CW COMPLEXES

Throughout, D" = {x € R" : |z| < 1} is the closed unit n-ball, S"~! = 9D" is its
boundary sphere, and int D™ = D"~ S"~! is the open n-ball; by convention D" is a point
and S~' = (). All maps of spaces are continuous. References to the companion notes are
given as Theorem such-and-such of Singular Homology, and similarly for Homology; all
other references are internal.

1. THE DEFINITION

A CW complex is a space assembled from n-balls, one dimension at a time, each ball
glued to what has already been built by a map of its boundary sphere. The two ingredients
are therefore the attaching construction and the topology on the union of the stages.

Definition 1.1. Let A be a space and let {©p,: S™ ' — A},cs be a family of maps,
called attaching maps. The space obtained from A by attaching n-cells along the ¢, is
the quotient

AU H Dl = <A U H DZ)/(.Q: ~ @qo(x) for x € S"' =0DY),
acJ acJ

where each D! is a copy of D" and the quotient carries the quotient topology.
Definition 1.2. A CW complez is a space X together with a filtration by subspaces
Xlcxtcx?c.-cx, x=Jx

called the skeleta, such that

(i) XY is a discrete space; we write .Jy for its set of points;
(ii) for each n > 1 there are an index set J,, and attaching maps ¢,: 5" 1 — X" 1,
a € J,, such that X™ is obtained from X" ! by attaching n-cells along them, as
in Definition 1.1;
(iii) X carries the weak topology determined by the skeleta: a subset C' of X is closed
if and only if C'N X™ is closed in X™ for every n.

Condition (iii) is vacuous when the filtration is finite; it has content only for complexes of
infinite dimension, where it is exactly what is needed to make maps out of X constructible
one skeleton at a time.

Definition 1.3. For o € J,, the composite
. n n—1 n n
O Dp — X" U [[ D — X" C X
BEJIn
of the inclusion with the quotient map is the characteristic map of the cell a;, and

en = &, (int D)
1



2 CW COMPLEXES

is the corresponding open n-cell. For n = 0 the characteristic maps are the inclusions of
the points of X°, and these points are the open O-cells. Such a filtration and characteristic
maps &, are called a cell structure on X. If X = X" for some n, the smallest such n is
the dimension of X; the complex is finite if it has finitely many cells in all.

Remark 1.4. Directly from the construction: ®, restricts to a homeomorphism of int D}
onto €”, it carries S"7! into X" ! by ¢,, and X is the set-theoretic disjoint union of its

open cells,
Y=11

n>0 a€J,
with X" the union of the cells of dimension at most n. A point of X therefore lies in
exactly one open cell. The open cells are not in general open subsets of X.

Remark 1.5. The letters CW stand for closure-finite and weak topology.

Definition 1.6. A subcomplex of a CW complex X is a closed subspace A C X that
is a union of open cells of X with the property that the closure of each of these cells is
contained in A. Filtered by A N X", such an A is itself a CW complex, and the pair
(X, A) is called a CW pair. Each skeleton X" is a subcomplex.

Definition 1.7. A morphism of CW complexes f: X — Y, also called a cellular map, is
a map of the underlying spaces with f(X") C Y™ for all n.

Definition 1.8. The identity map of a CW complex is a morphism, and a composite of
morphisms is a morphism, so CW complexes and morphisms of CW complexes form a
category, which we write CW. By Definition 1.3 an object of CW is a space together with
a cell structure on it, so one space with two different cell structures gives two different
objects of CW; a morphism, on the other hand, is required only to respect the skeleta, and
need carry neither cells to cells nor characteristic maps to characteristic maps. Forgetting
the cell structure is a faithful functor CW — Top.

Remark 1.9. The point-set facts that will be used repeatedly are these: a map f: X — Z
defined on a CW complex is continuous if and only if f o &, is continuous for every
characteristic map ®,, (Proposition 2.4); each skeleton is closed in X (Proposition 2.5);
and a compact subset of X is contained in a finite subcomplex, so a CW complex is
compact if and only if it is finite (Theorem 2.11). The first of these three is the usable
form of the weak topology, and it is what allows maps out of a CW complex to be built cell
by cell. All three are proved in §2. A CW complex is also T, normal and hence Hausdorff,
and locally contractible; these two further properties are stated as Theorem 2.6 and proved
in Appendix A.

2. POINT-SET PROPERTIES

Throughout this section X is a CW complex with skeleta X", index sets .J,,, attaching
maps @, : S"1 — X" ! and characteristic maps ®,: D" — X for a € J,,.

In this section we shall establish, among other things, these basic topological facts
about CW complexes.

Theorem 2.1. Let X be a CW complex. Then:
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(i) a map f: X — Z into a space Z is continuous if and only if f o ®, is continuous
for every characteristic map @, of X;
(ii) every skeleton, and more generally every subcomplex, is a closed subspace of X,
and carries as a subspace the topology it has as a CW complex;
(iii) a compact subset of X meets only finitely many open cells and is contained in a
finite subcomplex; consequently X is compact if and only if it is finite.

This theorem is proved below. Part (i) is Proposition 2.4; Part (ii) for skeleta is Proposi-
tion 2.5 and for general subcomplexes is Proposition 2.10; and Part (iii) is Proposition 2.9
together with Theorem 2.11. Two further properties, normality and local contractibility,
are stated as Theorem 2.6 below and proved in the appendix. Everything rests on the
elementary description of the topology of a single attaching step.

Lemma 2.2. Let Y = A Ug.y [loe; Do be as in Definition 1.1, with quotient map
q: AUT], Dy =Y and &, = q|pn. Then:
(i) qla is injective and is a homeomorphism onto a closed subspace of Y ; we identify
A with that subspace.
(i) A subset C C Y is closed in'Y if and only if C' N A is closed in A and ®_'(C)
s closed in D7 for every a; the same statement holds with “closed” replaced by
“open”.
(ili) Y N A =[], €a, where e = O, (int DY); each e, is an open subset of Y and @,
maps int D! homeomorphically onto it.

Proof. The equivalence relation defining Y has as its classes the sets {a} U, v ' (a) for
a € A, together with the singletons {z} for z € int D”. In particular distinct points of A
are not identified, which gives injectivity of ¢|4 and the decomposition in (iii).

For (i), let B C A be closed. Then ¢~'(¢(B)) = BU]I, ¢.*(B), and each ¢ *(B) is
closed in S™~!, hence closed in D7; so q(B) is closed in Y. Thus ¢|4 is a closed continuous
injection, that is, a homeomorphism onto its image, and taking B = A shows the image
is closed.

For (ii), ¢ 1(C) = (CNA) U], ®,*(C), and C is closed in Y exactly when this set is
closed, that is, when each summand is closed in its own piece. The open case follows by
taking complements.

For (iii), let O C int D be open. The preimage under g of Y \ ®,(0) is AU (D ~\
o) u [0 Dj, which is closed; hence @,(O) is open in Y. Taking O = int Dy, shows e,
is open, and since @, is injective on int D! by the description of the equivalence classes,
it is a continuous open bijection onto e,, that is, a homeomorphism. O

Proposition 2.3. A subset C C X 1is closed if and only if ®;1(C) is closed in D" for
every n > 1 and every o € J,. The same holds with “closed” replaced by “open”.

Proof. Necessity is the continuity of the ®,. Conversely, assume the condition and argue
by induction that C' N X" is closed in X™. For n = 0 this is automatic, X° being
discrete. If C' N X" ! is closed in X" !, then Lemma 2.2(ii) applied to X™ = X" ! U,
[.cj, D& shows that C'N X™ is closed in X™. Now C'is closed by the weak topology,
Definition 1.2(iii). O

Proposition 2.4. A map of sets f: X — Z into a space Z is continuous if and only if
fo®, is continuous for every characteristic map ®, of X.
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Proof. 1If f is continuous so is each composite. Conversely, let C' C Z be closed. Then
0,1 (F1(C)) = (F o ®a) 1 (C)
is closed for every «, so f~1(C) is closed by Proposition 2.3. O
This is part (i) of Theorem 2.1.

Proposition 2.5. For every n the skeleton X™ is a closed subspace of X, and its topology
as a subspace of X s the one it carries as a CW complex.

Proof. By Lemma 2.2(i), X™ ! is closed in X™ for every m > 1, so by induction X™ N
Xm = Xmin(nm) §s closed in X™ for every m; by the weak topology X" is closed in X.
A subset C' C X" closed in the topology of X" is then closed in X: indeed C'N X™ is
closed in X™ for m < n because X™ is a subspace of X", and for m > n one applies
Lemma 2.2(ii) repeatedly, noting @1 (C) = p_!(C) is closed for cells of dimension > n.
Hence the two topologies agree. U

This is the case of a skeleton in part (i) of Theorem 2.1; the general case is Proposi-
tion 2.10 below.

