SINGULAR HOMOLOGY

These notes continue Homology, where the algebra of chain complexes used below —
chain homotopies, the long exact sequence of a short exact sequence of complexes, the five
lemma, tensor products, Tor and Ext — was developed. References to that companion are
given as Theorem such-and-such of Homology; all other references are internal. All maps
of spaces are continuous. We define the singular homology functor for topological spaces
and pairs, show it is a homotopy functor and establish several of its basic properties.

1. SINGULAR HOMOLOGY

We carry out the first step of the process described at the beginning of §2 of Homology,
and manufacture a chain complex out of a topological space.

1.1. The singular chain complex.

Definition 1.1. The standard n-simplex is

A" = {(to,. . t) €R™ 1t >0 for all i, 30, =1},

the compact convex subset of R™"! with vertices the vectors ey, ..., e, of the standard
basis. For 0 < i <n the i-th face map
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is the affine linear map determined by e; — ¢; for j < ¢ and e; — e;j4; for j > ¢; its image
is the face of A™ opposite the vertex e;. For i < j the two ways of including A" ? as a
face of a face agree in the sense that

(1.1) Yodt =00t AP2 A",
as one checks on vertices.

Definition 1.2. A singular n-simplex in a space X is a map o: A" — X; the set of these
is written Sing,,(X). The group of singular n-chains is the free abelian group

Co(X) = Z[Sing, (X)]

for n > 0, and C,(X) = 0 for n < 0; thus a chain is a finite formal sum ), myo; with
my € Z and oy, € Sing,,(X). The boundary 0,,: Cp,(X) — C,,—1(X) is the homomorphism

determined on generators by
n

Opo = Z(—l)i oo

1=0

Lemma 1.3. J,_100, =0, so that (C* (X), 8) 1s a non-negative chain complex of abelian

groups, the singular chain complex of X.
1



2 SINGULAR HOMOLOGY

Proof. For a singular n-simplex o,

00o = (-1 g0 od.
=0 i=0
Split the sum into the terms with i < j and those with ¢ > j. By (1.1), read with j + 1
in place of j, one has 6° 0 &/ = /! o §* whenever i < j; so the term indexed by such
a pair (i,7) equals the term indexed by the pair (j 4+ 1,¢), which has first index strictly
greater than its second. This is a bijection between the two families of terms, and the
signs (—1)"7 and (—1)U+Y+" are opposite. The terms therefore cancel in pairs. O

Proposition 1.4. A map f: X — Y induces a chain map fu: Co(X) — C.(Y), de-
termined on generators by fu(c) = foo, and (go f)u = gg o fu, (idx)x = id. Thus
X — CuX), f = fa, is a functor from the category of topological spaces and maps to
the category of non-negative chain complexes of abelian groups and chain maps.

Proof. Composition with f carries a singular simplex of X to one of Y, so fy is defined;
and it commutes with the boundary because composition is associative:

Ofp(a) = (=1)'(foo)od = (<1)'fo(g0d) = f4(do).

% %

The two identities are clear on generators. U

1.2. The singular homology.

Definition 1.5. The singular homology of X is H,(X) = H,(C.(X)). For a ring R one
puts Cy(X; R) = R[Sing*(X)] , the free R-module on the singular simplices with the same
boundary formula, and H,(X;R) = H, (C'* (X; R)); this is a complex of R-modules, so
everything proved in Homology applies to it. We write H,(X) for H,(X;Z).

Proposition 1.6. H, is a functor from the category of topological spaces and maps to
the category of abelian groups: a map f: X — Y induces H,(f): H,(X) — H,(Y), and
Hy(go f) = Ha(g) o Hu(f), Ha(idx) = id.

Proof. H, is the composite of the functor of Proposition 1.4 with the homology functor
of Proposition 2.8. U

We denote by H,(X) the graded abelian group {H,(X)}.ecz, the singular homology
of X. It is a functor from the category of topological spaces to the category of graded
abelian groups, carrying a map f: X — Y to H.(f) = {H.(f) }nez-

The properties of this invariant — its computation for simple spaces, its homotopy
invariance, its reduced and relative forms, and the long exact sequence of a pair — are
the subject of the sections that follow.

Definition 1.7. The singular cohomology of X, written H*(X), is the cohomology of the
cochain complex given by

C"(X) = Hom(C\(X),Z), 6" =%, C™(X) — C"H(X),

the algebraic dual of 9,,41: Cpy1(X) — C,,(X); that is, 6"¢ = w0, 41. Then §"1§" = 0,
because 0y, 110,12 = 0.
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Proposition 1.8. Singular cohomology is a contravariant functor from spaces to graded
abelian groups: a map f: X — Y induces f*: H*(Y) — H*(X), with (go f)* = f*og"
and (idx)* = id.

Proof. Write f# = Hom(fy,Z) for the dual of the chain map f4 of Proposition 1.4. Then
f40 = Ofy gives §f# = f#§; so f# is a cochain map, and it is contravariantly functorial
because Hom(—,Z) is. It therefore induces maps on cohomology, functorially. U

2. HOMOLOGY AND COHOMOLOGY WITH COEFFICIENTS

Nothing in the constructions of §1 used the integers in particular. Replacing Z by an
abelian group M gives two more invariants, and every result proved for H, and H* carries
over to them with the same proof; we record the statements and indicate the citations.
Homotopy invariance is deferred to Corollary 4.3, where it is proved for all coefficients at
once.

