PSEUDOMANIFOLDS

These notes continue Homology, whose section on oriented simplicial homology supplies
the oriented simplicial chain complex C2"(K) used throughout, Singular Homology and
Further Properties of Singular Homology, with the latter shortened to Further Properties.
A pseudomanifold is a finite simplicial complex that looks like a compact manifold as
far as top-dimensional counting is concerned: it is built out of n-simplices glued in pairs
along a subset of their codimension-one faces. Triangulated compact manifolds are pseu-
domanifolds, but so are spaces with singularities, and that is the point of the notion: the
little that is required is already enough to produce a fundamental homology class. The
reason for introducing them is that they are the simplest geometric representatives for
every homology class.

We shall use these objects, and the homology classes they carry, in The Hurewicz
theorems, which follows these notes. The Hurewicz theorems compare homotopy groups
with homology groups, and geometric representatives for the latter are essential in their
proofs. References to the companions are given as Theorem such-and-such of Homology,
and similarly for the others; all other references are internal.

We use the notation of Homology: K is a finite abstract simplicial complex with vertex
set V(K), its simplices are certain non-empty subsets of V(K') closed under passage to
non-empty subsets, a simplex with p + 1 vertices is a p-simplez, and | K| is the geometric
realization, in which the closed simplex |s| of a p-simplex s is a convex subset of a Euclidean
space homeomorphic to AP. For points py,...,pr of such a closed simplex |s|, or more
generally of any convex subset C' of a Fuclidean space, we write

(Po, .- pe): AF — C

for the affine singular simplex with e; + p;; this is the map written [po,...,px] in §4
of Singular Homology, and the change of brackets is to separate it from the orientation
[vo, - .., vp] of Definition 9.1 of Homology.

1. PSEUDOMANIFOLDS WITH BOUNDARY

Definition 1.1. A finite simplicial complex K is an n-dimensional pseudomanifold with
boundary if

(i) every simplex of K is a face of an n-simplex of K,
(i) every (n — 1)-simplex of K is a face of one or two n-simplices of K.

An (n — 1)-simplex that is a face of exactly one n-simplex is called free.

Definition 1.2. The boundary 0K of an n-dimensional pseudomanifold with boundary
is the subcomplex consisting of the free (n — 1)-simplices of K together with all of their
faces. The pseudomanifold is closed if 0K = (), that is, if every (n — 1)-simplex is a face
of exactly two n-simplices.

Remark 1.3. Condition (i) says that K has dimension n and is pure: there are no simplices

left over that fail to lie in a top-dimensional one. Condition (ii) weakens the counting
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condition of a closed manifold to the one satisfied by a compact manifold with boundary.
Two further conditions are often imposed, strong connectedness and normality; we give
each a name below and invoke it only where it is needed. Everything from §2 on is written
for pseudomanifolds with boundary, and where the closed case is meant the word closed
is said. For n = 0 there are no (n — 1)-simplices, so every 0-dimensional pseudomanifold
with boundary is closed, and is a finite non-empty discrete set.

Remark 1.4. The (n — 1)-simplices of JK are precisely the free ones, since a face of
dimension n — 1 of a free (n — 1)-simplex is that simplex itself; and every simplex of 0K
is by construction a face of a free one. So if K # () it is pure of dimension n — 1, and it
satisfies condition (i) of Definition 1.1 in dimension n — 1. What has to be examined is
condition (ii).

Example 1.5. The complex A" of all non-empty faces of the standard n-simplex is an
n-dimensional pseudomanifold with boundary: its only n-simplex is A" itself, and each
of the n + 1 faces 0;A" is free. Its boundary is the complex JA™ of all proper non-empty
faces, which by Example 1.6 below is a closed (n — 1)-dimensional pseudomanifold.

Example 1.6. Let K = 0A™! be the complex of all proper non-empty subsets of the
vertex set {0,1,...,n+1}, so that | K| = S™. Its n-simplices are the n+2 subsets obtained
by omitting one vertex, and each (n — 1)-simplex, obtained by omitting two, is a face of
exactly two of them. Then K is a closed n-dimensional pseudomanifold.

Example 1.7 (non-examples). Three triangles glued along a common edge satisfy (i) of
Definition 1.1 but not (ii); that edge lies in three 2-simplices. A triangle with an extra
edge attached at one vertex satisfies (ii) but not (i); the extra edge lies in no 2-simplex.

The arguments of §2 onwards are run with chains of n-simplices, and Theorem 1.14
below turns on a condition satisfied by the links. Here are the two names.

Definition 1.8. Let K be a finite simplicial complex. A chain from an n-simplex s to
an n-simplex s’ is a finite sequence

/
S =S80, 51y, ..., 8 =S5

of n-simplices of K in which s,,_; and s,, have a common (n — 1)-face for 1 < m < r.
The complex K is strongly connected if any two of its n-simplices are joined by such a
chain.

Definition 1.9. The link of a simplex s of K is the subcomplex
k(s)={ueK : uns=0anduUs € K}.

Definition 1.10. An n-dimensional pseudomanifold with boundary K is normal if the
link of every simplex of K of dimension at most n — 2 is connected. The condition is
vacuous for n < 1.

Remark 1.11. Neither of these conditions implies the other. Strong connectedness does
not give normality: the pinched disk of Example 1.19 is strongly connected and not
normal, and so, in the closed case, is the complex got by triangulating S? so that two
vertices p and ¢ span no edge and have no common neighbour and then identifying them.
Normality does not give strong connectedness, saying nothing about connectedness at all:
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two disjoint copies of OA? are normal, and no chain joins a triangle of one to a triangle
of the other. Neither does connectedness of |K|: two copies of DA% with a vertex of one
identified to a vertex of the other have connected realization and admit no such chain, and
that complex is not normal, the link of the identified vertex being a disjoint union of two
circles. What is true is that normality implies strong connectedness for pseudomanifolds
with connected realization (Theorem 1.16).

Remark 1.12. Definition 1.1 is the weakest of the definitions in use. Most treatments
build strong connectedness into it, so that a pseudomanifold there is a complex satisfying
(i) and (ii) any two of whose n-simplices are joined by a chain; others build in normality
instead.

Lemma 1.13. Letn > 2, let K be an n-dimensional pseudomanifold with boundary, and
let t be an (n—2)-simplex of K. Then1k(t) is a graph: its vertices are the (n—1)-simplices
of K containing t, its edges are the n-simplices of K containing t, and it has no simplices
of higher dimension. Every vertex has degree 1 or 2, and it has degree 1 exactly when the
corresponding (n — 1)-simplex is free. Consequently 1k(t) is a disjoint union of finitely
many paths and cycles, and the number of free (n—1)-simplices of K containing t is twice
the number of its path components; in particular that number is even.

Proof. A simplex u of 1k(t) with k& + 1 vertices gives a simplex u Ut of K with n + k
vertices, so k < 1 and lk(¢) is at most 1-dimensional; and u +— u Ut is a bijection from
the vertices and edges of 1k(¢) to the (n — 1)- and n-simplices of K containing ¢, inverse
to o — o~ t. Under it the incidence of a vertex with an edge of 1k(¢) corresponds to the
incidence of an (n — 1)-simplex with an n-simplex, so the degree of a vertex is the number
of n-simplices of which the corresponding (n — 1)-simplex is a face; by Definition 1.1(ii)
that is 1 or 2, and it is 1 exactly for a free simplex.

A finite graph all of whose vertices have degree 1 or 2 is a disjoint union of paths and
cycles, no component being a single vertex because no degree is 0. A cycle has no vertex
of degree 1 and a path has exactly two, whence the count. 0

Theorem 1.14. Let n > 1 and let K be a normal n-dimensional pseudomanifold with
boundary. Then OK is either empty or a closed (n — 1)-dimensional pseudomanifold.

Proof. Assume 0K # (). Condition (i) for K in dimension n — 1 is Remark 1.4. For
n = 1 there are no (n — 2)-simplices, condition (ii) is vacuous, and 0K is a non-empty
finite discrete set, a closed 0-dimensional pseudomanifold.