Theorem 2.6. A CW complex X is Ty and normal, and hence Hausdorff; and X is
locally contractible.

The proofs of these results use local topological arguments, somewhat intricate but
not deep, and are postponed to the appendix. The only use made of them in what
follows is that of the Hausdorff property, to see that the compact set @, (D) is closed, in
Corollary 2.7 immediately below.

Corollary 2.7. e? = ®,(D"); it is compact and contained in e U X" 1.

Proof. ®,(D?) is compact, hence closed since X is Hausdorff by Theorem 2.6, and it con-
tains e”; so e? C &, (D7). In the other direction D! is the closure of int D7, so &, (D) C
®,(int D7) = e by continuity. Finally ®,(D?) = € U p,(S"!) and ¢, (S"!) C
Xnt O

Lemma 2.8. Let S C X meet each open cell of X in at most one point. Then S is a
closed subspace of X with the discrete topology.

Proof. We first show that S is closed, by induction on n: S N X" is closed in X™. For
n = 0 this holds because X is discrete. Assume S N X" ! is closed in X™ ! and let
o € J,. Then
P9 = (SNXHue M (Snep),

because @, (D") C e U X" 1. The first set is closed in S™!, hence in D?; the second is
at most one point. So ®.'(S) is closed, and S N X™ is closed in X" by Lemma 2.2(ii).
The weak topology now gives that S is closed in X. Every subset of S again meets each
open cell in at most one point, so is closed in X by what we have just proved, and hence
closed in S. Applying this to the complement in S of one of its points shows that each
point of S is open in S; so S is discrete. O

Proposition 2.9. A compact subset K of a CW complex meets only finitely many open
cells. In particular the closure of a cell meets only finitely many cells, so the complex is
closure-finite.
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Proof. Suppose K met infinitely many open cells and choose a point of K in each of
infinitely many of them, obtaining an infinite set S C K meeting each cell in at most one
point. By Lemma 2.8 S is a closed subspace of X with the discrete topology, so S is a
closed subset of the compact set K and therefore compact; an infinite discrete space is
not compact, a contradiction. For the second statement apply this to the compact set e?
of Corollary 2.7. O

This is the first assertion of part (iii) of Theorem 2.1.

Proposition 2.10. Let A C X be a union of open cells of X such thate C A for every cell
e contained in A. Then A is closed, so A is a subcomplex in the sense of Definition 1.6,
and A, filtered by the skeleta AN X", is a CW complexr whose cells are the cells of X
contained in A.

Proof. We show AN X" is closed in X™ by induction, the case n = 0 being clear. Let
a € J,. If e C Athen ®,(D") =e” C Aand ®,!(A) = D". Otherwise e" N A = (), since
A is a union of open cells and the open cells are disjoint, and then ®(A) = ¢ ' (ANX""1)
is closed in S"~! by the inductive hypothesis. Either way ®_!(A) is closed, so AN X" is
closed in X™ by Lemma 2.2(ii), and A is closed by the weak topology.

For the cell structure: if e? C A then ¢,(S"!) C e C A, so ¢, takes values in
ANX" ! and AN X" is the union of AN X""! with the open n-cells of X lying in A.
That AN X™ carries the quotient topology of (A N X" 1) U ][ D7, the coproduct over
those cells, is Lemma 2.2(ii) applied inside the closed subspace AN X" of X™. Finally A
has the weak topology: if C' C A meets each AN X" in a closed set, then C'N X" is closed
in AN X", which is closed in X™, so C'N X™ is closed in X" for all n and C' is closed in
X. O

This completes part (ii) of Theorem 2.1.

Theorem 2.11. Every compact subset of a CW complex X is contained in a finite sub-
complex. Consequently X is compact if and only if it is finite.

Proof. First, every e? lies in a finite subcomplex; we induct on n. For n = 0 the cell
is a point and {e%} is itself a finite subcomplex by Proposition 2.10. For n > 1 the set
0o (S™ 1) is compact and contained in X" ! so by Proposition 2.9 it meets only finitely
many cells eq, ..., e,, all of dimension < n, and it is contained in their union. By induction
each e; lies in a finite subcomplex A;, and

A=A U--UA Ue"

is a union of finitely many open cells containing the closure of each of them, since e? C
e" U (5™ 1) C A. By Proposition 2.10 A is a finite subcomplex containing €.

Now let K C X be compact. By Proposition 2.9 K meets only finitely many open cells,
say eq1,...,¢es, and K C e; U---U e, Choosing for each 7 a finite subcomplex B; O €; as
above, the union B; U ---U By is a finite subcomplex containing K.

If X is compact, then X is contained in a finite subcomplex, hence has finitely many
cells. Conversely a finite complex is the union of the finitely many compact sets e”, hence

compact. 0]

This completes part (iii) of Theorem 2.1.
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Two constructions are recorded here for later use. The first is attaching one CW
complex to another along a subcomplex. Attaching a single cell, Definition 1.1, is the
case Z = D", A= S"1,

Proposition 2.12 (attaching a complex along a subcomplex). Let Y and Z be CW
complezes, let A C Z be a subcomplex, and let g: A — Y be a cellular map. Form

W=YU,Z=(YUZ)/(a~gla) foracA),

with quotient map q. Then q carries Y homeomorphically onto a closed subspace of W,
and W is a CW complex with skeleta W™ = q(Y” U Z”) whose cells are the images of the
cells of Y together with the images of the cells of Z not contained in A, the characteristic
maps being the q o ®. In particular q(Y') is a subcomplex of W, and so is the image of
any subcomplex of Z containing A.

Proof. The equivalence classes are the sets {y} U g~ '(y) for y € Y together with the
singletons {z} for z € Z ~ A. So ¢ is injective on Y and on Z \ A; and a cell of Z, being
either contained in A or disjoint from it, is either collapsed into Y or carried injectively
into W. For B C Y closed, ¢7'(¢(B)) = BUg™'(B), and g~*(B) is closed in A, hence in
Z because A is closed; so ¢(B) is closed. Thus g|y is a closed embedding, and we identify
Y with its image.

The weak topology. Let C' C W be such that (¢®)~!(C) is closed for every characteristic
map @ of a cell of Y and of a cell of Z~ A. Then ¢~ }(C)NY is closed, by Proposition 2.3
applied to Y. If ® is the characteristic map of a cell of A then go ® is g o ® followed by
the inclusion of Y, so

o7 (¢71(0) = (9®)~ (¢ (C)NY)
is closed too; hence ¢~*(C) N Z is closed by Proposition 2.3 applied to Z, and C'is closed
in W. The converse is the continuity of the ¢q®.

The skeleta. A cell of A of dimension at most n is carried by g into Y™, g being cellular,
so W" = q(Y"UZ") is the union of Y™ with the images of the cells of Z \ A of dimension
at most m; in particular the W™ increase with union W, and W? is discrete. The set
g (W™ is Y™ U (Z"U g *(Y™)), which is closed and saturated, so W™ is closed and is
a quotient of it; and it is equally a quotient of the smaller set Y™ LI Z", since a subset of
W™ whose preimage there is closed has closed preimage in ¢g~!(Y™) as well, that preimage
being ¢! of its intersection with Y.

Now Y™ is a quotient of Y"~' L[, Dj and Z" of Z"~' U], D7, the v running over
all n-cells of Z; composing, W™ is a quotient of

yrtuzetu [ psu ] Do
B Y
The summands D7 belonging to cells of A may be deleted without changing the quotient:
each maps into Y, through ¢, so the map out of it is determined by the map out of
Yy U] 5 Dj, and its preimage of a set is closed as soon as that set’s preimage in Y™ is.
What is left is Y*~! U Z"~!, which maps onto W"~! by a quotient map by the previous
paragraph in degree n — 1, together with one D" for each n-cell of Y and each n-cell of Z
not in A. So W™ is obtained from W"~! by attaching those cells along the composites of
their attaching maps with ¢, which is Definition 1.2(ii); and (iii) holds because a subset
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of W meeting each W™ in a closed set pulls back closed under every ¢®, so is closed by
the previous paragraph.

Finally Y is a union of cells of W containing the closure of each, so it is a subcomplex
by Proposition 2.10, and the same holds for the image of a subcomplex of Z containing

A. O

The second is the homotopy extension property, in the form in which it will be used:
a homotopy prescribed on a subcomplex, together with a map on the whole complex,
extends to a homotopy of that map.

Proposition 2.13 (the homotopy extension property). Let (X, A) be a CW pair. Then
X x{0}UAXI is a retract of X x I. Consequently, given a map f: X — Z and a homotopy
g: Ax I — Z with g(a,0) = f(a) for a € A, there is a homotopy F: X x I — Z with
F(z,0) = f(z) for allxz € X and F(a,t) = g(a,t) for all (a,t) € A X I.

