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I. INTRODUCTION

Let G be a reductive group over a number field F', and let H C G be a subgroup
obtained as the fixed point set of an involution §. Then the following period integral

I () = / o(h) dh
H(F)\H(A)!

converges absolutely for any cusp form ¢ on G(A). Our first goal in this paper is
to develop a method for defining and computing IT? (¢) where ¢ is a more general
automorphic form such as an Eisenstein series. In this case, the integral need not
converge and we define it by means of a regularization procedure. Our second goal
is to use this regularized period to obtain explicit formulas for the (convergent)
period IT¥ (AT E') where ATE is a truncated Eisenstein series.

Before describing the contents of this article, let us recall some motivation. The
periods [T (AT E) are of interest because they appear in the relative trace formula
(RTF) in a role analogous to that played by inner products of truncated Eisenstein
series in the Arthur-Selberg trace formula. They arise when one computes the
contribution of the continuous spectrum to the relative trace formula (cf. [J2],
[J3] for an overview of the RTF). The relative trace formula itself has been used
in a variety of applications, beginning with the work of Jacquet-Lai on periods
of Hilbert modular forms ([JL], [LA1], also [FH]) and Jacquet on Waldspurger’s
theorems [J1] (cf. also [GU]J). It provides a general tool for studying distinguished
representations. Recall that a cuspidal representation (w,V;) of G is said to be
distinguished by H if TI7 (o) # 0 for some ¢ € V. In some cases, periods of this
type have an interesting topological or arithmetic interpretation (cf. [HLR], [BR]).
Actually, in applications, the notion of period integral must be suitably refined: in
general, it may have the form:

/ o(h)x(h) dh
ZH(F)\H(A)

where Z is a central subgroup of the ambient group and x is a character of H(A)
trivial on H(F'). In many cases, it should be possible to characterize the H-
distinguished cuspidal representations as images with respect to a functorial trans-
fer to G from a third group G’. General results of this type, which are known in
many cases, should eventually follow from a comparison of suitable relative trace
formulas on G and G’. The RTF thus provides a link between certain cases of the
functoriality conjecture and period integrals.

A candidate for G’ over the algebraic closure of F' was proposed in [JLR]. In [G]
this has been refined to a description of G’ as an F-group. Suppose, for example,
that G = Resg/p H where E/F is a quadratic extension and 6 is the involution
induced by Galois conjugation relative to E/F. This is the case we focus on in
this article (although our methods generalize; we intend to deal with the general
case in a future article). If H is also simple and split, then G’ will be either H
itself or the unique quasi-split outer form of H that splits over F, according as —1
lies in the Weyl group of H or not ([G]). Thus if H = GL(n),p, then G’ is the
quasi-split unitary group U(n) (see also [F1] and [F2]) and if H = Sp(n),p, then
G' = Sp(n),p. The relative trace formula in this situation is based on the equality
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of geometric and spectral expansions of the integral

1) / / Ky (h,n) ¥(n) dh dn
H(F)\H(A)! JN(E)\N(AE)

where Ky(z,y) is the automorphic kernel attached to a function f on G(A), N is
the unipotent radical of the standard Borel subgroup, and v is a non-degenerate
character of N(E)\N(Ag). In the spectral development of (1), an orthonormal basis
{¢} for the space of cusp forms contributes

ST (p(f)) W, (€)
{»}

where W, (e) is the value at e of the Fourier coefficient of ¢ with respect to . To
evaluate the contribution of the continuous spectrum, we are led to truncate the
continuous part of the kernel in the first variable and this leads to an integral involv-
ing the truncated periods IT (AT E') where E is an Eisenstein series. Of course, it is
at this stage in the development of the ordinary Arthur-Selberg trace formula that
the inner products of truncated Eisenstein series appear. Unlike the Arthur-Selberg
situation, the integral (1) itself is absolutely convergent. Nevertheless, truncation is
needed to obtain an explicit formula. See [GJR] for an example where the formulas
for TI (ATE) are used in this context. That work considers the case G = GL(3)
and compares (1) with the Kuznetzov trace formula for the group G’ = U(3). The
comparison is used in [FGJR] to characterize H-distinguished representations and
to prove that a cuspidal L -packet on U(3) (which is not a non-tempered A-packet)
contains a generic element.

We now describe our results in greater detail. The first section deals with the
meromorphic continuation of the integral of an exponential polynomial over a cone.
This is used in Section IV to show that in the case G =Resp,pH with E/F qua-
dratic, it is possible to define a regularized period I1%(y) for automorphic forms
whose exponents satisfy a certain mild restriction. The regularization is based on
Arthur’s truncation operators ([A2]) and their associated combinatorics. However,
in the context of a pair (G, H), there is more than one way to define the trunca-
tion. For example, one can apply Arthur’s truncation operator AT relative to G
(cf. [LE], [LA2]) or one can restrict ¢ and apply Arthur’s truncation AT operator
relative to H. While the former is the more natural of these two, we use a third,
mized truncation AL intermediate between them (in fact, this was used in [JL] in
the GL(2) case). This truncation appears to be best suited to the study of period
integrals. The next step is to compute the period of a truncated Eisenstein series.
In §8, we obtain a general formula for periods of the mixed truncation

/ AT o(h) dh
H(F)\H(A)!

in terms of the regularized periods of the constant terms of ¢.

The last two sections of the article are devoted to more explicit results for
H = GL(n),p. In Section VI, we compute the regularized period II” (E(g, ¢, \))
for all cuspidal Eisenstein series (Theorem 23) and show, in particular, that it van-
ishes unless E(g, ¢, A) is induced from cuspidal representation o1 ® oo of a parabolic
subgroup of type (%, §) with o] ~ 3. We then obtain an explicit formula express-
ing I (AZ E(g, ¢, )\)), for any cuspidal Eisenstein series, in terms of certain linear
functionals J(&, v, A) which we call intertwining periods. They are defined for A in
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a suitable cone by an absolutely convergent integral

J(& 0, A) = / / e{Xror Hep (nh) w(mnh) dm dh.
Hy (A\H(A) J My (F)\M, (A)!

Here ¢, € GL,,(F) are elements such that nij~! = &, H,, = HNn~ ! Pgn where Pg
is the parabolic subgroup of G from which the Eisenstein series is induced, and M,, =
nHn 'NM py Where Mp, is the Levi factor of Pg. The name “intertwining period”
seems appropriate for several reasons. First, the map ¢ — J(&, ¢, \) is an H(A)-
invariant functional on the induced representation Indgcr@e’\ and so, by Frobenius
reciprocity, defines an intertwining operator. Furthermore, the J-functionals have
several properties in common with the standard intertwining operators M (s, \).
Our explicit formula for the period integral

(2) / AL E(h,,)\) dh
(F)\H(A)!
is

e<(sA)Q,T>
(3) > g
(QVS)EQ(PvU) HOLGAQ <(8A)Q «

where Q and s range over certain sets of parabolic subgroups and Weyl group
elements, respectively, and v is a certain volume (see Section VIII for other unex-
plained notation). This formula is clearly analogous to Langlands’ formula [A2] for
the inner product of cuspidal Eisenstein series induced from parabolic subgroups P
and P’, which expresses the inner product (AT E(), ), ATE(u,1)) as a sum

e(s)\+t,u,T>
RIS Sl v

Q seQ(P,Q) O‘EAQ<S)\ + i, a¥)
tEQ(P’,Q

v> T (€. M (s, N, (s\)2),

(M (s, \)p, M(t, 1))

Like the standard intertwining operators, the J-functionals can be meromorphically
continued and satisfy a set of functional equations. These are described in Section
VII, again for the case H = GL(n),p. The functional equations take the form

J(€, 0, \) = J(s€s71, M (5, \)p, s\

for elements s belonging to a certain subset of the Weyl group which we describe

combinatorially in §17. For example, if n = 2 and £ = < (1) (1) ) , then H,, =T is
a torus isomorphic to E* in H. In this case, the regularized period I1 (E(g, ¢, \))

is equal to J(&, ¢, \). For the choice ¢ = 1,

TN = | eOFLHM) g
T(F)\GL2(Ar)

and we have the following explicit formula:
1 L(A1R)
J A) = =vol(Z(A)T(F)\T(A)) ————
(6:9:0) = ol ZATENT(A) 552

where wg,p is the order two character attached to E/F and L(A, 1) is the zeta-
function of F' with archimedean Euler factors. The functional equation in this case
reduces to

J(f, ©s )‘) = m({, )\)J(E, ©s _/\)
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where m(§,\) = L(A\, 1g)/L(A+1,1g). In §20 we show that the intertwining period
factors as a product of local intertwining periods and we compute the local period
in the unramified case in terms of Asai L-functions.

It is formula (3) which will be useful for applications to the relative trace formula.
For example, if H = GL(2), then (2) is equal to

AT €_>\T
- | Mo

| p(k)dk +
A Jk

+/ AL H(nh)) w(nh)dh
T(F)\GL2(Ar)

for a suitable normalization of measures. Here £ is the non-trivial Weyl group
element, 7771 = ¢, and K is a maximal compact subgroup of GLs(Af). This
special case was first found by Jacquet and Lai.

It is possible to compute (2) using AT for G in place of AL . This calculation,
involving multi-dimensional residues and contour shifts, follows the main lines of
the traditional proof of Langlands inner product formula [A2], although it is sub-
stantially more complicated. We note that a similar analysis is attempted in [F3].
In the case (GL(n),g,GL(n)/r), one finds that for any automorphic form ¢, the
period integrals of AT ¢ and ATy are the same.

The regularization of integrals is also useful in providing a more conceptual
approach to the formulas for inner products of truncated Eisenstein series that
occur in the Arthur-Selberg trace formula. In Section V, we describe the results
one obtains by applying the above methods to the case of arbitrary G and 6 = id,
so that H = G. The problem is to define a regularization of the integral

(5) / o(g) dg.
G(F)\G(A)!

As in the case of period integrals, this is possible for automorphic forms ¢ whose
exponents satisfy a certain mild restriction. The regularized integral can then be
used to derive a formula for the (convergent) integral

/ AT¢(g) dg.
G(F)\G(4)!

These results can be extended to yield a formula for the inner product of truncated
automorphic forms

(6) / AT () AT4(g) dg
G(F)\G(A)*

= >y | Ve (9)op(a)7p (H(g) ~ T)dg.
PCG P(F)\G(A)!
The terms on the right are regularized inner products of the constant terms of ¢ and
1 and hence they are denoted with a star. This should be seen as a generalization
of Langlands’ formula for the inner product of truncated cuspidal Eisenstein series
([L], [A2]). In fact, Langlands’ formula (4) follows directly from (6), the standard
formula for the constant term of an Eisenstein series and Lemma 16. Thus (6)
provides a conceptual proof of Langlands’ formula. Note that (6) is a formula
for the period of a truncated automorphic form on G x G relative to the period
subgroup GG embedded diagonally. We omit the proofs in Section V because they
are nearly identical, step-by-step, with those in Section IV. It is also possible to
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extend this method to give a new proof of Arthur’s asymptotic formula [A4] for the
inner product of truncated non-cuspidal Eisenstein series, where the main term is
what is anticipated by the cuspidal case ([LP]).

Period integrals have been investigated from different points of view in recent
years in a number of works by several authors, of which we mention the following
sample: [F2], [F4], [FJ], [GRS], [JI], [JR], [TY], [MA], [SA]. A regularized integral
for GL(2) was developed by Zagier [Z], who gave a variety of applications, and
was reformulated by Casselman [C]. As mentioned above, our general version is
based on the combinatorics of Arthur’s truncation operators. We are grateful to
J. Bernstein and W. Casselman for pointing out the relevance of regularization to
our problem. We are also grateful to J. Bernstein for helpful conversations, and for
providing the additional key insight that, in many cases, the regularized integral
of an Eisenstein series vanishes for simple representation-theoretic reasons (Lemma

16).
II. INTEGRALS OVER CONES

Let V be a real finite-dimensional vector space of dimension n. Let V* be the
space of complex linear forms on V and V§ the space of real linear forms. We
denote by S(V*) the symmetric algebra of V*, that is, the space of polynomial
functions on V. Likewise we denote by S(V') the symmetric algebra of V ® C. An
exponential polynomial function on V is a function of the form:

fl@)y= > er"p(a)
1<i<r

where the \; are distinct elements of V* and the P;(z) are non-zero elements of
S(V*). The ); are then uniquely determined and called the exponents of f. We
recall the proof of uniqueness.

For X € V we denote by Dx the corresponding vector field:

d
Dixg(a) = oo+ X)

t=0
For A € V* we have:

Dxe® = (X X)eM),

We can define the operators Dy for X € S(V) by multiplicativity. Suppose that
P isin S(V*). There is an integer d (total degree of P) such that for all X € V:

D4 P =0.
Now let g(x) = e*® P(z). Then
(Dx — (A, X))g(x) = e Dx P(x).
Thus
(Dx — (A X))%g(x) = 0.

We will need the analogous fact for finite difference operators. Denote by Ax the
finite difference operator defined by:

Axf(z) = flz + X) — f(2).
Then:
(AX — (eo"X> — 1)) e<)"””>P(x) = e<’\’””>e<’\’X>AXP(x).
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Thus if d is the total degree of P, then
(AX — (X — 1))de<A’r>P(x) =0.
Now if f has the form
fx)= Y eXP(a),
1<i<r

as above, choose X € V such that the numbers (\;, X) are distinct. By the Chinese
remainder theorem, for each i, there exists a polynomial @); in one variable such
that

(7) Qi(Dx)f(x) = e Py(x).

i, X

Similarly, if the numbers e*+X) are distinct there is for each i a polynomial in one

variable R; such that
Ri(Ax)f(x) = e Py(x).
This shows that the \; are uniquely determined by f.
By a cone in V' we shall mean a closed subset of the form
(8) C={z €V :{u,z) >0}

where {u;} is a basis of V§. Let e; be the dual basis of V. We will say that A € V*
is negative with respect to C if Re (A, e;) < 0 for each j =1,...,n. We will say that
A is non-degenerate with respect to C if (A, e;) # 0 for each j = 1,...,n. Our goal
is to define the regularized integral of an exponential polynomial function over a
cone.

Lemma 1. The function
f@) =3 et P)
i

is integrable over C if and only if A; is negative with respect to C for all i.

Proof. The condition is clearly sufficient. Moreover it is necessary if r = 1. In
general, suppose that f is integrable over C. Choose X such that the numbers
e X) are distinct, and, in addition, the numbers (117, X) are positive. Then X +C
is contained in C. It follows that the function Ay f is integrable over C. Hence the

functions R;(Ax)f are also integrable over C. Thus each term in the sum over i is
integrable over C and our assertion follows. O

To define the regularized integral over C we study the integral

JdMU%=Aﬂ@f“”w-

The integral converges absolutely for A in the open set
U={AeV":Re(A\j—Ae;)<0 foralll1 <i<r;1<j<n}.

We analytically continue this integral as follows. First, in the one-variable case, we
have for Re(\) > 0 and any polynomial P in one variable:

/+OO e M P(z)dr = Z w
0

)\m-i-l
m>0
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Of course the sum on the right is finite. In general, fix an index k. Let Cy be the
intersection of C and the hyperplane Vi, = {z| (ux, ) = 0}. In the integral we can
write x = (g, x) e + y with y € V;, and then, for a suitable choice of the Haar

measures:
-2 ¥ i Ae>wﬂ/'f“”wkmbﬂwmy

1<i<r m>0

This formula gives the analytic continuation of I¢(A)(f) to the tube domain Uy
defined by:

Re (N — Aej) <0 for j#k,1<i<r.

The analytic continuation is a meromorphic function with hyperplane singularities,
the singular hyperplanes being:

Hy; = {)\| </\,6;€> = </\i,6k>}, 1< <.

Since this is true for all 1 < k < n, the function I¢(A\)(f) has analytic contin-
uation to V* by Hartogs’ lemma. The continuation is a meromorphic function
with hyperplane singularities. The singular hyperplanes are the hyperplanes H; x,
1<k<n,1<i<r. Ofcourse, we could also use induction on n and the above
formula to obtain an explicit expression for the integral.

Lemma 2. Suppose that f is absolutely integrable on C. Then I¢(N)(f) is holo-
morphic at 0 and I¢(0)(f) is the integral of f over C.

Proof. By the previous lemma, if f is integrable over C, then each exponent \;
is negative with respect to C. Thus the domain of convergence U of the integral
I(A)(f) contains the point 0 and our assertion follows. O

Lemma 3. The function Ic(N\)(f) is holomorphic at A = 0 if and only if for all i,
;i is non-degenerate with respect to C, i.e., (i, ex) # 0 for every pair (i,k).

Proof. If the condition of the lemma is satisfied, then 0 does not belong to any of
the hyperplanes H; ;. Thus the function is holomorphic at 0. To show conversely
that the condition is necessary, it suffices to show that each hyperplane H;j is
indeed a singular hyperplane for the function I¢(A)(f). Assume that some H;, x is
not singular. Let ¢ = (\;,,ex). Then

E E A=) (D™ Py (y)d
e %
A k m+1 /k ( ek) (y) Y

1A (emy=c} mz0 ¢

must be identically zero for A € Ug. In turn this implies:

| e ompay =0
(il <ek> e} 7Ok
for each m. By the Fourier inversion formula this implies:
Y e (DI Pi(y) =0
{il{Ai,en)=c}
for all y € Vi and all m. Note that in this formula the linear forms A; have distinct

restrictions to the hyperplane V. It follows that for each index ¢ with (\;,ex) = ¢
we have:

(D) Pi(y) =0
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for each m > 0 and each y € Vi. This relation implies P; = 0 for each i with
(A, er) = c. This is a contradiction and the lemma follows. O

We observe that we can obtain the analytic continuation of the integral in a
more direct way. This is useful if one wishes to study how the integral depends on
parameters. In one variable we have the formula:

/O TN pm e = 3 AT (DY) (0) + A / e f () ds

0<u<m-—1 0
In general if 7' is a polynomial in one variable and T'(X) = Y, ¢, X" we set:
T(X,\) =)t > NT'7uxe
i 0<u<i—1
Then
/ e (T(D) f) (x)dx = T(D, ) F(0) + T(N) / e f ().
0

0
In particular, if T(D)f = 0, then

o0 T(D,\)f) (0)
/0 e M f(x)dx = ——< T()\))

This formula gives the analytic continuation of the integral. If T(0) # 0, then the
integral is holomorphic at A = 0. If T(0) = 0, then T(X) = XS(X) where S is
another polynomial. The value of the numerator at A = 0 is S(D)f(0). Thus 0 is
a pole unless S(D)f(0) = 0. Since DS(D)f = 0 this is equivalent to S(D)f = 0.

The generalization to higher dimensions is straightforward. Suppose that f is
an exponential polynomial function and for £ = 1,...,n there exists a polynomial
T} in one variable such that

Ty(D.,)f =0.
Then

(Te(De. (e f) )
M) == /ck Ti((N ex)) .