Let n > 2 and let ¢ be an (n — 2)-simplex of 0K; by Remark 1.4 it is a face of some
free (n — 1)-simplex. By Lemma 1.13 the graph 1k(¢) has a vertex of degree 1, and it is
connected by normality; a connected finite graph with all degrees 1 or 2 and at least one
vertex of degree 1 is a path, which has exactly two vertices of degree 1. So exactly two free
(n — 1)-simplices of K contain ¢, that is, ¢ is a face of exactly two (n — 1)-simplices of K.
As the (n — 2)-simplices of 0K are its codimension-one simplices, this is condition (ii),
and 0K is closed because a free (n — 2)-simplex of K would be one lying in exactly one
(n — 1)-simplex of K. O

Proposition 1.15. Let K be a normal n-dimensional pseudomanifold with boundary and
let s be a k-simplex of K with k <n—1. Then lk(s) is a normal (n — k — 1)-dimensional
pseudomanifold with boundary.
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Proof. We use throughout that for a simplex u of 1k(s)
(11) lklk(s)(u) = le(S U U),

both sides consisting of the simplices w of K with w N (sUu) =0 and wUuUs € K.

(i) Let u be a simplex of 1k(s). Then u U s is a simplex of K, so by Definition 1.1(i) it
is a face of an n-simplex o of K. Now o \ s is a simplex of 1k(s) of dimension n — k — 1
containing u. In particular lk(s) is non-empty of dimension exactly n — k — 1, no simplex
of 1k(s) having more than n — k vertices.

(ii) Let u be an (n — k — 2)-simplex of lk(s). Then v U s is an (n — 1)-simplex of K,
and w — w U s is a bijection from the (n — k — 1)-simplices of lk(s) containing u to the
n-simplices of K containing u U s, with inverse o — ¢ \ s. By Definition 1.1(ii) there are
one or two of the latter.

Normality: let u be a simplex of 1k(s) of dimension at most (n —k —1) —2. Then sUu
has dimension k + dimu + 1 < n — 2, so kg (s Uu) is connected by the normality of K,
and by (1.1) this is Ikys)(u). O

Theorem 1.16. Let n > 1 and let K be a normal n-dimensional pseudomanifold with
boundary whose realization | K| is connected. Then K is strongly connected.

Proof. Induction on n.

Let n = 1. Then K is a finite graph in which every vertex lies in an edge, and |K|
is connected, so K is a connected graph. Any two of its vertices are joined by an edge
path, and consecutive edges of an edge path share a vertex, that is, a 0-face; joining an
endpoint of a given edge to an endpoint of another therefore produces a chain between
them.

Let n > 2 and assume the theorem in dimensions 1,...,n — 1. Call two n-simplices of
K equivalent when a chain joins them, let C be one equivalence class, and put

y=JIsl, v =JIsl,
seC s¢C
the unions being over the n-simplices of K lying in and outside C. Each is a finite union of
closed simplices and so is closed, and YUY’ = |K| by Definition 1.1(i). Suppose Y’ # (.
As | K| is connected and Y # (), the two closed sets meet; choose x € Y NY”, let t be the
unique simplex of K whose open simplex contains x, and choose n-simplices s € C and
s' ¢ C witht C sand ¢t C . Since s # s we have dimt < n — 1.

If dimt =n — 1 then s and s’ are distinct n-simplices with the common (n — 1)-face ¢,
so 8,8’ is a chain and s’ € C, a contradiction.

So dimt = k with £ < n — 2. By Proposition 1.15 the complex 1k(¢) is a normal
pseudomanifold with boundary of dimension n —k —1,and 1 <n—k—1<n—1; it is
connected by the normality of K. By the inductive hypothesis 1k(¢) is strongly connected.
As in the proof of Proposition 1.15, w +— wUt is a bijection from the (n — k — 1)-simplices
of Ik(¢) to the n-simplices of K containing ¢, and it carries a common (n — k — 2)-face of
two of them to a common (n — 1)-face of their images. A chain in lk(¢) from s\t to '\ ¢
therefore yields a chain in K from s to s, and again s’ € C, a contradiction.

Hence Y’ = (): every n-simplex of K lies in C, and K is strongly connected. U

Remark 1.17. Conversely a strongly connected K satisfying Definition 1.1(i) has |K|
connected, being the union of the connected sets |s| over a family of n-simplices any two
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of which are joined by a chain of overlapping members. So for normal pseudomanifolds
with boundary strong connectedness and connectedness of the realization are the same
condition; without normality the first is the stronger, by Remark 1.11. Neither is needed
for the construction of the fundamental class in §§2-3; the one place the condition is used
is Proposition 2.10, whose hypothesis may therefore be read either way. We state it there
in the form in which the proof uses it.

Example 1.18 (the bowtie). Normality cannot be dropped from Theorem 1.14. Let K
consist of the two 2-simplices {v,a,b} and {v,c,d} and their faces. Every simplex is a
face of a 2-simplex, and each of the six edges lies in exactly one of them, so K is a 2-
dimensional pseudomanifold with boundary and all six edges are free. Hence 0K is the
whole 1-skeleton, in which the vertex v is a face of the four edges va, vb, ve, vd; so 0K
is not a 1-dimensional pseudomanifold. Correspondingly K is not normal: lk(v) is the
disjoint union of the edges ab and cd.

Example 1.19 (the pinched disk). Strong connectedness is no substitute for normality
in Theorem 1.14. Triangulate a disk so that two of its boundary vertices p and ¢ have no
common neighbour and span no edge, and identify p with ¢; the result is a 2-dimensional
pseudomanifold with boundary, and it is strongly connected because the disk is. At the
image v of p and ¢ there are four free edges, two coming from each of p and ¢, so again
OK fails to be a pseudomanifold; and lk(v), a disjoint union of two arcs, is disconnected.

Example 1.20 (the cone on an annulus). Normality is not inherited by boundaries, so
it could not have been made part of Definition 1.1. Let L be a triangulated annulus and
let K = v % L be the cone on it, a 3-dimensional complex. It is a pseudomanifold with
boundary: it is pure, a triangle of L lies in the single 3-simplex v * o, and a triangle v * e
lies in one or two according as the edge e of L is a boundary edge or an interior one. It is
normal, the links being lk(v) = L, lk(w) = v 1k, (w) and lk(e) = v * Ik (e) for a vertex
w and an edge e of L, and lk(vw) = 1k (w), each of them connected. Its boundary is
OK = LU (v*0L), the free triangles being those of L together with the v *e for e in OL.
By Theorem 1.14 that is a closed 2-dimensional pseudomanifold, as one checks directly;
but it is not normal, since lkgx (v) = 0L is a disjoint union of two circles.

Remark 1.21. Without normality, Lemma 1.13 still gives that every (n— 2)-simplex of 0K
lies in an even number of (n — 1)-simplices of K. That is what an orientation argument
needs, and it is the reason the constructions below go through for 0K even when K is
not normal and JK fails condition (ii) in dimension n — 1, as it does in Examples 1.18
and 1.19 and so is not a pseudomanifold at all: the chain 0zk is a cycle carried by 0K
whatever the links do.

2. FUNDAMENTAL CLASS IN ORIENTED SIMPLICIAL HOMOLOGY

This section and the next are written for a pseudomanifold with boundary K; the closed
case is the case 9K = (), in which every relative group that appears reduces to an absolute
one. The fundamental class lives in H,(|K|,|0K|), and its image under the connecting
homomorphism is the fundamental class of 0K.