Proof. Write r: D™ x I — D" x {0}US" ! x I for the radial projection from a point above
the cylinder, which is Lemma 6.3 of The homotopy category, and the homotopy groups
applied to the compact convex body D".

Construct retractions R,,: (AU X") x I - (AU X") x {0} UA x I by induction, R_
being the identity of A x I. Suppose R,,_1 is given and let ® be the characteristic map of
an n-cell of X not lying in A. For z € D" and t € [ set

_ J(®(),0), r(z,t) = (2,0),
Rn(q)(Z),t) - {Rnl ((I)(Z/),t,), T’(Z,t) _ (Z/,t/) with o € Sn_l,

and let R, = R, 1 on (AUX ”_1) x I. The two clauses agree where they overlap, that
is when 2’ € S ! and ¢ = 0, because R,,_; is the identity on (AU X" 1) x {0}; and
the prescription is independent of the choice of z with ®(z) a given point of the open
cell, @ being injective there; on the attaching sphere it reduces to R, ;. It is continuous
because (AU X™) x I carries the weak topology determined by (AU X" 1) x I and the
sets D™ x I, the product of a quotient map with the identity of the locally compact space
I being again a quotient map. It is the identity on (AU X™) x {0} U A x I.

Let R: X xI — X x{0}UAX I agree with R,, on (AUX"™) x I; these agree on overlaps,
and R is continuous because X X [ carries the weak topology determined by the X™ x I,
again because [ is locally compact. It is a retraction.

For the last statement, f and g agree on X x {0} N A x I = A x {0} and the two
sets are closed in X x {0} U A x I, so they define a continuous map there; and F' is that
map composed with R. Since R fixes X x {0} and A x I pointwise, F' has the required
restrictions. U

3. EXAMPLES

In each example below the verification consists of exhibiting the skeleta and the char-
acteristic maps and checking the conditions of Definition 1.2; condition (iii) is automatic
for the finite complexes, and for the infinite ones (S°°, RP>, CP*) the weak topology is
imposed as part of the definition of the union.

Example 3.1 (Spheres with two cells). Give S™, n > 1, the structure with one 0-cell and
one n-cell: take X° = {x}, let X* = X° for 0 < k < n, and attach a single n-cell along the
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constant map ¢: S"1 — {x}. The resulting space is D" /9 D™, which is homeomorphic to
S™, and the characteristic map ®: D™ — S™ is the quotient map collapsing the boundary.
Thus S™ = ¢® U e, and this is the smallest cell structure on S™: a complex with a single
cell is a point, so at least two are needed.

Example 3.2 (Spheres with two cells in each dimension). Alternatively give S™ two cells
in each dimension 0,1,...,n. Take the k-skeleton to be the subsphere

Sk:{xesn;xk+2:...:xn+120}gSn7

so that SY is a pair of points, and let the two k-cells be the open hemispheres ef. = {x €
S*: 42,1 > 0}. The characteristic maps

ok . DF — S O (z) = (z, £y/1 — |z]?),

are homeomorphisms of D* onto the closed upper and lower hemispheres, and both restrict
on S¥=! to the identity map of S*~!: the two hemispheres of S* are attached to S*~!
along the identity. Taking the union over all k gives a CW structure on S* = J,, S™ with
two cells in every dimension. This structure is the one compatible with the antipodal
map, and it is what makes Example 3.3 work.

Example 3.3 (Real projective spaces). Let RP* = S¥/(z ~ —x) and let 7: S¥ — RP*
be the quotient map. The inclusions RP? C RP! C ... C RP* are a cell structure with
one cell in each dimension 0,1, ..., k: the closed upper hemisphere of S™ is a copy of D"
meeting each antipodal pair exactly once except along the equator, where it contains both
points of the pair, so

®,: D" — RP™, P, (z) = m(x, /1 — |z?),

is a characteristic map: it is injective on int D" with image RP" ~ RP""!, and on S"!
it is the double covering ¢,, = m: S"~1 — RP""!. Equivalently

RP"=RP"'U,, D",

real projective n-space is obtained from RP"~! by attaching a single n-cell along the
double cover of RP™"! by S"~1. Letting k — oo gives a CW structure on RP* with one
cell in each dimension. For n = 1 the attaching map ¢;: S® — RP? is the constant map
and RP! = S'; for n = 2 the attaching map is the double cover S' — RP! = S!, that is,
the map 2z — 22.

Example 3.4 (Complex projective spaces). Let CP* be the space of complex lines
through the origin in C**!) with homogeneous coordinates [zy : --- : 2]. Regard D*"
as the unit ball {z € C" : |z| < 1} and define

®,,: D* — CP™, D, (20, .y 20-1) = [zo St Zpo1 A/ 1 — |z|2}

Every line whose last coordinate is non-zero has a unique representative of norm 1 with
last coordinate real and positive, so ®,, is injective on int D?" with image CP" ~ CP"1;
on the boundary S*"~1 it is ¢, (2) = [z : -+ : 2,1 : 0], the quotient map S*"~! — CP"!
by the action of the unit complex numbers. Hence

CP"=CP"'U,, D™,
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and CP* is a CW complex with one cell in each even dimension 0,2, ..., 2k and no cells
in odd dimensions; CP* has one cell in each even dimension. For n = 1 the attaching
map ¢;: S — CPY = {x} is constant, which recovers CP! = S? as in Example 3.1; for
n = 2 the attaching map ¢y: S® — CP! = 52 is the Hopf map.

Example 3.5 (Lens spaces). Fix m > 2, let ¢ = ¢>™/™ and let the cyclic group Z/m act
on the unit sphere S**~! = {z € C" : |z| = 1} diagonally by

Co(znyy2n) = (B2, (2,

where /4, ...,{, are integers, which we assume are relatively prime to m. The action is
then free, no non-trivial ¢" fixing a point with some z; # 0. The quotient

L="L""Ymiby, ... 0,) =S /(Z/m)

is the associated lens space, a closed (2n — 1)-manifold; the quotient map 7: S?*~1 — L
is an m-fold covering. For m = 2 (necessarily ¢; odd) the action is the antipodal map and
L=RP* ! and for n =1 it is St covering S*.

There is a CW structure on L with exactly one cell in each dimension 0,1,...,2n —
1. It comes from an equivariant cell structure upstairs. Write a point of S?"~! as
(21,..., 2k, w,0,...,0) when its last n — k — 1 coordinates vanish, so that S?**1 = {z €
Sl 29 =+ =2, =0} is an invariant subsphere and S~ C S' C §3 C ... C §?~L.
For0<k<n-—1and 0<j <m put

EJQk - {(Zlv"'7zk7w707"‘70> S Szk+1 - argw = 27Tj/m}’

E]%Jr1 ={(z1,..., 2, w,0,...,0) € ST o /m < argw < 2m(j + 1)/m},

in both cases with w # 0. The set Ef’“ is an open 2k-cell, parametrized homeomorphically
by z = (21,...,2) in the open unit ball of C* with |w| = /1 — |z|?; the set Ef“l is an
open (2k + 1)-cell, the open sector cut out of S?1\ S%*~! by two consecutive rays. Since
SZAL (§2F=1 = L # 0} is the disjoint union of the m rays argw = 27j/m and the m
open sectors between them, these sets, for all & and j, partition S?"~! into m cells in each
dimension 0, 1,...,2n — 1, with S?**1 as (2k + 1)-skeleton. The characteristic maps are
the evident ones: for E?* it is

(5]‘: Dzk — S2n_1, 6](2) = (Z, 627rij/m 1-— |Z‘2, 0, ce ,0),

a homeomorphism onto Ejk which is the identity of S?*~! on the boundary; and for
it is the closed sector, which is homeomorphic to D?**! with boundary sphere the union
of the two closed faces argw = 27j/m and argw = 27(j + 1)/m, glued along SZ~1.

