DERIVED HECKE ALGEBRA FOR MODULAR FORMS OF WEIGHT ONE VIA
CLASSICALITY
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ABSTRACT. We construct the action of the derived diamond operators at p on the space of weight
one (classical) modular forms in two different ways, one using p-adic modular forms and another
using A-adic Sen operator. This is the p-adic analogue of the operation of taking complex conju-
gation to modular forms, and it originates from the (obstruction to) classicality of overconvergent
modular forms of weight one. Our construction uses a recent work of Pan [Pan22] which gives a
geometric interpretation of the classicality. Using this construction, we formulate a p-adic version
of the conjecture of Harris—Venkatesh [HV19].
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1. INTRODUCTION

The archimedean derived Hecke operator in the context of weight one modular forms is the
complex conjugation. This is folklore, but was first explicitly spelled out in [Hor23, Oh22]. It
exploits the fact that the algebraic cohomology groups H°(X,w) and H!(X,w) can be also com-
puted in a transcendental way using the Dolbeault complex:

0— H'(X,w) » Z"(X,w) » %" (X,w) - H' (X,w) — 0.

The complex conjugation is then done by seeing a modular form as a real analytic section in
/% ( X, w), taking the complex conjugation, which yields a real analytic section in &% (X, w),
and projecting to H'(X, w).

We aim to explain a similar picture in the p-adic context. Namely, the algebraic cohomology
groups H°(X,w) and H' (X, w) can be computed in a p-adic analytic way using the works of Pan
[Pan22]:

0— H'(X,w) = H) = Hy — H'(X,w) — 0.
Here, H) and H] are in an appropriate sense the weight one specializations of Hida/Coleman
theory and higher Hida/Coleman theory (in the sense of Boxer—Pilloni [BP21, Pil24]), respectively.
The four-term exact sequence above is equivariant under many actions such as prime-to-p Hecke
operators, U,-operators, and the diamond operators, and the derived action of the diamond opera-

tors is the p-adic analogue of the archimedean picture we had alluded above in the first paragraph.
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This can be seen as the weight-one-modular-form analogue of the work of [KR23] on derived di-
amond operators on the Betti cohomology of locally symmetric spaces with rankg G # rankg K.

Acknowledgements. To be added later.

Notation. Let p be a rational prime, C' = C, and K? C GLQ(A‘?) be a tame level. Let Xxrg, =
X(KPK,)¥! be the adic space associated with the modular curve of level KPK, over C, and
let Xgp ~ @K CCLy(Q,) Xgri, be the perfectoid modular curve of tame level K?. Let G =

GL3(Q,), B C G be the upper triangular Borel subgroup, N C B be the unipotent radical of B,
g = LieG ®q, C, b = Lie B®q, C,n = Lie N ®q, C. There is the Hodge-Tate period map

THT : Xxr — Pé,

that is equivariant under the action of GL»(Q,) (which acts on P, on the right) and the Hecke
operators away from p (which acts trivially on IPﬂC) Let Ogr = Tuar+Oxyp> and wi» be line
bundle over X» that comes from the Hodge line bundles w over X (K?K))c.

2. DERIVED DIAMOND ACTION VIA CLASSICALITY OF WEIGHT ONE MODULAR FORMS

We briefly review the work of Pan [Pan22] on the geometric interpretation of classicality of
weight one overconvergent modular forms. The theory starts with the observation that there is
a nice notion of the functor of “taking locally analytic vectors” of an admissible Banach repre-
sentation of a p-adic Lie group. In particular, with respect to the GL2(Q,)-action on Oy, there
is the subsheaf O'2, C O» of “locally analytic vectors”. One key property of the sheaf of locally
analytic vectors is that the action of GL2(Q),) can be differentiated, so that there is a C-linear
action of g on 0%, that commutes with the G-action.

Regarding P, as the flag variety of GLy ¢, for x € PL(C), let b, C g be the corresponding
Borel subalgebra, and n, C b, be its nilpotent radical. We define

go = O[P’lc ®C g,

0¥ :={fecg’|f. €.},

n’ = {f € gO | Jz € nz}'
The action of g on O, extends to an action of g° via (f ® 2) - s := f(z - 5).