Recall from Definition 9.1 of Homology that an orientation of a p-simplex s is an
equivalence class of orderings of its vertices, two orderings being equivalent when they
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differ by an even permutation, that [vg,...,v,] denotes the orientation of the class of
(vo,...,vp), and that there are exactly two orientations when p > 1. Recall also the
oriented chain complex C%(K) of Definition 9.2 of Homology: it is free on any choice of
one orientation for each simplex, by Lemma 9.3, and its boundary is

p

Ofvo, - vp) =D (1), ., Ty . 1),

i=0
Remark 2.1. This combinatorial notion of orientation agrees with the local homological
one, and we shall pass between them without comment. Let s be an n-simplex and z
a point of its open simplex. An ordering (vy,...,v,) of the vertices of s gives the affine
singular simplex (vo, ..., v,), a relative cycle of (|s|,|0s|) whose local class at x generates
H,(|s],|s| ~ {z}) = Z; this is Lemma 3.3 below. An even permutation of the ordering
leaves that class unchanged and an odd one reverses it, so what the class really depends
on is the orientation [v,...,v,], and the two orientations of s correspond to the two
generators. The sign is Lemma 2.3 of Further Properties: reordering the vertices by a
permutation 7 replaces the affine simplex by its composite with the affine automorphism of
A" permuting the vertices, whose determinant has sign sgn 7, and an orientation-reversing
affine embedding sends [¢,] to the negative of the local class.

Definition 2.2. Let w be an orientation of a p-simplex s and let ¢ be a codimension-one
face of s. Writing w = [vp, ..., v,] and t = s \ {v;}, the orientation induced on t by w is

Ow = (—=1)"vgy -+, sy ..., 0] € Cr L (K),

a generator of the infinite cyclic subgroup of C¢* | (K') belonging to t. That d,w does not
depend on the ordering chosen to represent w is the well-definedness of the boundary in
Lemma 9.3, and by construction dw = ), djw, the sum over the codimension-one faces ¢
of s. Two orientations of t are opposite if their sum is zero.

Definition 2.3. Let K be an n-dimensional pseudomanifold with boundary. An orien-
tation of K is a choice of orientation w, of each n-simplex s such that these cancel along
every (n — 1)-simplex that is not free: for such a ¢, with s and s’ the two n-simplices of
which ¢ is a face,
8tws + 3,5%/ =0.

No condition is imposed at a free (n — 1)-simplex, which lies in a single n-simplex. A
pseudomanifold with boundary so equipped is an oriented one, and one admitting such a
choice is orientable. Replacing every ws by —w, again gives an orientation, the opposite
one. When K is closed there are no free (n — 1)-simplices and we speak of an oriented
closed n-dimensional pseudomanifold.

Definition 2.4. Let L be a subcomplex of a finite simplicial complex K. A choice of
one orientation for each simplex of K is a basis of C(K) by Lemma 9.3 of Homology,
and those belonging to the simplices of L span a subcomplex of C2"(K) identified with
Co(L). Say that a chain of C"(K) is carried by L if it lies in that subcomplex. Put

CY(K, L) = CY(K)/C (L),

again a chain complex of free abelian groups, and write H>'(K, L) for its homology. A
relative cycle is thus a chain ¢ € C"(K) with dc carried by L.
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Example 2.5. In Example 1.6 put w; = (—1)¥[0, ... ih..on+ 1. Then ), w; is the
expression for the boundary of the ordering (0,1,...,n + 1), so the orientations cancel
along every (n—1)-simplex: the two terms of 99[0, ..., n+1] belonging to a given (n—1)-
face cancel. Thus OA™*! is orientable.

Lemma 2.6. Let K be an oriented n-dimensional pseudomanifold with boundary. Then
=Y w, € CY(K),
the sum over the n-simplices of K, satisfies

Ozi = Z atws(t)a
t

the sum over the free (n — 1)-simplices t of K, where s(t) is the unique n-simplex of
which t is a face. In particular Ozi is carried by 0K, so that zx is a relative cycle in
C™(K,0K); and zk is a cycle when K is closed.

Proof. By Definition 2.2,
Ozrc =) ) O,

s tCs
the inner sum over the codimension-one faces of s. Interchange the order of summation.
Every codimension-one face of an n-simplex is an (n — 1)-simplex of K, and by Defini-
tion 1.1(ii) each such ¢ lies in one or two n-simplices, so there are no terms beyond those
listed. A non-free ¢ contributes dyw, + 0wy, which vanishes by Definition 2.3, and a free ¢
contributes the single term Oyw,(). Each free t is an (n —1)-simplex of 0K by Remark 1.4,
so Oz is carried by 0K. O

Proposition 2.7. Let n > 1, let K be a normal oriented n-dimensional pseudomanifold
with boundary, and suppose OK # . For each (n — 1)-simplex t of 0K put wy, = Oyws ().
These orientations make OK an oriented closed (n — 1)-dimensional pseudomanifold, the
induced orientation, and

82K = 29K -

Proof. By Theorem 1.14 the complex 0K is a closed (n — 1)-dimensional pseudomanifold,
and by Remark 1.4 its (n — 1)-simplices are exactly the free (n — 1)-simplices of K.
Granting that the w; form an orientation, the displayed identity is then a restatement of
Lemma 2.6.

For n = 1 there is nothing to verify, 0 K having no simplices of dimension n — 2. Let
n > 2 and let r be an (n—2)-simplex of 0K’; by Theorem 1.14 exactly two (n—1)-simplices
t and t' of OK have r as a face. Apply 0 to Lemma 2.6:

0=00zk =Y Y Oy,
t

r'Ct
the outer sum over the (n — 1)-simplices of 0K and the inner over their codimension-one
faces, all of which are (n — 2)-simplices of 0K. Terms belonging to distinct (n — 2)-
simplices lie in distinct infinite cyclic summands of C°" ,(K), so the terms belonging to r
vanish on their own: 0,w; + O,wy = 0. This is Definition 2.3 for 0K, which has no free
(n — 2)-simplices. O
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Example 2.8. Take K = A" as in Example 1.5, with the single orientation w =
[0,1,...,n] of its one n-simplex; the condition of Definition 2.3 is empty, every (n —
1)-simplex being free. Here zx = w, and the induced orientation of 9A™ is w; =
(=)0, ... i ,n], which is the orientation of Example 2.5 with n in place of n+ 1. So
zgan = 0[0,1,...,n], as Proposition 2.7 requires.

Lemma 2.9. Let n > 1 and let K be an n-dimensional pseudomanifold with bound-
ary. Then C*(K,0K) = C(K) and there are no relative boundaries in degree n, so
H(K,0K) is the group of chains of Co"(K) whose boundary is carried by 0K, no two
distinct such chains being homologous.

Proof. K has no simplices of dimension n + 1, so C"{(K) = 0 and there are no relative
boundaries; and 0K has dimension at most n — 1, so C*(0K) = 0 and CY'(K,0K) =
Co(K). O

Proposition 2.10. Let n > 1 and let K be a strongly connected n-dimensional pseudo-
manifold with boundary. If K is orientable then HY'(K,0K) is infinite cyclic, generated
by the class of zk; if K is not orientable then H(K,0K) = 0. For closed K the same
results hold with H (K, 0K) replaced by HY'(K).

Proof. By Lemma 2.9, H> (K, 0K) is the group of chains ¢ € C"(K) whose boundary is
carried by 0K.

Choose an orientation 7y of each n-simplex; these form a basis of C"(K), so a chain
is ¢ = >, asms with ay € Z, and as in the proof of Lemma 2.6 the component of Jc
at an (n — 1)-simplex t is as0ins + ayOmy if t is not free, s and s’ being the two n-
simplices containing it, and ay)0;ns) if t is free. The components belonging to distinct
t are independent, and by Remark 1.4 the (n — 1)-simplices of K are exactly the free
ones. So Jc is carried by JK if and only if a,0;n, = —ay0iny for every non-free t; free
(n — 1)-simplices impose no condition. Since 0yns = £0;ny this says ay = *as, with the
sign determined by ¢ alone. Two distinct n-simplices with a common (n — 1)-face share
a non-free one, so the chains of Definition 1.8 cross only non-free (n — 1)-simplices, and
strong connectedness forces all the |a,| to be equal, say to m > 0.