Using induction on n we obtain:

M B@e. e f] ©)
IeW)(f) = (- Trmen

This can be used to give the analytic continuation of I¢(A)(f). The singular hyper-
planes have the form A(ey) = 2z where 1 < k < n and zj, is a root of the polynomial
Tk. Thus if T (0) # 0 for 1 < k < n, then I¢(\)(f) is holomorphic at A = 0.

Note that if 0 is a root of Ty, then Ti(X) = XSi(X) where Si is another
polynomial. As in the one-variable case the hyperplane A(ex) = 0 is then singular
unless Sk(De,,)f = 0.

Although it is not needed in the sequel, we remark that with this approach, it is
easy to see that under appropriate assumptions the value of the integral will depend
holomorphically on a parameter if f does. To that end, consider the following
situation. Let A be a finitely generated subalgebra of S(V') (containing 1). Suppose
that S(V) is finitely generated as an A-module. Next suppose that & C C? is a
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connected open set and for each s € 2 we are given a character y; of A, that is, a
homomorphism Y, : A — C, depending holomorphically on s. This means that the
values of x, on a set of generators of A are holomorphic functions of s in Q. Next,
let fs(z) be a smooth function on V' x Q. We assume it is holomorphic in s and
satisfies
Dx fs(z) = xs(X) fs(z)

for all X € A. For each k with 1 < k < n, let By be the algebra generated by e
and A. Because A is Noetherian it is a finitely generated A-module. It follows that

there is a polynomial T}, € A[X], whose coefficient of the term of highest degree is
1, such that Ty (ex) = 0. The polynomial T} has the form:

T(X) =) a;X’
with a; € A. We set
Te(X;s) = sz(ai)Xi.
For each s € Q this is a polynomial with complex coefficients and
Ti(Deys s)fs = 0.

If ' is a relatively compact open subset of €2, one can use this system of differential
equations to obtain a majorization of fs on C, uniform for s € ', and show that
there is an open set U defined by inequalities of the form Re({},e;)) >> 0 such
that the integral Ic(\)(fs) converges uniformly on compact subsets of U x . To
the polynomial T;(X;s) we associate as before the polynomial Tj(X, );s). Then
the formula

D xvens 9)1.] 0)
I 7o\ ex)i )

gives the analytic continuation of the integral as a meromorphic function of (), s).
We have the following more precise result.

Ie(N)(fs) = (1)

Proposition 4. With the previous notations assume that there is a point sy € )
such that any character x of S(V') which extends xs, takes a non-zero value on the
vectors e. Then Ic(N)(fs) is holomorphic at (0, o).

Proof. Since S(V) is integral over A, every character of A extends (in finitely many
ways) to S(V) (by the going up theorem). Consider the set Ij of polynomials
P € A[X] such that P(ex) = 0. It is a (finitely generated) ideal. Let {T,} be a
set of generators of I. An extension x of xs, to By is determined by a complex
number z such that T, (z;s0) = 0 for all @ and then yx(ex) = z. Our assumption is
that such an extension does not take the value 0 on e;. Thus there must be at least
one index « such that T, (0; sg) # 0. Re-label such a polynomial Ty (X; s). We thus
have
Tk(Dek;S)fs =0

for all s and Tj(0, sg) # 0. Again, the formula
V) = (1) ([T T(Dey (A ea)i )£ (0)
A [T Zu(X ex):9)
does show that I¢(A)(fs) is holomorphic at (0, sg). |
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We remark that the coefficient aj of the term of highest degree of Ty need not
be 1. Moreover we may have xs,(ax) = 0.

After these preliminaries we define the regularized integral. Denote the charac-
teristic function of a set ) by 7. Suppose that C is the cone defined relative to a
basis {p;} of Vi as in (8) and let {e;} denote the dual basis. Let T € V. As before,
let

©) fla)= Y e p)

be an exponential polynomial. For A € V* such that A\; — A is negative with respect
toC forallt=1,...,r, set

~

(10) fxer ) = F@)r (e — T) e~ Oy
1%
- Z / Pi(z)m¢(x — T) e~ P22 4y
1<i<r 14
- Z NN L) (P (o + T)e o)
1<i<r

~

The integrals are absolutely convergent and, as we have seen, f(\;C,T) extends
a meromorphic function on V*. We will say that the function f(x)7¢(x — T) is

~

#-integrable if f(A;C,T) is regular at A = 0. In this case, we define the #-integral

#
/ fx)rC(x = T) da
1%

to be the value f(0;C,T). Otherwise, we say that the #-integral does not exist. By
Lemma 3, the #-integral exists if and only if each exponent )\; is non-degenerate
with respect to C.

Suppose that V' = W7 @ W is a decomposition of V' as a direct sum, and let C;
be a cone in W;. Write T' = T1 +T5 and write x = w; +wy relative to V- = W, © Ws.
If the exponents \; of f are non-degenerate with respect to C = Cy @ Ca, then the
function

#
Wy — ” flwy + ’wz)Tlc(u}l — Tl) dw,
1

is defined and is an exponential polynomial, and it follows by analytic continuation
that

#
/ fx)rC(x = T) da
1%

is equal to

# #
(11) / ( f(wl + w2)7'1€(w1 - Tl) dUJ1> TQC(’U)Q — Tg) dwg.

Wa Wi

Furthermore, we have

Lemma 5. Let f be as in (9). Then the function

#
— )76 (z — T
T /me (x—T)d

is an exponential polynomial with the same exponents as f.
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~

Proof. It is clear from (10) that f(\;C,T') is an exponential polynomial as a function

of T with the same exponents as f. Hence the same is true of its value at A = 0.
|

The domain of the #-integral can be extended in various ways. Without address-
ing this general question, we shall consider #-integrals of the following slightly more
general type of function which will be adequate for our later needs. Suppose that
V = W; @ Ws is a decomposition of V as a direct sum. Let g(z) be a compactly
supported function on W; and let Co C W5 be a cone in Wy. Writing T'= T3 + 15
and z = w; + wy as above, we consider functions of the form

(12) g(wy = T1) 75 (wy — Ty)

which, for convenience, we will call functions of type (C).
It is clear that the integral

ﬁ()\) = /V f(x) g(w1 — Tl) TQC(w2 _ T2) e—(A,m) dx

converges absolutely for an open set of A whose restriction to W5 is negative with
respect to Ca. Furthermore, F'(\) has a meromorphic continuation to V*. As before,
we say that f(z)g(x — T1)75 (2 — Ts) is #-integrable if F()) is regular at A = 0. If

~

so, we denote the value F'(0) by

#
(13) [ 1@ gt = T0) oS w2~ )
1%
Note that the function
Wo — f(w1 + wg)g(wl - Tl) dw1
Wi

is an exponential polynomial on W5 and (13) is equal to the iterated integral

(14) /# < e fwr 4+ w2)g(wy —T1) dw1> 75 (w2 — Tp) duws.

Wa

In the next lemma, for i = 1,...,7 let V = W;; & W;5 be a direct sum decomposition
and let C;2 be a cone in Wjs. Let g; be a compactly supported function on W;; and
set Gl(wl + w2) = gi(wl)TfQ(wg) for w; € le

Lemma 6. Let C and C* be cones in V. Assume that Cio,C C C* for all i. Assume
further that

¢(x) = ZaiGi(z)
i=1
for some constants a;. Let f be as in (9) and assume that each of the integrals
#
/ f(@)Gi(x—T) dx
v
exists fori=1,...,7. Then f(z) 7¢(x — T) is #-integrable and

/# f(z) 7%z = T) dz = Zai/# f(2)Gi(x —T) du.
v v
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Proof. In the open set of A such that A\; — A is negative with respect to C* for all
4, we have an equality of absolutely convergent integrals

/ f(x) 7€) e~ do = Zai/ f(@)Gi(z —T) e~ da.
\% 1%
The assertion now follows by analytic continuation. O

For future reference, we note the explicit formula

(AT)

# e
(15) /V A ) de = (1))

where, as above,

C: {Zajej:aj 20}

Jj=1

and v(ei, ..., e,) is the volume of the parallelepiped {3>°7_, aje; : 0 < a; < 1}. In

the case V = R we have
o) AT
/ Mt = —S—
T A

and hence for any cone C C R,

# #
(16) / e (11— 7% —T)) do = —/ e C (g — T da,
v v

since 1 — 7€ is the characteristic function of the cone —C.

III. AUTOMORPHIC FORMS AND TRUNCATION

Let G be a connected, reductive algebraic group over a number field F’ with adele
ring A. In this section, we fix some notation and recall some definitions and results
connected with Arthur’s truncation operators.

1. Roots, coroots, etc. Fix a minimal F-parabolic subgroup Py of G and a
Levi decomposition Py = MyNy. An F-parabolic subgroup P is called standard
if it contains Py. If P is standard, we write Mp for the unique Levi factor of P
containing My and Np for the unipotent radical of P. A Levi factor of the form
Mp will be called a standard Levi subgroup. Since we deal only with standard
subgroups, we shall usually drop the word standard and use the term parabolic
subgroup or Levi subgroup to denote a standard F-parabolic subgroup or standard
Levi subgroup.

We now recall some standard definitions and notations ([A1], [LR]). Let P be a
parabolic subgroup. We write Tp for the maximal split torus in the center of Mp,
and Tp for the maximal quotient split torus of Mp. We set

Ap = X, (Tp) @R = X, (Th) R,

where X, (T') is the lattice of 1-parametric subgroups in a torus (the two vector
spaces on the right are canonically isomorphic), and set

d(P) = dim2Ap.
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The two descriptions of 2A p show that if Q C P is a parabolic subgroup contained
in P, then there is a canonical injection 2p — QlQ and surjection QlQ — Ap. We
obtain canonical decomposition

T = AL .
In particular, Q~lg is a summand of §lp forall P. Set Ap = le/ﬁlg and ng = ng/glg
Then we have

A=A, & Ap.
In particular, p is canonically identified as a subspace of 2. Set Ay = Ap, and
Ay = AL, . Then we also have

A=A ©Ap
for all P. We write 2§, A%, etc. for the dual spaces (over R).

We now define the standard bases of the above spaces and their duals. Let A
and Ay be the subsets of simple roots and simple weights in 2§, respectively. We
write Ay for the basis of 2y dual to Ay, and Ay for the basis of 2y dual to Ay.
Thus, Ay is the set of coroots and Ay is the set of coweights.

For every P, let Ap C 2§ be the set of non-trivial restrictions of elements of

Ap to Ap. For each a € Ap, let oV be the projection of 3V to Ap, where 3 is the
root in Ay whose restriction to Ap is a. Set AY, = {a¥ : @ € Ap}. Then we may

also define their dual bases. Namely, we denote the dual basis of Ap by 3% and
the dual basis of AY, by Ap.

If Q@ C P, we write Ag to denote the subset of &« € Ag appearing in the action of
T4 in the unipotent radical of QN Mp. Then 2Ap is the subspace of QlQ annihilated
by Af. Let (Af)Y = {a¥ : @ € AJ}. We then define (AV)Q and AP to be the
bases dual to Ag and (Ag) , respectlvely

2. Inversion formulas. For convenience, we give an abstract formulation of some
inversion relations employed in Arthur’s work. Suppose that {Tg}, {%g} are sets of
constants indexed by pairs of parabolic subgroups P C @ satisfying the relations

Z ( )d(R) d(P) R P—5QP
QCRCP

for any P C Q.
This set of relations implies (and is equivalent to) the set of relations

S (C)UQAREL

QCRCP
Indeed,
Z (_1)d(Q)—d(R)7ng£
QCRCP
= Z ()= MB35 Ty
QCRCR/'CP
_ Z (—1) d(Q)—d(R)+d(S)—d(R') » R STé{ e

QCRCSCR/'CP

= Z (—1)HQ—d(R)+d(S)—d(R) 2 R S L

QCRCSCR/'CP
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For fixed S, the sum over R vanishes unless S = @ and the sum over R’ vanishes

unless S = P. Hence the sum vanishes unless Q = P, in which case it equals
~Q_ P _

0T =1
Given arbitrary sets of constants {ag} and {dg}, define
9 = Y ()Ancga

QCRCP
35 = Z (_1)d(Q)—d(S)a%$§'

QCSCP

The following lemma is easily verified.

Lemma 7. The following relations hold:
1. 0?5 = ZQCRCP(_l)d(R)_d(P)fgﬁg'
2. 045 = ZQCRCP(_l)d(Q)_d(R)ﬁgT};'
3. If the constants {ag} and {075} satisfy
Z (_1)d(Q)—d(R)dga§ = 5QP7
QCRCP
then
> (—)IIPIBERE = sqp.
QCRCP

3. The standard characteristic functions. We now extend the linear function-
als in Ag and Ag to elements of the dual space 2 by means of the canonical

projection from 2y to ng given by the decomposition g = AOQ &) Ag @ Ap. Let
7'5 be the characteristic function of the subset

{HeUy:{a,H) >0foralla € Ag}
and let %5 be the characteristic function of the subset

{HeUy: (w,H) >0 forall w e Ag}

We recall that ?5 > 7'5 . The following is a special case of Langlands’ combinatorial
lemma [A1].

Langlands’ Lemma. If Q C P are parabolic subgroups, then for all H € 20y we
have

Z (_1)d(R)—d(P)Tg(H) A}I;(H) =dop
QCRCP
and
Z (_1)d(Q)—d(R)7A—g(H)T£(H) =dop.
QCRCP

For any pair of parabolic subgroups P C @ we define functions Fg(H ,X) and
fg(H,X) for H, X € %y by the formulas

ToH,X) = > (-0~ BmH)# (H - X),
QCRCP
THH,X) = Y (-)"Q~O8H - X)78 (H).

QCScCP
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These functions depend only on the projections of H and X onto ng. The function
I'¢ appears in [A3] and we follow [LR] in defining I'5, I'5 for general Q C P. By
Langlands’ Lemma and Lemma 7, we obtain the formulas:
(17) PHH=X)= Y ()RS (TR (H, X),

QCRCP

hH=X)= 3 () AREEH, Xk (),

QCRCP
and also
> (=)L (H, X)TE(H, X) = st
SCII;CT
S (~)ISO-UNPE(H X)TR(H, X) = dsr.
SCI};CT

Finally, the following relation follows from the definitions:
LGUH, X) = ()" D= 1Org(H - X, -X),
and therefore
(18) TH(H—X)= Y THH—X,—X)rf (H).
QCRCP

4. Automorphic forms. We shall often write G for G(F), P for P(F), etc.,
when there is no risk of confusion. To define automorphic forms on G, let Z
be the center of the complexified universal enveloping algebra of G, and fix a
good maximal compact subgroup K C G(A). Then the Iwasawa decomposition
G(A)=Np(A)Mp(A)K holds. For any g € G(A), we will say that g = nmk is an
Iwasawa decomposition relative to P if n € Np(A), m € Mp(A), and k € K.

A function

p:G\GA) — C

is called an automorphic form if

1. ¢ is smooth and of moderate growth,

2. ¢ is right K-finite,

3. ¢ is Z-finite.
Let A(G) be the space of automorphic forms on G\G(A).

We also define the space Ap(G) for any parabolic subgroup P = M N. This is
the space of smooth, right K-finite functions

¢ : N(AYM\G(A) — C

such that for all & € K, the function m — ¢(mk) is an automorphic form on
M(A). For ¢ € Ap(G) and any parabolic subgroup @ C P, the constant term is
defined in the standard way:

vqlg) = / @(ng)dn.
N@\Nqg(A)

The map ¢ — ¢ sends Ap(G) to Ag(G).
For each parabolic subgroup P, we have the map

Hp : G(A) — Ap
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characterized by the following two conditions: (1) |x|(m) = eXHr(m) for all m €
M (A) and rational characters x € X*(Mp), and (2) Hp(nmk) = Hp(m) for all
n € N(A),m € M(A), and k € K. We write H(g) for Hp,(g). Then Hp(g) is the
projection of H(g) onto Ap. The kernel of the restriction of Hp to M(A) is denoted
M(A)L.

Set Fy = F ®g R. We have an isomorphism (F% )¢ ~ Tp(F,,) for some ¢. We
may embed R — F, via z — 1 ® x and thus view R% as a subgroup of F in
a canonical way. Let Ap for P # G and Ag denote the intersections of the image
of (R})! in Tp(Fs) with G(A)'and Z(A), respectively. The map Hp induces an
isomorphism of Ap onto Ap and we have M (A)=Ag x Ap x M(A)!. For X € 2p,
we write e for the unique element in Ap such that Hp(eX) = X, and for A € A%,
we write e* for the character p — eMHP(P)) of P(A).

As usual, we denote by pp € A} the unique element such that e2lpp, H(m)) —
| det Adn (m)| where Ady(m) is the adjoint action of m on Lie(N). For suitable
normalizations of Haar measure, we have

/ fxdx—/ / / / f(namk) =2 1@ dn da dm dk.
G(A)! N(A) JAp Jm(a)t

5. Truncation operators. We recall the definition of Arthur’s truncation opera-
tors. Let T € 2. Following [A2], we define the truncation of a smooth function ¢
on P\G(A) by the formula

ATPo(g) = > (1)~ N " op(6g)7k (H(S9) — T).

RCP SER\P

The sums over J are all finite by [A1], Lemma 5.1. Note that AT-Fp = AT-Ppp. For
@ invariant under G, Langlands’ Lemma immediatcly yields the inversion formula

=3 S AT elg)re(H(Sg) - T).

P §eP\G

From now on, T' € 2y will denote a sufficiently regular element in the sense
of [A2]. In this case, the function m —— ATPp(mk) is rapidly decreasing on
Mp\Mp(A)l for all £ € K.

IV. PERIODS RELATIVE TO QUADRATIC EXTENSIONS

In this section E/F' is a quadratic extension of number fields. We write A for the
adeles of F' and A g for the adeles of E. Let H be a split, connected reductive group
over I and let G = H,p. Then H(F) is a subgroup of G(E). Let Kr and Kg
denote fixed good maximal compact subgroups of H(A) and G(Ag), respectively.
If P= MN is a parabolic subgroup of H, then

H(A)' = N(A)ApM(A)'Kp,

and a Haar measure on H (A is given by the integral

/ / / / f(namk) —2er.H(@)) qn da dm dk.
N Jap Jma) JKp

There is a bijection between the set of parabolic subgroups of H and G. If P is
a parabolic subgroup of H (standard and defined over F'), then the corresponding
parabolic subgroup of G (also standard and defined over F) is denoted Pg and is
characterized by Pg(E) = P(E). Note that Hg = G. We identify 2p and 2p, and
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their dual spaces. In this identification the roots of H correspond to the roots of G

and hence pp = pp,. Similarly, the standard characteristic functions do not depend

on whether they are defined relative to H or G, i.e., 75 = ng,%é;:%gg , etc. We

have
Hpy(a) = 2Hp(a)

for a € H(A). We also write Hg, for the height function on G.
For ¢ € A(G), we write

vp(g) = / p(ng)dn
N(E)\N(Ag)

for the constant term of ¢ relative to the parabolic subgroup Pg in G. We also fix
Siegel domains for G and for the parabolic subgroups Pg of G. Thus we choose a
compact subset © C No(Ag)Mo(Ag)! and Ty € Ao such that (o, Tp) << 0 for all
a € Ay, and we let SP2 be the set of elements pak where p € ©, k € Kg, and
a € Ap, satisfies

(o, Hp(a)) > (o, Tp) forall o€ Af.