Theorem 2.1 (Geometric Sen theory). The action of n° annihilates O'2,.
Proof. See [Pan22, Theorem 4.2.7]. O

Let b be the Cartan subalgebra of diagonal matrices of g. Then, by Theorem 2.1, b°/n® =
Op1, ®c b is a trivial vector bundle over PL, acting on O,. A specific trivialization can be chosen
by fixing H%(P{,, b°/n°) = b, and we can identify b with the constant sections of b°/n°. Let the
action of h on 0%, defined as the action of the constant sections of b°/n” be denoted as 6. We
will call this the horizontal action of b to distinguish it from the action of b C g.

Theorem 2.2 (Arithmetic Sen theory). The operator 6 ((39)) is the Sen operator in the sense of
[Pan22, Definition 5.1.5].

Proof. See [Pan22, Theorem 5.1.11]. O



Let us emphasize that Olﬁp has the actions of G, g, 0, and the Hecke operators away from p,
all commuting with each other. For a character y : h — C, let (91;,3‘ be the subsheaf of O, of

sections of weight x (i.e., local sections f of O%2, where 6, (h)f = x(h)f for h € b). Then, O}
has mutually commuting actions of GG, g, and the prime-to-p Hecke operators.

Theorem 2.3 (Pan). Forny,ny € C, let (ny,ns) : h — C' be the character defined by

(n1,n2) (&9) := any + dna,

(1) The n-coinvariant <011?P(n17n2)) (where the action of n on Ola ") s vig the g-action) is
supported at oo € P}j,
() Ifny —ny € Q — {0, — -}, then (O =2 (O(mm2))

la,(n1, nz))

(3) Suppose that ny,ns are mtegers The stalk (O, o can be explicitly identified with the
space of B-overconvergent modularforms ofwelght ny — ng and tame level K?, namely

(O ) o = Nimg M, (KPT(p") = MY, (K),

ny— TL2
n—00

where Mll _ny (KPT(p™)) is the space of overconvergent sections of w™ ~"? on a strict neigh-

borhood of the canonical locus of X gvr(pn).

Proof. For (1), see [Pan22, Proposition 5.2.10 (1)]. For (2), see [Pan22, Proposition 5.2.10 (3)]. For
(3), see [Pan22, Proposition 5.2.6]. O

Note that (Ola )oo has mutually commuting actions of B (the stabilizer of co € P}, in G), g,
and the prime-to-p Hecke operators.

In the above Theorem, we used a non-standard terminology of B-overconvergent modular
forms. The name originates from the fact that the space of B-overconvergent modular forms has
an action of B(Q,). The traditional definition of overconvergent modular forms involve taking
the limit over deeper (balanced) I';-levels. Namely, if we define

Fl(pn) = {(CCL Z) € GLQ(ZP) | a — 17d - ]-76 S pnzp} ’
then the space of overconvergent modular forms of weight k € 7Z and tame level K is defined as
M (K?) = lig M (K7D, (p").

n—oo
Zy 0
0 Z;
Cartan. Moreover, there is an action of the U,-operator, defined by

p—1 .

— p v

v, =% (O 1) |

1=0

Note that M, (K?) has the action of H(Z,) = ) }, where H C G is the diagonal

One can recover M, (K?) from M (K?) and vice versa, as follows. Firstly, M, (Kp) MPT(KP)N @),
with the action of H(Z,) and U, induced from the action of G . Conversely, M,”T(K?) is recov-

-1
ered from M; (K?) by inverting the action of < 0 (1))

Let £ € N, and w];{’f,m C WHT7*w}8§]Z be the subsheaf of GG-smooth sections. This sheaf encodes

the “classical” modular forms:
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Lemma 2.1 (Pan). Fori = 0, 1, there is a natural isomorphism

HY (P, wis™) = D H'(X(KPK,)o,0™)
K,CG

Proof. This is a consequence of the rigid-analytic GAGA and [Pan22, Lemma 5.3.5]. O

By the observations in [Pan22, 5.3.10], multiplication by ¢t ¥} gives rise to an injection

la,(k,0),n k,sm
OKp — Wgp

that is an isomorphism away from oo € P'. Namely, we have a short exact sequence of sheaves

0 — OlEOn XTI ken ) A B (R S 0,

where i, is the inclusion map of oo into P¢,. Taking the sheaf cohomology, we obtain an exact
sequence

0 — HO(PL, OB 5 HO(PL, whsm™) - MPY(KP) — HY(BL, 050" o HY(PL, wis™) — 0.