Definition 2.1. Let M be an abelian group. The singular chain complex of X with
coefficients in M is

Ci(X; M) = Cu(X) ®z M,

and the singular cochain complex with coefficients in M is C™(X; M) = Hom (C,,(X), M)
with 0" = 0y, as in Definition 1.7. Their homology and cohomology are the singular
homology and cohomology of X with coefficients in M, written H,(X; M) and H*(X; M).
For M = 7Z they are the groups of §1. More generally, for a commutative ring R and an
R-module M one puts

C.(X; M) =C.X;R)®r M, C™(X; M) = Hompg(C,(X; R), M),

with C,(X; R) as in Definition 1.5; since that complex is free on Sing, (X)), the case R = 7Z
is the one above.

For an R-module M the two constructions agree, and for the same reason in both cases:
C,(X) is free abelian on Sing, (X) and C,(X; R) is free as an R-module on that same set,
so each of C,(X) ®z M and C,,(X; R) ®g M is the direct sum of copies of M indexed by
Sing,, (X). Concretely, a chain of C,(X; M) is a finite sum ) , myoy, with m; € M and
or € Sing, (X), and a cochain of C™(X; M) is an arbitrary function Sing,,(X) — M, the
two descriptions of the cochains agreeing because an R-linear map on a free R-module and
a homomorphism on a free abelian group are each determined by arbitrary values on the
basis. The boundary and coboundary are given by the same formulas as before. So the
underlying abelian groups coincide; what the R-version adds is the R-module structure
these groups carry when M is an R-module.

Proposition 2.2. H.(—; M) is a functor, and H*(—; M) a contravariant functor, from
spaces to graded abelian groups, and to graded R-modules when M is an R-module.

Proof. Apply —®@M and Hom(—, M) to the chain map fx of Proposition 1.4: the first gives
a chain map fx®idyy, the second a cochain map Hom(fx, M), and both constructions are
functorial, the second contravariantly. The arguments of Propositions 1.6 and 1.8 then
apply verbatim. O
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The relation between the groups with coefficients in M and those with coefficients in the
ground ring is the content of the universal coefficient theorems of §8 of Homology, which

we state here for spaces. In the two results that follow R is a principal ideal domain and
M an R-module, and H,(X; M) and H*(X; M) are as in Definition 2.1. The complex
C.(X; R) is free in every degree, which is the hypothesis those theorems require.

Theorem 2.3 (universal coefficients in homology). For every space X and every R-module
M there is a split short exact sequence

0 — H,(X;R)® M — H,(X; M) — Tor(H,_1(X;R),M) — 0.
Proof. Apply Theorem 8.1 of Homology to C.(X; R). O

Theorem 2.4 (universal coefficients in cohomology). For every space X and every R-
module M there is a split short exact sequence

0 — Ext(H,_1(X; R), M) — H"(X; M) — Hom(H,(X; R), M) — 0.
In particular, if F is a field then H"(X; F') = Homp (Hn(X; F), F) - with field coefficients
cohomology is the dual of homology.

Proof. Apply Theorem 8.6 of Homology to C.(X; R). Over a field every module is free,
so the Ext term vanishes by Proposition 8.4(ii). O

Remark 2.5. The Ext term shifts torsion up by one degree: if H, 1(X;Z) contains a
summand Z/m, then H"(X;Z) contains Ext(Z/m,Z) = Z/m, while Hom(Z/m,Z) = 0
means that this torsion is invisible to the first term. So integral cohomology in degree n
sees the free part of H,, and the torsion of H,,_;.

Exercise 2.6. Show that H°(X; M) = Hom(Hy(X), M) for every X and M, and reconcile
this with the description of H° as the group of functions my(X) — M given in Singular
Cohomology.

Exercise 2.7. Suppose H,(X
that H"(X; R) = Hom(H,(X
rank.

Exercise 2.8. Show that H"(X;Q) = Hom(Hn(X; 7), (@) for every X, and explain why
no Ext term appears.

; R) is finitely generated and free in every degree. Show
' R), R) for every n, and that both are free of the same

3. FIRST COMPUTATIONS

Proposition 3.1. Let P be a one-point space. Then Ho(P) = Z and H,(P) = 0 for
n # 0.

Proof. For each n > 0 there is exactly one map A™ — P, say o, so C,,(P) = Z generated
by 0,. We have 0oy = 0, and for n > 1, since o, 0 6* = 0,,_; for every i,

n . 0 n odd
a " — _1 1 e — ) Y
’ Z( J o {anl, n even.

=0

So the complex is - -+ — Z Sz5725%7 ending in degree 0. In degree 0, Zy = Z and
By = 0 because 0; =0, so Hy=7%Z. Forn > 1 odd, Z, =Z and B, =imd,,.1 = Z, since
n + 1 is even; for n even, Z,, = ker 0,, = 0. Either way H,, = 0. [
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Proposition 3.2. For any space X, Hy(X) is the free abelian group on the set my(X)
of path components of X. In particular Ho(X) = Z when X is non-empty and path
connected, generated by the class of any point.

Proof. A singular 0-simplex is a map A? — X that is, a point of X, so Cy(X) is free
abelian on the points of X, and Zy(X) = Co(X) because dy = 0. A singular 1-simplex is
a path 7: A — X, and by the definitions of §°, 1,

Or =100 —706" =7(e1) — 7(ep),

the endpoint minus the starting point. Hence By(X) is the subgroup generated by all
differences y — x with x and y in the same path component of X. The quotient of the free
abelian group on the points of X by that subgroup is the free abelian group on my(X):
the surjection Cy(X) — Z[mo(X)] sending a point to its component kills By(X), and
any element of its kernel has, in each component, coefficient sum zero, hence is a sum of
differences y — x within components. U

Proposition 3.3. Let X = [[, X, be a disjoint union of spaces. Then the inclusions

[

induce an isomorphism of complezes @, Ci(Xa) = Cu(X), and hence

H,(X)= @ H,(X,) for every n.

