Modern A\ae)o\'a pX HW 4 Solubions

Probesy | Note that the vesidue class [l] of | modulo F is the mulﬁflimﬁv‘&

idenkily in 'Z_: Auvcmainina lements can be pmtten g5 poers o (2]
(0 G, (0% [90= (2] (30% (2102)-Ce3 , (0% [20% [u] [31% (B0u)= (12)- (5],
So, Z; IS a mu|li':|icalr'm (ﬂcl:c grevp with generaker (3. a}

Problem 2-(2) We. know thak every subamf of a cuc\ic greup is odc,l.‘(,. let B
be o subgroup o Z qenevakes! by the vesidue clase [a]). Then
[H] = ovder i [a) 5n Qg is one of the divisovs 6f (&1 namda
1,3,9,27 or81. We also know that for every divisor ¢} 12811"8'»
there is o unique (oudic) su\aareu? o lg‘ of that ocder. Thus,
the 'followinJ ave the onla S\nLarw,)s &Ly, :
S0 of oxder |
3003, [27), [54)] of ocder 3
f[‘lm)lmEZ} of ocder 9
‘i[Bm'J' m € l} of oedec 27

23, itse\f or— order 8\ .

() 12 i net o diviser o 42 g ')Ll‘2 does not have amd sulodtoup sF-order 12
14 s o divisor ot &2 g0 l'n, has a uniq ue suLath of ordec 124t -

i[ﬂ' [2).0¢), ---, [301]3: ‘{[3«\3' m € l} ]

PYOHEW\.:; (ﬁ) Vﬂ\'\éa" w(."\LW’(. f(-‘]h a l‘ (a-*ll‘) O\,.\)"\@__‘)

(v) Suppse. that q# 97" Jov any qFe in G. Then G, as o ek,
consisks 6f e and Pairs of elemenks 3,@". Then G hag
an odd number of elemenls. Howmw) we know that the
ordey of G is even. So, there must be spwme J-T‘e in G ot

3= 9" o 3> g0



Problem 4 () Weknowo that e €. T§ b, h, € H, then h,- 4", kg™
for semae inkegers My, My | and then hh, = 3"’“*'“ e .
Moveover '@wana h= 9™ EH, we have h~'- LT
Se, k\d definitien, § is & su\oam«ﬂ: o G. It cleay thak H
is cnc,\ic with Jenexakor 4. D

(L) let B be a cad-‘c Su\oarmxf) ai G. Then His (t]unemkt&

(as a udclic. anuf) La some  element 9 ER <G Then
He Cg> o this g€ G 0

Problem 5 (Notakion fromn Week 3 dide)  We knowo that Dy, has

e, < S)', ,.,S‘LJ 'T‘,'T'S, ‘gslp--,'ts“‘

l \,_/\/'\-—-/
io\U‘\htU T—ol:nﬁﬁﬂ_( TC"HE’LHW

¢B-e (’Fs-‘)i‘i
Then Dy, has the <Fo’|5winca SUL{]W”’PS —
iej cyclic with generator e
fe.ssy, .., eyclic with genevator s
{ﬁ, “Fsi} ffcrw\a Ostgl2 wdic with generator st
Dy not Laclic

Ne on show that these ave the only subgroups of D,

let B be a cubgup of D,

Case | - S" € R for sewie | 2P 212, Sine the order of < is a
fnrime, number (13)) ony gl Coun aencralt {$) and
ie,s,g’;—-, S"‘i CH Nw W Sowme -Fs“’ is in H, then
So 15 bhe ‘mduct (—'st- Sn‘j) sk ‘;Sk S any k, and
R=D,, Thno 4 i in N, then R=ds).

(ace 22 Ne power of < other than e, liec W H. Uplese He fed,

some F° € H. T} ancther £<3 € K, then
Jstfsd = g sl = & en

Then s97 mustbe e and Aast So, His simply if/?s‘l}' a



Preblem 6 (a) GxH has the multiplicakive iAmH\-a (ecr,ﬁrb—’
€. (30 = (e 3,40 = (3.0)
(j,lx) (Ccr,eu-)= (ﬂeir; “CH): (j,D
Lov Qny (‘3,\\) € G xH.
The multiplicakien in GxH s assouabive —

(@““‘)(az»hx)) (33, l‘3) = (3:32, l'\.lh:) (33, ‘\;D

: ((3|31) 33)0\:"0 ,‘3)
Bu assodaﬁﬁfb _
ey = (0055, WD)
= (31"")((31!“’—)(33“3-))

F:mua) every (3,).) € GxH has an invese —
(9D (g W) = (50D = (eq.e)
(3—\,w')(g,m = (57, KW= (eq,e)
IVece i:\\vﬂva
in G inH
(%) Congder (005, [05) € Zax 2y Lek n be the ovder
of this element. Then
(05, 10D ((n)s , (01 = (o), [oT).
This means thak n is divisible La both 3 and F. Then
n must be divisible Ba 21\. wamvl V‘E'Z3WZ})=2L
$o, nz 21 and
""‘([']3, [u]}) with 0<¢ m<20
must be distinct 2\ elements of 72 ,x 7L;,_. Thus,
23x2? is the cdc\ic goup generaked b&] (0, [‘Jq)-

a

Nt thak 5 ( (), (1)) = (), [6),) = i denbity o
221y fox any a, b But ,25,, 24:25-,5. No
element of Csrlds tan au\evc&t the enbive goewp



. 23“ L, has the ’Fb"tswin.a cac\ic Sulaaws:
ed = 1L eD],

fe, (L), (L D] e, (010, (BL D]

e, (01D, (22, 0T | fe, (L), (0, 0D
The 3 -element su\aa‘reups can be aenwahd \»a either of the
hon-iclenEba elements jn them.