If m > 0 then dividing by m and setting w’, = sgn(as)ns produces an orientation {w’}
of K in the sense of Definition 2.3, and ¢ = m 2z} with 2z = > w.. Now any two
orientations of a strongly connected pseudomanifold with boundary differ by a global
sign. Indeed, write w) = dsws with d; = £1; if s and s’ share a codimension-one face ¢,
necessarily non-free, then subtracting the cancellation conditions for the two orientations
gives (05 — ) Ows = 0, and Jyws # 0, so ds = d¢; strong connectedness then makes J,
constant. Hence 2} = 2k and ¢ = £m zg. So if K is not orientable the only relative
cycle is 0, and if it is orientable the relative cycles are exactly the multiples of zx, which
is non-zero. 0

3. FUNDAMENTAL CLASS IN SINGULAR HOMOLOGY

We now pass from K to | K|, and from oriented simplicial homology to singular homol-
ogy. The comparison is the chain map

Or: O (K) — C.(|K])
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of Definition 5.1 of Further Properties, attached to a total order A on V(K): it sends the
orientation of a p-simplex s given by the increasing ordering vy < --- < v, of its vertices
to the affine singular simplex o, = (vo, ..., v,). It is a chain map carrying the orientation
of s into C,(|s|), by Lemma 5.2 there, and different orders give chain homotopic maps,
by Lemma 5.3; by Theorem 5.5 it induces an isomorphism H{'(K) — H.(|K]).

All of this passes to pairs. Let L be a subcomplex of K and give V(L) the order
restricted from \. The orientation of a simplex s of L given by its increasing ordering is
sent by ©, to the affine simplex oy, whose image is |s| C |L|; so ©, carries C"(L) into
C.(|L]) and agrees there with the map built from L and the restricted order.

Lemma 3.1. Let L be a subcomplex of a finite simplicial complex K and A a total order
on V(K). Then O, descends to a chain map

Oy: C¥(K, L) — C.(|K|,|L]),

the induced map ©,,: H (K, L) — H,(|K|,|L|) is an isomorphism, and it is independent
of A.

Proof. The chain map descends because ©, carries C¢"(L) into C,(|L|), and it is then a
map of short exact sequences of chain complexes

0 — (L) — CM(K) — CX(K,L) —— 0

l l l

0 —— CL]) — CIK]) — CAIK] L) — 0,

the lower row being Proposition 6.2 of Singular Homology. By Theorem 4.3 and Proposi-
tion 4.4 of Homology this gives a ladder of long exact sequences with commuting squares,
in which the maps attached to K and to L are isomorphisms by Theorem 5.5 of Further
Properties. The five lemma, Exercise 4.6 of Homology, gives the assertion. For the in-
dependence, the chain homotopy D of Lemma 5.3 of those notes, between ©, and O,
is constructed so that D(n,) is a chain in |s|; hence it carries C?"(L) into Cyy1(|L|) and
descends to a chain homotopy on the quotients. O

Theorem 3.2. Let K be an oriented n-dimensional pseudomanifold with boundary and
A a total order on V(K). For each n-simplex s let e, = +1 according as ws is or is not
the orientation given by the increasing ordering of the vertices of s. Then

C\ = @)\(ZK> = Z‘C’:s 0s € Cn(‘KD

is a relative cycle for the pair (|K|,|0K|), with Ocy = ©x(0zk), and the class of cy in
H,(|K|,|0K|) is non-zero. When K is normal, Oz is the fundamental cycle zpx of the
induced orientation of Proposition 2.7. For K closed the theorem says that cy is a cycle
with non-zero class in Hy,(|K]).

Proof. Since 0, is a chain map, dcy = 0,(9zk), and 0z is carried by 0K by Lemma 2.6;
so Jcy is a chain in |0K|, because ©, carries the orientation of a simplex ¢ into C,(]¢]) by
Lemma 5.2 of Further Properties. Thus c, is a relative cycle, and when 0K = () it is a
cycle. The last assertion of the statement is Proposition 2.7.
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For the non-vanishing, here are two arguments. The first is that K has no simplices of
dimension n+1 and 0K none of dimension n, so C2"\;(K) = 0 and C" (K, 0K ) = CY'(K);
there are then no relative boundaries, and H" (K, 0K) is the subgroup of the free abelian
group C°"(K) consisting of the chains whose boundary is carried by 0K . The class of zx
there is the non-zero element zg itself, and ©,, is injective by Lemma 3.1.

The second uses only the class of the simplex, and locates the non-vanishing. Fix an
n-simplex s and a point x of the open simplex of s. Then z lies in no simplex of dimension
less than n, so [0K| C |K| ~\ {z} and there is a map

H,(|K|,|0K|) — H, (K], K|~ {z});

we compute the image of [c)] under it. Every oy with ¢ # s has image |t|, which misses
x, so all those terms die and ¢, goes to e50,. Excising | K| \ |s|, whose closure misses
x, identifies that group with H,(]s|,|s| \ {z}), and the radial retraction of Lemma 1.3
of Further Properties replaces |s| \ {z} by |0s|; since o4 is a homeomorphism of pairs
(A" OA™) — (|s],]0s|), the group is infinite cyclic on [o,] by Proposition 1.4 of those
notes. So the image of [c,] is a generator, and [c,] # 0. O

Lemma 3.3. Let K be an n-dimensional pseudomanifold with boundary, let A be a total
order on V(K), and for each n-simplex s of K let x5 be a point of its open simplez.
Then Hn(\K\, | K|~ {xs}) is infinite cyclic, generated by the image of [os], and the image
there of ©x(>_, arny) is as times that generator, the n, being the orientations given by the
increasing orderings. Consequently the homomorphism

H, (K], 10K]) — @ Ha(IK] | K|~ {x.})

induced by the inclusions is injective, and its image consists of the families (as) for which
the chain ) asns of CF(K) has boundary carried by OK ; equivalently, for which the
singular chain ) asos is a relative cycle of (|K|,|0K|). So the local classes identify
H,(|K|,|0K]|) with the coherent families of local data, coherence being that condition,
read on either side.

Proof. The point z, lies in no simplex of dimension less than n, so |0K| C |K| ~ {xs}
and the map is defined. The computation is the one in the second proof of Theorem 3.2:
excising | K|\ |s|, whose closure misses z, identifies H, (| K|, | K|~ {zs}) with H,(]s]|, |s]
{zs}); the radial retraction of Lemma 1.3 of Further Properties replaces |s|\ {zs} by |0s];
and o, is a homeomorphism of pairs (A", dA™) — (|s], |ds|), so the group is infinite cyclic
on the image of [o,] by Proposition 1.4 of those notes. A term a0, with r # s has image
|r|, which misses x,, and so dies; the term aso4 gives as times the generator.

For the last assertion, ©,, carries H"(K,0K) isomorphically onto H,(|K]|,|0K]) by
Lemma 3.1, and by Lemma 2.9 that group is the group of chains ) a,7n, of C"(K) whose
boundary is carried by 0K, no two of which are homologous. The display recovers every
as from the local classes, so the map is injective and its image is exactly the set of families
arising from such chains.

The two forms of the coherence condition agree. One way, ©, is a chain map carrying
C"(0K) into C,(|0K|) and ©5(>, asns) = >, as0s, so a boundary carried by 0K goes to
one carried by |0K|. The other way, write 0 asns = >, bi& over the (n—1)-simplices ¢,
with & the increasing orientations; then 0) as05 = ), bioy, the o, are distinct singular
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simplices, that of ¢ having image |t|, and C,,_;(|0K) is generated by the singular simplices
with image in |0K|; so by = 0 unless ¢ is a simplex of 0K. O

Remark 3.4. The injectivity has a geometric reading. If two classes have the same local
class at every x,, their difference dies in H,(|K|, |K| \ Z), where Z is the set of the x;
by the exact sequence of the triple [0K| C |K|~ Z C |K| it is then carried by | K|\ Z.
But | K|\ Z deformation retracts onto | K"!|, each punctured open n-simplex retracting
to its boundary, and a complex of dimension n — 1 carries no n-dimensional homology.
So the difference vanishes: what is supported off the chosen points is supported on the
(n — 1)-skeleton, and there is nothing in degree n there.

Corollary 3.5. If moreover K is normal, a class of H,(|K|,|0K]|) is determined by its
local class at a single point x4, one n-simplex s being taken in each connected component
of |K|.