Proof. The simplex A" is connected, so the image of a singular simplex of X is connected
and lies in a single X,. Thus Sing, (X) is the disjoint union of the Sing,(X,), and the
free abelian group on a disjoint union is the direct sum of the free abelian groups; the
identification is compatible with 0, since the faces of a simplex with image in X, again
have image there. The second statement now follows from Remark 2.13 of Homology. [

4. HOMOTOPY INVARIANCE

We now prove the statement promised in Remark 3.9 of Homology: the singular chain
complex converts homotopies of maps into chain homotopies. For points py,...,ps of a
convex subset K of a Euclidean space we write

[po,...,pa): AF — K
for the affine linear map with e; — p;.

Theorem 4.1. Let f,g: X — Y be homotopic maps. Then fu and g4 are chain homo-
topic, and consequently H,(f) = H,(g) for every n.

Proof. Let h: X x I — Y be a homotopy with h(-,0) = f and h(-,1) = ¢g. The prism
A" x I is a convex subset of R**! x R; write

vi = (e;,0),  wi=(e,1) (0<i<n)

for its vertices. For a singular n-simplex o of X put F, = ho (o xid;): A" x [ - Y and
define

n

P(o) =Y (1) Fyo vy, ... v, wi, ... ,wy] € Crpy (Y,

=0
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extended to a homomorphism P: C,(X) — C,,41(Y). Geometrically the n + 1 simplices

[vo, ..., v, w;, ..., wy,] triangulate the prism. We shall show that
so that P is a chain homotopy from g to fx in the sense of Definition 3.1 of Homology.
In the simplex [vo, ..., v;, w;, . .., w,] the vertex v; (j < 14) stands in position j, and the

vertex w; (j > i) stands in position j 4+ 1. Omitting them in turn,

OP(0) = (=1)7 F,0[vg, ..., 0, ..., vi,wi, ..., wy)]
J<i
+ z:(—l)iJerrl Fyovg, .oy Wiy.o o, Wy, .., Wy
>
Consider first the terms with i # j. On the other side, P(do) = >~ .(—1)?P(0 0 ¢’), and
F,o5i is F, composed with the inclusion of the j-th face of the prism; expanding P gives
exactly the terms above with 7 < 4 in the first sum and j > ¢ in the second, with the

opposite signs. Hence the terms with i # j in dP(0) sum to —P(do).
There remain the terms with ¢ = j. These are

+ F,0[v0, .., Vi1, Wy, ..., Wy from the first sum,
— F,0[vg, ..., 05 Wit1, ..., W] from the second.

The i-th term of the second family cancels the (i + 1)-st term of the first, and the sum
telescopes to

Fyolwg,...,w,] — F,0vg,...,v05) =goo— foo=guo)— fulo),
since Fy(z,1) = g(o(z)) and F,(x,0) = f(o(x)). Together the two computations give

OP(0) = g4(0)—f4(0)—P(00), which is Equation (4.1). The last assertion is Theorem 3.3
of Homology. OJ

Corollary 4.2. Singular homology s a homotopy functor: homotopic maps induce the
same homomorphism on homology, so the functor H, factors through the homotopy cat-
egory of spaces. In particular a homotopy equivalence f: X — Y induces isomorphisms
H,(X) — H,(Y) for every n; in fact fu is a chain homotopy equivalence, and so a
quasi-isomorphism.

Proof. If f ~ g then fy ~ g4 by Theorem 4.1, and chain homotopic maps induce the
same map on homology; so the functor of Proposition 1.6 identifies homotopic maps and
therefore factors through the homotopy category. For the rest, let g be a homotopy
inverse of f. Then gxfs = (g o f)g is chain homotopic to (idy)x = id by Theorem 4.1
and Proposition 1.4, and similarly fxgs ~ id. So fg is a chain homotopy equivalence,
and Corollary 3.7 of Homology applies. O

Corollary 4.3. Let M be an abelian group. Homotopic maps f ~ g: X — Y induce the
same homomorphisms

H(X: M) — H,(Y; M),  H*(Y;M)— H(X; M).

So homology and cohomology with coefficients in M — in particular singular cohomology,
the case M = Z — are homotopy functors, factoring through the homotopy category of
spaces, and a homotopy equivalence induces isomorphisms.
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Proof. By Theorem 4.1 there is a chain homotopy P with 0P + PO = g4 — fx. Applying
— ® M, the map P ®idj, is a chain homotopy from g4 ® idys to fx ® idys, by Proposi-
tion 6.6 of Homology. Applying Hom(—, M), the dual maps Hom(P, M): C"*(Y; M) —
C™(X; M) satisfy Hom(P, M) 6+ &6 Hom(P, M) = g* — f#, both sides carrying a cochain
¢ to po (OP + PJ). Chain homotopic chain maps induce the same map on homology, by
Theorem 3.3 of Homology, and the same argument applies to cochain complexes. For the
last statement, a homotopy inverse g of f has f#¢# = (go f)# inducing the identity, and
likewise in the other order. 0

Corollary 4.4. If X is contractible then Hy(X) = Z and H,(X) = 0 forn # 0. In
particular this holds for any convex subset of a Euclidean space, and for R¥.

Proof. A contractible space is homotopy equivalent to a point, so Corollary 4.2 and Propo-
sition 3.1 give the result. A convex set is contractible by the straight-line homotopy to
any of its points. 0

Exercise 4.5. Show that the (n + 1)-simplices listed in the formula for P(o) exactly
triangulate A™ x I, and that the signs compare the product orientation of A™ x I with
the orientation of each of these (n + 1)-simplices coming from the ordering of its vertices.