The group permutes these cells: multiplication by ¢ carries E}* to E?Jkrgkﬂ and B2

to E?_ﬁjklﬂ, indices mod m, and since ¢ is prime to m this permutation of the m cells of
a given dimension is a cyclic permutation, in particular free and transitive. The action is
therefore cellular and permutes the cells of each dimension freely, so the images 7(E}) are
open k-cells of L, one for each k =0,1,...,2n — 1; we write L* for the k-skeleton, as for
any CW complex. The odd skeleta are again lens spaces, L***1 = S%+1 /(7 /m). The even

ones are not: there L?* is no more than a name for the 2k-skeleton, which is the lens space

E?k+1
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L?~! with a single 2k-cell attached along the m-fold cyclic covering m: S2¢~1 — L[2k—1,
That covering projection is the attaching map,

. Q2k—1 2%k—1
Yo =72 S — L ,

exactly as for RP" in Example 3.3, and the characteristic map of the 2k-cell of L, defined
on D% is @y, = mo ®y. In dimension 2k + 1 the attaching map oo 1: S* — L% is
restricted to the boundary sphere S%¢ = E?)k U Efk of the closed sector; in terms of the
parametrizations 50, ®, of the two hemispheres this says

P2k+1 © Ef)o = Dy, Pok+1 © ‘51 = Oy 0T,

where
T(z1,. .., 2) = (szl, . ,Qrgkzk), rler1 = —1  (mod m),

is the action on the first k£ coordinates of the deck transformation (", the one carrying Efk

onto ng. The two prescriptions agree on S2*~1: there ®, and ®; are both the identity,
and ®,, restricts to 7, which is invariant under the group. Notice that while L%~ has
one cell in each dimension < 2k — 1, for m > 2 the even-dimensional skeleta of positive
dimension are not manifolds. For m = 2 one has T' = —id, the two hemispheres are
antipodal, @941 is the double cover S?* — RP?, and these prescriptions reduce to the
structure on RP?*~! with one cell in each dimension.

Example 3.6 (Products, and S? x S9). If X and Y are CW complexes, the products
e x €' of an open m-cell of X with an open n-cell of Y partition X x Y into open cells of
dimension m + n, with characteristic maps

Oxd: D" x D" — X xY,

where D™ x D" is identified with D™*™ by a homeomorphism of pairs carrying 0(D™ x
D) = (S™tx D")U (D™ x 5"71) to S~ The skeleta are (X xY)* =, ,,_, X™x
Y™, This is a cell structure in the sense of Definition 1.2 provided the product topology is
the weak topology determined by these skeleta, which holds whenever X or Y is locally
compact — in particular whenever one of them is a finite complex. (In general one must
retopologize X xY with the compactly generated topology; the two agree in every example
we use.)

Taking X = SP and Y = S? with the two-cell structures of Example 3.1, p,q > 1, gives
a CW structure on S? x S with four cells,

{x} x {x}, eP x {x}, {x} x e, el x el

of dimensions 0, p, ¢ and p + ¢, so that the (p + ¢ — 1)-skeleton is the wedge S? v S1.
The characteristic map of the top cell is ®, x ®,, and its attaching map p: SPT1 =
J(DP x D7) — SPV 59 is

p(x,y) = (%, y(y)) forz €SP, p(z,y) = (Py(z),*) forye ST,

the two prescriptions agreeing on SP~1 x S971 where both give the wedge point. For
p = q = 1 this is the torus, presented as a square with its boundary attached along the
word aba~'b7!, the case g = 1 of Example 3.7.
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Example 3.7 (Closed surfaces). Let ¥, be the closed orientable surface of genus g > 1,
realized as the quotient of a 4g-gon P by the boundary identifications given by the word

-1
g -

aybya; byt - - agbgag_lb
All 4¢ vertices of P are identified to a single point in the quotient, so the identifications
produce a CW structure with

go

X'={«}, Xx'=\/s, X’=%
29

having one O-cell, 2g one-cells ai,by,...,a,,by, and one 2-cell. The characteristic map
of the 2-cell is the quotient map P — X, after a homeomorphism D? = P, and its
attaching map S* — \/, g St is the loop that traverses the 2g circles in the order and with
the orientations prescribed by the word above. For g = 0 one takes instead the two-cell
structure on S? of Example 3.1.

The closed non-orientable surface Ny, h > 1, is the quotient of a 2h-gon by the word
ata3---a?; again all vertices are identified, and the resulting CW structure has one 0-cell,
h one-cells and one 2-cell. Here N; = RP?, recovering the structure of Example 3.3 with
k = 2, and N, is the Klein bottle.

Example 3.8 (Simplicial complexes). Let K be a simplicial complex with geometric
realization |K|, topologized as usual by the weak topology with respect to the closed
simplices, and let | K| denote the realization of the n-skeleton of K, that is, the union of
the simplices of dimension at most n. Then |K| is a CW complex with skeleta |K"| and
with one n-cell for each n-simplex of K. Indeed, fix once and for all a homeomorphism
of pairs (D", S 1) = (A" OA™) with the standard n-simplex. For an n-simplex o of K
the characteristic map ®, is the composite

D" =5 A" — |K]|,

the second map being the canonical affine embedding of o; it carries int D™ homeomor-
phically onto the open simplex int o, and it carries S ! onto the union of the proper
faces of o, which lies in |[K"!|. Since |K]| is the disjoint union of its open simplices, |K"|
is obtained from |K™~!| by attaching one n-cell for each n-simplex along these attach-
ing maps, |K°| is the discrete set of vertices, and the weak topology condition holds by
the definition of the topology on |K|. So every simplicial complex carries a natural CW
structure, and every simplicial map is cellular in the sense of Definition 1.7.

This structure is special in two ways. First, each characteristic map ®, is injective on
all of D™ not merely on the interior, and each closed cell is the union of cells; a CW
structure with these properties is called regular. Second, it is very inefficient: the smallest
simplicial complex with realization S™ is the boundary of A", with 272 — 2 simplices
in all, whereas the CW structure of Example 3.1 uses two cells. The gain in flexibility is
exactly that a CW structure allows the attaching maps to be arbitrary maps of spheres
rather than face identifications; this is why RP™ and CP™ have such small cell structures
above.
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4. CELLULAR HOMOLOGY

All homology in this section is singular homology with coefficients Z, and we use
freely the long exact sequence of a pair and its naturality (Theorem 6.4 and Propo-
sition 6.5 of Singular Homology), homotopy invariance (Corollary 4.2 of Singular Ho-
mology), excision (Corollary 8.2 of Singular Homology), the homology of spheres (The-
orem 2.5 of Further Properties of Singular Homology) and the behaviour of homology
on disjoint unions (Proposition 3.3 of Singular Homology). We write X! = (), so that
Hk(XO, X_l) = Hk(XO)

The point of the section is that the skeletal filtration of a CW complex has homology
concentrated in a single degree at each stage, so that the whole of H,(X) is squeezed into
a chain complex whose n-th group is free abelian on the n-cells.

4.1. The homology of the skeletal pairs.
Lemma 4.1. Let n > 1. The characteristic maps induce an isomorphism

P Hi (D2, 5™ — Hy(X", X"

OcEJn
for every k. Consequently Hy(X™, X" 1) = 0 for k # n, while H,(X™ X" 1) is free
abelian with an infinite cyclic summand for each n-cell. Forn =0, Hy(X°) is free abelian
on the 0-cells for k = 0 and vanishes otherwise.

Proof. The statement for n = 0 is Proposition 3.3 of Singular Homology, together with
the homology of a point (Proposition 3.1 of Singular Homology), X° being discrete.

Let n > 1. In the long exact sequence of (D", S"1) the groups Hy(D") vanish, D"
being convex and so contractible, whence an isomorphism

0: Hk(Dn,S"_l) =, Hk—l(sn_1>7

which by Theorem 2.5 of Further Properties of Singular Homology is Z for k = n and 0
otherwise.

Put p, = ©,(0) € € and S = {p, : @ € J,}. The set S meets each open cell of the
CW complex X™ in at most one point, so by Lemma 2.8 it is a closed subspace of X™
with the discrete topology, and A = X™ ~ S is open in X™.

X"t s a deformation retract of A. Define R: Ax I — A by R(v,t) = v for v € X"
and

R(®,(2),t) = O, ((1 — )z + tﬁ> e D", 240

This is well defined, since for |z| = 1 both prescriptions give ¢,(z), and it is continuous:
it is continuous on X" x [ and on each (D" \ {0}) x I, and A x I carries the weak
topology determined by those subspaces, the product of a quotient map with the identity
map of the locally compact space I being again a quotient map. It is the identity at ¢ = 0,
fixes X"~ 1 throughout, and retracts A onto X" ! at t = 1.