We write S for S¢. Let S¥ be the Siegel domain for H consisting of elements pak
such that p € © N H(A), k € Kr , and a € Ap,. By a basic result of reduction
theory, we may (and shall) choose © and T} such that G(Ag) = Pg(E)S2. We
may also assume that H(A) = H(F)SY.

6. Mixed truncation. For T € 2y, we define the mized truncation of ¢ by the
formula

ARPo(h) =3 (—1) M4 N o (5h)#h (He(0h) — T).
RCP SER\P

This is halfway between truncation on G (since we use constant terms relative to
G) and truncation on H (since the sums only involve § lying in H). We write AL
for ALH . Thus,

Amp(h) = Y (=) 7AD" g, (5h)7r(HE(0h) = T).
RCH dER\H
The following inversion formula holds, as before, for all h € H(A) :
(19) o)=Y > ALT(0h) mp(Hp(0h) = T).
PCH §eP\H
Proposition 8. Assume that T is sufficiently reqular. Then for fixed h, the func-
tion m — ALFo(mh) is rapidly decreasing on M\ M (A)!.

Proof. We need only check that each step of the argument in [A2], Section 1, applies.
It suffices to treat the case M = H. If P; C P, are parabolic subgroups, set

pra(h) = Y (—1)* M Dgp, (n).
Py Cchg

As in [A2],

Loy = 30 ST Fh(oh, 5T)o(Hi(h) — T)éus(oh)

P CP; e P,\H
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(the definitions of the characteristic functions F'' and o? are in [Al]; F}; denotes
that F'! is taken with respect to H). The argument of [A2], pp. 96-97, applied to
the group H yields the bound

1
> Fh(oh, 5T)o}(Hp(0h) —T) < Cy|hf|™
e P \H
for all h € H(A), for some constants C7, N1 > 0. On the other hand, the argument

of [A2], pp. 92-96, for the group G shows that for any N > 0 there exists C > 0
such that

|$12(3g)| < Cllgll™
for all § € G(E) and g € G(A)! with FA(6g,T)o?(Hg(6g) — T) = 1. However, it
is clear from the definition that if F};(6h, 3T) = 1, then F&(6h,T) = 1. It follows
that ALH p(h) is rapidly decreasing on H(A)!. O

7. The period of an automorphic form. We now define the regularized pe-
riod of an automorphic form. The first step is to define a certain integral over
P\H(A)! where P is a parabolic subgroup of H. Let 7,(X) be a function of type
(C) (as defined in Section II) on Ap that depends continuously on k € Kg, i.e., we
assume that there is a decomposition Ap = W7 @ Wy such that 75 has the form

gr(wi — T1) 7e,, (we — T5)

where the compactly supported function gy varies continuously in the L!'-norm and
linear inequalities defining the cone Cyi vary continuously. Let f be a function on
Pr(E)Ng(Ag)\G(Ag) of the form

k
(20) f(namk) =3 6;(m, K)oy (Hp, (a), k)e®tore He(0)
j=1
forn € N(A), a € Ap, m € M(A)! and k € Kg, where for all j,

(a) Aj € A} and (X, k) is a continuous family of polynomials on 2p such that
for all k € Kp, a;(X, k)ePi X7 (X) is #-integrable;
(b) ¢;j(m, k) is absolutely integrable on M\M (A)! x K.

In this case, we define the #-integral

#
(o1) [ ) nu(tn () an
P\H(A)!
by
: #
Z/K </M\M(A)1 ¢j(mk) dm) (/91 a;(2X, k)e<>\j,2X>7—k(2X)dX> dk.
j=1"Kr -

Recall that Hp, (a) = 2Hp(a) for a € Ap and therefore, with our definition of the
exponents A;, no shift by pp appears in the #-integral over 2Ap.

We write Ep(f) for the set of distinct exponents {A;} occurring in (20). This set
is uniquely determined by f, but the functions o; and ¢; are not. However, if we
denote by eX the element in Ap such that Hp(e®X) = X, then the function

X — f(eXmk) dm
MA\M (A)*
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is an exponential polynomial on 2p and (21) is equal to

#
/ / / f(eXmk) dm | e=XerX)m (2X)dX dk.
Kr J2%p M\ M (A)L

This shows, in particular, that (21) is independent of the decomposition (20). If
each of the exponents \; are negative with respect to Coy, for all £ € K, then the
ordinary integral

/ F(h) 7(Hpy (b)) dh
P\H(A)!

is absolutely convergent and its value coincides with the #-integral by Lemma 2.
We fix a sufficiently regular element T € Ql(‘f . Then the above construction

applies to AL:"U(g) and the characteristic function 7p(Hg(g) — T) where ¥ €

Ap, (G). According to [MW], 1.3.2, ¥ has a decomposition of the type (20). Namely,

(22) U(namk) = Z Q;j(Hpg(a));(amk)

forn € N(Ag),a € Ap,, m € M(Ag)* and k € Kg, where the Q; are polynomials
and ¥; € Ap, (G) satisfies

j(ag) = eorerHe@ly, (g)
for some exponent \; € 2} for all a € Ap,. By Proposition 8, the functions
m — AL:FPep;(mk) are rapidly decreasing and hence absolutely integrable over
M\M (A)! x Kp. Since 7p is the characteristic function of the cone spanned by the
coweights AY, we see that

#
/ ATPU(h) 7p(Hpy (h) — T) dh
P\H(A)!

exists if and only if
(23) (Aj, @) #0 forall @’ eAY and \; € Ep(T).

The same is true for AT-PU(h)rp(Hp, (hz) — T) for fixed z € H(A). Indeed, for
h € H(A), let K(h) € Kr be any element such that hK (h)~! € Py(A). Then

Hp, (hx) = Hp, (h) + Hpy, (K(h)x)

and hence 7p(X — T + Hp, (K (h)x)) is the characteristic function of a cone de-
pending continuously on h. We set

#
T (@) = / ATPU(h) 7p(Hp, (h) — T) dh.
P\H(A)!
For any automorphic form ¢ € A(G), we write Ep(p) for the set of exponents
Ep(pp). Set
AG) ={p e AG): (\,w") #0for all w¥ € A}, X € Ep(p), P # H}.

If ¢ € A(G)*, then Hg’T((p p) exists for all P, and we can define the regularized
period

/ p(h)dh =Y 1127 (¢p).
H\H(A)! PCH



PERIODS OF AUTOMORPHIC FORMS 193

We also denote this integral by II1¢/H (¢). The name and notations are justified by
Theorem 9 below.

Let Agys be the finite adeles of Ag. For z € G(Agy), let p(x) denote right trans-
lation by x : p(z)p(g) = ¢(gx). The space A(G) is stable under right translation by
G(Ay). Furthermore, p(x)y has the same set of exponents as ¢. Indeed, for k € Kg,
write the Iwasawa decomposition of kz as kx = n’a’m/ K (kz) and write ¢p,, in the
form (22):

QDPE namk ZQ] HPE )\ +pPE7HE(a)>Q/] (mk)
Since amkx = n”aa’'mm K(ka:) for some n” € Ng(Ag), pp,(namkz) is equal to
ZQJ (Hp,(a) + Hp,(a")) e<)‘j+PPE,HE(a)+HE(al)>wj(mm/K(kx))

and this shows that Ep(p(x)¢) = Ep(p) as claimed. It follows that the space A(G)*
is invariant under right translation by G(Agy).

Theorem 9. (i) TS/ defines an H(Af)'-invariant linear functional on A(G)*.
(i) TS/H s independent of the choice of T.
(iii) If ¢ € A(G) is integrable over H\H(A)', then ¢ € A(G)* and

T/ H () = / o(h)dh.
H\H(A)!

Proof. We first observe that for f defined by (20), we have
# #

(24) [ tne)dg= [ g dn
P\H(A)! P\H(A)!

for all z € H(Af)'. To verify this, set f.(g) = e Hre@)f(g) for p € A%, If
(Rep,w") << 0 for all @¥ € A}, then

/ fu(hz)m(hx) dh :/ Ju(h)Ti(h) dh,
P\H(A)! P\H(A)!

by the invariance of Haar measure, since both sides are absolutely convergent. Both
sides have a meromorphic continuation whose value at p = 0 gives (24).
Now fix € H(Af)! and set

Fp(g) = (AL pla™ ")) (g).
Then

#
/ (AT p(e™ 1)) (h)p (Hpy () — T) dh
P\H(A)!

#
_ / Fp(h) 7p(Hp, (ha) — T) dh
PH(A)!

by (24), and hence we must show that

(25) / o(h) dh = Z / h) 7p(Hp, (ha) — T) dh.
W) \H(A)l



194 HERVE JACQUET, EREZ LAPID, AND JONATHAN ROGAWSKI

Let us re-write Fp using the functions l"g of §3. As before, for h € H(A), we let
K(h) € K be any element such that hK (h)~! € Py(A). We claim that

I Y M e

Indeed, by definition,

Fp(h) =Y (=)0~ N wp, (5h)7f (He(6ha) — T)
wEp SER\P
and
Hp(5ha) — T = Hp(6h) — T + Hp(K (5h)z).

Using (17), we may write Fp(h) as the double sum over all R C S C P and 6 € R\P
of
(—1) =S g, (5h)7R (Hp (0h) = T)TE (Hsy (5h) — T, —Hs (K (6h)x)).

This equals the sum over S C P and n € S\P of

D (IS N on, (Snh) 7R (HE(6nh) — T)

RCS dER\S
xT§ (Hsy (nh) — T, —Hsy, (K (nh)x))

and (26) follows.
This gives

#
/ Fp(h) TP(HPE(hCL') —T) dh
P\H(A)!

T,S _ .
/p\my Z neg\pA p5 ()T (Hs, (nh) — T, —Hs,, (K (nh)2))

(27) XTP(HPE (hx) — T) dh

and our next step is to show that the sum over S can be taken outside of the integral.
Recall that the functions I'f (Z, W) depend only on the projections of Z and W onto
AL, According to [A3], Lemma 2.1, for W belonging to a fixed compact subset of
AL, there exists a compact subset Y C L such that the function Z — I'f(Z, W)
is the characteristic function of a compact set in ng contained in ). In particular,
the function

is supported inside a subset of elements h for which the projection of Hg, (h) onto
2L lies in a compact set depending only on z. Therefore

> ASps, ()TE (Hsy (nh) — T, —Hs,, (K (nh)z))
neS\P

is integrable over M (F)\M (A)!. Now let h = neXmk be an Iwasawa decomposition
of h relative to P with X € 2p. There exist polynomials @; on 2p, automorphic
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forms 1; € Ap(G), and exponents A; in the Ep(¢) such that for all S C P,
(28) AT pss(h) =) Qi(2X)eNtPr 2N Sy, (mk).
J
Since I'§ (Z, W) depend only on the projections of Z and W onto 2¢,, we may write
(27) as the integral over k € K and sum over j of

#
/ / S S Q@X)eM AT (k)
Ap J M\ M(A)!

S _nesS\P
p 1€\

xTE(Hs, (nm) — T, —Hs, (K (nmk)z))dm7p(2X + Hg(kz) — T)dX

#
Q;(2X)e2X)rp(2X + Hp(kx) — T)dX
X ALy 54 (nmk)TE (Hs s (nm) — T, — Hs,, (K (mk)z))dm

and since each term in the sum over S is separately integrable over M\ M (A)!, we
may take the sum over S outside the integral as claimed.
We now claim that

(29)
#
/P e > ATSgs, (ph)TE (Hs,, (nh) — T, —Hs,, (K (nh)x))rp (Hg (ha) — T) dh
neS\P

is equal to

(30) /# A", (WTE (Hs, (h) — T, —Hg, (K(h)x))rp(Hp(ha) — T) dh.
S\H(A)!

Indeed, (29) is equal to the integral over k € K and sum over j of

#
Q;(2X)eN2X)rp(2X + Hp(kx) — T)dX
Ap

x / ST AT, (k) TS (Hsy (nm) — T, — s,y (K (qmk))ydim
@ S

which can be written

#
Q;(2X)e X 1p(2X 4 Hg(kx) — T)dX
Ap

x / AT, (mk)TE (Hs, (m) — T, — Hi, (K (mk)a))dm
Sam\M(A)L

where Sy = SN M. Expressing the integral over Mg\M (A)! using the Iwasawa
decomposition m = n’eX m’k of M(A)! relative to Sy, gives

#
Q;(2X)e ) rp(2X + Hg(kx) — T)dX / / /
Ap Kn Q[P Mg\ Ms(A)!

w28 X)NTS gy (X /K )T E (2X" — T, —Hg,, (K k) dm'dX'dk’

where Ky = Kr N M(A)L. Since we are integrating over Kr, we may drop the
integral over K. However, each function AZ:%1,;(eX m’k) has a decomposition
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analogous to (28) with respect to S and therefore, for fixed k, the function

(m', X') — Z ATS i (X m'k)TE (2X' — T, —Hg, (kz)) dm/
J

is a sum of terms, each of which is the product of a function of m’ which is
absolutely integrable over Mg\Mg(A)! and a function of X’ which itself is
equal to an exponential polynomial times the compactly supported function
I'E(2X' — T,—Hg,(kx)). According to (14), we may combine the integrals over
AL and Ap to a #-integral over Ag, and we find that (29) is equal to the integral
over k € Kp and m’ € Mg\Mg(A)" of

#
/ e 2P XN S oo (eXm'E)TE(2X — T, —Hg, (kx)) 7p(2X + Hp(kz) — T)dX,
As

and this is equal to (30).
Summing (30) over all S and P such that S C P, we see that

#
> / Fp(h) dh
7 JP\H(A)!

is equal to the sum over parabolic subgroups S of
(31)

#
> / A5 s (WIS (Hs g (h) = T, —Hsy (K (h)2))mp (Hp (ha) — T)dh
T JS\H(A)!
P>S
and (25) will follow if we prove that (31) is equal to
#
/ A5 ¢g, (h)rs(Hg(h) — T)dh.
S\H(A)!
The relation (18):
(Y = X)= > TEY - X, -X)7p(Y)
P>S
applied to Y = Hg,, (hx) — T and X = Hg,, (hx) — Hg,(h) = Hg, (K (h)x) gives

E Fg(HSE(h) —T,—Hg, (K(h)x)) tp(Hg(hx) = T) = 15(Hg(h) = T).
P
PDS

Thus we need to show that the summation over P in (31) can be taken inside the
#-integral.

Let h = neXmk with X € g be the Iwasawa decomposition of h € H(A)
relative to S. Then

T§(Hs, (h) = T, —Hs, (K (h)x)) 7p(Hp(hz) = T)
is equal to
(32) I'L(2X — T, —Hs,(kx)) 7p(2X + Hg(kz) — T).

Since the subset {Hg, (kz) : k € H(A)} of g is compact, Lemma 2.1 of [A3] cited
above implies that the function Z — T'L(Z, —Hg, (kx)) is supported in a fixed
compact set independent of k. The cone defining 7p is the positive Weyl chamber
in Ap which is contained in the positive Weyl chamber of 2g. Thus, we may apply
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Lemma 6 to take the sum over P inside the integral. This completes the proof of
(i).

The proof of (ii) is nearly identical. Suppose that T € 2 is regular. We have

(33) AT Poh) = D > ALRe(Sh)TG(Hr(6h) — T,T').

Q seQ\P
QCP

Indeed, using the formula

FRHGR) T =T = Y (=)@~ 22(Hg(h) — T)LG(Hg(5h) — T,T"),

Q
RCQCP
we have
ATHT' Py = Z (—1)4R)—d(P) Z ORr (6W)TH (Hp(6h) —T —T")
SER\P
- 5 CUMTA 5 g 311 Ha(250) ~ TG 00) 1,
éeQ\P YER\Q

Z Z ALCO(ShTE (HE (6h) — T, T").

Q seQ\P

QCP
Therefore

# /
Z / ALFTPo(h)rp(Hp(h) — T — T') dh
P\H(A)*

- Z / S > ALCe(SMITG(He(5h) — T, T )rp(Hg(h) — T —T') dh
PAH(&)! o2 p0eQ\P

Z / ALCo(WTG(HE(h) — T, T ) rp(Hg(h) = T —T') dh

Q\H(A)!
QCP
#
=X [ ATl Y TR — T T (Hp(h) ~ T~ T) di
Q\H(a)! P
PDQ

where the second equality is justified in the same way as the equality of (29) and

(30) and the third equality is justified as in the discussion of (31) above. The
relation

Z TG(He(g) = T, T)rp(Hp(g) =T —T') = 19(Hp(9) = T)
P
P5Q

follows from (18), and we obtain

# *
Z/ ALRo(g)q(H(g) —T) dg =/ v(g) dg
Q\H(A)! H\H(A)

as required.
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We now prove (iii). By (19), it will suffice to check that if ¢ € A(G)* is
integrable over H\H(A)!, then the integral

(34) / AT o, (h)rp (Hi(h) — T)dh
P\H(A)!

converges absolutely and is equal to Hg’T(tp p). Expand ¢p, as in (22). As shown

n [MW], top of p. 50, for all j, there exists a parabolic subgroup @ C P and a
cuspldal exponent u of ©g, such that ); is equal to the restriction of u to Ap
relative to the decomposmon

Ao =A,H ® Ap.

According to Lemma 1.4.11 of [MW], p. 75, if ¢ is square-integrable on G\G(A)",
then the exponent p can be written in the form ZaeAP Toa with 2, < 0. A
nearly identical argument shows that this remains true if ¢ is assumed to be in-
tegrable over H\H(A)'. This says that p is negative with respect to the cone
{X € AUAp : 7p(X) = 1}. Therefore the integral Hg’T((p p) is absolutely convergent
and coincides with the ordinary integral over P(F)\H (A) as required. O

8. Period of a truncated automorphic form. Let P = M N be a parabolic
subgroup and ¢ € Ap,(G). We may generalize the construction of the previous
section to define the regularized integral

(35) / " o(h) H(Heg(h) — T)dh
P\H(A)

where 7 is a function of type (C) on 2%p. Suppose that
w(namk) Z Q;(Hg(a))Y;(amk)

as in (22) where @); and v; are as above. Then we set (35) equal to

#
Z/ Me/M (g (- k))dk Q;(2X)e X r(2X — T) dX
Kr Ap

/KF /mp </M\M(A)1 plemh) dm) HerX)r(2X — T)dX dk.

