THE VORONOI FORMULA FOR GL(n,R)

BY DORIAN GOLDFELD AND XIAOQING LI

ABSTRACT. A Voronoi formula is an identity A = B where A is a weighted sum over Fourier coefficients
of an automorphic form and B is another weighted sum involving the Fourier coefficients of the dual
automorphic form. The weights in A are additive characters multiplied by a test function while the
weights in B are Kloosterman sums multiplied by a suitable transform of the test function. We derive
an explicit Voronoi formula for even Maass forms in £2(SL(n,Z)\GL(n,R)/O(n,R)-R*) for all n > 3.

¢1. Introduction.
Let h be a smooth compactly supported function on R™ and let
r(m) = #{ml,mg €z ‘ mi +m3 = m},

where # denotes the cardinality of a set. The classical Voronoi formula (first proved in [V]) states
that

(1.1) Z r(m)h(m) =

m=1

h(x da:—l—z

where

7r0/h x)Jo (2m\/zy) dx

This formula immediately implies (see [I-K, Corollary 4.9]) that
Z r(m) =nx+ O (x%)
1<m<z

which greatly improves on Gauss’ estimate of 22 for the error term in the classical circle problem.

The Voronoi formula (1.1) may be viewed as an identity arising from the fact that Eisenstein
series are modular forms, and from this point of view, may be generalized (see [I-K], [M-S1], [M-S2])
to arbitrary automorphic forms on GL(2). For example [M-S2], if

> am /I, (2n|mly)e

m##0
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is an even Maass form of type v for SL(2,7Z), then the Voronoi formula takes the form
—2mwima CLm 2mwima * n
(1.2) Z ame— < h(n) = | Z We c H (0—2) ,
m#0 m##0
where a,c € Z with ¢ # 0, (a,c) =1, aa =1 (mod ¢),
1 T 1+s+v r 1+s—vY)
H*(y) — / ( 2 ) ( 2 )h(—s) dS,

72 2. T —s+v T (=s=v
=) TEERT ()

and

T

h(s) = /ooh(:r) x® dr
0

is the Mellin transform of h.

The Voronoi formula (1.2) was first generalized to GL(3) by Miller and Schmidt [M-S2]. A
simpler proof of the Miller-Schmidt GL(3) Voronoi formula was found shortly after (see [G-L])
by the authors of this paper. In [G-L], a Voronoi formula for Maass forms (twisted by additive
characters of prime conductor) on GL(n) was obtained for all n > 3. It is the object of this paper
to remove the restriction on prime conductor and derive a very general Voronoi formula for Maass
forms for GL(n) (twisted by additive characters) with n > 3. We now state the main theorem of

this paper.

We freely adopt the notation of [G]. Let e(x) = e?™* denote the standard exponential function.
For n > 2, let
(13) b = GL(n,R)/(O(n,R) - R¥)
be the generalized upper half plane. Each element z € h™ takes the form z = x - y where

1 z12 w13 -+ Tin Y1Y2 ** Yn—1
1 xo3 - T2n Y1Y2 ** Yn—2
1 zp_1n Y1
1
with z; ; € Rfor 1 <7 < j<nandy >0forl <i<n-—1 We also adopt the notation that
d
1 0

diag(dy,ds, ... ,d,) denotes the diagonal n x n matrix . . For n > 2, let

dn,
(1.5)

> > Alma, ... ,Mp_1 5
CEED YD SHD DD S Py (M () 2,

k(n—k)
’YEUnfl(Z)\SL(TlfLZ) mi=l o ma—o=lmn a0 [T [my| ™2
k=1

be a Maass form of type v for SL(n,Z) (see |G, 9.1.2]) where W denotes the Jacquet Whittaker

function and M = diag(m1 e Mp—a|Mp—1|, My Mo, ... M, 1).
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Main Theorem. Fiz n > 3. Let f be an even Maass form as in (1.5) and let ¢ be a smooth
compactly supported function on RY. Then for integers h,q with q # 0, (h,q) =1, we have

5 At Lome () o)

m##0

n—2 .
im| IT i
i=1

A(mydTLan 7d27d1)
_ KL(h,m;d,q) ®
DD 2 X T am (h,m; . q)
d1|q dgl% d”l—2‘d1~~{én,3 m:’éo

qn

where hh = 1 (mod q), d = (d1,ds, ... ,dn_3),

KL(h,m;d,q) = % e<(_ql/);1htl> :Zdj e<Q/Zfzz)>

q _
(tn72,m)—1

is the hyper Kloosterman sum, and ®(x) is a certain transform of ¢ given in (7.4).

The proof of the main theorem above is given in §7 and is based on [J-P-S] (see also [B], [G]).
It contains a new non-adelic proof of the functional equation (see (7.2) with h = 0, ¢ = 1) of the
standard L-function for GL(n). We also remark that the method in this paper will also give a proof
of the Voronoi formula for Eisenstein series on GL(n), i.e., for n-tuples of divisor functions. In
this case, however, much simpler proofs are known, (see [Iv], [B-B]). A potential application of the
Voronoi formula is to break the convexity bound of the GL(n) L-functions. In the second author’s
paper [Li], the Voronoi formula on GL(3) was used to break the convexity bound of the triple
L-functions in the splitting case. Other applications to cancellations of additively twisted sums on
GL(n) were made by Miller [Mi].