5. REDUCED HOMOLOGY

Definition 5.1. The augmentation is the homomorphism e: Cy(X) — Z with e(o) =1
for every singular O-simplex o. Since £(07) = 1 — 1 = 0 for a singular 1-simplex 7, the
augmented singular complex

o O1(X) =D Cy(X) = Z — 0,

with Z placed in degree —1, is a chain complex; its homology is the reduced singular
homology H.(X).

A map f: X — Y satisfies eo f = € in degree 0, since fy carries a singular 0-simplex to
a singular O-simplex; so fx extends to a chain map of augmented complexes, the identity
on the copy of Z in degree —1. Hence H, is again a functor from spaces to graded abelian
groups, and it is a homotopy functor: the prism operator vanishes in degree —1, so the
chain homotopy of Theorem 4.1 is one of augmented complexes.

Proposition 5.2. For non-empty X one has H,(X) = Hy(X) forn>1, and Hy(X) =
Hy(X) @ Z. In particular H,(P) = 0 for all n when P is a point.

Proof. Above degree 0 the two complexes agree, whence the first statement, and H, =
H, =0 for n < 0. In degree 0 the cycles of the augmented complex are ker e, while the
boundaries are By(X) as before, so Hy(X) = kere/By(X). Choosing a point € X splits
g, and Cy(X) = ker e @ Zz; passing to the quotient by By (X ), which is contained in ker e,
gives Hy(X) = Ho(X) @ Z. For a point, € is an isomorphism in degree 0, so Hy = 0, and
the higher groups vanish by Proposition 3.1. 0

Remark 5.3. With homotopy invariance in hand, two things remain before singular ho-
mology can be computed for spaces of interest. First, the long exact sequence of a pair
(X, A), obtained by applying Theorem 4.3 of Homology to the short exact sequence of
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complexes 0 — C,(A) = C(X) — Cu(X)/C.(A) — 0. Second, excision, which is what
makes the relative groups computable. These are the subjects of the sections to come.

Exercise 5.4. Show that H,(X) = 0 for all n when X is empty, and that H_,(0)) = Z.

Exercise 5.5. Let X be a space and x € X. Show that the composite C,({z}) —
Cy(X) — C.({z}) induced by the inclusion and by the constant map is the identity, and
deduce that H,({z}) — H,(X) is a split injection.

Exercise 5.6. Let X be non-empty. Show that ¢ induces a surjection e,: Ho(X) — Z
with kernel Hy(X), and that e, is an isomorphism if and only if X is path connected.

6. RELATIVE HOMOLOGY AND THE LONG EXACT SEQUENCE OF A PAIR

A pair (X, A) is a space X together with a subspace A C X; a map of pairs f: (X, A) —
(Y,B)isamap f: X — Y with f(A) C B. We allow A = (), and write X for the pair
(X,0).

6.1. Relative chains. A singular simplex of A is a singular simplex of X whose image
lies in A, and distinct simplices of A remain distinct in X; so Sing,(A) is a subset of
Sing, (X) and the inclusion induces an injection C4(A) — C,(X) of complexes, whose
cokernel in degree n is free abelian on the singular simplices of X whose image is not
contained in A.

Definition 6.1. The complex of relative singular chains of the pair (X, A) is the quotient
complex

with the differential induced by 0, and the relative singular homology of the pair is
H,(X,A) = Hn(C*(X, A)) Thus C.(X,0) = Cy(X) and H,(X,0) = H,(X). With
coefficients in a ring R one defines C\ (X, A; R) = C.(X; R)/C.(A; R) and H,(X, A; R) in
the same way.

Pairs of spaces and maps of pairs form a category. A map of pairs f: (X, A) — (Y, B)
has fx (C*(A)) C C,(B), so the chain map of Proposition 1.4 descends to the quotients;
consequently (X, A) — C.(X,A) and (X, A) — H.(X, A) are functors from the category
of topological pairs to, respectively, chain complexes of abelian groups and graded abelian
groups. The details are in Proposition 6.5.

Proposition 6.2. For every pair (X, A) the sequence of complezes
0 —C.(4) = C.(X) — Ci(X,A) — 0
1s short exact, and is split in each degree.

Proof. Exactness in each degree is the definition of the quotient together with the in-
jectivity noted above. In degree n the group C,(X) is free abelian on Sing,(X), which
is the disjoint union of Sing,,(A) and its complement; the subgroup generated by the
complement is a splitting of the quotient map. 0

Remark 6.3. Unwinding the quotient, a class in H, (X, A) is represented by a chain ¢ €
Cy(X) with dc € C,,_1(A) — a relative cycle — and two relative cycles ¢, ¢’ represent the
same class exactly when ¢ — ¢ = 9b+ a for some b € C),1(X) and some a € C,,(A). So
the relative groups measure the chains of X that are cycles only up to A.
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6.2. The long exact sequence.

Theorem 6.4. For every pair (X, A) there is a long exact sequence

o= Hy(A) — Ho(X) — Ho(X, A) -L Hy 1 (A) — Hy g (X) — -+ -,

in which the unlabelled maps are induced by the inclusions A C X and (X,0) C (X, A),
and the connecting homomorphism is given by Olc| = [Oc| for a relative cycle c. Assigning
to a pair its long exact sequence is a functor from the category of topological pairs to the
category of long exact sequences of abelian groups; this is Proposition 6.5.

