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Theorem: Let G be a finite group. Then
Gl =1Zg| + 2i'=11G/Ch]

where h; runs through representatives of conjugacy classes not
in the center and C}, is the centralizer.
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Proofs of the Sylow Theorems

A theorem of Cauchy

Theorem

Let G be a finite group of order n and let p be a prime dividing n.
Then G has an element of order p.

Proof.
We use the Class Equation, where the x; are representatives of
conjugacy classes not in the center:

Gl = 2(6)| + >_[G: €]

Assume the theorem is true for groups of order less than n. If p divides
the order of one of the C,,, then by induction Cy, has an element g of
order p, because |Cy,| < |G| = n. But g € Cy, C G, so we are done.
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Proofs of the Sylow Theorems

Proof of Cauchy’s theorem, continued

Proof.

So we assume p divides no Cy,. Then p|[G : Cy,] = |G|/|Cy,] for all i.
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Proofs of the Sylow Theorems

Proof of Cauchy’s theorem, continued

Proof.

So we assume p divides no Cy,. Then p|[G : Cy,] = |G|/|Cy,] for all i.
Now p divides

G| = > [G: Cy] = [2(G)]

i
because it divides each term on the left-hand side. Thus p divides

1Z(G)].
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Proofs of the Sylow Theorems

Proof of Cauchy’s theorem, continued

Proof.

So we assume p divides no Cy,. Then p|[G : Cy,] = |G|/|Cy,] for all i.
Now p divides
61 =306 ¢, = [2(0)|
i
because it divides each term on the left-hand side. Thus p divides
|Z(G)|. But then |Z(G)| has an element of order p, by the
classification of finite abelian groups.
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