For 7 = 7p this is well-defined provided that the following two conditions are
satisfied:

(1%) (u, ") # 0 forall Q C P, @w" € (A)5, 1€ Eq(y).

(2%) (\,aY) #0for all &« € Ap, and X € Ep(p).

Let A(G)** be the space of ¢ € A(G) such that ¢p, satisfies (1*) (and then also
(2%)) for all P.

or

Theorem 10. For ¢ € A(G)**

AL o(h)dh
/H o M)
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is equal to

S (~1)dP-a©) / o (h) #p(Hp(h) — T)dh.

PCH P\H(A)!

Proof. By induction on the rank, we may assume that the theorem holds for pairs
(Mg, M) where M is the Levi subgroup of a proper parabolic subgroup P of H.
We will show below that this induction hypothesis implies that

#
(36) / AT op, (hyrp(Hi(h) — T)
P\H(A)!
is equal to
(37) 3 (~1yd-ar) / orp (WFE (Hp(h) — T)rp(Hp(h) — T)dh.
RRP R(F)\H(A)!
C

Assuming this, we may sum over P to write

(38) / ©(h) dh — ATp(h) dh
H(F)\H(A)! H(F)\H(A)!
as
(39) 3 (~1ydt0-dr) / o (W)FE (Hp(h) — T)rp(Hp(h) — T)dh,
PAG R(F)\H(A)!
PDOR

For R # H, Langlands’ Combinatorial Lemma gives
S ()R L (H g (h) — Tyrp (Hi(h) — T)
Rcf;;éH
= — (=)= 2g (Hp(h) = T)

and so the theorem will follow if we check that the summation can be taken inside
the integral in (39).
Consider the three cones

Ch = {XeUp:p(X)=1},
Cp = {XEQ[p:Tp(X)Zl},
Ch = {Xeah:#F(x)=1}.

The product Cp x CA’}; is contained in CAR. Indeed, CAR is the positive span of the
coroots {aV : a € Ag}, Cp is the positive span of the coweights in A} and 6}; is
the positive span of the coroots {a : @ € AL}, so the assertion follows from the
fact that all coweights in A} are non-negative linear combinations of coroots in
AY. Now let A € Er(y) and for P containing R, write A = AL + Ap relative to the
decomposition Ap = AL @ Ap. By our hypothesis, (A\p,w") # 0 for all w"¥ € AY,
and hence Ap is non-degenerate with respect to Cp. Similarly, </\§, av> # 0 for all
a € AL and hence AL is non-degenerate with respect to CL. Since Cp x CE C Cp
for all P, we may apply Lemma 6 to conclude that for any polynomial Q(X),

#
—(—=1)d=d(S) Q(X)eMNX)7p(2X —T) dX
AR
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is equal to

> (A Q( )eN 2L OX — T)rp(2X — T) dX.
P R
RCP#G
It follows that (39) is equal to
- 3 -y | ors(9)7n(H(g) ~ T)dg
RAG R(F)\G(A)!

and this gives the equality of the theorem.
We now prove the equality of (36) and (37). Write the constant term pp, as a
sum

(40) ppg (namk) Z Q;(Hg(a))Y;(amk)

forn € N(Ag),a € Ap,, m € M(Ag)' and k € Kg, where the Q; are polynomials
and ¢; € Ap,(G) satisfies

¥j(ag) = ePiterHe@y (g)

for some exponent \; € A}, for all a € Ap,. Then (36) is equal to

#
ATMoy, (mk)dm dk (2X)eNi2X) rn(2X — TYdX
Z; (/KF /M\M(A)1 o i (mk)dm ) < u, Qj(2X)e 7p( ) )

where AL:M denotes the mixed truncation with respect to M. Using our induction
hypothesis, we may write (36) as the sum over j and R C P of (—1)¥F)—=d(P) times

) j mk)rh m) — m
(41) </KF /RM<F>\M<A>1(¢])(MR)E( e () = dk)

times

#
< Q;(2X)e 2 rp(2X — T)dX)
Ap

where Ry; = RN M. Choose a decomposition of type (40) for the constant term
(%) Ras

(V) (Rur) , (namk) ZPN Hg(a));e(amk)

forn € (NkNM)(Ag),a € ARNM(Ag)', m € Mr(Ag)', k € Kg, where the ¢,
satisfy

b elag) = e PR IE Dy (g)

for some exponents \;j ¢ € (AL)*. Then we may write (41) as a sum over ¢ of

/ / ;. 0(mk)dm dk/ P;(2X)ePie2X0 2P (90X — T)dX.
Kp J Mp(F)\Mgr(A)*
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By (11), we may combine the #-integrals over ng and 2Ap into a single #-integral
over A and we see that

/ / () (atry , (mE)FE (His(m) — T)dm dk
Kr J Ry (F)\M(A)Y

#
X < Q,;(2X)e2X)rp(2X — T)dX)
Ap

is equal to the sum over £ of

/ / ¥ e(mk) dm dk
Kp JMgr(F)\Mg(A)"
#
X / P o(2X)Q;(2X)elrae2X0 2P (20X — TYrp(2X — T) dX
Ar
where pj 0 = A; + Aj ¢, and this equals
/ Q;(Hps (9)) () ras (9) 78 (HE(9) — T)7e(Hp(g) — T)dy.
R(F)\H(A)!
Summing over j gives
/ vr(9)7s (He(g) — T)rp(Hp(g) — T)dg.

R(F)\H(A)*!

This shows that (36) is equal to

> (—1)d =) / vr(9)7E (He(g) — T)rp(He(g) — T)dg,
RCP R(F)\H(A)!
as required. O

Corollary 11. For all ¢ € A(G)**, the period integral

/ AT o(h) dh
H(F)\H(A)!

is an exponential polynomial function of the truncation parameter T whose expo-
nents are contained in those of .

Proof. According to the definition of
[ ere) tets() ~ T)n
P\H(A)!

the only dependence on T is through #-integrals of the form

#
Q;(2X)e 2 X 7p(2X —T) dX.
Ap

The assertion now follows from Lemma 5. O

In fact, one can prove the corollary, without any restrictions on ¢ by using the
relation (33).
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9. Eisenstein series. Our next goal is to verify that Theorem 10 applies to cus-
pidal Eisenstein series. To that end, we fix some notation and definitions that will
be used in the rest of the article. We work with a reductive group G over a field F.

Let P = MN be a proper parabolic subgroup and let ¢ be an automorphic
subrepresentation of L2(M\M (A)'). Let Ap(G), be the subspace of functions ¢ €
Ap(G) such that ¢ is left-invariant under Ap and for all k£ € K, the function m —
©(mk) belongs to the space of 0. For ¢ € Ap(G), and A € A% we write E(g, ¢, A)
for the Eisenstein series which is given, in its domain of absolute convergence, by
the infinite series

E(g,0,A) = Z o(vg) eAtrrHr(9)
yEP\G

Let Ng(ry(Ao) be the normalizer of A in G(F') and let

Q = Ner)(Ao)/Cary(Ao)

be the Weyl group of G. Recall that a parabolic subgroup @ is said to be associate
to P if Mg is conjugate to Mp under Q. If @) is associate to P, let Q(P,Q) be
the set of maps Ap — Ag obtained by restriction of elements w € {2 such that
prw_l = MQ.

Suppose that @ is associate to P and let w be an element of Q(P,Q) with
representative w in Ng(p)(Ao). We define the standard intertwining operator

M(w, /\)90(9) _ e—(wA—Q—pQ,HQ(g)) / (p(,&v]—1ng)e<)\+pp,Hp(7Iﬁ1ng)> dn
Nuw (A)\Ngq(A)
where N, = Ng N wNw~!. The operator M (w,\) depends on w but not on the
choice of representative w.
Assume that o is cuspidal. Then the constant term Eg(g, ¢, \) relative to a
parabolic subgroup @ has a simple expression. If () does not contain an associate
of P, then Eq(g, ¢, A) is identically zero. If @ is associate to P, then

EQ(ga(pv)\) = Z M(w,A)(p(g)e<w)‘+pQ7HQ(g)>'
weN(P,Q)

On the other hand, if Q) properly contains an associate of P, then [A2]

(42) Eq(g,0.0) =) > E®(g, M (w, \)p, wA)
Q weQ(P,Q")
w™ta>0 for aGAg,

where the sum is over the standard parabolic subgroups Q' C @ associate to P and
E®(g,1,\) denotes an Eisenstein series induced from Mg, to Mg :

EQg N = 3 i(rg) ePtrantla9),
1€QN\Q

We now return to the situation where G = H,p where E/F is quadratic as
above. Consider a cuspidal Eisenstein series E(g, ¢, A) on G. We shall check that
E(g,¢,A) belongs to A(G)** for generic values of the parameter A. For each Q
containing an associate of P, let @ be the open set where E% and the intertwining
operators are regular. This is a complement of hyperplanes. In O, the exponents
of the Eisenstein series along a parabolic subgroup @ are the restrictions to g of
the linear forms wA with P’ associate to P and contained in @ and w € Q(P, P')
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with w_lAg, > 0. Thus for A € O the Eisenstein series belongs to A(G)** if for
every such @ and such w, and all @ € (Av)g with Q C Q" we have

(w\, @) # 0.

If we denote this set of such A by Op, we see that the Eisenstein series E(g, p, \)
belongs to the space A(G)** for all A € Oy.

Proposition 12. Let E(g,p,\) be a cuspidal Fisenstein series. Then the period
integral of a cuspidal Eisenstein series TI¢/H (E(p,\)) is a meromorphic function
of \ with hyperplane singularities. It is holomorphic on Q.

Proof. Assume that E(p, \) is induced from P = MgNg. It will suffice to check
the claim for each of the integrals

| ATCEQ(h ) ma(HTe(n) ~ T) di.
Q\H(A)*!
By (42), each of these integrals is a sum of terms of the form
| AROEA M N wN) To(Ha(h) - T) dh
Q\H(A)*!

which itself can be written as a product of

#

/ eWA2X) 10 (2X — T)dX
2Aq

and

(43) ATQER (mk, M(w, \)p, \) dm dk.

/KFXMQ\MQ(A)1

The first factor depends only on the projection (wA)g of wA to Ag. It can be
evaluated explicitly and is clearly meromorphic and holomorphic in Oy. The second
factor depends only on the projection (w)\)é2 of w to Ql(? . The integrand is defined
and varies analytically in Oy. According to [MW], Lemma 1.2.16, the rate of rapid
decrease of Arthur’s truncation AT is majorized in terms of the rate of slow
increase of finitely many derivatives of 1) and hence in terms of the exponents of
finitely many derivatives of 1. The proof applies with little change to the mixed
truncation and thus, similarly, the rate of rapid decrease of AT:@ is similarly
majorized in terms of the exponents of finitely many derivatives of . In our case,
these exponents vary analytically and we may therefore conclude that the integral
(43) is uniformly convergent for A in a compact subset of Q. Hence (43) is analytic
in OO- O

Remark 1. Tt is not true in general that TI/H (E (¢, X)) is analytic whenever E(p, \)
is analytic. For example, the computations in §20 show that for the Eisenstein series
on GL(2) induced from the trivial character and ¢ = 1 we have I/ (E(¢, \)) =
Cr(A)/L(XA+ 1,wg/p) up to a volume factor. The regularized period thus has a
pole at A = 0. However E(¢,0) = 0 by the functional equation.
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V. INTEGRAL OF AN AUTOMORPHIC FORM

In this section, we describe how the considerations of the previous section can
be carried over to the case that H = G. We omit most of the proofs since they are
nearly identical, word for word, as those presented in the previous section.

Let P be a parabolic subgroup of G and let f € Ap(G). Then there exists a
finite set of distinct exponents Ep(f) = {A1, ..., \x} in A% such that

k
(44) f(namk) = Z i (mk)o; (H(a))ePstor-H@)
=

forn € N(A), a € Ap, m € M(A)! and k € K, where for all j, a;(X) is a
polynomial, and ¢;(g) is an automorphic form in Ap(G) such that ¢;(ag) = ¢;(g)
fora € Ap.

The function 7p is the characteristic function of the cone spanned by the co-
weights in AIVD It follows that if

(Xj —pp,@w’) #0
for all @ € A}, and A; € Ep(f), then the integrals

#
/ o (X)eNi=rr X rp (X — T)dX
Ap

are defined. Assuming this condition holds, we define the #-integral

#
/ AT £(g) 7p(H(g) — T)dg
P\G(A)?

by the formula

b *
TPy, . Nj—pp,X) .
;/K (/M\M(A)l AT 05(mk) dm) <~/2(p a;(X)e 7p(X T)dX) dk.

We also denote this expression by I5(f). It coincides with the ordinary integral if
ATP f(g) 7p(H(g) — T) is integrable over P\G(A)".
As before, for ¢ € A(G), we write Ep(¢) for Ep(pp). Let

AG) ={p e AG): (\— pp,@") #0 for all @¥ € A%, )\ € Ep(y), P # G}.
For ¢ € A(G)’, we define the regularized integral

/ 0(g)dg = > If(ep).
G\G(A)! PCG

We also denote this integral by I5(p). For z € G(Ay), let p(x) denote right
translation by x : p(x)p(g) = p(gz).

Theorem 13. (i) I} is independent of the choice of T.
(ii) The space A(G)' is invariant under right translation by G(As)' and 1}, defines
an invariant linear functional on A(G)'. Explicitly, 15 (p(x)¢) = 1 (¢) for all
HARS G(Af)
(iii) Ifp € A(G) is integrable over G\G(A)*, then v € A(G)" and IL(¢) coincides
with the ordinary integral of ¢ over G\G(A)".
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Proof. The proof is nearly identical to that of Theorem 9 and therefore we omit
it. However, we merely note a slight modification required for part (iii). As in
the prove of part (iii) of Theorem 9, it is necessary to check that if p € A(G) is
integrable over G\G(A)!, then the integral

(45) / AT o (g)rp(H(g) — T)dg
P\G(A)!

converges absolutely. Expand ¢p as in (44). As shown in [MW], top of p. 50, for

cusp

all j, there exists a parabolic subgroup @ C P and a cuspidal exponent 1 of ¢,
such that A; is equal to the restriction of i to 2p relative to the decomposition

A=A, ® Ap.

According to Lemma 1.4.11 of [MW], p. 75, if ¢ is square-integrable, the exponent
1 can be written in the from ZaeAQ roa with x, < 0. This time, we modify the
argument to show that if ¢ is integrable, then

p=pg= Y Tao

a€Aqg

with 2, < 0. The restriction of pg to 2p is pp and the set of non-zero restrictions
of elements in Ag to Ap coincides with Ap. It follows that

N—pp= Y ysB
BeEAP
with yg < 0 and hence
Q;(X)ePNi=PrXlrp (X — T)dX
Ap

converges absolutely. This is all that is required in order that the integral (45) be
absolutely convergent. O

10. Integral of a truncated automorphic form. We can now define a certain
regularized integral for automorphic functions f € Ap(G). Assume that f has a
decomposition as in (44) and define

(46) / C J@)elH(g) - T)dg
P\G(A)!

by

k % “
Z /K /M\M(A)l (bj(mk) dmdk (/Q[ aj(X)e_<pP’X>7A'P(X — T)dX) .
Jj=1 P

This is well-defined provided that the following two conditions are satisfied:
(1) (A= pg.@") #0forall Q C P, w" € (AV)E X\ € Eo(v).
(2) (A —pp,aY) #0forall a € Ap, and X € Ep(p).
Let A(G)” be the space of ¢ € A(G) such that (1) (and then also (2)) is satisfied
for any P. The following Theorem and Corollary follow by the same proofs as those
of Theorem 10 and its Corollary.
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Theorem 14. For all p € A(G)",

/ AT ¢(g) dg
GFN\G(A)

is equal to

*

3 (—1)UP-d@) / or(9)tp(H(g) — T)dg.

PCcG P(F)\G(A)!

Corollary 15. For all p € A(G)", the integral

/ AT¢(g) dg
GFNG(A)

is an exponential polynomial function of the truncation parameter T .
Again, the corollary can be proved directly and it applies to any ¢ € A(G).

11. Integral of a truncated Eisenstein series. Let E(g,p,\) be a cuspidal
Eisenstein series. As in the proof of Proposition 12, one shows that IL(E(g, ¢, \))
is defined for generic values of the parameter A and varies analytically in A.

Lemma 16 (Bernstein’s principle). Let P = MN be a proper parabolic subgroup
and let o be an irreducible cuspidal representation in L?(M(F)\M(A)'). Let
E(g,¢,A) be an Fisenstein series where p € Ap(G),. Then

IG(E(g,9,7) =0
for all X such that E(g,¢,\) and I, (E(g,¢,\)) are defined.

Proof. Suppose that E(g,p, A) and its regularized integral are defined at Ag. Then
there exists an open set O containing Ao such that IL(E(g, ¢, \)) is defined for all
A € O. The map ¢ — IL(E(g,¢,\)) therefore defines a G(Af)!-invariant func-
tional on Ind%(o ® e*) for A € O. Since there does not exist any such invariant
functional for generic values of A, the function I}(E(g,p,\)) must vanish identi-
cally. O

Corollary 17. Let P = M N be a parabolic subgroup and let (M, o) be a cuspidal
datum. Let E(g,p,\) be an Eisenstein series where ¢ € Ap(G),. Then

/ ATE(g,¢,)) dg
G(P)\G(A)!

s equal to zero if P is mot a minimal parabolic. If P is minimal, then it is equal to
elwA—p,T)

v M(w, N)p(mk)dm dk

wel Haer (WA — p,aV) /M\Ml(A)xK
where v = vol({d_ ca, a0 : 0 < aq < 1}).

Proof. For A € A} generic, the integral

/ ATE(g,,)) dg
G(F)\G(A)!

is equal to

*

3 (—1)U@-d(@) / Eo(g.0.)) 7o(H(g) - T)dg.
G QU\G(A)
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Since ¢ is cuspidal, Eg(g, p, A) vanishes identically unless () contains an associate
of P. As a function of m, Eg(namk,p, ) is a sum of Eisenstein series induced
from parabolic subgroups associate to P to Mg. Therefore, by the previous lemma
and its defining formula,

[ Falp) ralilg) - Thds
QUG (A)!

vanishes unless () is associate to P. If () is associate to P, then Eg is a sum of
cusp forms on Mg (A), and the integral of a cusp form over Mg (F)\Mg(A)! is zero
unless @ is minimal. In this case, @ = P and the only non-zero term is

(—1)dP)=d() / Ep(g.¢,)) 7p(H(g) — T)dg.
(F)O\G(A)!

This is equal to

P)dG)Z(/ (wA=pp H) 2 (F — T)dH)

weN

X </ M (w, A)p(mk)dm dk) .
M\M? (A)xK

The lemma follows from the formula

#
<(_1)d(P)—d(G)/ elwr—pp,H) ~ p(H —T) dH) :UH
Ap

e<w)‘_PP1T>

_ vy
acAp <w)\ pp, >

|

12. General inner product formula. The formula in Theorem 14 can be ex-
tended to a formula for the inner product

(47) / AT(g) ATg(g) dg
G(F)\G(A)*

where 9, p € A(G). Recall that AT is a self-adjoint projection [A2] and therefore

(47) is equal to
/ w(g) AT¢l(g) dg.
GU\G(A)!