Compare the long exact sequences of the pairs (X™, X" 1) and (X", A). In the resulting
ladder the maps Hy(X""!') — Hj(A) are isomorphisms by Corollary 4.2 of Singular
Homology, and the maps Hi(X™) — Hy(X") are identities, so the five lemma (Exercise 4.6
of Homology) gives Hp(X™ X" 1) = H (X", A).
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Next excise Z = X" from (X", A): this is legitimate because X! is closed (Propo-
sition 2.5) and X"t C A = int A. By Corollary 8.2 of Singular Homology,

Hk (H 627 H(GZ ~ {pa})> i Hk (Xn7 A)7
the open cells being disjoint open subsets of X™ by Lemma 2.2(iii). By Proposition 3.3 of
Singular Homology the singular chain complex of a disjoint union is the direct sum of the
singular chain complexes, hence so is the relative chain complex, and homology commutes
with direct sums (Remark 2.13 of Homology); so the left-hand group is €@, Hx (e, er ~

{pa}). n

Finally, for each a the characteristic map carries the diagram of pairs
(D", 8" 1) — (D", D"\ {0}) «— (int D", int D" \ {0})

to the corresponding diagram (X™, X" 1) — (X" A) + (e, "\ {pa}). In the upper row
the left-hand map induces an isomorphism because S"~! is a deformation retract of D"
{0}, and the right-hand map is an excision as before. Since ®, maps (int D", int D"~ {0})
homeomorphically onto (e, e? \ {p,}), the isomorphisms above assemble to the asserted

) T

isomorphism @, Hy (D2, S" ) = Hy(X", X" 1) induced by the ®,. O

Definition 4.2. Fix once and for all the generator +; of H;(D',S°) & Z with 0y, =
[1] — [-1] € Hy(S°), and a homeomorphism h,: D"/S"™1 — S™ for each n > 1, and
define generators ¢,, of H,(D™, S"!) inductively by requiring that

Otn € Hyy(S"7)
be the image of ¢,,_; under the isomorphism
Hn—l (Dn—l’ Sn—?) ~ [A—jn—l (Dn—l/Sn—2) ~ ﬁn—l (Sn—l)

given by collapsing the boundary and by h,,_1; that isomorphism exists by Proposition 1.2
of Further Properties of Singular Homology, the pair (D", S"72) being a good pair by
Lemma 1.3 of Further Properties of Singular Homology. Write s,,_1 = Ot,. For a cell el
put

(e8] = (Pa)«(tn) € Hp (X", X™7H),
so that by Lemma 4.1 the classes [e]], o € J,,, form a basis. They depend on the chosen
characteristic maps; a change of ®, can change [e¢”] by a sign, and choosing them is what

is meant by orienting the cells.
4.2. The homology of the skeleta.

Lemma 4.3. Let X be a CW complex. Every class in Hy(X) is in the image of Hy(X") —
H(X) for some N, and if a class in Hp(X™) maps to 0 in Hi(X) then it maps to 0 in
H(XYN) for some N > n.

Proof. A singular chain is a finite sum of singular simplices, so its image is a finite union of
compact sets and hence compact; by Theorem 2.11 that image lies in a finite subcomplex,
and a finite subcomplex lies in some X*V. Apply this to a cycle representing a given class,
and to a chain whose boundary is a given cycle. 0

Proposition 4.4. Let X be a CW complex. Then
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(i) He(X™) =0 for k> n;
(i) the inclusion X" — X™ induces an isomorphism Hy(X"™) — Hp(X™) whenever
k<n<m;
(iii) the inclusion X™ — X induces an isomorphism Hy(X") — Hg(X) for k <n.

In particular Hi,(X) = 0 for k > dim X, and Hy(X) is generated by at most #.Jy. elements.

Proof. (i) Induct on n. For n = 0 this is Lemma 4.1. For n > 1 the long exact sequence
of (X™, X" 1) contains

Hk(X”’l) — Hk(X”) — Hk(X”,X”’l),

whose outer terms vanish for £ > n, the first by induction and the second by Lemma 4.1.
(ii) Tt suffices to treat m = n + 1 and iterate. The long exact sequence of (X" X™)
contains

Hipr (X" X)) — Hy(X") — Hp(X™T) — Hp(X™H, X7,

and for k£ < n both outer terms vanish by Lemma 4.1, since k +1 < n < n + 1 and
kE#mn+1.

(iii) Surjectivity: a class in Hy(X) comes from some Hy(X") by Lemma 4.3, and we
may take N > n, whence it comes from H(X™) by (ii). Injectivity: a class in Hy(X")
dying in H(X) dies in some Hy(X™) with N > n, and the map to that group is injective
by (ii).

For the last statements, if X = X% then Hy(X) = Hp(X?%) = 0 for k > d by (i); and
Hi(X) = Hy(X*1) is a quotient of a subgroup of Hy(X* X*~1) by the sequences just
used, a group free of rank #.Jx. O

4.3. The cellular chain complex.
Definition 4.5. The cellular chain complex of a CW complex X is
CV(X) = Hn(X”,anl), dy = Jn_100,: CV(X) = CV(X).
Here 9, is the connecting homomorphism of the pair (X”, X" !), and j,_; is the map
Jn—1: Hn,l(X””) — H, 4 (X”fl,X”*Q)

induced by the inclusion of pairs. By Lemma 4.1, CS¥(X) is free abelian with basis the
n-cells with a choice of orientation for each. Its homology is denoted HY(X).

Lemma 4.6. d, od,1 =0, so CV(X) is a chain complex.

Proof. dyd,i1 = jn1 (8njn)8n+1, and 0,j, = 0 because j, and J, are consecutive maps
in the long exact sequence of (X", X" 1). O

Theorem 4.7. For every CW complex X and every n > 0 there is an isomorphism
HE™(X) — Hy(X).

Proof. Write C,, = C<¥(X). By Proposition 4.4(i), H,(X" ') =0 and H,_{(X"?) =0,
so the exact sequences

0= H,(X"") — Hy(X") 25 C,, 0= H, (X"?) — H, 4 (X"") 3¢,
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show that j, and j,_; are injective. Since j,,_; is injective,

kerd,, = ker(jn_lﬁn) = ker 0, = im j, = j, (Hn(X”)),
the third equality by exactness of H,(X") Iy C, O H, 1(X™1). Also
imdy, i1 = jn (imdps1).
Therefore, j, being injective,
HY(X) =kerd,/imd,1 = j, (Hn(X”))/jn (im 8n+1) =M, (X")/im Ona1-

On the other hand the long exact sequence of (X", X™) contains
Hy (X7 X7 250 B, (X)) — Hy (X)) — H, (X", X™) =0,

the last group vanishing by Lemma 4.1; so H,(X")/imd,,; = H,(X"). Finally
H,(X"*) =2 H,(X) by Proposition 4.4(iii). Composing the three isomorphisms gives
the theorem. 0

Addendum 4.8. A cellular map f: X — Y is a map of pairs (X", X"7') — (Y, Yy 1)
for every n and so induces f.: CSV(X) — CV(Y'); these maps commute with the differ-
entials, so C is a functor CW — Chso(Ab) from the category of Definition 1.8 to the
category of non-negative chain complezes of abelian groups (Remark 2.11 of Homology ).
The isomorphism of Theorem 4.7 is then a natural isomorphism between the two functors
CW — Ab that it relates: the square

[~=3

HY(X) —— H,(X)
HZW(f)l J/Hn(f)
H(Y) —— H,(Y)
commutes for every cellular f: X — Y and every n, the right-hand vertical map being

taken along the forgetful functor CW — Top.

Proof. That f carries (X", X" 1) into (Y™, Y™ 1) is the definition of cellularity, Defi-
nition 1.7. Both the connecting homomorphism 0, and the map j, ; induced by an
inclusion of pairs are natural for maps of pairs (Proposition 6.5 of Singular Homology),
so fid, = d, f. and f, is a chain map; functoriality of CV is then that of H,(-, -).

The isomorphism of Theorem 4.7 is the composite of the three isomorphisms

HE(X) & Hy(X™) /i pyr 22 Hy (X)) = Ho(X)

exhibited in its proof. The first is induced by j,, hence natural by the naturality just
used; the second and third are induced by the inclusions X™ C X" C X, with which
f commutes because f(X™) C Y™ and f(X""!) C Y™l Each square in the resulting
diagram therefore commutes, and so does the outer one. 0

Corollary 4.9. If no pair of cells of X have dimensions differing by one, then H,(X) is
free abelian with basis the n-cells with a choice of orientation for each, for every n.

Proof. Each d,, has source or target zero, so HSV(X) = CV(X). O
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Example 4.10. Corollary 4.9 applies to the two-cell structure on S™ for n > 2, giving
Hy = H,, = 7Z and H;, = 0 otherwise, and to CP* of Example 3.4, whose cells are all of
even dimension:

Hi(Cpk):{?, i=0,2,4,...2, Hi(CPOO):{? i even, i >0,

otherwise, otherwise.

It applies as well to SP x S? of Example 3.6 when 2 < p < ¢ and ¢ # p + 1, giving Z in
the dimensions 0, p, ¢, p + ¢ and 0 elsewhere; for p = ¢ the group in dimension p is Z>.

4.4. The boundary map and degrees. For the remaining computations one must
identify d,, on the basis, and this is done by degrees of maps between spheres.