Proof. 1t is enough to treat one component, so let |K| be connected; then K is strongly
connected by Theorem 1.16. By Proposition 2.10 the group H" (K, 0K) is infinite cyclic
generated by zx if K is orientable and is zero otherwise, so a class of H,(|K|,|0K]|) is
m [K,0K] for a unique integer m, or is zero. In the notation of Lemma 3.3 this class
is Oy, of mzg = > memn,, so a; = me; and m is determined by as, which the lemma
recovers from the local class at x,. O

Definition 3.6. Let K be an oriented n-dimensional pseudomanifold with boundary. Its
fundamental class is

[K,0K] = [ex] = Ox[z2x] € Ho (K|, |0K]),

which by Lemma 3.1 does not depend on the total order A used to define it. When K is
closed, |[0K| = 0 and we write [K] € H,(|K]).

Remark 3.7. Four comments. Reversing the orientation of K replaces zx by —zx and
hence [K,0K] by —[K,0K]. Next, by Lemma 3.1 and Proposition 2.10, for a strongly
connected orientable K the group H,(|K,|0K]) is infinite cyclic generated by [K, 0K];
for the closed pseudomanifold K = @A™ with the orientations of Example 2.5 this can
be seen directly, ¢y being >,(—1)6" = Oipy1, which generates H,(|K|) = H,(S™) by
Proposition 1.4 of Further Properties. Third, if K is normal, so that 0K is a closed
pseudomanifold and carries a fundamental class, the connecting homomorphism of the
pair takes the fundamental class of K to that of its boundary,

0 |K,0K| = [0K] € H,_,(]0K]),

OK carrying the induced orientation: the connecting homomorphism is computed by
taking 0 of a relative cycle, and dcy = ©,(z9x) by Theorem 3.2, which is the cycle
representing [0K]. Finally, orientability is genuinely needed only over Z: for any n-
dimensional pseudomanifold with boundary whatever, the chain ) o, with coefficients
in Z/2 is a relative cycle, because along each non-free (n—1)-simplex the two contributions
agree rather than cancel and 1 4+ 1 = 0, while the free ones lie in 0K; this gives a mod 2
fundamental class in H,(|K|, |0K|;Z/2).

Exercise 3.8. Carry out Definition 3.6 for K = JA? with the orientations of Example 2.5
and the order 0 < 1 < 2, and identify ¢, explicitly as a sum of three singular 1-simplices
in |K| =S
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Exercise 3.9. The suspension 3K of a finite simplicial complex K has vertex set V(K )U
{a,b} and simplices those of K together with {a}, {b} and sU{a}, sU{b} for s a simplex of
K. Show that if K is an n-dimensional pseudomanifold then ¥ K is an (n+ 1)-dimensional
pseudomanifold, and that an orientation of K determines one of XK. Show also that XK
is normal if and only if K is normal and, for n > 1, |K| is connected. (Note that lksx(s)
is the suspension of lkg(s) for a simplex s of K, hence connected as soon as lkg(s) # 0;
that lksx(s U {a}) = lkg(s); and that lkyx({a}) = K, which is where connectedness of
| K| enters.)

Exercise 3.10. Show that for n > 1 no n-dimensional pseudomanifold has exactly two
n-simplices. (Count the incidences between n-simplices and (n — 1)-simplices; the two
n-simplices would have the same codimension-one faces, hence the same vertices.) Two
simplices glued along their whole boundary — the picture the count rules out — do not
form a simplicial complex; compare Remark 4.10. Give an example of a 2-dimensional
pseudomanifold that is not orientable.

4. GLUING SIMPLICIAL COMPLEXES ALONG FACES

All the simplicial topology of this section is in the service of one construction, that
of §5: given a homology class of an arbitrary pair of spaces, it produces an oriented
pseudomanifold with boundary carrying that class. The pseudomanifold is assembled by
gluing copies of A" to one another along their codimension-one faces, one copy for each
singular simplex of a cycle representing the class, and which face is glued to which is
dictated by the way the faces cancel in the boundary of that cycle. What has to be
arranged is that the result be a simplicial complex, and the naive quotient is not one: two
vertices of one simplex may be carried to the same class, and two distinct simplices may
end up with the same set of vertices. Subdividing barycentrically twice repairs both, and
once is not enough — Example 4.5 runs through the three stages for the simplest gluing
of all, and Remark 4.10 says why no better choice of gluing evades the difficulty. Nothing
about A" enters until §4.3, so the first two subsections are written for a general complex.

4.1. Subdivision and orders of codimension-one faces. We first isolate the combi-
natorics of subdivision that is needed.

Lemma 4.1. Let L be a finite simplicial complex in which every simplex is a face of an
n-simplex. Then the same is true of the barycentric subdivision sd L, whose p-simplices
are the flags 70 C 1 C - -+ C 7, of simplices of L. Moreover let1': 79 C -+ C 7,1 be an
(n — 1)-simplex of sd L. Then dimT,_; is n or n — 1, and the number of n-simplices of
sd L having I' as a face is

(a) exactly 2, if dimT,_1 = n;
(b) the number of n-simplices of L containing 7,1, if dim7, 1 =n — 1.

Proof. Every flag of simplices of L extends to a flag whose members have all the dimensions
0,1,...,n: enlarge its top member to an n-simplex, possible by hypothesis, and insert
faces of the intermediate dimensions. Hence every simplex of sd L is a face of an n-simplex
of sd L, which is the first assertion.
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Let I': 70 C -+ € 75,1 be an (n — 1)-simplex of sd L. The dimensions increase strictly
along the flag, so dim7,_1 > n — 1, while no simplex of L has dimension greater than n;
sodimT,_;isn —1 or n.

Suppose first that dim 7,,_; = n—1. Then the n strictly increasing dimensions dim 7y <
--+ < dim7,_1 must be 0,1,...,n—1, so nothing can be inserted below 7y or between two
consecutive members of I', and the n-simplices of sd L containing I' are exactly the flags

TOg"'_,CI_Tnflgo-a

where ¢ is a simplex of L properly containing 7,_;, hence an n-simplex of L containing
Tn—1. This establishes (b).

Otherwise dim 7,,_1 = n, say 7,,_1 = o, an n-simplex of L. The n dimensions dim 7; are
then distinct elements of {0,1,...,n} with n among them, so there is a d with 0 < d <
n — 1 for which

dimn; =i (i <d), dimr; =i4+1 (i >d).

Consecutive members of I' other than 7,1 and 7, differ by one in dimension, and nothing
properly contains ¢, so the only room for an insertion is between 7;_; and 74, where, with
the convention 7_; = (), the simplex 7; has two more vertices than 74_;. An inserted
simplex is therefore 7,_; together with one of the two vertices of 7; that are not vertices
of 745_1, and both choices are faces of 74, hence simplices of L. There are exactly two ways
to complete the flag, which establishes (a). O

Corollary 4.2. Let n > 1 and let P = sd*> A" be the second barycentric subdivision of the
simplicial complex of all non-empty faces of A", so that |P| = A™. Then every simplex of
P is a face of an n-simplex, and an (n—1)-simplex of P is a face of exactly one n-simplex
if it is contained in OA"™, and of exactly two n-simplices otherwise. The subcomplex of P
triangulating the face O;A™ is sd* of that face.