Proof. Apply Theorem 4.3 of Homology to the short exact sequence of Proposition 6.2.
For the description of 9, follow the recipe of Lemma 4.2 of Homology: a class in H,(X, A)
is represented by a relative cycle ¢, which is itself a lift of its own class to C,(X); its
boundary dc lies in C),_1(A), and that chain, a cycle of A, represents 0|c]. O

Proposition 6.5. A map of pairs f: (X, A) — (Y, B) induces a chain map C,(X, A) —
C.(Y, B) and homomorphisms H,(X,A) — H,(Y,B), functorially; and the long exact
sequences of (X, A) and of (Y, B) form a commutative ladder, the square containing the
connecting homomorphisms commuting as well.

Proof. Since f(A) C B, the chain map fy carries C\,(A) into C,(B) and so descends to the
quotients; functoriality follows from that of f, (Proposition 1.4). The resulting diagram
of short exact sequences commutes, so Proposition 4.4 of Homology applies. U

Theorem 6.6. Let f,g: (X, A) — (Y, B) be maps of pairs which are homotopic through
maps of pairs, that is, by a homotopy h: X x I — Y with h(A x I) C B. Then f and
g induce the same homomorphisms H,(X,A) — H,(Y,B). Consequently a homotopy
equivalence of pairs induces isomorphisms on relative homology. Thus relative homology,
and with it the long exact sequence of Theorem 6.4, are homotopy functors defined on the
category of pairs of topological spaces.

Proof. Let P be the prism operator of the proof of Theorem 4.1, built from h. If ¢ is a
singular simplex with image in A then F, = ho (o xid;) has image in h(Ax 1) C B, so P
carries C,,(A) into C,,1(B) and descends to a homomorphism P: C,,(X, A) — C,,.1(Y, B).
The identity OP + PO = g4 — f4 descends with it, so P is a chain homotopy between
the induced maps of relative complexes, and Theorem 3.3 of Homology applies. The
statement about homotopy equivalences of pairs follows as in Corollary 4.2; and since
homotopic maps of pairs induce the same map on each of H,(A), H.(X) and H,(X, A),
and the ladder of Proposition 6.5 commutes, the long exact sequence too depends only
on the homotopy classes. U

6.3. The reduced sequence, and first consequences.
Proposition 6.7. Let A # (0. Then there is a long exact sequence
o Hy(A) — Hy(X) — Ho(X,A) -2 Hyy(A) — -+

with the same relative terms.



10 SINGULAR HOMOLOGY

Proof. Augment both complexes as in Definition 5.1. The inclusion is the identity on the
copies of Z in degree —1, so the sequence of augmented complexes
0 — Cu(A) — Cu(X) — CL(X,A) — 0

is exact in every degree: in degree —1 it reads 0 -+ Z — Z — 0 — 0, and in degrees > 0
it is Proposition 6.2. Now apply Theorem 4.3 of Homology. U

Corollary 6.8. For zg € X one has H,(X,{zo}) = H,(X) for every n.

Proof. In the sequence of Proposition 6.7 with A = {z} all the groups H,({zo}) vanish,
by Proposition 5.2. O

Corollary 6.9. If the inclusion A — X is a homotopy equivalence — for instance if A
is a deformation retract of X — then H,(X,A) =0 for every n.

Proof. By Corollary 4.2 the maps H,(A) — H,(X) are isomorphisms for all n. In the
long exact sequence, H,(X,A) — H,_1(A) has image ker(Hn,l(A) — Hn,l(X)) =0,
so it is zero; hence H,(X) — H,(X, A) is surjective. But its kernel is the image of the
surjection H,(A) — H,(X), so it is also zero. Therefore H, (X, A) = 0. O

Remark 6.10. The long exact sequence relates the three groups of a pair, but by itself it
computes nothing: one still needs a way of identifying H,(X, A) with the homology of
something smaller. That is the role of excision, which says that a subspace whose closure
lies in the interior of A may be cut out of both X and A without changing the relative
groups. It is proved by the subdivision technique of §7, and is the subject of §8.

Exercise 6.11. Let B C A C X. Show that 0 — C.(A, B) = C«(X,B) — C.(X,A) = 0
is a short exact sequence of complexes, and deduce the long exact sequence of the triple
-+ — H,(A,B) - H,(X,B) > H,(X,A) - H, 1(A,B) = --- .

Check that for B = () it is the sequence of Theorem 6.4.

Exercise 6.12. Show that H, (X, A) =2 @, H,(X., AN X,), where the X, are the path
components of X.

Exercise 6.13. Let A C X be non-empty. Show that Hy(X, A) is free abelian on the
path components of X that do not meet A.

7. THE MAYER—VIETORIS THEOREM

If X = AU B one would like to compute H,(X) from H,(A), H.(B) and H.(AN B).
The theorem of this section says that this can be done whenever the two interiors already
cover: if X = int A U int B, where int denotes the interior, then there is a long exact
sequence

-— H,(ANB) — H,(A)® H,(B) — H,(X) — H,1«(ANB) — -+,

in which the first map is © — (z, —z) and the second (a,b) — a + b, both induced by
inclusions.

The obstacle to proving it is that a singular simplex of X need not lie in A or in B: it
may straddle the two, and there is no reason for the chains that do lie in one of them to
carry all the homology. The remedy is to subdivide, and the content of the section is that
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subdividing changes nothing at the level of homology. Once that is known the theorem
is three lines.

We prove it once for a pair of spaces, Theorem 7.19, taking the sequence above as the
special case Y = (), Corollary 7.20. The relative form costs only the bookkeeping of four
subspaces, and it is what is needed for the Mayer—Vietoris sequence of a pair of CW
complexes and for products of pairs.