Remark 4.11. Collapsing X"~ ! in X" collapses each boundary sphere S"~! = dD" to the
same single point, so directly from Definition 1.1

Xn/Xn—l _ \/ Dz/Sn—l ~ \/ Sn)
acdy acdy
using the homeomorphisms h,, of Definition 4.2. For g € J, let
qp: X" — X"/ X" — 9"
be the quotient map followed by the projection that collapses all wedge summands but
the S-th; it is a map of pairs (X", X" 1) — (5™, %), and ¢ o @, is constant for v # 3
while g o @4 is the map D™ — D"/S"~! = S collapsing the boundary.
Definition 4.12. For n > 1 and a map f: S" — S”, the induced endomorphism of

ﬁn(S") = 7 is multiplication by an integer deg f, the degree of f; it does not depend on
the choice of generator. Clearly deg(id) = 1, deg(g o f) = degg - deg f, and a constant

map has degree 0. The same definition is used for n = 0 with Hy(S") & Z generated by
[1] = [-1].
Theorem 4.13 (cellular boundary formula). Let n > 2 and « € J,,. Then

dy[en] = Z dug [eg’l}, dop = deg(gq o po: S™H = S"7H),

6€Jn71
where @q: S"1 — X" s the attaching map of the cell and qg: X"t — S"71 is the
collapse of Remark 4.11. Only finitely many dag are non-zero. Forn =1,
difea] = [pa(D)] = [pa(-1)] € Ho(X"),

the difference of the two endpoints of the 1-cell.
Proof. The image ¢, (S™!) is compact, so by Proposition 2.9 it meets only finitely many
cells; for every 3 with eg_l disjoint from it the map gzp, is constant and d,z = 0. This
proves the finiteness, and shows also that the sum on the right is meaningful.

By naturality of the long exact sequence (Proposition 6.5 of Singular Homology) applied
to the map of pairs @,: (D", S 1) — (X", X"1),

an [62] = aﬂ(q)a)*bn = (gpa)*(abn) = (90a>*3n—17
so that d,[€}] = Jn-1(Pa)Sn—1-
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n—1
y

Write d,[el] = > c,[eZ7"] in the basis of C¢¥,(X), and apply the homomorphism

gl
(Qﬁ)* Hn—l (Xn—17 Xn_Q) — Hn—l(sn_la *) = En—l(sn_l)a

the last identification being Corollary 6.8 of Singular Homology. By Remark 4.11, gg®,

is constant for v # 3, so (gg).[eZ "] = (qg®+)stn—1 = 0; and gzPp is the collapse D" ' —

Dr1/8m2 22 5771 0 (gg)«[efy '] = sn—1 by the choice of generators in Definition 4.2.
Hence the left-hand side becomes cgs,,—1.

On the other hand, functoriality applied to (X"~! ) — (X! X"72) " (S, %)
gives (¢s)wjn_1 = (gs)« on H, 1(X" 1), so
CpSn-1 = (4)sdn-1(¢a)sSn-1 = (4p9a) Sn-1 = deg(ds¥a) Sn-1,
whence ¢z = deg(gppa)-

For n = 1 the same computation applies with S° = {1} and sy = [1] — [-1]: dy[e}] =
Jo(@a)« ([1] = [=1]) = [pa(1)] = [pa(—1)], since C§¥(X) = Ho(X") is free on the points of
XY and j, is the identity. O

Remark 4.14. For a complex with cells in adjacent dimensions, where Corollary 4.9 does
not apply — those of Examples 3.2, 3.3, 3.5 and 3.7, for instance, and S? x S of Exam-
ple 3.6 when p =1 or ¢ = p+ 1 — Theorem 4.13 reduces the computation of H, to the
degrees of the explicit maps ggy,. There is no general direct topological mechanism for
computing such a degree, but under favourable hypotheses, which can always be achieved
by a small deformation of the map, there are nice descriptions. Degree is a homotopy
invariant, by Theorem 4.1 of Singular Homology, so nothing is lost in deforming.

(i) Suppose there is a non-empty open set U of the range sphere such that f restricts
to a smooth map f~*(U) — U and such that p € U is a regular value of that restriction.
Then f~!(p) is a finite set of points, and

deg f = Z signdet(dfq).

q€f~1(p)

(ii) Suppose K is a closed subset of the range sphere S™ with non-empty interior, and
that we are given a triangulation of K and one of f~!(K) for which the restriction f|s-1(x)
is simplicial. Fix an n-simplex o of K. Then deg f is the sum, over the n-simplices of
f~Y(K) that map onto o, of +1 or —1 according as f preserves or reverses orientation on
that simplex.

The smooth statement will be proved in the section of the course on manifolds; the
simplicial version is covered by the homework.

5. THE EILENBERG—STEENROD AXIOMS FOR HOMOLOGY

The computations of §4 used only a handful of properties of singular homology, and
they are the properties that Eilenberg and Steenrod isolated as the axioms for a homology
theory. A homology theory assigns to every pair of spaces (X, A) a sequence of abelian
groups H, (X, A), n € Z, and to every map of pairs f: (X, A) — (Y, B) homomorphisms
fo: Hy(X, A) — H,(Y, B), functorially; one writes H,(X) for H,(X, (). The axioms are
the following.
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(A1) Dimension. For a one-point space P,

Z, n=>0,
0, n#0.

(A2) Homotopy. If f,g: (X, A) — (Y, B) are homotopic through maps of pairs then
f« = g« In every degree.

(A3) The long exact sequence of a pair. For every pair (X, A) there are connecting
homomorphisms 0: H, (X, A) — H,_1(A) making

o Hy(A) — Ho(X) — Ho(X, A) -2 Hy_1(A) — Hy 1 (X) — - -

exact, the unlabelled maps being induced by the inclusions; and 0 is natural, in
the sense that a map of pairs carries one such sequence to another commutingly.

(A4) Excision. If Z C A C X with Z C int A, then the inclusion of pairs (X \ Z, A \
Z) — (X, A) induces isomorphisms

H,(X N Z, AN Z) — Hy(X,A)  for every n.

(Ab) Direct limits. Let X be the union of a family {X,};c; of subspaces, directed by
inclusion, in such a way that every compact subset of X lies in some X;. Then
the canonical map

l'ﬂHn(Xi) =5 H,(X) for every n

is an isomorphism.

Singular homology satisfies all five: (A1) is Proposition 3.1 of Singular Homology, (A2)
is Theorem 6.6 there, (A3) is Theorem 6.4 together with Proposition 6.5, and (A4) is
Corollary 8.2. For (Ab5), a singular simplex has compact image and a chain is a finite
sum of simplices, so C,(X) = hgll C4(X;), and homology commutes with direct limits by
Proposition 2.12 of Homology. Arbitrary disjoint unions are a special case of (A5): the
finite sub-unions of [[, X, form a family directed by inclusion in which every compact
set lies, and each of them is handled by Corollary 5.2(ii) below, so that @, H,(X,) =
H, (]_[a Xa). The form of excision used in practice is the one proved in Singular Homology
as Theorem 8.1: the inclusion (B,A N B) — (X, A) induces isomorphisms whenever
X =int AU int B. It follows from (A4) on taking Z = X ~\ B, whose closure lies in int A
because X \int A C int B.

The axioms already compute the homology of a disjoint union of two spaces.

Lemma 5.1. Let H, satisfy (A3) and (A4) and let X = X1 U Xy be a disjoint union, so
that X1 and X5 are open and closed in X . Then the inclusionsi: X1 — X and k: X9 =+ X
induce an isomorphism

(is, ki) : Ho(X1) ® Hy(Xo) =5 H,(X) for every n.

Proof. Excise Z = X; from the pair (X, X1). This is legitimate: X; is closed and open, so
Z =X, =int X;. Since X N\ Z = X5 and X; \ Z = (), axiom (A4) says that the inclusion
of pairs (X, 0) — (X, X7) induces isomorphisms

H,(Xs) — H, (X, X)).
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That inclusion is the composite of k with the map of pairs (X,0) — (X, X;), so the
isomorphism is j. k., where j,: H,(X) — H,(X, X;) is the map in the long exact sequence
of (A3).

In particular j, is surjective, so 0 = 0 in every degree, dj, being zero by exactness;
hence 1, is injective and the long exact sequence breaks into short exact sequences

0 — Hy (X)) =5 Ho(X) 25 Hy (X, X1) — 0.