Proof. Apply Lemma 4.1 twice, first to A" and then to sd A". What is propagated
at each stage is the statement that every simplex is a face of an m-simplex and that
an (n — 1)-simplex is a face of exactly one n-simplex if it is contained in JA™ and of
exactly two otherwise. This holds in A", viewed as a complex, whose only n-simplex is
A™ itself and whose (n — 1)-simplices are the faces 0;A™. Suppose it holds in L, and let
[':79C -+ C 7,1 bean (n—1)-simplex of sd L; then I' is contained in A™ precisely when
Tn—1 18, the simplex I' lying in 7,,_; and containing its barycenter. If dim7,_; = n then
To—1 ¢ OA™ and alternative (a) gives the count 2; if dim 7,,_; = n — 1 then alternative (b)
gives the number of n-simplices of L containing 7,,_1, which by the inductive hypothesis is
1 or 2 according as 7, is or is not contained in JA™. The last statement of the corollary
holds because barycentric subdivision takes subcomplexes to subcomplexes. O

4.2. Triangulations of quotients of simplicial complexes. Here is the general form
of the difficulty and of its repair.

Let M be a simplicial complex with vertex set V', the vertices of each simplex being
ordered compatibly with taking faces, and let = be an equivalence relation on the sim-
plices of M generated by order-preserving isomorphisms between simplices of M, together
with their restrictions to faces. For each j form the set M7 of equivalence classes of j-
simplices. Because the generating isomorphisms preserve the orderings and are closed
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under restriction to faces, there are well-defined face maps

8,~1 0---00“: M7 _>Mj—r
satisfying the usual commutation relations 0;0; = 0;_,0; for ¢ < j. In particular there
are j + 1 maps M7 — M° = V. and there is no reason for any of these face maps to
be injective. The collection {M7} together with its face maps is a combinatorial object
M generalizing a simplicial complex; the superscript in M7 marks the dimension of the
simplices in it, and is not a skeleton. Such an object is a simplicial complex if there is a
bijection of the union of the M7 with the set of simplices of a simplicial complex, sending
k-simplices to k-simplices and commuting with the face relations. We write A(V) for the
full simplex on V, the simplicial complex of all non-empty finite subsets of V.

Lemma 4.3. With M and = as above, the quotient object M is a simplicial complex if
and only if it meets the following two conditions.
(i) The image in 'V of any [o] € M* has cardinality k + 1; that is, the map from the
vertices of [o] to V is injective.
(ii) Granting (i), each [o] € M* has a k-simplez as image in A(V), namely the one
spanned by the images of its vertices; the condition is that distinct simplices of
M have distinct images, that is, that a simplex of M is determined by its set of
vertices in V.

Proof. Condition (i) gives a map M — A(V), compatible with the face maps, that is an
isomorphism on each simplex. Its image is automatically a subcomplex of A(V), the faces
of the image of [0] being the images of the faces of [o]. What (ii) adds is that M maps
bijectively onto that image. Granting both, we have a combinatorial isomorphism from
M to a simplicial complex, carrying k-simplices to k-simplices and commuting with the

face relations. The converse is obvious. O

Now subdivide. Let M; be the barycentric subdivision of M and let M5 be the barycen-
tric subdivision of M;. There are two rank functions on vertices. A vertex of M; is the
barycenter of a simplex of M, and rk; of that vertex is the dimension of that simplex; a
vertex of M is the barycenter of a simplex of M, and rky of that vertex is the dimension
of that simplex. Each simplex of M; has its vertices totally ordered by rk;, and each
simplex of M, has its vertices totally ordered by rks. The relation = induces relations on
M, and on M, preserving rk; and rks respectively, the second because an isomorphism
between simplices of M; preserves their dimension; so these relations too are generated
by vertex-order-preserving isomorphisms, and we may form M; and M,, which carry the
combinatorial structure described above.

For a simplex o of M; let RK;(o) be the set of rk; of the vertices of o, and give the
vertex of My that is the barycenter of o the same set RK;; thus rky, of that vertex is the
cardinality of RK; minus one. The generating isomorphisms preserve rk;, hence preserve
RKj, so every vertex of M, has a well-defined RK;.

Theorem 4.4. Let M and = be as at the beginning of this subsection, let My and M,
be the first and second barycentric subdivisions of M, and let My and M, be the quotient
objects they determine. Then the vertices of every simplex of M, stay distinct, which
is condition (i) of Lemma 4.3; and M, satisfies both conditions of that lemma and is
therefore a simplicial complex.
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Proof. Step 1: for every simplex o of M, the vertices of o remain distinct in M;. The
equivalence relation is generated by simplicial isomorphisms of M and hence preserves
rky. Since distinct vertices of a simplex of M; have distinct rk;, they are never identified
with one another. The same argument with M; in place of M, and rk, in place of rky,
shows that distinct vertices of a simplex of M, are never identified in My; that is, M also
satisfies condition (i).

Still, M; need not be a simplicial complex, because condition (ii) may fail.

Step 2: My satisfies condition (ii). We use the following observation. Distinct vertices
of a simplex o of M; have distinct rky, and a face of ¢ is spanned by a subset of the
vertices of o; hence a face of ¢ is determined by the set of rky of its vertices, that is, by
its RK1

Let 7 and 7 be simplices of M, with the same set of vertices, and represent them by
simplices of Ms. A p-simplex of M, is a flag of simplices of My, so 7 is represented by

o9 < 01 < -+ < o0pand 7' by 05 < 07 < -+ < 0, the vertices being the classes of
the barycenters of the o, and of the ¢/.. The cardinality of RK;(c,) is dimo, + 1, which
increases with r, so the sets RKy(0y), ..., RK;(0,) are distinct, and likewise for 7". Since

RK; is defined on the vertices of Ms, the identification of the vertices of 7 with those of
7’ therefore matches the barycenter of o, with that of ¢/, and

RK;(c,) = RK;(0))  for every r.

In particular the barycenters of o, and of o, have the same class in M,, so there is a
chain of relations given by linear isomorphisms carrying o, to o,; let g: o, — 0, be the
composite of that chain. Tt carries faces of o, to faces of o), and preserves rk;, hence
preserves RK;. Fix r < p. Then go, and o). are faces of o, with

RK;(go,) = RK;(0,) = RK; (o)),

so go, = 0, by the observation. Hence g carries the flag representing 7 to the flag
representing 7/, and 7 = 7’ in Ms. Lemma 4.3 now applies. U

Example 4.5. Both subdivisions are needed already for M = A!, the complex of the
two vertices eg, e; and the edge joining them, with the relation generated by the order-
preserving isomorphism ey — e; of O-simplices.

In M the edge has both of its vertices in the single class v = [eg] = [e1], so condition
(i) of Lemma 4.3 fails.

In M; = sd M the edge is cut at its barycenter b into two edges {eg, b} and {b, e;}. Their
vertices stay distinct in My, which is condition (i), as Theorem 4.4 says; but both edges
acquire the vertex set {v, b}, so condition (ii) fails and M is not a simplicial complex. It
is the union of two 1-simplices with their boundaries glued together.

In M, = sd® M the interval is cut into four edges, with vertices ey, c1, b, ¢s, €; in order.
The quotient has the four vertices v, ¢1, b, ¢o and the four edges joining consecutive ones,
distinct vertex sets all: M is the circle triangulated with four edges.

4.3. Gluing copies of a simplex. Now specialize: the pieces are copies of one simplex,
subdivided twice, and the identifications pair off their codimension-one faces.

Lemma 4.6. Let P = sd* A" be as in Corollary 4.2, let Py, ..., Py be copies of P, and let
a fized-point-free involution be given on a subset of the set of pairs (k,i) with 1 <k < N
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and 0 < © < n, the pairs outside that subset being left unglued. Glue, for each pair
{(k,7),(l,5)} of the involution, the subcomplex of Py triangulating 0;A™ to the subcomplex
of P, triangulating 0; A", by the simplicial isomorphism induced by the affine identification
87 0 (6°)~. Then the result is a finite simplicial complex K, and the quotient map

N
¢: [T Ay — K]
k=1
1s the quotient by the corresponding identifications of the boundary faces. When the invo-
lution is defined on all of the pairs, every boundary face of every copy is glued to another.

Proof. Apply Theorem 4.4 with ]_[szl A7 in place of M, taken with the standard ordering
of the vertices of each copy, and with the equivalence relation generated by the identi-
fications of the codimension-one faces prescribed by the involution, together with their
restrictions to faces; these identifications preserve the vertex orderings, being induced by
the maps 87 o (") . The second barycentric subdivision of [[, A} is [ [, Ps, so the theo-
rem says that the quotient is a simplicial complex; this is the complex K of the statement.
Finally |P;| = A}, and for finite complexes the realization of the quotient complex is the
quotient of the realizations, so ¢ is the quotient map by the prescribed identifications of
the boundary faces. 0

Lemma 4.7. Let L be a finite simplicial complex realized rectilinearly in a FEuclidean
space: its vertices are points, each simplex is the convex hull of its vertices, and two
simplices meet in a common face or not at all. Suppose that the union C of its simplices
15 convex and that its affine span has dimension n, dimensions and interiors below being
taken in that span, and let t be a simplex of L of dimension d < n — 2. Then 1k(t) is
connected.