We have used that (zoo) M i (K p) is supported at oo and thus has no higher cohomology. Fur-

thermore, O(IP’C, ) la (k " has zero stalk at co. Therefore, we have a four-term
exact sequence

0 — HO(PL, whs™y — MPT(KP) — H'(BL, 050" & HY(PL, whs™) — 0.

This four-term exact sequence is equivariant under mutually commuting actions of B, h = b/n,
and the prime-to-p Hecke operators. This short exact sequence may be regarded as the local
cohomology exact sequence of the sheaf w];(f,m with respect to co — P}, <= Al

By Lemma 2.1, both the first and the fourth terms of the four-term exact sequence are not zero
only if £ = 1. For i = 0, 1, we define the space of classical H'-modular forms of weight one as

H'(w) = H'(Pp, wiy").
Furthermore, we define the space of B-overconvergent H'-modular forms of weight one as
HO(wWPT) = M (K7),
H' (W) = H'(BL, O™).

We may drop the decoration “H*-” in the above definitions when i = 0.
The four-term exact sequence when k£ = 1 then becomes

0 — H(w) - H (WP = HY(WPT) —» H'(w) — 0.
Definition 2.1. We define the boundary operator
d: HO(wB‘T) — Hl(wB'T)

be the middle map of the four-term exact sequence when £ = 1. The boundary operator is
equivariant under mutually commuting actions of B, fj, and the prime-to-p Hecke operators.

The boundary operator may be defined on the overconvergent modular forms as well.
4



Definition 2.2. We define the space of overconvergent H'-modular forms of weight one as

Hi(wh) := Hi(wB'T)N(ZT’).
Indeed, H(w') = M](KP). Taking N (Z,)-invariants, we obtain

§: HO(wh — HY(wh),

and we also refer to it as the boundary operator. This boundary operator is equivariant under
mutually commuting actions of H(Z,), U,, b, and the prime-to-p Hecke operators. As these
cohomology classes can be computed using the Cech-cohomology with an affine cover Uy, U, of
PL such that 0 € Uy, oo € U and Uy, U, are stable under the N (Z,)-action, there is a four-term
exact sequence

0 — HO(w)N@) 5 HOwh) & HY (wh) = H' (w)N@) — 0.

Remark 2.1. The space of overconvergent H'-modular forms is closely related to the higher
Coleman theory of Boxer—Pilloni (see [BP21, BP22, Pil24]). In this context, the boundary operator
is closely related to a differential in the Cousin complex.

We can now define the derived diamond operator as follows.

Zy 0O

0 1
C-Banach representations of H, with H ' in cohomological degree i. For n > 1, we define the
derived diamond action at T';(p™)-level to be the natural action

Extop g pnz, (C, C) X Homep ypnz,) (C, HO(K*®))
= Extlc[Hanp} (C,C) x Homeripnz,) (C, K*®)
— Extep gz,  (C, K°)
— Homerypz,) (C, H' (K*)),

Definition 2.3. Let H, = { ( ) } C H.Let K* = [H(w) % H'(w')] be the complex of

where the last map is the natural connecting map, C[1 + p"Z,| := Oc¢[[1 + p"Z,]|[1/p]. and
1+ p"Zy acts by 1 + p"Z, — Z,; = H.

The relation of the derived diamond action with the classical modular forms comes from the
following.