The composite of (j.k,)~! with k, is a section of j,, so the sequence splits and H,,(X)
i.H,(X1) ® ki H,(X3), which is the assertion.
Corollary 5.2. Let H, satisfy (A3) and (A4).
(i) Hn(0) =0 for every n.
(i) If X = X; U---U X, is a finite disjoint union then the inclusions induce an
1somorphism

O

@Hn(Xj) = H,(X) for every n.
j=1

Proof. (i) Apply Lemma 5.1 to X = () U X for any space X, say a point. There k is
the identity of X, so k.H,(X) is all of H,(X); as the sum i, H,(0) & k.H,(X) is direct,
i+ H,(0) = 0, and i, is injective by the proof of the lemma. Hence H,(0)) = 0.

(ii) Induct on r. For r = 0 the union is empty and the assertion is (i); for » = 1 there
is nothing to prove. For r > 2 write X = X; UY with Y = X, U --- U X, which is again
open and closed in X. Lemma 5.1 gives H,(X) = H,(X;) ® H,(Y) by the inclusions,
and the inductive hypothesis gives H,,(Y) = €B;-, Hn(X;) by the inclusions of the X; in
Y. Composing, and using that the inclusion X; — X is the inclusion X; — Y followed
by Y — X, gives the assertion. 0

Mayer—Vietoris is not on the list: it is a consequence of (A3) and (A4) alone, by the
following diagram lemma.

Lemma 5.3 (Barratt—Whitehead). Let
A, I B, s oA ——s
| b | | oncs |
4 ,

N / 9n 1 /
B! C — A —— -
be a commutative diagram of abelian groups with exact rows in which every c, is an
isomorphism. Then the sequence

an, Jn ’,/L_ n nc’;,l ;7,
—>An(—f>)A;1@an—b> B,’@h—f Ap g — -
18 exact.
Proof. Write & = h,c,'g,. Each composite of two consecutive maps vanishes: (f/ —
bn)(an, frn) = flan, — byfn = 0 by commutativity of the left square; O(f), — by)(x,y) =

hc (g0 fi () = ghbn(y)) = —hncy ' cngn(y) = —hnga(y) = 0, using exactness of the bot-
tom row and commutativity of the middle square; and (a,,_1, f,—1)0 = 0, since f,,_1h,, =0
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by exactness of the top row and a,,_1h,c; g, = hl,c.c,'gl, = hl g/, = 0 by commutativity
of the right square and exactness of the bottom row.

Ezactness at Al, @ B,,. Let f!(z) = by(y). Then ¢,g,(y) = g.bn(y) = g, f.(x) = 0,
s0 go(y) = 0 and y = f,(2) for some z € A,. Now f/(z — an(z)) = bu(y) — bufu(z) =
0, so & — a,(z) = hl, (w) for some w € C!,;. Put u = hyyi¢,11(w) € A,. Then
an(u) = N, 1np10pyq(w) = & — a,(z), while f,(u) = 0 because f,h,+1 = 0. Hence
(z,y) = (an, fu)(z + u).

Exactness at B!. Let v € B!, with 9(v) = 0. Then c,'¢/(v) € kerh,, = img,, say
¢ 90 (0) = ga(y); 50 g, (v = ba(y)) = g1,(v) = cagn(y) = 0 and v — by (y) = f;() for some
x € Al Thus v = (f —b,)(z, —y).

FEzactness at A, 1. Let t € A,y with a,_1(t) = 0 and f,_1(t) = 0. By exactness of
the top row, t = h,(w) for some w € C,,, and then hlc,(w) = a,_1h,(w) = a,_1(t) =0,
s0 cp(w) € ker h], = im ¢/,, say c,(w) = ¢/,(v). Then d(v) = huc, g, (v) = h,(w) =¢. O

Corollary 5.4 (Mayer—Vietoris). Let H, satisfy (A3) and (A4) and let X = int AUint B.
Then there is an exact sequence

oo — H,(ANB) — H,(A) ® H,(B) — H,(X) — H, 1(ANB) — -+,
in which the first two maps are induced by the inclusions, with a sign in one summand.

Proof. Write C' = AN B and apply Lemma 5.3 to the map of long exact sequences of
(A3) induced by the inclusion of pairs (A, C) — (X, B):

- — H,(C) — H,(A) — H,(A,C) — H,1(C) —— ---

l l | l

. —— Ho(B) —— H,(X) — Ho(X,B) — H,_{(B) — ---

It commutes by the naturality in (A3), and the third vertical map is an isomorphism by
excision, in the form recorded above with the roles of A and B interchanged. The lemma
therefore gives an exact sequence

o — H,(C) — H,(B)® Hy,(A) — H,(X) — H, 1(C) — -+,

whose first map is  +— (z,z) and whose second is (u,w) + u — w, both induced by
inclusions. Interchanging the two summands and changing the sign in one of them turns
these into the maps z — (z, —z) and (a, b) — a+b of Corollary 7.20 of Singular Homology.

O

5.1. Uniqueness. Everything computed in §4 used only the axioms, and the computation
was determined by the cells and their attaching maps. That is the content of the theorem
towards which the section is aimed.

Theorem 5.5 (uniqueness of homology on CW complexes). Let h, be a homology theory
satisfying (A1)—(Ab), let H, denote singular homology, and fix a generator € of ho(P) =
Z for a one-point space P. Then for every CW complex X and every n there is an

1somorphism
On = 0,(X): ho(X) — H,(X),
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carrying € to the class of the point in Ho(P), and natural for morphisms of CW complexes:
for every morphism f: X —'Y of Definition 1.7 the square

ha(X) 225 h(X)
lHn(f)

n(
|
ha(V) 2225 1 (v)

commutes.

The two theories are therefore the same on the spaces of this chapter, and any con-
struction satisfying the axioms computes singular homology.

Proof. The dimension axiom gets us started: by (Al) the groups h,(P) are those of
singular homology, and ¢ corresponds to the class of the point.

Spheres and balls. As in §4, everything rests on the homology of the pairs (D", S"™1),
and that is computed by induction from the axioms alone. We use throughout that for a
non-empty Y with base point the constant map Y — P splits the sequence (A3) of the
pair (Y, {x}), so that hy(Y) = hx(P) @ hi(Y, {*}) naturally. For n > 1 the ball D" is
contractible, so by (A2) the groups hy(D™, {*}) vanish, and the sequence (A3) of the pair
(D", S™1) gives

9: by (D", S"7Y) = by (™71 {5)),

the base point being taken in S"~!. Covering S™ by the complements of the two poles
and applying Corollary 5.4 gives hy(S™, {*}) = hy_1(S™" !, {x}), exactly as in the proof
of Theorem 2.5 of Further Properties of Singular Homology. Starting from (Al) and
Lemma 5.1, which give hy(S°, {*}) = hy(P), induction gives

n oone1N ~ | Ly k=mn,

with a generator 1 determined by ¢ through the displayed isomorphisms, and correspond-
ing under them to the generator ¢, of Definition 4.2.

The skeletal pairs. The proof of Lemma 4.1 used only homotopy invariance, excision
and the homology of disjoint unions, so it applies verbatim to h,: the characteristic maps
induce an isomorphism @, ; he(Dj,S*") = hy(X™, X", the direct sum decomposi-
tion of the disjoint union of the open cells being the special case of (A5) recorded after
the axioms. With the previous step, hi (X", X" 1) = 0 for k # n while h, (X", X"™1) is
free abelian on the n-cells, the basis being the classes (®,).t".

Passing to the skeleta. Every compact subset of X lies in a finite subcomplex by
Theorem 2.11, hence in some skeleton, so (A5) applied to the filtration by skeleta gives
hn(X) = lim h,(X™); this is what the argument of Lemma 4.3 gave for singular ho-
mology. With it, the proofs of Proposition 4.4 and Theorem 4.7 apply word for word
to hy, since they use nothing but the long exact sequences of the skeletal pairs and that
statement; so h,,(X) is the homology of the cellular complex C"(X) = h,, (X", X"~!) with
differential j,_q o 0,.

Comparison. The bases produced above correspond: sending (®,).t" to (®4) sty = [€7]

&7

defines an isomorphism C"(X) — C(X), and it carries one differential to the other,
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both being the composite j, 1 o 9, of maps that are natural in the pair, computed on
a basis element through the same characteristic map. Taking homology and composing
with the identifications of the previous step gives ©,,. A morphism f: X — Y is a map of
pairs (X", X" 1) — (Y™, Y™ 1) for every n, and every map used above is natural for such
maps, by (A3) and Addendum 4.8; so the square of the statement commutes. Finally O
carries € to the class of the point, that being the normalization of the generators in the
first two steps. O

APPENDIX A. NORMALITY AND LOCAL CONTRACTIBILITY

This appendix proves Theorem 2.6: a CW complex is 77 and normal, hence Hausdorff,
and it is locally contractible. The notation is that of §2.

Proposition A.1. A CW complex X is Ty and normal; in particular it is Hausdorff.