Define a bilinear form on A(G) by

cwg) =3 / 6) AP op(g) 7p(H(g) — T) dg.
Poa/ P\G( A)l
The #-integral is defined, as before, as a sum of products of absolutely convergent
integrals over M (A)! x K and #-integrals over 2p. This reduces to the usual inner
product if either ¢ or v is cuspidal. In general, Bg (¢, ¢) is well defined if, for all
P, X € Ep(y), and pu € Ep(1h), we have (A4 p,w") # 0 for all @¥ € AY%. One
shows, as in Section IV that B¢ is invariant under G(Ay) and independent of T'.
We use B¢ to define a regularized inner product

(48) / * b(9) olg) #p(H(g) —T) dg

P(FNG(A)!
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for ¢, € Ap(G). Suppose that
p(namk) ZQ (Hp(a))eRNitrrHr(@) o (k)

and
Y(namk) ZR (Hp(a))elritreHe@)y, (mk)

in the usual notation. Then we set (48) equal to

#
( [ Bl wi(e Raio ”d’“)<m Qi(X)Rj(X)e“”“j’X)%P(X—T)dX>-

ThlS is well-defined provided that
(1") For all Q C P, N € Eq(p), and i’ € Eq(v), we have (N + p/,w") # 0 for all
Ve (AV)E.
(2") A+ p,a¥) #0 for all v € Ap.

Again, by arguments parallel to those in the proof of Theorem 10, we obtain the
following

Theorem 18. Let ¢, € A(G). Suppose that ¥p and ¢p satisfy condition (1)
(and then also (2')) for all P. Then the integral

/ * b (g)er(g)ip(H(g) — T)dg
P(F)\G(A)!

is well-defined for all P and

/ ATy(g) ATp(g) dg
GFN\G(A)

is equal to

*

S (—1)dP-a©) / br(g)er(g)ip(H(g) - T) dg.

e P(F)\G(A)!

This theorem may be regarded as a generalization of the Langlands inner prod-
uct formula. When applied to cuspidal Eisenstein series E(g, p, A) and E(g,%,\)
(induced from parabolics P and P’) we obtain the formula

(49) / ATE(g,%, NATE(g, ¢, 1) dg
G(F)\G(A)

= Y@@ [ Fole.v ) Eale.e el Hig) - Ty
Q

As noted before, the constant term Eg(g,,A) vanishes unless @) contains an as-
sociate of P’. On the other hand, if ) properly contains an associate of P or P,
then

/ Eq(g,1%, NEq(g, ¢, 1)7q(H(g) — T)dg =0
(F\G(A)!

by formula (42) and a variant of Bernstein’s principle, viz., non-existence of an
invariant pairing, either locally or globally, between Indg(o" ®e) and Indg/ (T'®e*)
for generic A\, i € Ap and any representations o’, 7’ of Mp/. Therefore (49) reduces
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to a sum over parabolic subgroups @) associate to P. Direct calculation of the -
integral using formula (42) for the constant terms Eg(g,,A) immediately yields
the Langlands inner product formula [A2], Lemma 4.2.

VI. REGULARIZED PERIODS OF A CUSPIDAL EISENSTEIN SERIES ON GL(n)

For the rest of the paper, H = GL(n)/p and G = GL(n),;g. Our goal in this

section is to evaluate
/ AT E(h, ¢, ) dh
H(F)\H(A)!

for the case of cuspidal Eisenstein series.

13. Weyl groups and double cosets. We take this opportunity to fix some
notation that will be used from now on. Let B = TU be the standard Borel
subgroup of upper-triangular matrices of H, T the diagonal subgroup, and U the
unipotent radical of B. We identify the Weyl groups Ny (T')/T and No(Tg)/TE of
H and G, respectively and set Q@ = Ny (T')/T = Ng(Tg)/Tr with length function
£. The group €2 is isomorphic to the symmetric group .S,, and is naturally identified
with the group of permutation matrices in H or G (matrices whose entries are 0 or
1, with a single 1 in each row and column). For any (standard) parabolic subgroup
P =MN of H, we let Qy = Ny (T)/T be the Weyl group of the (standard) Levi
factor M. In this case, M consists of block diagonal matrices with blocks of size
ni,...,n, for some partition n = ny + - -+ + n, and is thus isomorphic to a product
GL(ny) x -+ x GL(n;) .

Let Q(M) be the set of elements w € Q such that M’ = wMw™! is again a
standard Levi subgroup and w is of minimal length in the class w{2y,. This latter
condition is satisfied if and only if wA} = A} ", Explicitly, an element w € Q(M)
is represented by a unique permutation matrix that shuffles the diagonal blocks of
M without causing any internal change within each block. The permutation matrix
itself is built out of blocks of size n; x n; (not necessarily along the diagonal) which
are either the identity matrix or the zero matrix.

If M’ is another standard Levi subgroup, let

QM, M) ={we QM) : wMw™' =M}
We also set
OM ={weQ:wMw =M}
Then Q(M, M) is a subgroup of QM and we have
(50) OM = Q(M, M) x Q.
Let Qo ={€€Q:& =e} and let
Qo(M, M) ={w € QM, M) : w* = e}

be the set of involutions in Q(M, M).If £ € Qq(M, M), we denote the £1 eigenspaces
of £ in Ap and AL by (le)fjE and (Ql}‘g)gi, respectively. Let PEjE be the projections
onto (Ql})fi

Lemma 19. 1. In any double coset k of B(E)\G(E)/H(F) there exists a rep-
resentative 1 so that ni~* € Ng(Tg) and its image in Q0 depends only on
K.
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2. The map
(51) B(EN\G(E)/H(F) — Q

defined above is injective and its image is Qs.
3. Let € € Qq. There exists a constant C' such that

(52) (P, He(n) < C

for all @ € Ay and all n € G(E) such that nij~! represents & (i.e., nij~* €
{Tg).

Proof. Part 1 is proved in [S], §4 (for the split case, but the proof carries over
verbatim). Furthermore, [S] reduces part 2 to the following two statements, which
follow from Hilbert’s Theorem 90:

(a) Every ¢ € Qy can be represented by gg—* for some g € G(E).
(b) If £ € Qo, then the action of Z/(2) on Tk by the involution ¢t — &#£~1 has
trivial first cohomology.

To prove part 3, we observe that n = 77 and hence if 7 = ank, then

Hg(n) = Hp(§n) = $Hp() + He(En).
We have Hg (7)) = Hg(n) and thus Py Hp(n) = §Hp(én). The result follows from
the fact that (o, Hg(¢n)) is bounded for all w € A,. O

We now describe P(E)\G(E)/H(F) for general P. For any such double coset,
take a representative 7 so that 77~ * represents w € €s. Map w to its reduced repre-
sentative in Q3/\Q2/Qs. Denote by ¢p the resulting map from P(E)\G(E)/H(F)
to Qu\Q/Qn. We identify Qp/\Q/Qn with Y OQM — the set of left and right
Qar-reduced elements in Q. Let Q2! be the set of involutions in QM. This
corresponds to the double cosets in Q3,\Q/Qys which contain an involution. Alter-
natively, these are double cosets D which are self-inverse (i.e. D=1 = D). Indeed, if
¢ is the reduced representative in Q7w s, then €71 is the reduced representative
of QM’LU_lgM.

Proposition 20. tp is a bijection between P(E)\G(E)/H(F) and MQ3".

Proof. Choosing another 7 in the double coset changes 77~ to pnii~1p~! for some
p € P(E). Since P(E)\G(E)/P(E) «— Qn\Q/Q, tp is well defined. Moreover,
it is clear that the image of tp consists of the cosets of 3,\Q/Qs which contain an
involution. Suppose that PgH and Pg’'H have the same image under tp. Let £,&' €
Q5 be the image of BgH and Bg’'H respectively under 1. By assumption £ €
QnrEQ . We first prove that ¢ can be obtained from £ by successively performing
two kinds of operations: conjugation by an element of Q,; and multiplying by a
simple reflection inside M which commutes with the involution. We may suppose,
to begin with, that & € MQM. If ¢ # ¢, then ¢ is not reduced and there
exists a € AP so that £a < 0, that is, £(€s,) = £(&) — 1. If éa # —a, then
(€sa)la < 0 and hence £(s,€54) = £(€) — 2. If Ea = —a, then 15,8 = S¢q = Sa
and & = (€s4)sa. In any case, we can reduce the length of ¢ by the operations
described above. Next, we show that these operations can be realized by £ — p&p—!
for p € P(E). In other words, if 7! represents & € Qs and £” € €5 is obtained
by one of the operations above, then £’ can be represented by pnf—'p~!. This
is evident for the first operation. For the second one, suppose that s, commutes
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with ¢ with a € A}f. Then £o = +a and (possibly after interchanging ¢ and
€' = 5,€) we may assume that £ = a. We can also assume that 77! is actually
equal to the permutation matrix of £ and hence centralizes the rank 1 subgroup
M,, corresponding to the root . Choose 1, € M, C M so that nan_a_l represents
5q. Then non et = n~ "aTa ! represents &”. Thus, there exists ¢’ € Pg'H
such that tp(Bg"”H) = £. By the injectivity part of Lemma 19, BgH = Bg"H,
hence injectivity of ¢p. O

For any double coset in P(E)\G(E)/H(F) choose a representative 1 so that
ni ! is the permutation matrix £ € Q3!. Let G* = Resp,pH and similarly for
P*. Define F-subgroups of G* by

H, = Hnn 'P*,

P, = nHnp 'nPpP,
and set M, = M* NP, , N,, = N*NF,. We observe that
nHn ' ={xc G*: 7 =¢ tag}.

Hence the groups P, , M,, N, depend only on £ and we sometimes denote them
by Pg, Mg, Ne.

In general, P, need not equal M, N,. For example, consider the parabolic sub-
group

* %
P= * ok
0 0
of GL(3) and the involution ¢ = (23) € Q). Then
x BB
P,(F) = 0 a 0 |:xz€F"and a,f€E”
0 0 «

and M, (F) is the diagonal subgroup of P, (F'), but N,, = {e}. However, we do have
P, = My,N, if £ normalizes M. We now make the following definition.

Definition 1. A representative 7 as above is called P-admissible if ¢ =nf~! mod Tg

lies in QM. We also speak about an admissible double coset in P(E)\G(E)/H (F).

Lemma 21. Let n be a representative of a double coset in P(E)\G(E)/H(F) such
that &€ = ni~! represents an element in MO,
(1) In the case P = B, every n is B-admissible.
(2) If nis P-admissible, then M, is a twisted F-form of M defined by the Galois
action m +— EmEL.
(3) If n is P-admissible, then P, = M,N, is a Levi decomposition of P,. The
center of M, is contained in the center of Mg.

(4) vp induces a bijection between the P-admissible double cosets in
P(E)\G(E)/H(F) and Q2(M,M).

Proof. Part (1) is immediate from the definition since Q7 = Q. Part (2) is also
immediate from the definition. Observe that

Py(F) = {p € Pp(E) :p =& "p&}.
Since ¢ € QM normalizes M, it follows that PNENE™E = NNENEL. Therefore, if
p=mn € P,(F) withm € M(E) and n € N(E), then m = ¢ 'm¢ and 7 = £~ 'n&.
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On the other hand, M,, is the fixed point set of an involution and hence is reductive
([S]). This proves the first part of (3). The second claim follows from the fact that
the center of M, (F) is contained in that of M, (E) ~ M (E) since M, (F) is Zariski
dense in M, (E). Finally, (4) follows from (50). O

Remark 2. Explicitly, if P corresponds to the partition (ni,...,n,), then the ad-
missible double cosets correspond to involutions 7 of {1,...,r} so that Nr(s) = My
and then M, (F) =[] ;—; GL(ni, F) x [](;y<; GL(ni, E).

14. Invariant functionals on principal series representations.

Proposition 22. Let v be a place of F where E is inert and let T be a charac-

ter of the diagonal subgroup T(E,). Suppose there exists a non-zero H,-invariant

linear functional on the induced representation IndB(Eug 7. Then there exists n €

B(E)\G(E)/H(F') such that the restriction of T to T, (F,) is trivial.

Proof. We drop v from the notation in this proof. For z € G(FE), denote by 7*
the representation obtained by conjugating m by x. Let 4, be the modulus func-
tion on B,. According to the geometric lemma in [BZ], Theorem 5.2, the repre-
sentation Resp(r) Indggg T is “glued” from 1ndH(FF)(51/25n 1/2T|Bn)’7 (induction
with compact support) where 7 ranges over representatives of B(E)\G(FE)/H(F)
as above. The modulus factors appear because we use normalized induction. We
claim that 61/25 12 = 51/2. Since 6p = 04 /2 on B(F), it suffices to check that
the restrlctlon of 6p to B, is 9. Suppose that i~ represents & € Q. Let
Ufaca} = 1T € Ua + Uga : Ad(nﬁ_l)x = Z} where u, is the root space of a. Then
Lie(U,) decomposes as a direct sum of ug, ¢q) over orbits {a, éa} C @ of £ and
dimp ugq cay = [{o, Ea}|. We have Lie(4,) = (le)é|r where A, is the split compo-
nent of 73, and thus for t € A,,

st)= [ |detAd(®)|uocn,|= [ le®)].

{a,fa}Cdt {aedt:£a>0}

On the other hand, since t € A,, we have

I[I Ja)=1

{a€dT:ca<0}
because |a(t)] |(—€a)(t)| = 1. Thus:

I la) =650

aedt

as claimed. Thus, if Ind% B( E; 7 has a non-zero H (F')-invariant functional, then at
least one of the quotients ind H(l(w}) ((51/ *7)" must have a non-zero H(F)-invariant

functional. In this case, the dual, which is isomorphic to Indgsg)( od; L/ 2( m=h),

has an H (F)-invariant vector. By Frobenius reciprocity this occurs if and only if
the restriction of 77 to H,(F) is trivial as claimed. |

15. The regularized period. The next theorem describes the regularized period
of a cuspidal Eisenstein series. We write © — T for the conjugation of E over
F and if 7 is a representation of G(Ag) or a Levi subgroup, we write 7 for the
representation ¢ — 7(g). Let P be the parabolic subgroup of H correbpondmg
to the partition (nq,...,n,) of n. Assume that P is a proper subgroup. If o =
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01 ® 02 ® -+ ® 0, is a representation of Mp(Ag)! and A € A%, we write o(\) for

the representation that extends o to Mg(Ag) by o(A)(am) = (M Hrp (“)>cr(m). We
write o* for the contragredient of o.

Theorem 23. Let ¢ € Ap(G), where 0 = 01 Q02®- - Q0 is a cuspidal represen-
tation of Mg(Ag)', and let E(p, \) = E(g, ¢, \) be the associated Eisenstein series.
Suppose that E(p, \) is regular at X = Ao and that TIS/H (E(p, \o)) is defined and
non-zero. Then either r = 1 and ¢ = E(p, \o) is a distinguished cusp form on
G(Ag), orr =2 and o5 = 71. In this case, if (ReX,a") >> 0 for the unique root
a € Ap, then the period is given by the following absolutely convergent integral:

e/ (Ep.0) = [ el kor g (D) (o) dh
Hy (F)\H(A)!

where nij~t = £ is the unique non-trivial element in Q(M,M). Furthermore,

G/ H(E(p, \)) extends to a meromorphic function of \.

Remark 3. More precisely, it can be proved that the right hand side of the above
formula converges absolutely in the domain (Re A — pp, ") > 0 ([LP]).

Proof. We may suppose that » > 1 and hence that E(g, ¢, \) is a true Eisenstein
series. If I/ H (E(p, X)) # 0, then TI%/# (E(¢p, \)) is non-zero for generic A € Ap ¢
This implies that there exists a dense open set O C A} such that d%(o(N))
admits an H (A )'-invariant functional for all A € O. Choose a place v where E, is
inert and o, is unramified, induced from an unramified character t — e{®#2®) of
Tg for some a € 2Af . We observe that for £ € Qa, Te = {t € T(E) : t = &t&™'}
and Ql; is the Lie algebra of the split component of T¢ modulo the center. From
the previous proposition, we see that for all A € O, there exists £, € s such
that <)\—|— 04,2[2;> = 0. Since €2 is a finite set, there exists £ € s and a subset

O’ C O with non-empty interior such that £, = £ for all A € O’. Therefore ng is
orthogonal to A, and hence A% C (A*);. We claim that P must be a maximal
parabolic subgroup of type (m, m) where m = % and & is a Weyl group element that
interchanges the two blocks. Indeed, £ acts by —1 on 2} and therefore normalizes
Mp, acting as a transposition on its blocks. But if Mp has more than two blocks,
then 2% N (2[*); # 0 since & necessarily fixes certain non-scalar elements in the
center of Mp.

Assume now that P is of type (m, m). Then its associate class consists only of P
itself. In particular, the constant term Eg, (h, ¢, A) vanishes for all proper parabolic
subgroups @@ # P. Therefore

A%E(hv 0, A) = E(hp ) — Z Epg(6h, 0, A) 7p(Hpy (6h) = T),
seP\H
ALPE(R,©,A) = Epg(h,¢,\)
and
63 MEEN) = [ ATLB(hp g
H\H(A)!

[ Ernhg Vil (h) ~ T)an
P\H(A)!
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Now assume that (Re\, ") >> 0 where « is the unique root in Ap. Using the
formula

Epy (h, 0, ) = p(h)eMerHes () 4 (e X)p(h)el A erHrs ()
we see that A%E(h7 ©, A) is equal to I(h) + II(h) + I1I(h) where

i)=Y p(oh)elrerHie(m),
e PE\G—P\H

()= Y @(6h)eNemiee M) (1 — #p(Hp, (5h) — T)),
SeP\H

HI(h) = — Y M(EN)p(6h)el A or e W) 2 (Hp, (5h) — T).
SeP\H

The sum II(h)+ I11(h) is absolutely integrable over H\H(A)! and the integral is
equal to

/ p(h)eersrs (M) (1 — #p(Hp, (h) — T))dh
P\H(A)!

= M Nl ) b ()~ T) .
P\H(A)*"
Indeed, using the Iwasawa decomposition, we bound them by
/ / eReA=p s CO) (o (m) (1 — #p(Hpy (X) — T)) dX dm dk
Ap J M(F)\M(A)! xK
and
/ / e{=ReA=pr Hep CO) | M (¢, N)p(mk)|2p (Hp, (X) — T) dX dm dk.
ApJ M(F)\M(A) xK

The integrals over 2p are finite since (Re A — pp,a¥) > 0, as are the integrals over
M(F)\M(A)! x K since ¢ and M (&, X)p are integrable on M (F)\M (A)L. On the
other hand, the relation (16) yields the equality

/ plg)e e e W) (1 2p(Hp, (h) — T))dh
P\H(A)!