Lemma 2.2. Forit = 0,1 andn > 1, we have natural isomorphisms
Homcyi4pnz,)(C, H'(K*)) & H' (X (KT1(p"))c,w),
equivariant under mutually commuting actions of U, and the prime-to-p Hecke operators.
Proof. This is immediate from the four-term exact sequence. O

Therefore, the derived diamond action at I'; (p™)-level is the U,-equivariant Hecke-equivariant
action

Exteqypnz,) (€, C) x HY(X (KT (p")c, w) — H' (X (KT (p")c, w),

where the Hecke action and the U),-action on Extlc[l P (C, C) are trivial.
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3. DERIVED SEN ACTION VIA A-ADIC SEN OPERATOR

Using the geometric interpretation of the (obstruction to) classicality developed in §2, we can
give another action similar to the derived dimaond action, where a Tor-group acts in the reverse
direction to the derived diamond operator, using the A-adic Galois representation attached to a
Hida family. This duality between the Tor-action and the Ext-action is natural in the context of
derived Hecke operators; see [CG18, GV18, Ven19]. Note that, even though the construction of
this section itself does not require the results on classicality as in §2, that it is related to classical
Hi-modular forms a posteriori uses the results on classicality. Another advantage is that the
construction in this section yields an integral operator.

Before the construction, we need to recall the notion of A-adic Galois representation attached
to a Hida theory and related constructions, as clarified in [Cail8a, Cail8b].

Let N > 1 be such that (N, p) = 1. Consider

Hélt = @ Hélt(Xl(Npr)@a L),

where X;(Np") is the modular curve corresponding to the level group

{(Z‘ 2) € GLy(Z) |a—1,ce Np”i}.

The diamond operators give rise to the A := Z,[[1+pZ,]]-module structure on H},. Furthermore,
if we let e be Hida’s ordinary projector (arising as the limit of the powers of U,), a theorem of
Hida tells that e H}, is finite and free as a A-module. Moreover, this gives rise to a A-adic Galois
representation

p: Gal(Q/Q) — Auty(eH,,)
which interpolates the Galois representations attached to e HZ, (X (N P")g> Zy)- This Galois rep-
resentation is ordinary at p. Namely, upon restricting to Gal(@p /Q,), eH}, has a filtration

0— (eH}) — eH}, — (eH})r — 0,

where I C Gal(Q,/Q,) is the inertia subgroup, and (—)’ and (—); are the /-invariants and the
I-coinvariants functors, respectively. It turns out that (eH},)’ and (eH}, )  are also finite and free
as A-modules, and Gal(Q,/Q,) acts as explicit characters on (eH},)" and (eH}); (see [Cail8b,
Corollary 1.2.7]).

The A-adic Eichler-Shimura isomorphism [Oht95, Cai18b] gives a canonical isomorphism

1\/ ~
(eHg)" @a Ay E,)jn] = € On Ay@,)un)-

(eHe)1 @a Ay a,pun) = €SN, A) @a A,y
where eS(IV, A) is the space of ordinary A-adic cusp forms of tame level N, and ef) := lim ef),
is the ordinary Hida Hecke algebra.

Given a A-adic cusp form f € eS(N, A), cutting p out by the corresponding Hecke eigensystem
A : ef) — A gives rise to a 2-dimensional A-adic Galois representation py : Gal(Q/Q) —
GL2(A). This interpolates the Galois representations attached to specializations of f. Namely,
given an integer k and a primitive p"-th root of unity (, consider the arithmetic point 25 : A —
Zy[¢] given by [y] +— (el (), where ey is the p-adic cyclotomic character and 1 + pZ, is
identified with Gal(Q%°/Q) (here Q% is the cyclotomic Z,-extension of Q). Then, for £ > 2,

T ¢ © Ar gives rise to a Hecke eigensystem of a normalized cuspidal Hecke eigen-new-form £, . €
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Sk(T1(Np"), Zy[¢]), and its associated Galois representation pg, , coincides with x; ¢ o pr. We

also see Z,[C] (Q,[C]. respectively) as a A-module via zy, ¢, which we denote by Oy ¢ (O.¢[1/p],
respectively).

It is famously known that the specialization of f for £ = 1 is not necessarily a classical modular
form of weight one. However, the Fontaine-Mazur conjecture tells us when f; ;- is a classical
modular form of weight one, based on the Galois representation.

Theorem 3.1. Let ( be a p-power root of unity.