Proof. Points are closed. We show by induction on n that every point of X" is a closed
subset of X™; the weak topology, Definition 1.2(iii), then gives that {p} is closed in X for
every p € X, since {p} N X" is either empty or the point itself.

For n = 0 the assertion holds because X° is discrete. Let n > 1, assume it in degree
n—1, and let p € X™. We apply Lemma 2.2(ii) to X" = X" Uy, e, Di. First,
{p} N X"~ is either empty or the point p itself, and in the latter case it is closed in X"~
by the inductive hypothesis. Second, let a € J,,. If p ¢ @, (D) then ®,*(p) = 0; if p € e
then ®_1(p) is a single point of int D?; and otherwise p € X" ! and ®_(p) = v, (p),
which is closed in S"~! because ¢, is continuous and {p} is closed in X"~ by the inductive
hypothesis. In all cases ®_'(p) is closed, so {p} is closed in X™, completing the induction.

Normality. Let Cy, C be disjoint closed subsets of X. We construct by induction on n
disjoint open subsets V', V|* of X™ with

C;NnX"CVv® (i=0,1), and VinxTt=vrt forn > 1.
Granting this, put V; = |J,, V;". Then V; N X™ = V* is open in X" for every n, so V; is

open by the weak topology, Definition 1.2(iii); the V; are disjoint because the V" are; and
C; € V;. That is normality.

For n = 0 set V" = C; N X°, which is open because X° is discrete; the two are disjoint
because the C; are. Let n > 1 and suppose V" ' and V"' have been constructed. Fix
a € J, and work in D?; since « stays fixed until the last paragraph, we leave it off the

sets P;, A;, W; introduced below. Radial coordinates identify D! \ {0} with a half-open
collar on its boundary:

S x [0,1) = DEs {0}, (1) — (1= 1)y,
a homeomorphism restricting to the identity on S~ = S"~! x {0}. Put
Pi=g (V) csmt, A =9,1(C) C Dy

The P; are disjoint open subsets of S"~! and the A; are disjoint closed subsets of D";
moreover A; N .S" ' = p-1(C;) is contained in P;, because C; N X"~ C V"1,
We claim that for all sufficiently small € > 0, writing U.(A) for the e-neighbourhood of
Ain D7:
(1) U:(Ap) and U.(A;) are disjoint;
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(2) U(A) N (S™t x [0,€)) € Py x [0,¢) for i =0, 1.
For (1) we may assume both A; non-empty; they are disjoint closed subsets of the compact
metric space D7, so d(Ag, A1) > 0 and any € < 1d(Ap, A1) will do. For (2), if the inclusion
failed for every € > 0 we could choose &5, — 0 and points xy = (yx, tx) € S ! x [0, 1) with

d(xp, As) < ex, bk < €k, Ye & .

Passing to a subsequence, x; — T by compactness of D”; since d(xy, A;) — 0 and A; is
closed, 7o € A;, and since t;, — 0, oo € S" 1. So 2o € A;NS" 1 C P. But yp — 7o
as well, again because t;, — 0, and the y;, lie in the closed set S"! \ P, s0 Zo ¢ P, a
contradiction.

Fix € < 1 satisfying (1) and (2), and set

W; = (P, x [0,e)) UU.(4;) C D2.

These are open, and they are disjoint: the two collars meet in (Py N P;) x [0,¢) = (), the
two e-neighbourhoods are disjoint by (1), and a cross term such as (P x [0,£)) N U.(A;)
lies by (2) in (PyN P;) x [0,e) = 0. Moreover A; C W;, and W; N S""! = P, the inclusion
C again by (2).

Restoring the index: for each a € J,, we have produced disjoint open subsets W ,,
Wi o of D with

q)a_l(C'i) C Wz}a’ Ww NS — 90;1 (Vn—l)‘

)

Let V* C X™ be the union of Vi"_1 with the sets @, (I/Vm N int Dg) for a € J,. Then
VN Xt =Vt and ©7Y (V) = W, for every a € J, by the second of these and the
injectivity of @, on int D7, so V* is open in X™ by Lemma 2.2(ii). The V7' and V" are
disjoint because the V;.”’l are, because the W, , are, and because distinct open cells are
disjoint; and C; N X™ C V;* by the first of these together with C; N X™~! C V,"~!. This
completes the induction.

A T; normal space is Hausdorff. O

This is the first assertion of Theorem 2.6.
We turn to local contractibility. The construction produces, inside a given neighbour-
hood of a point x, another neighbourhood of = built up out of collars in successive cells.

Theorem A.2. A CW complex X is locally contractible; that is, for every x € X and
every open U > x there is an open V with x € V C U such that V' is contractible.

Proof. Let x € e’;O. We construct open sets V,, C U N X" for n > k, each containing =,
with V,, open in X" and, for n > k, with V,NX""! =V, _; and with V}, strong deformation
retracting to V,,_1.

For n = k: the cell e’;O is open in X* and ®,, maps int D¥ homeomorphically onto it
by Lemma 2.2(iii). Write z = ®_!(x). The set ®_!(U)Nint D* is an open neighbourhood
of z; choose inside it an open round ball B about z, and set V}, = ®,,(B), an open subset
of X* contained in U.

For n > k, suppose V,,_; is given. Fix a € J, and write P, = ¢_*(V,,_1), an open
subset of S"~1. Define §,: S" ! — [0,1] by

daly) = lmin{l, d(y, St Pa), d(y, DI~ Q);l(U))},

2
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with the convention d(y,) = 1; it is continuous, and d,(y) > 0 exactly when y € P,,
because ®_!(U) is open and contains P,. Put

Wa:{zeDZ c2#0, G € P, 1_|z|<5a(ﬁ)}'

This is open in D?, being defined by an open condition on the continuous functions
2+ z/]z| and 2z — |z] on D"~ {0}; it satisfies W, NS"™! = P,; and W, C ®_1(U), since
for z € W, with y = z/|z| we have |z —y| = 1—|z| < d(y, D" ~ &, (U)) and y € &' (V).
Set
Vo =Voi U | @a(Wanint D).
acdy

Then V, N X" ! =V,_; and ®,'(V},,) = W, for every a € J,, because ®,, is injective on
int D” and distinct cells are disjoint; so V;, is open in X™ by Lemma 2.2(ii), and V,, C U.

Let V.=, V. Since VN X" is open in X" for every n (it is empty for n < k), V' is
open in X by the weak topology, Definition 1.2(iii), and # € V C U. Moreover V carries
the weak topology determined by the subspaces V,, = VN X" if C C V has C'NV,, closed
in V,, for all n, then (V ~ C') N X™ is open in X™ for all n, so V ~ C is open in X and
C'is closed in V. Since I = [0,1] is compact, V' x I likewise carries the weak topology
determined by the V,, x I — the product of a quotient map with the identity map of a
locally compact space is again a quotient map — so a map on V' x [ is continuous as soon
as its restriction to each V,, x [ is continuous.

Each V,,, n > k, strong deformation retracts to V,,_; by pushing radially outwards in
the collars W,,. Explicitly, define D™: V,, x I — V,, by

D™ (v, s) =v (vEV,_ 1), D™ (®a(z),s) = <I>a<(1 —8)z + sé) (z € Wonint D).

The segment from z to z/|z| consists of points tz/|z| with |z] < ¢ < 1, and these lie in
W, because 1 —t < 1 — |z| < 64(2/|2]); so D™ takes values in V,. It is continuous,
being continuous on V,,_; X I and on each W, x I and compatible on the overlaps. It is
the identity at s = 0, it fixes V,,_; throughout, and at s = 1 it retracts V,, onto V,,_; by
Pn(Pa(2)) = palz/|z])-

Now define H: V x I — V by performing D™ during the interval [2_(”_k), 2_("_1“)“},
for each n > k, and letting H be stationary on [0,2~("~%] on points of V,,. Concretely,
forveV,and t eI,

v, t S 27(n7k),
H(U,t) =< Dm (pm+1 0---0 pn(v), om—ky _ 1)’ 9—(m—Fk) <t < 27(m,k)+17
Pr+10 0 pp(v), t=1,

the middle case being taken for k& < m < n. For fixed n this is a finite composite of
continuous maps, agreeing at the endpoints of the intervals, so H|y, «; is continuous; and
the definitions for n and n 4 1 agree on V, x I, since D™V and p,,; are the identity on
V,, and points of V,, are stationary before time 2~ ("% Hence H is continuous. It satisfies
Hy =idy, Hi|y, =id for all t, and H{(V) C Vj: a point of V;, has been pushed into Vj by
time 1. Thus V' deformation retracts onto Vj. Since Vi, = ®,,(B) is homeomorphic to an
open ball, it is contractible, and therefore so is V. O

This is the second assertion of Theorem 2.6, and completes its proof.