7.1. Affine chains and barycentric subdivision. Throughout this section K de-
notes a non-empty convex subset of a Euclidean space. For pg,...,p, € K we write
[P0, - - -y pn): A" — K for the affine linear map with e; — p;, as in §4; these are the affine
simplices of K.

Definition 7.1. Let LC,(K) C C,(K) be the subgroup generated by the affine n-
simplices, for n > 0. It is closed under taking boundaries and hence is a subcomplex
of C.(K). Let LC_1(K) = Z, generated by a symbol | | called the empty simplez. Extend
the boundary by d[pg] = [ ]. The identity 00 = 0 is inherited from C,(K’) except in degree
1, where 99[po,p1] = O([p1] — [po]) =[] =[] = 0; so LC,(K) is a chain complex, the
augmented affine complex of K.

Definition 7.2. For b € K the cone operator b - : LC,(K) — LC,;1(K) is defined on
generators by

b'[pOa--wpn}:[bapOw-'apn]? b[]:[b]

Lemma 7.3. 9(b-\) +b-(0\) = X for every A € LC(K). Thus the cone operator is a
chain contraction, and LC,(K) is exact.

Proof. For A = [po, ..., pns] the first face of [b,po,...,p,] omits b and the remaining ones
are the cones on the faces of A:

a[bap07--'7pn] = [pOa'-wpn] - Z<_1)l[bap077@77pn} = A _ba)\

For A =[] we have O(b-[]) = 0[b) =[] = A and b-09[ ] = 0. The identity says
do(b-)+(b-)o0 =1id, so id is null-homotopic and the homology of LC,(K) vanishes. [

Definition 7.4. The barycenter of A = [po, ..., ps]isby = n%l > ;i € K. The barycentric
subdivision operator S: LC,(K) — LC,(K) is defined inductively by

Si=1] SA =10y (SON).
The operator T: LC,,(K) — LC,1(K) is defined inductively by
T[]=0, TA=by- (A=TON).
In degree 0, S[po] = po - [ ] = [po], so S is the identity on LCj.
Lemma 7.5. On LC.(K) one has
08 = 80, T +T0=1id — S.

Moreover S and T are natural for affine linear maps: iof f: K — L 1s the restriction of
an affine linear map of Euclidean spaces then fuS = Sfy and fu T =T fyu.
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Proof. All four assertions are proved by induction on the degree, the case of | | being
trivial. Assuming 05 = S0 in degrees below that of A\, Lemma 7.3 gives

0S\ = a(b,\ : SE)/\) = SO\ — by - 0SON = SO\ — by - SO0\ = SON.
For the second identity, assume it in lower degrees; applied to O\ it gives
OTON = O\ — SON — TOON = O\ — SOA.

Hence, by Lemma 7.3 again,

OTA = 0(by - (A= TON)) = (A= TON) — by - (OX — OTON)
= A= TON— by - SON = A — TO\ — SA.

Finally an affine linear f carries [py, ..., pa] to [fpo, - . ., fp,] and therefore carries barycen-
ters to barycenters, f(bx) = by, x; the naturality of S and of T" follows from the inductive
definitions. 0J

Lemma 7.6. Let A = [po,...,pnl-

(i) The diameter of the image of X is max; ; |p; — pj|.
(ii) Ewery affine simplex occurring in S\ has diameter at most -7 diam A.

Consequently every simplex occurring in S™X has diameter at most (#)mdiam A, and
these tend to 0 as m — oo.

Proof. (i) It is clear that max;; |p; — p;| is at most the diameter of the image of . For
any u € K the distance function v — |u — v| is convex, and it is constant on no non-
degenerate interval, since a segment is not contained in a Fuclidean sphere; so on any
non-degenerate interval I C K it takes its maximum value only at one (or at both) of
the endpoints. Hence the point of A furthest from u must be one of the p;, and thus
max,ey |u — v| = max; |u — p;|. If in addition u € A, the same argument applied with u
replaced by p; and v replaced by w shows that |p; — u| < max;|p; — pj|. It follows that
the diameter of A is at most max; ; [p; — p;|, proving (i).
(ii) First, for the barycenter b = by,

b —pj| = ‘ : > (i —py)

n+1

1 n
< i — il < diam A,
_n+1;|p 2Djl—n+1 tam

%

and hence, by the computation in (i), [b — v| < .25 diam A for every point v of the image
of \. Now argue by induction on n, the case n = 0 being trivial. Every simplex of S\ is
of the form [b, qo, . . ., ¢u—1] With [qo, ..., ¢,_1] a simplex of Sy for some face p of A. By (i)
its diameter is the largest distance between two of its vertices. Two vertices among the
¢’s are at distance at most ”T_l diam p < 25 diam A by induction, and a distance 16— qx
is at most 5 diam A by the estimate just proved, proving (ii). The last statement follows
by iterating, the simplices of S™\ being simplices of S applied to those of S\, all of

dimension n. O

7.2. Subdivision of singular chains. Let ¢, = [eg,...,e,] € LC,(A™) denote the
identity map of A™ regarded as an affine simplex.
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Definition 7.7. For a space X define homomorphisms
S: Ch(X) = Ch(X), T: Cp(X) = Cria(X)
on generators by So = 04(St,) and T'o = 04(T'ty,).

Proposition 7.8. The operators S and T are natural: f4S = Sfu and f4T =T fu for
every map f: X — Y. They satisfy

0S5 =50, oI +T0 =id - S,

and every simplex occurring in So or in T'o has image contained in the image of o. In

particular, if o has image in a subspace A C X then so do all the simplices of So and
To.