=y PO o0, ()~ Ty,
and so the contribution of I1(h)+ ITI(h) is equal to

[ Erg (o Ve (Heg (1) - T)dh.
P\H(A)!
Now (53) shows that
e (5, ) = [ 1(h) dh,
H(F)\H(A)!
where we recall that

Ihy= Y p(oh)elrer e Cm),
5€ Pe\G—P\H
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We know that I(h) is absolutely integrable, but we do not yet know that the series

i) = > lp(ahlelierterHrs o)
e PE\G—P\H

is integrable. We will show in fact that it is bounded. Assume that A is real for
simplicity of notation, and set

(h) = S lpon) et e Oh) 2y (Hp, (6h) - T),
S€Pr\G—P\H
Ir(h) = S Je(eh) P Fer s C) (1 iy (Hp, () — T)).

sePp\G—P\H

Then |I|(h) = IT(h) + IT(h). We shall bound I7(h) and I7(h) separately.

By [Al], Lemma 5.1, the number of § € Pg\G such that 7p(Hp, (6h) —T) =11is
bounded by C ||h|" for some constants C, N > 0. To bound I7 (h), it will therefore
suffice to prove the following proposition.

Proposition 24. For any M > 0 there exists a constant K > 0 such that for h in
the Siegel domain ST we have

|p(6h)| P For e G1) < f¢ ) =M
if 6 € Pg\G — P\H and ?p(Hp,(6h) — T) = 1.

We begin the proof of Proposition 24 with the following lemma. We write C7, Co,
etc. for the positive constants that appear in the arguments below. Let (A4F)**
denote the positive Weyl chamber in (A%)*.

Lemma 25. There exists pn € (AY)* and a constant C' with the following property.
For all h € SSNH(A)' and 6 € G(E) — PgH such that 6h € ST7, we have

(o, Hpy (6h)) < (p, He(0R)) + C.

Proof. Let h € S NH(A)" and § € G(E) — PgH. We do not assume at the outset
that 6h € SP#. However, multiplying & on the left by Pr(E) if necessary, we can use
Proposition 20, to assume that 00 = € Ng(Tk) represents o € MQM. According
to Lemma 19, (52), we have (P, w, Hg(6h)) < C) for some constant C; where
Ap = {w}. There exist a unique a € R and v € (AF)* such that P a = ao + v.

)
Since 6 ¢ PgH, o does not lie in Qp; and a > 0 because a = %<P9_a,av> =
%<P9_04,Pg_av>. Also, <Pg_w,ﬂv> = 1 (w,—pBY) <0 for any B € AP, since g is
reduced, so that v € —(AL)*T. Using (o, Hp(0h)) < a=1Cy — a™! (v, Hg(Sh)) and

setting K = —a~'v, we obtain
(54) eloHr Gh) < o (mHi ()

Now we observe that for any p/ € (A)*T there exists p”/ € (U)* such that for all
g € G(Ag) and p € Pg such that pg € S# we have

(55) eln' H(g)) < 036<M”7H(p9)>_
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To prove this, write p~1 = §'u with ¢’ € Mg(E),u € N(E) and pg = namk where
m lies in the Siegel domain of M%. Then

el H @) = (W HEm) < oy IV < Cgeln” Hm)

where the first inequality can be found in [A1], equation (5.2) in the proof of Lemma
5.1, and the second inequality for some p' is proved in [MW], p. 20 (vi). Now apply
(55) with u/ = k and g = 6h. Since Hp,, (6h) = Hp, (pdh), we obtain

e<a>HPE (p6h)> < CGe<“N!HE(P5h)>
where pdh € ST=. O

We now prove Proposition 24. Let x be as in Lemma 25 and let h € SN H(A)"
and 0 € G(F) — PgH. Since the conclusion of the proposition does not change if
we replace & by pé for p € Pg, we may assume that 6h belongs to ST#. We get

|(,0((Sh)| e<>\+PP,HPE(6h)> <O |g0(5h)| e(p,H(éh))'

The function m — ¢(mk) is cuspidal for all k € K and therefore rapidly decreasing
on M(E)\M(Ag)*. For any v € (A5)* there exists Cg such that

|p(5h)| e HOM) < Cgetv-H(h))
and thus
lp(6R)| e rerHrg(Bh) < 0y e H ()
Now, since dh € S¥7,
(8, Hp(6h)) > (8, Ty) for B € Ag'.

The hypothesis 7p(Hpg (6h) — T) = 1 is equivalent to (o, Hg(6h)) > (o, T) and
therefore

(56) [6h < CoelsHe@h) ghla, He(5h)

for some ¢ € (AL)* and k > 0. Again, using Lemma 25, given N, we may choose
v e (UAY)* so that

e(l/,H(Jh)) <Oy ||5h||_N )
By [MW], p. 21, (vii), there exists C12 > 0 such that
(57) lgll < Cra [Ivgll
for all g € SY and v € G(E), and hence
[p(ah)| et He() < Cyg 1] 7.

This completes the proof of Proposition 24.
It remains to bound I (k). In fact we will show that

g— Y lp(3g)lerer (D) (1 ip(Hp, (5g) - T))
5eP\G
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is bounded for A positive enough. We can assume that g € S¢. In analogy to (56),
there exist k1 > 0 and v € (AL')* such that

[6g| < Craetr B39 =kileHry (39))

for all §g € ST and 7p(Hp, (0g) —T) = 0. Since ¢ is rapidly decreasing we infer
that for any No, ko >0

(58)
[(0g)e Xt or e CO) (1~ #p(Hp, (3g) —T)) < Cs |59~ e Faltre09)

provided that A is positive enough. For x € Z, x < T is the number of § such
that 6g € S and x < (a, Hp,(8g)) < z + 1 is bounded by Cig ||lg||"* e*s* for
some N3, ks > 0. In fact, according to Lemma 5.1 of [Al], this is true also for
x < (o, Hp,(0g)). The claim now follows from (58) taking into account (57).

We now compute the integral of I(h). Let {7} be a set of representatives for the
double cosets Pp\G/H other than the trivial coset P H. We may choose them so
that vy~ ! € Ng(Tg). We also assume that € {7y} is one of the representatives.
Set

Ej(hop N = Y p(h)ererfiep @),
6€Pp\PgvH

Then

I(h) = Ey(h,p,N).
{~}

We have shown that the series

|E’Y| (ha 2 )\) = Z |<,0(5h)| 8<Rc Atpp.Hpp (6h)>
6€ Pp\PpvH

are integrable for (Re\, ") >> 0. We will show that

/ Ey(hyp, ) =0
H\H(A)!

for v # n.
As before, we let P, be the subgroup of H such that

Py(F) = Pp(E) NyH(F)y™
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and let R = R, be the unipotent radical of P,. Then we have

/ E’Y(hv(pu /\) dh :/ (p(h’y)e<>‘+pP7HPE (h'Y)> dh
H\H(&)* Py (F)\yH(4)'y~*

- / e tor Heg (h)) < / cp(uhv)du) dh.
P (F)R(A)\yH(A) 141 R(F)\R(A)

We will show that the inner integral vanishes due to the cuspidality of (.

Let w = v~ ! represent an element in s and set K = Pr Nw ™! Prw. Define an
involution Z on G(E) by the formula Z(x) = w™'Zw. Then P, is the set of fixed
points of = in Pg. Thus P, C K and therefore P, is also equal to the set K= of
fixed points of = in K. Now K contains four subgroups

KonEﬁw_lMEw, ngNEﬁw_lMEw,

K, = Mg Nw 'Ngw, K3 =NgNw 'Ngw.

The subgroups K; and K» normalize K3 and the set of commutators [K7, Ko is
contained in K3. Hence U = K;K5Kj3 is a unipotent subgroup of K which is
normal in K since Ky normalizes K1, Ko, and K3. Furthermore, K = Ko x U and
P, = K§ x U=. In particular, R, = U=.

We claim that for any u; € K7, there exists ug € K3 such that u;=(uq)us € R.
Indeed, u1=(uq)us is fixed by = if and only if

1 1

E(ug)u; = ul_lE(ul)_ u1Z(uq).

This equation has a solution us in K3 since the right-hand side belongs to K3
and satisfies the equation x=(x) = 1. The coset u3K5 is uniquely determined by
u1. Set m(u1) = Z(u1)us. Then the map ug — uym(uy)K5 defines a bijection
K1 — R/KZ. This is an isomorphism of algebraic groups whose inverse is the
canonical projection onto Mpg. It follows that the formula

/ (/, flurm(uq)t) dt) duq
Ky(A) K3 (A)

defines an invariant measure on R(A). Here du; and dt are Haar measures on K1 (A)
and K5 (A), respectively. If f is left-invariant under R(F),

/ f(r) dr= / </ furm(uq)t) dt) duq
RIF\E(A) Ki(F)\K1(A) \JKF(F)\KF(A)

where dr is an invariant measure on R(F)\R(A). If f is a function on G(Ag) which
is left invariant under Ng(A), then this formula simplifies to

/ f(r) dr :/ flurm(uq)) duy
R(F)\R(A) K1 (F)\K1(A)

since K5 C Ng and then to

/ f(r) dr =/ f(u1) duy
R(F)\R(A) K1(F)\K1(A)

since uym(ui)uyt € Ng(A).
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The function ¢ above is Ng(A)-invariant, and therefore

/ B, (h, o, ) dh
H\H(A)!

is equal to

/ oM rop Hpy (h7)) / o(uihy)du | dh.
Py (F)R(A)\vH (A) 'yt K1 (F)\K1(4)

However K7 is the unipotent radical of a (not necessarily standard) parabolic sub-
group of Mg. If v is not admissible (i.e. v # 7 according to Lemma 21), then
K7 # 0. Since ¢ is cuspidal, the inner integral over Kjvanishes as desired. We
remark that the idea that these terms vanish already appears in [F3].

We have shown that

MO/ (B(p, ) = / Ey(ho, ) dh
H(F)\H(A)*

- / o(Apr Hpy (nh)) o(nh) dh.
Hy (F)\H(A)!

Note that this integral is absolutely convergent. To complete the proof, i.e. to show
that o3 = &7, we rewrite the expression for TI%/# (E(p, \)) slightly as follows. Let

0o 1,
=1 o)
L il
=1\, -,

where i € E — F and i € F. Then
My ={m = diag(g,9) : g € GLn(E)}

We may choose 7 to be

and H, = 77_1M,,77. For future reference, we write this as a separate proposition.
Henceforth, we assume that ¢(ag) = ¢(g) for a € Ap.

Proposition 26. With the previous notation, we have, for (Re \, ") >> 0,
(B (e, \)) =

(59) / o(Mor. Hey (1) (/ o(mnh) dm) dh,
Hy(A)\H(A) My \ My (A)!

where the integral on the right is absolutely convergent.
|

Example 1. We illustrate the decomposition of the group P, used above in the
case that P corresponds to (2,1,1,1) and w = (13)(24) :

1

PE: ) wPEw_ =

S * ¥ O:ﬁ:

:H:****

*
*
#
0
0

O * *:ﬁ:*

O:H:***
:H:****
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Then
Koy K1 0 0 Ks
0 Ko 0 0 Ks
K =PgnNw 'Pgw = 0 0 Ky, K, K3
0 0 0 Ky Ks
0 0 0 0 K

where we have indicated which entries belong to the subgroups K. In this case

P, = ca,f € B e,u,ve Eand a€ F*

coco oo
cocoownm
cog oo
oo oo
SRS AN IR AN

The integral over ¢ will lead to vanishing of the integral when ¢ is in the induced
space of a space of cusp forms on Mp.

The proof of Theorem 23 establishes the convergence of the integral in the previ-
ous Proposition. However, we will need to establish the convergence of the integral
for functions ¢ which are not necessarily cuspidal, in fact, for ¢ a constant function.
If ¢ = 1, then the inner integral is just the volume of the quotient M, (F)\M,(Arp)'.
The remaining integral is described in the next Lemma.

Lemma 27. Let the notations be as in the previous proposition, except that \ is
real and ¢ = 1. If (Re A\, ") >> 0 is sufficiently large, then the following integral

is finite:
/ eAFpr Heg () g
Hy (A\H(A)

Proof. It will be convenient to change notations and write the function in the
integrand as f(g,s) where s is real and f is defined by:
deta

a X
f[(o OWZM

Here the matrices a, b, x,0 are m x m matrices and k is in Kg. We have to show

that the integral
/ F(ph. s)dh
Hy (A)\H ()

is finite for s sufficiently large. To that end we use the familiar device of representing
f by an integral. Recall the Zeta integral for the trivial representation 1,,p of

GL(m,Ag):
/ o(t) | dett [+
GL(m,AE)

where ¢ is a Schwartz-Bruhat function on M(m x m,Ag). The integral converges
for s sufficiently large and is a holomorphic multiple of the Godement-Jacquet
L—function L(s,1,,g). In fact, it equals L(s, 1,,r) for a suitable choice of ¢. We
can write:

f(g,s) =

s+m/2

m

= dt,

1
L(2s+ ™ 1,,p)

/ (0, )g] | dett |5+ dt | det g [57/2,
GL(m,Ag)
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where ® is a suitable Schwartz-Bruhat function on M (2m x m, Ag). We can write
this integral as an integral over M,:

1
L@s+ 5 1,05)

flg,s) = / ®[(0, 1,0)mg] | detm |2™ dm | det g [ .
M (4)

After a change of variables we get, for h € H(A):

1
L@s+ 5 Lp)

F(nh, ) = /H 21O L)) det(ioh) 3

Combining the integral over H,(A) with the integral over the quotient H,(A)\H (A)
we get for our integral:
1

L(2s + 25 1,,)

[ @101 | det(r) 2 a.
H(A)

a b
=(00)

@ [(0, 1,,)nh] = ®(a —ic,b — id).

If

then

This is a Schwartz-Bruhat function on M (m x m, Ar) and thus the integral is now
a Zeta integral for the trivial representation 1,,r of GL(m,A). In particular, it
converges for s sufficiently large and the Lemma is proved. O

VII. INTERTWINING PERIODS

Fix a Levi subgroup M of H and a cuspidal representation o of Mg(Ag) trivial
on Ap,. For & € Q(M,M),p € Ap(G)s and A € (UL )., we claim that the
following intertwining period attached to £ is well-defined:

(€ 0, A) = / e(Mor e (im) ( / o(mnh) dm> dh
Hy(A)\H(A) My, (F)\Myp(A)?

where n € G(E) is any element satisfying n7~! = &. Recall that P, = M,N,,
H, = n~'P,n and that the center of M, is contained in the center of Mg. It
follows that the inner integral defines a function of h invariant on the left under

the subgroup H,(A). The function h — eV HPE () ig also left-invariant under
H,(A), for if x € H,(A), then

where y = nan~! € P,(A). But (\, Hp,(y)) = 0 since Hp, (y) lies in the subspace

AL of Ap fixed by & for all y € P,(A). Moreover, the function h — elpr Heg (1h)
is the right modulus of the subgroup H,(A) (cf. the proof of Proposition 22)
while the group H(A) is unimodular. Finally it depends only on the double coset
P(F)nH(F) corresponding to §&. We prove below that the integral defining J (€, ¢, )
converges absolutely for A in a suitable cone and can be analytically continued to

a meromorphic function of A € (A%), .
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Example 2. In the special case where P = B and £ = e, we may take n = e.
Note that A is necessarily 0. In this case, H, = P, M, = M, and the Iwasawa
decomposition yields

Tevp.N) = vol(MENMA)) [ (k) di

Ky

where Ky is a maximal compact subgroup of H(A).

Example 3. Let the notation be as in Theorem 23. Then we find:

HWWEwAD:/ eOrer e () o(h) dh = (€, 0. 2)
Hyy (F)\H(A)!
where H,, = n~'M,n and M, = {diag(g,9) : g € GL(E)}.

16. Minimal involutions. To investigate the functionals J(&, ¢, A), we use induc-
tion beginning with the minimal involutions, defined as follows.

Definition 2. We say that & € Qo(M, M) is minimal if (2[}3)5_ is spanned by simple
roots in Ap.

This definition as well as several results below apply to groups other than GL(n).

In our case, P corresponds to a partition (nq,... ,n,) of n such that M ~ GL(n;) x
-+« X GL(n,). An involution & € Q(M, M) permutes the factors of M and hence
induces a permutation of order two on {1,2,...,r}. It is easy to see that ¢ is

minimal if and only if the permutation is a product of disjoint transpositions of the
form (3,7 +1).

Let Y be the set of j € {1,2,...,7 — 1} such that n; = n;j;1. For each subset
X C Y such that j+1 ¢ X if j € X, there is a unique minimal involution &
that interchanges GL(n;) and GL(n;+1) for j € X and fixes the remaining factors.
Let @ be the parabolic subgroup containing P that corresponds to the partition
obtained from (n,...,n,) by replacing the pair of entries n;, n;1 by the single
entry n; + njq1 for j € X. In other words, Ag spans (Ql};)g Then @ uniquely
determines X and we may denote the minimal involution associated to X by &q.

Let E be an associate class of standard Levi subgroups. Since each M € = lies in
a unique standard parabolic subgroup P, there is no ambiguity if we use the index
M instead of P. For example, we shall write Ays for Ap, etc. Let ®,; be the set
of roots of Ap and let @}, be the subset of positive roots (those that occur in Np
where M = Mp). For w € Q(M) we define the length ¢a(w) to be the number
of roots in fb& sent to negative roots in @, 3r,—1 by w. For all & € Ay, there is
an elementary symmetry s, € (M) uniquely characterized by the property that
« is the only positive root sent to a negative root by s, (cf. [MW], Section 1.1.7).
Furthermore, for w € Q(M) and o € Ay, pp—1, We have

(60) Ia(saw) = { Cu(w) + 1if w™la >0,

Oy (w) —1if wa < 0.
17. Graph of involutions. We will consider a directed graph I' whose vertices
are elements (£, M) where M € Z and £ € Q3(M, M). To define the edges, observe

that for all & € Ay, the pair (so€s; ", saMs; ) is also a vertex of I'. We define an
edge

(61) (& M) == (safsy’s saMsih)
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provided that £(a) # a. Note that an edge may start and end at the same vertex.
By Lemma 28 below, this occurs if and only if £(a) = —c«. Furthermore, if the edge
(61) has distinct vertices, then there is also an edge in the opposite direction:

(&, M) 2 (50655t saMst).

Let I'Y be the subgraph whose vertices are the same at I', but containing those edges
(61) for which £(a) # +a. In other words, I'’ is obtained from I' by removing the
loops.

Example 4. Consider the case G = GL(3), E = {M} the class of the Levi sub-
group of the Borel subgroup. Set & = (12), & = (23), &3 = (13). Then T is the
following graph with two connected components:

B €0y M) 25 (&5, M) 22 (61, M) O (e, M).

Here we have not drawn the two interior edges directed from right to left. The
graph I'Y is obtained by removing the loops.