Proof. Let st(t) be the subcomplex of L consisting of the simplices containing ¢ and all
of their faces. Every point of |st(¢)| lies in |s| for some simplex s D ¢, and for such an s
the vertex set splits as that of ¢ together with that of a simplex u = s\t of 1k(t), so that
a point of |s| is written y = Y, a,v + ) o, Bww. Put AMy) = >, c, Buw: then y € |t
exactly when A(y) = 0, and for y ¢ [t| the point

m(y) =My) D Buw € |1k(t)]
weU
is independent of the simplex s chosen and depends continuously on y. This defines a
continuous map 7: | st(¢)| ~ [t] — | 1k(¢)].

Let = be a point of the interior of |t| and let A be the d-dimensional affine subspace
spanned by ¢. The union of the closed simplices of L not lying in st(¢) is a closed set
missing x, so | st(¢)| is a neighbourhood of x in C; and |¢| is a neighbourhood of x in A.
Choose € > 0 so small that the convex set B = {y € C : |y — x| < €} lies in |st(¢)| and
meets A inside |¢].

We claim B ~\ A is connected. Let p,q € B ~. A. The points r for which the segment
[p,r] meets A lie in the affine span of {p} U A, of dimension at most d + 1 < n — 1, and
similarly for q. Since B has dimension n its interior is a non-empty open set, which cannot
be covered by two proper affine subspaces; so there is an r € B with [p,r] and [r, ¢] both
disjoint from A. These segments lie in B by convexity, and the claim follows.
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Finally 7(B ~ A) = |1k(¢)|. Indeed, given b € |u| with u € 1k(¢), the points y, =
(1 — ) + pb lie in |t U u| and satisfy m(y,) = b for g > 0; for small p > 0 they lie in
B, and they are not in A because BN A C |t|. Thus |lk(¢)| is the continuous image of a
connected set. U

Proposition 4.8. Let n > 1 and let K be a complex obtained, as in Lemma 4.6, by
gluing copies Pi,..., Py of P = sd®> A™ to one another along a pairing of some of their
codimension-one faces. Then K is an n-dimensional pseudomanifold with boundary, its
free (n — 1)-simplices being exactly those lying on the unpaired facets; and it is normal in
the sense of Definition 1.10, the link of every simplex of K of dimension at most n — 2
being connected.

Remark 4.9. This is what makes the complexes constructed in the proof of Theorem 5.1
and in The Hurewicz theorems pseudomanifolds with boundary, and normal ones, so that
Theorem 1.14 and Proposition 2.7 apply to them.

Proof. Condition (i) of Definition 1.1 holds because every simplex of K lies in a copy of P
and is a face of an n-simplex there, by Corollary 4.2. For (ii), let ¢t be an (n — 1)-simplex
of K, and let t be an (n — 1)-simplex of some copy Pj, mapping to it. Since P is a copy
of A", the simplex ¢ is contained in at most one of the codimension-one faces 9;A". By
Corollary 4.2, if ¢ is interior to P then it is a face of two n-simplices of Py; otherwise it
is contained in a facet of P, and is a face of only one n-simplex of Pj. If it is interior,
it is identified with nothing and ¢ is a face of two n-simplices. If it lies in a paired facet,
the simplex matched with it in the partner also maps to ¢, and the two contribute one
n-simplex each. If it lies in an unpaired facet, it is identified with nothing and t is a face
of one n-simplex. So every (n — 1)-simplex of K is a face of one or two, and the free ones
are exactly those lying on the unpaired facets.

There remains the normality. Write p: [[, P, — K for the simplicial quotient map.
By Lemma 4.3(i) the vertices of a simplex stay distinct in the quotient, so p carries each
simplex isomorphically onto a simplex of the same dimension.

Let t be a simplex of K with dimt =d < n — 2 and let t,...,t,. be the simplices of
[1; Px lying over t; they form a single equivalence class. Set L, = p(lk(t;)). If u € 1k(t;)
then p(t; Uu) =t U p(u) is a simplex of dimension d 4+ dimu + 1, so p(u) is disjoint from
t and L; is a subcomplex of 1k(?).

First, 1k(t) = {J; L;. A simplex u of 1k(t) gives the simplex tUu of K; lift it to a simplex
s of some Py. As p is injective on s, the vertex set of s splits as t; U’ with p(t;) =t and
p(u’) = u, and then u € L;.

Second, each L, is connected: it is the image of 1k(¢;), and that is connected by
Lemma 4.7, whose hypotheses hold for P, = sd®> A": it is rectilinear, being a subdivi-
sion of A™ and the union of its simplices is A", convex with affine span of dimension
n.

Third, the union is connected. The equivalence relation is generated by the prescribed
isomorphisms between the subcomplexes triangulating paired facets, together with their
restrictions to faces, so any two of t1,...,t,. are joined by a chain of single such identifi-
cations; it is enough to see that L; N L; # () whenever ¢; and ¢; are directly identified by
one of them. Say ¢ identifies the subcomplex ) of P triangulating one facet with the
subcomplex ) of P, triangulating its partner, and ¢(¢;) = t;. Now @ is a subdivision of
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an (n — 1)-simplex and so is pure of dimension n — 1; choose an (n — 1)-simplex F' of @
containing ¢; and put F' = ¢(F) D t;. Then F' \ t; is a simplex of 1k(¢;) of dimension
n —d — 2 > 0, hence non-empty, and ¢ carries it to F” \ t;. The two therefore have the
same image under p, which is a simplex of L; N L;. U

Remark 4.10. Some subdivision is unavoidable, and one is not enough. The proof of
Theorem 4.4 shows where a single subdivision fails: two distinct faces of a simplex can
be identified with one another, whereas after a second subdivision a face is pinned down
by the ranks of its vertices, which the identifications preserve. Example 4.5 is that failure
in its smallest instance. Self-gluings of the kind occurring there cannot be avoided by a
better choice of the pairing in Step 2 of the proof of Theorem 5.1: for n odd the map
o: A" — A"/OA™ is by itself a cycle, all of whose faces are the same constant singular
simplex, so every pairing of its facets glues o to itself.

5. ORIENTED PSEUDOMANIFOLDS REPRESENT HOMOLOGY

The construction of §§2-3 turns a piece of geometry into a relative homology class. The
theorem of this section is the converse, and is the reason for introducing pseudomanifolds
at all: nothing is lost, since every integral homology class of every pair of spaces is
the image of the fundamental class of an oriented pseudomanifold with boundary. The
absolute statement is the case Y = (), recorded as Corollary 5.2. The proof has one
geometric input, the gluing of §4, and one homological one, the local description of relative
n-classes in Lemma 3.3.

Theorem 5.1. Let (X,Y) be a pair of spaces, let n > 0 and let o € H,(X,Y). Then
there are an oriented n-dimensional pseudomanifold with boundary K and a map of pairs

[ (K] [0K]) — (X,Y)
with
f.[K,0K] = a.

Corollary 5.2. Let X be a space, let n > 0 and let a € H,(X). Then there are an
oriented closed n-dimensional pseudomanifold K and a map f: |K| — X with

K] = a.

Proof. Apply Theorem 5.1 to the pair (X,0), for which H,(X,0) = H,(X). A map
of pairs carries |0K| into 0, so |[0K| = 0 and K is closed; and then [K,0K] = [K] in
H,,(|K1,0) = H(|K]). m

Proof of Theorem 5.1. For n = 0 every 0-chain is a relative cycle, so a class of Hy(X,Y)
is represented by a chain Z,ivzl prxy € Co(X) with pp, = £1 and z € X, and one takes
for K the 0-dimensional pseudomanifold with N points, oriented by the p;, mapped to
X by x; its boundary is empty, so f is a map of pairs. So let n > 1.