Proof. Naturality is immediate: fuSo = fuou(St,) = (fo)g(St,) = S(fuo), and like-
wise for 7. The last statement holds because every simplex occurring in ox(p) is o
composed with an affine linear map AF — A",

For the identities, use Lemma 7.5 and the naturality there. Each §? is affine linear and

Ot = 32;(=1)"(0") gtn-1, 5O
050 = 0401, = 04501, = Y (1) '04(6)4Stn1 =Y (~1)'(008) St 1 = Sdo.

The same computation with Lemma 7.5 gives
0l'oc = 0407, =04 (Ln — S, — T@Ln) =0—So—-T0o.

(In degree 0 the term T'0ty = T[] vanishes, in agreement with do = 0 in the unaugmented
complex C,(X).) O

Definition 7.9. For m > 0 put D,,, = .7 ' T'S": Co(X) — Cpy1(X), so that Dy = 0.
Lemma 7.10. 0D,, + D,,0 = id — S™.
Proof. Using S0 = 05" and Proposition 7.8,

—_

m—1
0Dy + D0 = > (0TS +T0S") = (id - 8)8" =id — ™,

=0 %

3

I
o

the sum telescoping. O

Exercise 7.11. Compute St; and Sty explicitly, and check that they are the classical
barycentric subdivisions of the interval and of the triangle, each simplex occurring once
and with the sign determined by the ordering of its vertices.

7.3. Chains that are small for a cover.

Definition 7.12. Let U« = {U;} be a family of subspaces of X whose interiors cover X. A
singular simplex is U-small if its image lies in some U}, and CY(X) denotes the subgroup
of C,,(X) generated by the U-small simplices. The faces of a U-small simplex are U-small,
so CY(X) is a subcomplex, and by Proposition 7.8 the operators S and T carry it into
itself.
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Theorem 7.13. Let k: CY(X) — C.(X) be the inclusion. There are a chain map
p: Co(X) — CY(X) and homomorphisms D: C,(X) — Cpy1(X) with

pk = id, 0D + DO = id — kp, D(C*(X))

=0
In particular k is a chain homotopy equivalence, and H, (Cf{(X)) — H,(X) is an iso-
morphism for every n.

Proof. The number m(c). Let o be a singular n-simplex. The sets a‘l(int Uj) form an
open cover of the compact metric space A", so by the Lebesgue covering lemma there is
an 7 > 0 such that every subset of A" of diameter less than 7 is carried by ¢ into some
U;. By Lemma 7.6 the simplices of S™¢,, have diameter less than n for m large, and then
Smo = g4(S™,) lies in CY¥(X). Let m(c) be the smallest such m. If o; = 0 0d’ is a
face, then m(o;) < m(o): the subdivision of a face of A" is the corresponding face of
the subdivision, so every simplex of S™c; has image contained in that of some simplex of
S™o.
Construction. Define D on generators by Do = D)0 and put
p=id — 90D — DO.

Then p is a chain map, since dp = 0 —9ID3I = p0, and id — p = D + DO by construction.
If o is U-small then m(o) = 0 and m(o;) = 0 for all faces, so Do = 0 and Ddo = 0,
whence D vanishes on C%(X) and po = o there; this gives pk = id.

p lands in CY. By Lemma 7.10, 0 — D,,(»)0 = S™ g + D, ()00, 50

IO(U) = g + Dm(o)aa — Do = 5™ + Z(_l)j (Dm(o) - Dm(oj))(aj)'
J
The first term lies in C%(X) by the definition of m(c). Since m(o;) < m(o), the j-th
term is (Dyn(y) — Dm(oj)')(aj) = Zz(;)(;j) TS'(c;), and for i > m(o;) the chain S’o; is
U-small, hence so is T'S’c;. Therefore p(c) € CY(X).
Thus pk = id and kp =~ id, so k is a chain homotopy equivalence and induces isomor-
phisms on homology. 0

7.4. Excisive couples.

Definition 7.14. An excisive couple in a space X is a pair A, B of subspaces with
X = int AU int B, the interiors being taken in X. We write (X; A, B) for such a couple
and
CHP(X) = C.(A) + Cu(B) € Cu(X)

for the subcomplex of chains that are sums of a chain of A and a chain of B; it is the
complex CY(X) of Definition 7.12 for the cover U = { A, B}.

Definition 7.15. A pair (X,Y) is ezcisive for the couple (X; A, B) if (X; A, B) is an
excisive couple, Y C X and (Y;ANY,BNY) is an excisive couple in Y. We then write

AYIAOY, BYIBQY, so that AyﬂBy:AﬂBﬂY
The case Y = () is allowed and is the absolute case.

Remark 7.16. The condition on Y is automatic when Y is open in X: then inty (ANY) D
(int A)NY and likewise for B, so Y = ((int A) NY) U ((int B) NY) is covered by the two
interiors. For general Y it is a hypothesis.
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7.5. The chain-level sequence. Throughout, (X,Y) is excisive for (X; A, B), and Ay =
ANY and By = BNY. Abbreviate

CHP(XY) = CP(X) /O P (Y),

which makes sense because C,(Ay) C C.(A) and C,(By) C C.(B), so that CAv-B¥(Y) is
a subcomplex of C4B(X).

Lemma 7.17. The maps x — (x,—z) and (a,b) — a + b give a short exact sequence of
complexes

0 — C.(AN B, Ay N By) — C.(A, Ay) ® C.(B, By) — C*?(X,Y) — 0.

Proof. All four groups are quotients of subgroups of C,(X), and we use throughout that a
subspace Z C X has C,(Z) spanned by the subset Sing,(Z) of the basis Sing, (X); hence
C.(Z)NC(Z") = Cu(ZN Z') for subspaces Z, Z'.