Example 5. Consider the case G = GL(4), E = {M} the class of the Levi sub-
group of the Borel subgroup. Set & = (12)(34), {2 = (13)(24), & = (14)(23). Then
I" contains the component

(5] aq

o (6030) 22 (@,00) ) (6, 0) 6

Again, we have not drawn the interior edges directed from right to left.

Each path

Qp—1

(&1, My) =5 (&2, My) =5 ... == (&, My)

in T' defines a word s = 54, , " *8a;, € Q(My, M) such that & = s&s~! and
My = sMys~1. If My and My are standard Levi subgroups and &; € Qq(M;, M;)
for i = 1,2, let Q(&1,&2) be the set of all words defined by paths from (&1, M7) to
(&2, M) in T. Let Q°(&1, &) be defined similarly relative to the graph I'°.

Lemma 28. Assume £ € Qo(M, M) and o € Aps. Then

(1) The following are equivalent:
(1) 80458;1 = g;
(i) (@) = +a;
(ili) £, prozt(sa€syt) = Lar(8).
Furthermore, if £(a) = +a, then s Ms;* = M.
(2) If ¢a # L, then the following are equivalent:
(1) gsaMsgl (Sags(;l) = gM(&) - 2;
(i) £(a) < 0.

Proof. We first prove (1). Since G = GL(n), M is isomorphic to a product GL(n1) X

- X GL(n,) where (ni,...,n,) is a partition of n. The elementary reflection
Sq interchanges two adjacent factors GL(n;) and GL(ng41) for some k, and ¢
interchanges certain pairs of factors of equal size. Therefore s,€s;t = € if and
only if either ¢ fixes the factors GL(ny) and GL(ng+1) (in which case (o = a) or
interchanges them (in which case £ = —a). Therefore (i) and (ii) are equivalent.
By (60), (iii) occurs if and only if either £(«) > 0 and s,&(a) < 0, or () < 0 and
sa&(a) > 0. But this is the case precisely when &(a) = +a. Therefore (ii) and (iii)
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are equivalent. To prove part (2), observe that £ ,, -1 (sa€szt) = €y (€) =2 if and
only if £ 1o and s.& 'ar are both negative, but if o # Fa, this is equivalent to
the condition £ 'a < 0. We remark that (1)(ii),(iii) and (2)(i),(ii) are equivalent
for general groups but (1)(i) is sharper than (1)(ii) in general (unless P = Py). O

This lemma implies, in particular, that an edge begins and ends at (¢, M) if and
only if £(a) = —a. Therefore I'Y is the graph obtained from I' by removing the
loops.

We shall use the following characterization of minimal involutions.

Proposition 29. Let £ € Qa(M, M). Then

(1) & is minimal if and only if the length function ¢ has a local minimum at & (i.e.,
(&) < lp (&) for all neighbors (&', M") of (§, M) inT).

(2) € is conjugate to a minimal involution by an element in Q(M).

(3) (A%)e is spanned by roots in Pp.

Proof. Suppose that & is a local minimum for ¢ on I'. Lemma 28 implies that
&(a) = —a whenever @ € Ay and &(a) < 0. Let I = {a € Ay : &(a) = —a}.
If 3 € ®}, is any root which is not in the span of the roots in I, then £(3) > 0
because () contains positive multiples of simple roots outside /. Therefore (2},),
is contained in the span of I and hence coincides with the span of I. Therefore £ is
a minimal involution in Q9 (M, M).

On the other hand, if £ is minimal in Q2(M, M), then for any 0 < 8 ¢ (U},), we
have £(3) > 0. Indeed, we may decompose 3 as ﬁg‘ + ﬁg where 552[ = :I:ﬁgt. Since
52‘ # 0, it contains in its decomposition relative to Aj; some positive multiple
of a simple root « such that £o > 0, and this multiple is also present in the
decomposition of £(5) = ﬁg‘ — B¢ . In particular, if § € Ay and &(B) < 0, then

&6 = —(6. It follows from Lemma 28 that ¢ has a local minimum at &.
Part (2) follows immediately from (1) by the description of the edges in I'. Part
(3) follows from (2). O

Part (1) of the previous proposition implies

Corollary 30. Let £ € Qo(M,M). If (§,M) is not minimal, then there exists
a € Ayy such that the element & = s, &5t satisfies £(€') = (&) — 2.

18. The functional equations. Fix a parabolic subgroup P = MN and £ €
Oo(M, M). Let <I>; be the set of positive roots of Ap in Np and set

o5, = {3 € d5: B <0}
We shall set
Dpe={X\e (Ap); : (\,BY) >>0 for § € By}

where >> denotes sufficiently large, but we shall not specify the implied constants.
However, observe that Dp¢ is non-empty because it contains Pg A if A is sufficiently

positive in 25", Indeed, if 3 € ®F, then Pe ¥ = 3(8Y —£3Y) is a sum of positive
roots and hence

(PA8Y) = (M PBY) >>0.
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Our main result in this section is the following

Theorem 31. Let £ € Qo(M, M). Then

(1) J(& @, A) is defined by an absolutely convergent integral for Re A € Dpe.
(2) J(& ¢, A) has a meromorphic continuation to (A%); ® C.
(3) IfS € 9(51762); then

(62) (1,0, A) = J (&2, M (s, A, 5A).

In the case of minimal involutions, parts (1) and (2) of this Theorem as well as
certain cases of (3) follow from the previous section. Indeed,

Lemma 32. If{ = &g is minimal and Q = Q¢, then (AL); = (A2L)* and Dpg is
the half-space

Dpe={re @9)*: (Reh,aY) >> 0 for all a € AD}.

In this case,

(1) The integral defining J(£q, @, A) is absolutely convergent if Re A € Dpg.
(2) J(€q,p,A) has a meromorphic continuation to (ng)* ® C.
(3) J(€q ¢ A) = J(Eqy M (Sas )@, 5aN) for all a € AY.

Proof. We can take n = ng € Mg(E). Then H(A) = No(A)Mqo(A)Ky with dh =
e~{ra He(m) dndmdk and H, = H, oNg where H, o = H, N Mg. Therefore, since

pp = po + PP
J(€q: 9 N)

/ (M tep Heyg (ngh)) </ ¢(anh)dl> dh
Hu,q(A)Ng(A)\H(A) M (F)\My ()1

/ MR Heg (ngm)) </ oKF (lm;h)dl) dm
Hn,(A)\Mq(4) My (F)\ M, (A)*

= JMe (gg, ¢¥F 29),

where we set

P5r(g) = | ¢lgk)dk.
Kr
By Proposition 26 (applied to a product of linear groups, namely Mg, ) this in-
tegral is absolutely convergent in the indicated domain and equal to the period
MMar/Me E(¢KH,/\I%)) of the Eisenstein series on Mg, for the parabolic sub-
group P N Mg,,. This shows that the integral extends to a meromorphic function.

The stated functional equation is inherited from the functional equation of the
Eisenstein series. O

The next proposition provides functional equations that can be verified by direct
calculation.
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Proposition 33. Let £ € Qo(M, M) and let o € Apr be a root such that £(a) < 0
but £(o) # —a. Then for A € Dp¢ we have an equality

(63) J(E,0,N) = J(sabs5t, M(50, \)@, 5a))
where both sides are defined by absolutely convergent integrals.

Proof. We first establish the integral formula (66) below. Let w,, be a representative
for s, and set:

& =wabwt, 0 =wan, M =w,Muw]".

Then M’ is the standard Levi-subgroup of a (standard) parabolic subgroup P’ =
M'N’. We have sq,a = —a’ with o/ € Ap/. We also introduce the parabolic
subgroup R such that R D P and AE = {a}. Note that R D P’ and A%, = {/}.
The standard Levi-decomposition of R reads R = MrNg and w, belongs to Mg
and hence normalizes Ng. On the other hand, we have N = N,Ni and N’ =
Ny Ng. Here we denote by N, the abelian subgroup exponential of the eigenspace
of the Lie algebra corresponding to «. Likewise for N, .

Define an involution 6 by 0(z) = (¢/)~'@'¢’. The subgroup N, is the set of fixed
points of # in N’. We claim that

(64) woNywy' = N,, N Ng.

To prove this, observe first that N, is contained in Ng. Indeed, N, is the space
of u € N such that £~'ué = u and therefore is contained in N N ¢~ NE. However,
N N ¢ 'N¢ is contained in Ng, for if not, then N, would intersect
N N ¢ 1N¢ non-trivially and then éN,&7' C N, contradicting our assumption
that £(a) < 0. Since w, normalizes Ng, we also conclude that w,N,w ! is con-
tained in Ng. If an element z satisfies £ ~'x¢ = 7, then the element 2’ = warw, !
is fixed by 6. Therefore w, N,w; ! is contained in Ng N N;,. Similarly we find that
w; (Ng N N;,)wa is contained in IV, and the equality (64) follows.
The involution # maps N, to Ng. Indeed, if u € N, , then

O(u) = waf_lwglﬂwaﬁwgl.

The element w;, "uw, is in N_, and thus £~ 1w "aw,€ lies in some Ng with 8 > 0,
B # a. It follows that 3 = s, is a positive root in Ap/ different from o’ and
hence (u) lies in Ng: C Np.

We now claim that given any element u € N/, there exists s(u) € Ng, unique
modulo N,;/ N Ng, such that uf(u)s(u) € N;,. Furthermore, the map

(65) Noo — N, /N, N Ng
u  —  ub(u)s(u) (N,;/QNR)

defines an algebraic group isomorphism (locally, globally), whose inverse is the
projection on the Mp part. To prove the claim, observe that the element ¢t =
u”10(u) " tuf(u) belongs to Ny and satisfies 6(¢)t = 1. Hence t = 6(s)s~! for some
s € Ngr which is unique modulo N;, N Ng. Since uf(u)s is fixed by 6, we may set
s(u) = s.
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The isomorphism (65) can be used to compute the Haar measure on N,;, (locally
or globally) as:

(66) v, (2)dz = /NQ, </N;/0NR f(uﬁ(u)s(u)n)dn) du.

To continue the proof, we start with the intertwining period
J(50E551, M (50, N, Sa)),
which is equal to
/ / / e(Mor.Hey (W;lnm/"/h)>¢(w;1nm'n’h)dndm’dh.
Hyr (M\NH (A) J M,y (F)\M, (A)* J Nor(A)
We will check below that this triple integral is absolutely convergent. The integrand,

viewed as a function of n € N’(A), is left-invariant under Ng(A). It follows that
the integral over N,/(A) can be rewritten as an integral over the quotient

wa Nywz (A)\N,, ().

Now we have P,y = M,,/N,/], and M,y = woMyw;"'. Also N,;, D woNywyt. Thus
Py = woPywy 1N,/7/ with N;, normal and the intersection of the two subgroups is
waNywyt. Conjugating by (7)1, we obtain

Hy = Hy (0" Ny ).

The second group is normal and the intersection of the two groups is 77_1N7777. Using
the fact that m’ normalizes both N,;/ (A) and waN,wy ' (A) and conjugation by m/
does not change the Haar measures, we see that

J(saﬁsgl, M (S0, A, Sa M)

can be written as

/// e e Hpg (wtmn'uh)) (wy, 'm/n'uh) dm’dudh.

The integral in the h variable is taken over H, (A)\H(A) and the integral in the
u variable is taken over n~!N,n(A) \(n’)_lN;,n'(A). We may now combine the
integrations over u and h into an integration over H(A) modulo H,(A) to obtain

/ / Ao iy (o m ) gL'y h) dim'dh.
Hy (A)\H(A) J M,/ (F)\M, (A)*

Finally, using that w 'm’n’ = mn with m € M,,, we obtain equation (63) as desired.

It remains to verify that the triple integral defining J(&', M (s, A)@, saA) is ab-
solutely convergent. To this end, we take the variable A to be real and ¢ to be the
constant 1, and define a “scalar” intertwining period:

N vol(M,,(F)\M%(A))/ eAtop Hpg(nh) gy,
Hy (A)\H (A)

(with positive integrand). Computing formally as above, we find a formula:

J(§ ) = j(safsgl, SaA)M(Sa, A)
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where

m(Sa; A) = / e<>\+pP1HPE (U);l’n,))dn
N,/ (A)

a

is a scalar intertwining operator. The integral defining m(sq,A) is known to con-
verge absolutely in a domain

C={\: (\,a¥) >>0}.

By Lemma 27 above, we know that if £ is minimal, then j(£, A) converges in some
domain Dp¢. By induction on the length of £ we may assume that j(&, \') con-
verges in Dps ¢/. Now

DP75 C S;lDP/)E NnC.

Thus for A\ € Dp ¢ we find that both j(s,&s51, saA) and m(sa, A) are defined by
absolutely convergent integrals and our assertion follows: the integral j(&,\) is
absolutely convergent for A € Dp . The same is therefore true of J(¢, ¢, ), and
the proof is complete. O

We now prove parts (1) and (2) of Theorem 31 by induction on £y (€). If £ is not
minimal, there exists a root a € Ay such that £(a) < 0 and & = s,&s,,! has length
2(¢) —2 by Corollary 30. Let P’ be the parabolic subgroup with 2%, = sqA%. Then

Dpe = s, (Dpre) N{A € (Ap)7 - (A ), (A, —€aY) >> 0}

since @% = sa<I>§;, U {a, —&(a)}. We may assume by induction that the integral
defining J(&', ¢, A) converges absolutely in D, and has a meromorphic continuation.
Then J(&, ¢, A) converges absolutely in D, and has a meromorphic continuation by
Proposition 33.

It remains to prove part (3) of Theorem 31. The functional equations corre-
sponding to s € QY(£,¢) are a consequence of Proposition 33 and the functional
equations M (s, ', 8o A\)M (84, \) = I. It remains to examine the case of a loop. So
assume that £ = $,£8,-1 where a is a root such that £& = —a. By Lemma 29, (2),
there exists a minimal involution ¢ such that ¢ = wéw™! with w € Q°(¢,¢), i.e.,
w is equal to a word associated to a path in I'" (start with any w € Q(¢,¢’) and re-
move loops in the path attached to w). Since s,€s;* = £, the element s = ws,w ™!
lies in (&', £"). In fact, since s acts trivially on (9[}3,)2’, and &’ is minimal, s must be
a product of commuting elementary symmetries s, for roots v contained in (A%, ).
We deduce that

J(& M(sa; A)p, sal) ’

J( (W, SaAN) M (Sa, N, WSaA)
J( (WS, A)p, WS A)

&M
&M

by the functional equation M (wsq, A) = M (w, $46A\)M (S, A). On the other hand,
by Lemma 32

J(E, M(wsa, \)p,wsaA) = J(E, M(swsq, \)@, swsa )
= J(&, M(w, \)p, w).

Finally J(¢/, M (w, N, w\) = J(, ¢, \), again since w € Q°(&,¢). O
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19. A description of Q(¢,¢’). Since the sets Q(€,¢’) determine the functional
equations of the intertwining periods, it is of interest to have a description of them
independent of the graphs. We do this in the next proposition. For & € Qo(M, M),
set

Ce={z €Uy : (2,8Y) >0for Be®y, N (QI*M)E’}

Proposition 34. Let M and M’ be standard Levi subgroups, & € Qo(M, M), and
¢ € Qo(M', M'). Suppose that wEw ™ = ¢'. Then the following are equivalent:

(a) we Q).

(b) we QM,M") and wC¢ = Cg.

(¢) we QM, M) and w3 >0 for all B € ®L, N( *M/)g',

Proof. The equivalence of (b) and (c) follows immediately from the definitions. To
prove the equivalence of (a) and (c), assume first that w = s, is an elementary
symmetry. Then w=!3 > 0 for all 8 € &1, N (Ql}‘\/[,)g', if and only if o ¢ (2[}*\4)2’
But o ¢ (Ql}‘w)gr if and only if ¢ %+ ¢’. Notice that when (c) holds, w™' maps
@1 N (A bijectively to @3, N (A3,)¢ -

Now assume (a) holds. Then we may write w as a product w = 84, * - Sq, Of
elementary symmetries arising from a path in I'. Set w; = sqo,_, ***8a,, § =
wjgwj_land M; = ijwj_l. By induction, w,;l maps CIJLIC N (Ql}‘\/[k)g'k bijectively
to @3, N (Ql}*w)g and s;! maps ®3;, N (917\4,);, bijectively to CIJLIC N (Ql}*wk)g’k Hence
w~! maps ®3,, N (917\4,)2, bijectively to ®3, N (Ql}*w)g and (c) holds.

Finally, assume (c) holds and let w = s4, - - So, be a reduced decomposition of
w. Set wj = Sq,_, ***Sa; - Since the decomposition is reduced, wj_lozj > 0 and
wwj_lozj <O0forj=1,...,k ([MW], p. 14). In particular, the root 8 = —sq, i
lies in @}, and w™!B = —wy; 'a; < 0. Our hypothesis implies that 3 ¢ (Ql}‘w,)g/
Therefore &, —% ¢ is an edge in I'. It also follows that wy satisfies condition (c)
with My in place of M’ and, by induction, wy € Q(f,wkﬁwgl). Hence w = $q, Wk
belongs to Q(&,¢’) as required. |

Corollary 35. Letw € Q(&, ). Then every reduced decomposition w = Sq,, ** * Say
is obtained from a word in the graph I.

Remark 4. Assume that M = My and let {81,...,5,} be the positive roots con-
tained in (A%,); . It is straightforward to check that Q(£,§) = (Z/2)" x S,. The

group (¢, §) acts by signed permutations on (2g), , i.e., S, permutes the 3; and
the j factor of (Z/2)" acts by sending B; to —F;. The subgroup Qg’ of 2 generated
by reflections about roots contained in (2[3;)2r is isomorphic to S,,_s, and

{weQ:w@y)y = A =(6€) x Q.
It is sufficient to check these facts for £ = (1,2)--- (2r — 1,2r).

20. Unramified computations. In this section we consider a local analogue of
the intertwining period in the unramified case. Assume that n = 2m and let
P = MN be the standard parabolic subgroup of type (m,m). We use the notation
of Section VI. Thus £ is the non-trivial element in Q(M, M) and n € GL,(E) is
such that 7! = £. The subgroup M,, consists of the matrices diag(h, h) where
h e GL,,(E).
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Assume that 0 = 01 ® 03 is a cuspidal representation of Mg(Ag) trivial on Ay
such that o3 ~ ;. There is a unique (up to scalars) non-zero linear form L’ on the
space of ¢ which is invariant under M,(A), namely

() = / o(m)dm.
My, (F)\My(A)?