Step 1: a representative with coefficients £1. Write a = [z] with z € C,,(X) a relative
cycle, that is, a chain with 9z € C,,_1(Y’). Repeating each singular simplex as often as
its coefficient requires, and using ¢ — o = 0 to avoid the empty sum when o = 0, we may
write

N
2= pow,  p=EL  N21,
k=1
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where the singular n-simplices o;: A™ — X need not be distinct.

Step 2: pairing the faces. Call the pairs (k,i) with 1 < k& < N and 0 < i < n the
facets, and attach to the facet (k,) the singular (n —1)-simplex 74 ; = 04 04" and the sign
Mki = pe(—1)*. Then

0z = an,i Thi € Choa(Y).
ki
The group C,_1(X) is free on the singular (n — 1)-simplices of X, and C,_;(Y) is the
subgroup generated by those whose image lies in Y. Fix a singular (n — 1)-simplex 7, let
F. be the set of facets with 7, = 7, and let m, be the sum of the signs 7, over F; this
is the coeflicient of 7 in Jz, so

m, #0 = 7(A" ) CY.

Within F}. pair off facets of opposite sign for as long as both signs occur. Since the signs
are +1, this leaves exactly |m,| facets of F, unpaired, all carrying the same sign, and
leaves none when m, = 0. Doing this for every 7 produces a fixed-point-free involution 6,
defined on the set of paired facets, with

TO(k,i) = Thk,i; No(ki) = — Nk

and leaves a set of free facets, each of which carries a singular simplex with image in Y.
The paired facets contribute nothing to 0z, so

0z = Z Mhesi Thi-

(k) free

When Y = () every m, is zero and there are no free facets.

Step 3: the complex and the map. Let K be the simplicial complex obtained from N
copies of P = sd®> A" by gluing the facets in the pairs of § and leaving the free facets
unglued, as in Lemma 4.6, and let ¢: A" — |K| be the restriction of the quotient map
to the k-th copy. Since 74; = 7;; for paired facets, the maps o}, agree on identified points,
so there is a unique map

f K| — X, foqg =0 (1<EkE<N).

By Proposition 4.8, K is a normal n-dimensional pseudomanifold with boundary, whose
free (n — 1)-simplices are exactly those lying on the free facets.

Consequently |0K| is the union of the images under ¢ of the free facets: the subcomplex
of P, triangulating a free facet is pure of dimension n — 1, so each of its simplices is a face
of a free (n — 1)-simplex of K, and conversely every simplex of K lies on a free facet.
On such a facet f takes the value f(gx(d'y)) = 01 (6'y) = 75:(y), which lies in Y by Step
2. Hence f is a map of pairs (|K|, [0K|) — (X,Y).

Step 4: orientations. Regard each ¢ as a singular n-simplex of | K| and put

N
U= Zpk a € Cu(|K]).

k=1

ou = Z i (qr 0 6") = Z Mk (qr © ),

ki (ki) free

Then
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because paired facets are glued precisely so that g, 0" = g0’ when 0(k,i) = (I, 7), while
Mki = —1ni;; and every surviving term has image in |0K| by Step 3. So u is a relative
cycle for the pair (| K|, |0K]).

The idea of what follows is that each copy A} carries the orientation of A™; this induces
an orientation on every n-simplex of K lying in it, and those, corrected by the signs py,
are the w, produced below. Nothing has to be compared, however: all that is checked is
that the local class of u at an interior point of an n-simplex is a generator, and which
generator it is then defines ws. Only u, its being a relative cycle, and its local classes are
singular; orientations are simplicial data, and the comparison of §3 is what relates the
two.

Fix an n-simplex s of K and a point x, of its open simplex. The gluings identify only
codimension-one faces and their faces, so no two n-simplices of the copies are identified
and s comes from an n-simplex of exactly one copy, say the k-th; and the open simplex of
s lies in the interior of A}. So x4 has a single preimage y under ¢; and none under ¢; for
[ # k, and y lies in the interior of A}. An open subset of the interior of a copy is saturated
for the quotient map, so g carries a small open neighbourhood V' of ¥y homeomorphically
onto an open neighbourhood W of x, in |K|; excising the complements of V' and of W
identifies both H, (A™ A"\ {y}) and H, (| K|, |K| ~ {zs}) with H,(W, W ~ {zs}), 80 q«
is an isomorphism between them. The image of [1,] in H, (A", A" \ {y}) is a generator,
by Lemma 1.3 and Proposition 1.4 of Further Properties. The terms p;q; of u with | # k
are chains in |K| \ {zs} and so die there; hence the local class of u at x5 is pg times a
generator of H, (| K|, | K|~ {zs}).

Fix a total order A on V(K), let ns be the orientation of s given by the increasing
ordering of its vertices, and let o, be the corresponding affine singular simplex. By
Lemma 3.3 the local class of o, at xs generates H,(|K|,|K|~ {zs}), so the local class of
u there, being a generator too, is ag times it with a;, = +1. Set ws = a4n,: the orientation
of s whose affine simplex has at x, the local class that u has there. This is done for every
n-simplex s of K.

That the w, orient K now needs no computation. The family (a;) is the family of local
data of a class, namely of [u], so it is coherent in the sense of Lemma 3.3: the chain
Y s GsNs = Y ws has boundary carried by K. As in the proof of Proposition 2.10 that
says exactly that dyws+ 0wy = 0 at every non-free (n—1)-simplex ¢, with s and s’ the two
n-simplices containing it, which is Definition 2.3. So K is oriented, ) w; is the relative
oriented simplicial cycle zx of (K,0K), and

Ox[zk]| = [u].

Step 5: the class. By Definition 3.6 the left-hand side above is [K, K], so u represents
the fundamental class. Since f o ¢ = oy,

Ja(u) = Zpk (foar) = ZPkUk =z,

and f is a map of pairs, so
[K,0K] = [ fpu] = [2] = a. O

Remark 5.3. Let K and f be as in Theorem 5.1 and let g: |0K| — Y be the restriction
of f. That K is normal, by Proposition 4.8, makes 0K a closed pseudomanifold with an
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induced orientation, and then, with 0K so oriented,
9«[0K] = 0o € H, 1(Y),

where 0 is the connecting homomorphism of the pair (X,Y’). Indeed the connecting
homomorphism is natural for maps of pairs, by Proposition 6.5 of Singular Homology,
and O[K,0K] = [0K] by Remark 3.7. So the construction represents a relative class and
its boundary at the same time.

Remark 5.4. The theorem is what makes pseudomanifolds the simplest geometric repre-
sentatives of homology classes, and its proof is elementary: the pseudomanifold is nothing
but the cycle, with its simplices glued along the faces that cancel. The corresponding ques-
tion for closed oriented manifolds — Steenrod’s realizability problem — is much harder
and has a negative answer; Thom showed that every class of H,(X;Z/2) is carried by a
closed manifold, that integral classes of degree at most 6 are carried by closed oriented
manifolds, and that in degree 7 there are integral classes that are not, although some
non-zero multiple of any class always is. The singularities that appear in Theorem 5.1 are
therefore essential.

Exercise 5.5. Let X = S' Vv S! and let o € H{(X) be the sum of the two generators.
Carry out Steps 1-3 for the evident representing cycle, and identify K and f.

Exercise 5.6. Let X be path connected and let n > 1. Show that in Theorem 5.1 one
may arrange that |K| be connected, at the cost of normality. (First move the images
of finitely many vertices to a common point along paths, deforming f; then glue the
components of K at those vertices, as in Remark 1.11, the gluing being carried out on
the quotient as in Lemma 4.6. Check that the fundamental class of the result maps to
a.) The complex so obtained is connected but in general not strongly connected, so by
Theorem 1.16 it is not normal; the price of connecting the components at vertices is that
Theorem 1.14 and Proposition 2.7 no longer apply to it.

Exercise 5.7. State and prove the mod 2 analogue of Theorem 5.1, using the mod 2 fun-
damental class of Remark 3.7; observe that no orientation and hence no sign bookkeeping
is needed in Step 2.



