tangent space to the orbits. Thus,
the quotient map is a locally trivial smooth fiber bundle.

It remains to show that H\G is Hausdorff. By Corollary 3.2 we impose
a left-invariant metric on G. Then we use this to define a distance function
on the orbit space: d(Hz, Hy) is defined to be the infinmum of the distances
between a € Hz and b € Hy.

Claim 4.3. This defines a metric on H\G.

Proof. Clearly, d(Hz,Hy) = d(Hy,Hz) > 0 and the triangle inequality
holds. We need to show that if Hx # Hy then d(Hz, Hy) > 0. Suppose
that Hx and Hy are distinct orbits. Since x and Hy are disjoint closed
subspaces of a metric space with {z} being compact, the distance between
them is positive. On the other hand, by invariance of the distance function
under left multiplication by G and a fortiori by H, for any h € H the
distance between between hx and Hy is equal to the distance between x
and Hy. Thus, the distance between Hx an Hy is positive. O

Since the quotient is a metric space, it is Hausdorff. O

Definition 4.4. We call T as above a slice for the action of H on G at the
identity. For any g € G a slice for the action of H on G at g is then the
image of a slice for the action at the identity under right multiplication by

g.

Definition 4.5. A sub Lie group K C G is said to be normal if K is a
normal subgroup of G in the usual group-theoretic sense.

Lemma 4.6. If K C G is a normal Lie subgroup, then the space of left cosets
K\G has the structure of a Lie group such that the projection G — K\G is
a homomorphism of Lie groups.

Proof. Since K is a normal subgroup of G, the group structure on G induces
a group structure on K'\G in such a way that the projection G — K\G is a
group homomorphism. We have just seen that K\G is a smooth manifold
and that the projection G — K\G is a smooth map. It remains only to

10



show that the structure maps for the group structure on K\G are smooth.
Let us consider the multiplication map pu: K\G x K\G — K\G. Fix points
z,y € K\G. Lift these to points =,y € G and let S, Sy be slices from the
projection mapping G — K\G at Z and y, respectively. Let Szy be a slice
for the projection G — K\G at zy. Choosing Sz and Sy sufficiently small,
we can assume that the image of the product u(Sz x Sy) is contained in
K x Szy C G. It is a smooth map. Thus, the composition

SgXSgiKXS;@ESgg
is also smooth. This is the restriction of the multiplication map for the

quotient to Sz x Sj.
The argument for the inverse is similar. O
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