For j = 1,2, we choose an identification of o; with a restricted tensor product
®'0j, where the product is over places v of F. This identification presupposes the
choice of K,-fixed vectors xj, in the space of o, for almost all v. Thus, o, is
a representation of GL,,(E,) where E, = E® F,. We set 0, = 01, ® 09,. Since
09y ™ T1,, there exists a non-zero linear map

L;, P01y @09y — C
invariant under M,. It is also unique up to scalar multiples. We may assume that
L! (z1, ® 9,,) = 1 for almost all v. Then for a suitable normalization of L', we have

L'(g) = [ Li(w0)

whenever ¢ corresponds to a pure tensor ®,.
Set

Ty = IndIGDU"’ Oy, T= Indggﬁg o

and let V(m,) and V(7) denote the space of m, and 7, respectively. If ¢, € V(m,),
then ,(g) lies in the space of o1, ® o9, for all g € G, and hence we may define
a function L,(¢,)(g) whose value is the image of ¢,(g) under L!. This function is
left-invariant under M, (E,). Similarly, for ¢ belonging to the space V(m) of 7, we
may set L(y)(g) equal to the image of ¢(g) under L’. Then

L(#)(9) = [T Lo(@0)(g0)-

In the global theory we used unnormalized induction. However, it will be more
convenient to us to use normalized induction for the local computation. Thus, we
now have

JEpN) = / eOHP () L(0)(nh) dh.
Hy(A)\H(A)

(The pp is already absorbed in ¢ because we use normalized induction.) Define the
following local intertwining period:

Jo (&, pv, A) = / 6<A’HPE (h)) Ly(¢0)(nhy) dhy
Hy (Fo)\H (Fy)

for A € (Ap); . Then we have the factorization (for a suitable normalization of

measures):

T 0, N) =[] (& 00, N).

In this sense, the global intertwining period is equal to the product of the local
intertwining periods. We shall now compute the local factor J,(&, ¢,,\) in the
unramified case.

For the rest of this section, assume that v is a finite place such that o, is
unramified for j = 1,2. We shall show below that the integral converges absolutely
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for ReA >> 0 and compute its value assuming that ¢, is a K,-fixed vector in
V(m,). To this end, we recall the definition of the Asai L-function of an unramified
representation of GL,,(F) ([AS], [F1]). We view GL(m)g as a group over F. Its
L-group is then

LGL(m)p = GLyW(C)xGL,y,(C)xGal(E/F)

where the non-trivial element og,r € Gal(E/F) acts on the connected component
by interchanging the factors. Let V' = C™ and let T' be the automorphism of V@V
sending x ® y to y ® x. We identify GL(V ® V) with GL,,2(C) and define

pa: PGL(m,E) — GLy2(C),

where pa(gxhx1) = g®hand pa(1x1xog,p) =T. Write wg,p for the character
of LG L(m) g obtained by pulling back the non-trivial character of Gal(E/F). Then
paA@wg/p is also defined. If o, is an unramified representation, we may define the
local Langlands L-factors L(A, 0y, p4) and L(A, 04, pA ® wg ) attached to pa and
pa ® wg/r respectively. Note that the direct sum pa @ pa ® wg,F is isomorphic
to the representation of “GL(m)x induced from the tensor product representation
of GL,,(C)xGL,,(C). Since formation of L -functions is invariant under induction,
we obtain

L(Uva SapA) L(vasva ®wE/F) = L(S,O’v X U_U)

where L(s,0, X 7,) is the Rankin-Selberg convolution of ¢, and &, ([JS]).

Actually, we shall need to use the contragredient representation p% . Let us write
down the local factors explicitly. Recall that o, is a representation of GL,,(E,)
where E, = EQ F,,. If v splits in F, then GL,,,(E,) = GLp,(Ew, ) X GLpy,(Ey,) and
Oy = 0w, ® 0w, Where wy and wz are the place of E dividing v. For j = 1,2, oy,
corresponds to a Langlands class g(0;) € GLp,(C) and the Langlands class of o,
in L\GL(m, E) is g(0,) = g(0w,) X g(0w,) x 1. In this case,

L\, 0v,p%) = L\, 0y, ph @ wpp) = det(1 — ¢, *g(0w,)" @ g(0w,)")

where ¢, is the order of the residue field of F, and ¢* = ?¢g~'. This is the local
factor in the Rankin-Selberg product oy, X oy, . If v remains prime in F, let w
be the unique place of E dividing v. Then FE, is a field and ¢, = o, corresponds
to a Langlands class g(oy,) € GL,,,(C). It also corresponds to a Langlands class in
LGL(m, E), namely g(o,) x 1 x og/F, and we have

L(A, 00, p%) = det(1 — ¢, (g(0w)" ® )T).

If g(0,) has eigenvalues ¢, ..., go» (where g, = ¢2), then

L\owpn) = I - M) [J0-ate™) ™
1<i<j<n i=1
Loy pa®wer) = ] 0-a MM [Ja+a e

I
=

1<i<j<n i

We now begin our computation of J,(&,p,,\) for ¢, fixed by K,. Suppose

that o1, is the unramified constituent of Indgi?E(vE)“) x where B,, is the stan-

dard upper-triangular Borel subgroup of GL(m) and x = (x1,..., Xm) is an m-
tuple of unramified characters of E}. Then o9, is the unramified constituent
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GL,(Ey) -1 * .
of IndBm( By X Let x* be the character of the upper-triangular Borel sub-
group B(E,) of G(E,) defined by the n -tuple (X1, .., Xoms X1 15 s X;m')- We iden-

tify Indgi?bgi”) X ® Indgiyzéf)”) Xt with Ind]\g((gu”)) x*. For ¢ in the space of

Indﬁg“)) x*, set

L, (¥) = (m) dm.
B, (F)\M, (F,)

Here we use that the modulus function of B,(F,) is equal to the restriction of

the character e(?7+#55(™) This linear functional is M, (F,)-invariant and, up to
multiples, it is the unique such functional. We may identify m, with the unramified
constituent of the induced representation ¥, = Indgggzg x* and on the induced
space of 3, the functional L, can be written

Le)o) = [ plimg) dm
By (Fu)\My (Fy)

where dm is the semi-invariant measure on B,\M,(F;,). The local intertwining
period can be written

To(& 0\ = NP @) L () (nh) dh

/Hn(Fv)\H(Fu)

= / / e{XHrg (nh) w(mnh) dm dh
Hy (Fo)\H(Fy) J By \ My (Fy)

/ e\ NHpy (nh)) ©(nh) dh
By (Fu)\H(Fy)

where By (F,) =n~'By(F,)n = H(F,) Nn~'Bg(E,)n.

The essential vector is the unique function ¢, in the space ¥, which is right-
invariant under GL,(O,) (where O, is the ring of integers in E,) and satisfies
¢v(e) = 1. We identify A} - with C by sending @ to 1, where Ap = {w}.

Theorem 36. Assume that v ¢ S and let , be the essential vector. For a suitable
normalization of measures we have

L()‘70-1U7p:k4)
(A + 17”1@7/0?4 ®WE/F) '

Jv(ga(pva /\) = 17

We first prove this theorem in the case that v splits in £. Then we may identify
G(E,) with GL,(FEy,) X GL,(Ey,) where wy,ws are the places of F dividing v.
We have o), = 0ju, ® 0ju, where 014, ~ 03, and 014, =~ 03,, . Conjugation
acts by (z,y) — (y,z) and H(F,) is imbedded diagonally. We may also take
n = (1,¢). Then H,(F,) is the Levi factor of the parabolic subgroup P = M N type
(m,m) in H(F,) and B, (F,) = B(F,)NH,(F,). Using the Iwasawa decomposition
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H(F,) = B, (F,)N(F,)KFr we obtain

To(E 0, N) = eNHP ) o (nh) dh

/Bi,(Fu)\H(Fv)

/ eNHP(MFHEER) ) () o (ER) dh
B;(Fv)\H(FU)

N(Fy)

In other words, J,(§, ¢y, A) coincides with the standard intertwining operator ap-
plied to the essential vector in Indlcj;z2 (01wy ® O2u,). By the Gindikin-Karpelevic
formula, the integral is equal to
L()\’ O-:T'UJQ ® 02w2) _ L()\7 O-:T'UJQ ® Uiﬁu}l)
L(/\+1aa'fw2 ®U2w2) L()‘+1’0’Tw2 ®0'Tw1)

and this is equal to L(\, 07, pa)/L(A+ 1,07, pa ® wg/r) as claimed.

We now suppose that v remains prime in E, and, for simplicity, we drop v from
the notation. We first consider the case H = GL3(F') and G = GL2(E) where E/F
is an unramified extension of p-adic fields. We also assume that p # 2. We write
|- | and || - || for the absolute values on F' and E, respectively, ¢ for the order of the
residue field of F, and qg = ¢? for the order of the residue field of E. Fix i € E*
such that Trg/p(i) = 0 and set

Then

__ 1 4 L1 0 1
(1 504 D)0 )

and the subgroup T'= HNn~ ! B(E)n is a torus isomorphic to £*. We shall compute

/ (nh) dh
T\H

a ok a A+l
a5 5 )m=15e

Thus ¢ is the essential vector in the unramified representation GLy(FE) with Lang-

lands class
A
( w 0 ) € GL(C).
0 2

4g

To fix the quotient measure on T\ H, we observe that every h € H can be written

uniquely in the form
1 b a 0

with ¢ € T. In these coordinates, a right-invariant measure on T\ H is given by
%db. Assume that the measures da and db assign measure 1 to the ring of integers

where
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Op. With this normalization, we have the following result. It is proved in [JL] using
the method of Lemma 27 above. Here we give a direct computational proof.
Proposition 37. We have

R S
h)dh = ||i||2? ——————.
[, etman = it 5

(o 1) (5 1)=(0550)

Proof. Since

we have
a b+i LAkl Sy —A—1
(0 b TN = il Gl (- 1)
S AEL At , e
= 111 a2 max(lall, [}i - b))
and hence
L AL a1 da
/ (nh) dh = il / f(@)][a] |2 22
T\H Fe |al
where

f(a) = /F max{|[al|, i — bl[} >~ db.

We now compute f(a). Set

X = 1+/ |b|—”—1@ .
[b|>1 |b|

—2A—-2

It is easily checked that

l-gq
le_q—2>\—l

with the normalization vol(Op) = 1.
Lemma 38. f(a) = [a| 71X if ||al| = [|il] and f(a) = |[il| 72X if [al| < |li]]
Proof. If ||a|| > ||i]|, then

f(a) :/ lall = db + / 6]~ db
[b|<]al [b]>]al

db
= |@|_2A_2V01({b1|b|§|a|})—|—|a|_2>‘_1/ 1
bl >1 0]
— |CL|_2)‘_1X,
If ||a|| < []#]], then
fla) = /||i—b||—’\—1 db
F
N ; _oy_1db
= il 1V01({bi||b||§||z||})+/ o
Hol>1ll]
db
= A [
|b]>1 D]

= il x. O
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Now we have

[ @l - S F e

n=—oo

— g Zq n(A+1) +qu (22+1) g =n(A+1)

n>r n<r

and it is easily checked that this equals
qr)\ 1+ q_)\_l
1—qg >
and the result follows. O

The next proposition is the inert case of Theorem 36.

Proposition 39. Let E/F be an unramified quadratic extension of p-adic fields
and let o1 be an unramified representation of GL,,(E). For the unique normalized
K-invariant ¢ € Ip(o1 X @) we have

L )\7 01, p*
J(&, 907)\) _ ( : A) .
LA+1,01,p% @wg/F)
Proof. In the above notation, suppose that o1 —IndGL””é;E) x where x = (X1, -, Xm)
with x; = | - |E As before Oy = IndGLm(E”) X! and we view ¢ as an element of
IndG:: (X153 Xy X1 55 X Y). To compute

To(E o N) = / PR () o (nh) dh,
B! (Fy)\H(Fy)

we shall regard it as a local intertwining period for an Eisenstein series induced from
the Borel subgroup and reduce to the case n = 2 by making use of the functional
equations. Let ¢ = (1,2)---(2n — 1,2n). Then ¢ is a minimal involution and
¢ = w™ ¢ w where w is defined by w(i) = 2i — 1 and w(i +n) =2ifori=1,... ,n
Then w has the following reduced decomposition:

W = (S2n—2)(S2n—452n—3) - -+ (S4 - SnSnt1)(S2 -+ - Sp—18n).

We observe that an analogue of Proposition 33 holds in the local case. It is proved
in the same way, by re-writing the absolutely convergent integral. Therefore

Jv(év P, /\) = Jv(g/a M(wa A)(pv ’UJA)
As in the proof of Lemma 32, the right hand side can be written as a local in-
tertwining period with respect to the group GLs X - -+ x GLg (m times) and the
induction from (x1,X7 -+, Xm, X;n')- By Proposition 37 we have
) — D\ — s —(X
VIGRESVIE || [t el Rt}
i=1

By the formula of Gindikin and Karpelevic, M (w, )¢ = ¢(\)¢ where

—Xi—A; A\ —
(1_qE ]qE)\) !

c(A) = sy va—
a5 ]qEO\—H))_l

1<i<j<n (1-

This completes the proof. O
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VIII. PERIODS OF TRUNCATED EISENSTEIN SERIES

The next theorem gives our formula for TI/# (AT E(p, \)). Let P be a parabolic
subgroup, let (n1,...,n,) be the corresponding partition of n, and fix a cuspidal
representation o of Mp,(Ag)l. Let G(P,o) be the set of pairs (Q,s) consisting
of a parabolic subgroup @ and an element s € Q(Mp, Mp,) with P/ < Q such
that s~ 'a > 0 for all o € Ag/ and there exists a set X C {1,2,...,r — 1} of
indices satisfying conditions (1), (2), (3) below. Let (n},...,n.) be the partition
corresponding to M’ = Mp/, and set so =0’ =0 ® ob, ® --- ® o/.. Then

(1) For all j € X we have j +1¢ X, n} =n), and (0),,)" ~ U_;-.
(2) For all j such that j,j—1 ¢ X, o is distinguished with respect to GLy; (Ar).
(3) @ corresponds to the partition obtained from (n},...,n..) by replacing the
pair of entries n’, n},; by the single entry n; +n/, for all j € X.
Let Gp(o) be the set of all parabolic subgroups @ that appear in some pair (Q, s) €
G(P, o).

The Levi subgroup M’ of P’ is isomorphic to GLy; X --- X GLy,/. Let {g be
the unique element in Q(M’, M’) such that ¢ interchanges the ;" and (j + 1)
factors of M’ for j € X and fixes all other factors. We write A = Ag + /\g, for the

decomposition of an element A € A}, relative to the direct sum 2%, = A¢ @ (ng,)*.
Let

g = 2O I T a0 10 <0 < 1),
acAg

Theorem 40. Let ¢ € Ap,(G), where o is a cuspidal representation of Mg(Ag),
and let E(g,p,A) be the associated FEisenstein series. Then as a meromorphic
function of A,

/ AL E(h, o, \)dh
H(F)\H(4)!

is equal to

Z e<(s>‘)Q7T>
vQ
@seara 1. A <(S/\)Q ya

Proof. Since o is cuspidal, Eqg, (g, ¢, A) vanishes unless ) contains an associate of
P and we obtain

>J(§Q7 M(S, )\)4,07 (S)‘)g’)'

/ AL E(g, 0, ) dg
H(F)\H(4)!

*

= ()@= /Q sy 22z (09N FalHau (o) =T) dg
Q

where @) ranges over such parabolics. Let Q(P, Q) be the union over all P’ C @ of
the subset of elements s € Q(Mp, Mp:) such that s~la > 0 for all a € Ag,. Then

Equ(g: 0. M) = > E9(g, M(s, N, s))
SEQ(P,Q)
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where E9= (g, M (s, \)ip, \) is the Eisenstein series on Qg induced from the function
M (s, A)p. We must therefore compute the integrals

(67) / 9% (g, M(s, N, 5) 7(Hao,(9) — T) dg
QUENH(A)!
for s € Q(P, Q). By definition, (67) is equal to
(68) 11Mox/Ma (EQF (- (M(5,0))" , (mg,))/ {eN@2X) 209X — T)dX

2q

where we have set:

(M (s, \)¢)5F (m) = | M(s, \g(mk)dk

Kr

and E9F is an Eisenstein series for the parabolic subgroup Pg N Mg, of the group
Mg,. By Theorem 23 (applied to a product of linear groups), the first factor in
(67) vanishes unless (Q, s) belongs to G(P,0). If (Q,s) € G(P,0), then it is equal
to the following intertwining period integral for the group Mg:

JMa (. (M(s,M8) <" L (sN)5,)

As in the proof of Lemma 32, this is the same as the following intertwining period
for the group G:

T(&q, M(s, M), (s\)3)).
On the other hand,
elsN)q.T)

T Mca, (Ng.a¥)’

The required formula follows. O

/ elNe2X) 200X — T)dX
2Aq

As an example, consider the case P = B, the Borel subgroup. Then the integral
(67) vanishes unless @ is a parabolic of type (m1,...,my) with m; =1 or 2. Thus
Mg is isomorphic to a product of copies of GL; and GLy. Given such a @, let
&g be a representative for the longest element in the Weyl group of Mg, and let
n =ng € Q(E) be such that nij~! = £,. Then we have

Proposition 41. Let o be a character of Te(E)\Te(Ar)! and let E(g, o, \) be an
Fisenstein series where ¢ € Ap,(G)s. Then

/ AL E(h, 0, \) dh
H(F)\H(A)!

is equal to the sum of the terms

e<(wA)Q’T>

HQGAQ <(w/\)Q ,aV

vQ > J(Eq, M(w, N, (wA)§)
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where Q ranges over the parabolic subgroups of type (ni,...,n,) with n; = 1 or
2 and w ranges over the elements of the Weyl group Q such that wo is trivial on

Tyo(A), and w™ta > 0 for a € A(?,
In this proposition, the intertwining integral J({q, M (w, A)¢p, w)\(? ) reduces to
vol(Hy,, (F)AMQ\H”]Q(A))/ e\ (WNG +p5, H(ngh)) M (w, N)e(noh) dh.

Hygy (A)\H(A)

Example 6. Consider the case G = GL(2), and E(g,p, A) is an Eisenstein series
induced from a character o of Bg(F)\Bg(Ag) trivial on Ag. Here we identify 21§ ¢
with C by sending the fundamental weight to 1 and thus we view A as a complex
parameter. Let w be the non-trivial element in the Weyl group. There are three
possible pairs (Q,w) : (B,e), (B,w), and (G,e). If Q = B, then £ = = e and
B, = H,, = B. The pairs (B,e) and (B,w) occur if and only if ¢ is trivial on
B(AFp). Identifying o with a pair of Hecke characters (o1, 02) of A%, the condition
is that o1 and o9 are trivial on A%. If so, the contribution of the pairs (B, e) and
(B, w) is equal to 1 vol(T(F)Ao\T(A)) times
AT i AT
N e (k) dk + — <.

If @ = G, then { = w and B, is the torus

B ={(§ %)acre}.

The pair (G, e) contributes if and only if o2(a) = oy (@)=, If so, the contribution
is

M (w, N)o(k) dk.

Vol(B, (F) Ao\ By(A)) / eOHLHG) G (h) dh,
Hy(A)\H(A)
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