Injectivity. Let x € C,(AN B) have (z, —z) = 0, that is © € C.(Ay) and x € C.(By).
Then z € C,(Ay N By), so x is zero in C,(AN B, Ay N By).

Surjectivity. A chain of C4B(X) is a + b with a € C,(A) and b € C,(B), which is the
image of (a,b).

Exactness in the middle. The composite is zero, since z — z = 0. Conversely suppose
a € C.,(A) and b € C,(B) have a + b € CABv(Y), say a + b = ¢ + d with ¢ € C,(Ay)
and d € Cy(By). Then

a—c=d—-be C.,(A)NCB)=C,(ANB),
)

)N
because ¢ € Cy(Ay) C C.(A) and d € Cy(By) C C,(B). Call this chain z. Then
(a,b) — (z,—z) = (¢,d) lies in Ci(Ay) ® Ci(By), so (a,b) and (z, —z) have the same class
in O*(A, Ay) D C*<B, By) O

Lemma 7.18. The inclusion CAP(X,Y) — C.(X,Y) is a quasi-isomorphism.

Proof. By Theorem 7.13, applied to the cover {A, B} of X and to the cover {Ay, By}
of Y, the inclusions CA8(X) — C,(X) and CABY(Y) — C.(Y) are chain homotopy
equivalences, in particular quasi-isomorphisms. Compare the two short exact sequences

0 — CABY(Y) —— CAB(X) — CAB(X)Y) —— 0

| l l

0 —— CJ(Y) — C(X) — C(X)Y) — 0

with vertical maps the inclusions. The rows are exact by definition of the quotients,
the diagram commutes, and the first two vertical maps are quasi-isomorphisms; by the
five lemma (Exercise 4.6 of Homology) applied to the ladder of long exact sequences of
Theorem 4.3, the third is one as well. O

7.6. The theorem.

Theorem 7.19 (Mayer—Vietoris for pairs). Let (X,Y) be excisive for (X; A, B). There
is a long exact sequence

- — H,(AN B, Ay N By) — H,(A, Ay) ® H,(B, By)
— Hn(Xay) — Hn—]_(AmB,AymBy) _ . ,
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in which the first map is x — (x,—x) and the second (a,b) — a + b, both induced by
inclustons of pairs. It is natural: a map of spaces carrying one set of such data into
another produces a commutative diagram between the two long exact sequences.

Proof. Apply Theorem 4.3 of Homology to the short exact sequence of Lemma 7.17 and
replace H, (Cf’B(X, Y)) by H,(X,Y) using Lemma 7.18. For naturality, a map f carrying
(X,Y; A B)into (X', Y"; A, B') carries each of the four complexes of Lemma 7.17 into its
primed counterpart and commutes with the two maps of that lemma; so it gives a map
of short exact sequences, and Proposition 4.4 of Homology applies. The identification of
Lemma 7.18 is induced by an inclusion, hence natural as well. 0

Corollary 7.20 (the absolute sequence). Let A, B C X satisfy X = int AUint B. There
is a long exact sequence

-— H,(ANB) — H,(A)® H,(B) — H,(X) — H, 1«(ANB) — -+,

with the maps of Theorem 7.19. If AN B # ) there is a corresponding sequence in reduced
homology.

Proof. Take Y = () in Theorem 7.19; the relative groups of the pairs (A, ()) and so on are
the absolute ones. For the reduced form, augment the four complexes of Lemma 7.17; in
degree —1 the sequence reads 0 =+ Z — Z & Z — 7Z — 0, which is exact. 0

Corollary 7.21 (relative Mayer—Vietoris). Let X = int AUint B and let Y C X be open.
Then there is a long exact sequence

o — H,(ANB,ANBNY) — H,(A,ANY)® H,(B,BNY) — H,(X,Y) — ---

Proof. An open Y is excisive for (X; A, B) by Remark 7.16, so this is Theorem 7.19 with
the notation unwound. 0

8. EXCISION
Theorem 8.1 (excision). Let A, B C X satisfy X = int AUint B. Then the inclusion of
pairs (B,AN B) = (X, A) induces isomorphisms
H,(B,ANB) — H,(X,A) for every n.

Proof. Take U = {A, B}, so that CY(X) = C.(A) + C.(B) inside C,(X).

A singular simplex has image in A and in B precisely when it has image in AN B, and
these subgroups are generated by subsets of the basis Sing, (X); hence C.(A) N C.(B) =
C.(ANB). The composite C,(B) — CY(X) — CY(X)/C,(A) is therefore surjective with
kernel C,(A N B), and induces an isomorphism of complexes

C.(B)/C.(AN B) = CY(X)/C.(A).
Next compare the two short exact sequences
0 —— C(A) — CY(X) — CY(X)/C.(A) —— 0

(
| I |
(

0 —— Cu(A) —— O(X) ——  C(X,A) —— 0.
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The left vertical map is the identity and the middle one is a quasi-isomorphism by The-
orem 7.13; by the five lemma (Exercise 4.6 of Homology) applied to the ladder of long
exact sequences, the right-hand map is a quasi-isomorphism as well. Combining the two
displays gives the assertion, and the isomorphism is the one induced by the inclusion of
pairs. 0

Corollary 8.2. Let Z C AC X with Z C int A. Then the inclusion (X ~ Z, A\ Z) —
(X, A) induces isomorphisms

Hy(X N Z, AN Z) = H,(X, A) for every n.

Proof. Put B = X \ Z. Then int B O X N Z,sointAUINt B D int AU(X N Z) =X
because Z C int A; and AN B = A~ Z. Apply Theorem 8.1. ([l