(1) The weight one specialization x1 ¢ o ps : Gal(Q/Q) — GLa(Q,[¢]) is almost Hodge-Tate of
weight 0,0 at p (in the sense of [Fon04]).
(2) The ordinary filtration
0— Ny — pr = My — 0,
where N; := (eH})![\e] and Mg := (eH},)1[\¢], gives rise to an extension

1
cr € Bxty ag, /g, (Me: Ne)-

Then, £, ¢ is a classical modular form of weight one if and only if ce @y O1¢ = 0, i.e., the
extension 0 — Ny @ Oy ¢ = pr @p O1¢c = My @4 Oy ¢ — 0 splits. This is also equivalent
to 1 o pr : Gal(Q/Q) — GLa(Q,[¢]) being Hodge-Tate of weight 0,0 at p.

Proof. This is the Fontaine-Mazur conjecture in the ordinary case, see [CG18, Pan22]. 0J

Theorem 3.1 leads us to consider the following.

Definition 3.1 (A-adic Sen operator). LetI' = Gal(Q,((y~)/Q,). Then, (pf®AAW(Cb))Gal(@p/@p(ﬁpw))

inherits an action of . Let (pf ® Aw(cb))Gal(@p/ @ (Gpee)) -2 be the largest submodule where T’
acts analytically (in this case, unipotently), which now inherits the action of Lie(I") = Z,. The
action of 1 € Z, = Lie(I") induces a A-linear map 0 : My — N¢, which we call the A-adic Sen
operator.

Lemma 3.1. Let ¢ be a p-power root of unity. Then, f, ¢ is a classical modular form of weight one if
and only if 0 @ Oy = 0.

Proof. This follows immediately from the definition of the Sen operator that an almost Hodge-
Tate representation of weight 0, 0 is Hodge-Tate if and only if the Sen operator vanishes. See
[Fono04]. 0J

We are now ready to construct the derived Sen action.

Definition 3.2 (Derived Sen action). Let I?f' = [ M LN N¢] be the complex of A-modules in

homological degrees [0,1]. Let ¢ be a primitive p"-th root of unity. We define the derived Sen
action to be the action

Tor/l\(OLC, O1¢) x coker ® Oy ¢
=~ Tor} (O, O1¢) x Tor) (K¢, O1¢)
— Tor/l\(IN(;, O1¢)
— ker 0 ® Ol,('
The relation of the derived Sen action with the classical modular forms comes from the follow-
ing.
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Lemma 3.2. For a primitive p"-th root of unity (, we have natural isomorphisms

ker ‘9 ® OLC = HO(Xl (Npr), w)Zp[C] [/\fl,(]7

coker 9 X OLC = Hl (X1 (NpT)w)Zp[d [/\f1,<]7
where H*(X,(Np"),w)z, ¢ is a lattice of H*(X1(Np")q, ], w) given by the specialization of H(w)
or H'(O) of [Cail8a].

Proof. This follows from the control theorem [Cail8a, Theorem 1.2.1], [Cail8b, Theorem 1.2.4
and the interpretation of N¢ as the higher Hida theory [BP22], interpolating H' (X (Np")z, (¢, w*

0.

4. THE p-ADIC ANALOGUE OF THE HARRIS—VENKATESH CONJECTURE

We formulate the p-adic analogue of the Harris—Venkatesh conjecture [HV19]. We fix an em-
bedding Q — Q, throughout this section.

Conjecture 4.1 (p-adic Harris-Venkatesh conjecture). Let (N,p) = 1. Let f € Si(I'1(Np),C)
be a normalized cuspidal Hecke eigen-new-form. Let ps : Gal(Q/Q) — GLy(C) be the Galois
representation associated to f, and let H be the number field cut out by Ad° p;. We let

Uy := Homgqa /g (Ado ps, O @z Q),

which is a 1-dimensional Q-vector space. Let U} := Homg(Uy, Q). Consider the homomorphism
UY — Extoq g, (C,C) given by ¢ — %logp foruy € Uy (the definition is independent
of the choice of uy), where log, € Extlc[Hpr}(C, (') is the element corresponding to the p-adic

logarithm log,, € Hom(1 + pZ,, C'). Then, the derived diamond action
Exto,z,1(C, C) x HY(X1(Np)o,w) = H' (X1(Np)e, w)

restricts to
va X HO(Xl(Np)@,w) — Hl(Xl(Np)@,w)
along the homomorphism U{ — Extlc[Hpr] (C,0).
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