¢2. Notation.

1 *
For a field F, let U, (F) = denote the unipotent upper triangular matrices in

1
GL(n,F). We introduce the following matrices in GL(n,R), with n > 3.
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(=" 0 0 0
0 0 0 (—1)n2 (=nm 0 0 0
: . . . 0 0 0 1
@1) w=| = T o]0 0 1 0
e G : : :
0 1 0 0
1 0 uyrz - ulm
1 wugz -+ uz,
(2.2) Up = 1 ... : ,
' Un—1,n
1

For integers h,q with (h,q) =1 and ¢ # 0, we define the matrix:

100 - 0
bpo 0
(2.3) Apg=[0 01 -0
000 - 1

§3. The basic identity.

Fix n > 2. For z € h", let f(z) be a Maass form of type v = (v1,...,v5,—1) for SL(n,Z). The
dual Maass form f is defined by

f(z) = f (wo-"271),
is a Maass form of type 7 = (vp,—1, ..., 1) where

+1

Wo =

is the long element of the Weyl group associated to SL(n) . Since f is automorphic it is easily seen
that

fz)=F(w- 27,
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where w is given by (2.1). Fix rational integers h,q with ¢ # 0 and (h,q) = 1. We now choose
z = Apjq - Uy with Ay, given by (2.3), @ = 1, given by (2.2), and y given by (1.4). The basic
identity we employ for computing the Voronoi formula is

//f (Apjq - ty) e( — quaz —ug s — tugs — -+ —Un_1,n) di*
0 0
(3.1
1 1
= / / “(Apyg -t )_1> e( —quas —uga —Uss — 0 —Up_1,) di*.
0 0
Here
dit = [ duy,
1<i<j<n
(1,9)#(1,2)

is the standard Lebesgue measure satisfying fol du;j =1 for each 1 <i < j <n, and (i,7) # (1,2).

The computation of the left hand side of (3.1) is much easier than the computation of the right
hand side. The identity that arises from the two computations (after taking a suitable Mellin
transform) is the Voronoi formula.

§4. Computation of the left hand side of (3.1).

Let
1 1
/ /f Apjq - ty)e( — quas —ugg —ugs — <+ — Up_1,n) d*
o 0

denote the left hand side of (3.1).

Proposition 4.1. Fiz n > 3. Let f be an even Maass form of type v for SL(n,Z) as in (1.5).
Then we have

g Hmlyr - yn—1

qy1 - Yn—2
A(l,... . 1,m h Y1 Yn—3
F(y) = Z %6 (m> Wy . L1
0 |m| =2 q -
Y1
1
Proof: Let
ai a1,2 a1,mn—1
as,1 as,2 asn—1
v = , , , € Un—1(Z)\SL(n —1,7Z).

Gn—-1,1 Gn-12 - OGpn—-1n—1
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Define
/
ai 1 aie -+ aip-1 0
!
as g azo -+ agp—1 0
r_ [ . . .
v= ( 1) Ah/q_ :
!
Ap_11 Gn-12 *°* Gp-1p—1 0
0 0 0 1
where

/
CL171 =4ai + CLLQE,

/
(g1 = a2;1 + Gz,zaa

/
Up—1,1 = On-1,1+ On-1,27

It follows from |G, Theorem 9.4.7] that

F(y):z Z Z Z AELTilll,...,mn_l)

k(n—k
Y mi=l maa=lma 120 ] |my "
k=1
1 1
/A~ ~
. / ../WJ (My uY, v, 1/11 1 mnl) e( —qU23 — U344 — Uss5 — *°° — Un—l,n) dii
P Mgy g
0 0

A(ml, e ,mn_l)

I
NE
]2
(]

—1
v mi=1 Mp—2=1my_17#0 nH \mﬂw
k=1

(4.2)
1 1
. ) , , /
el my (an71,1u1,n + Gy _q2U2n 00+ anfl,nflun—l,n)
0 0

/ / ’
. v + v + e 4+ gl

Wy (M?ﬂ s Vs ¢1,...1) e( — quas —uzg —Uss — -

where by the Iwasawa decomposition,

7 ’

~ay = @7 -y7  mod (O(n,]R) -]RX)

- unfl,n) du”,
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and
' 5’ v v
1 Uy Upsg Ui Y1 Yo " Yp_1
/ / ’ ’ ’
v . ¥ e A
) 1 Ug g - Ug ) Y1 Yo Yn—2
- ¥y _
u = ) ) -
/' ’
Y v
1 un—l,n Y1
1 1

Since fol e(av)dv = 0 unless a = 0, it immediately follows that the integral on the right hand
side of (4.2) is zero unless

!
Ap_11 = 0n—11F an—1,25 =0

, — —
Up_1,9=0n-12=0

/
Up_13=0n-13=70

/
apn—1,n—2 = n-1n-2 = 0
/

Up_1p—1=0n-1n-1=1, my =1

It follows that the integral on the right hand side of (4.2) vanishes unless +' takes the form

aia a2 ++ Glp—2 0 0

a’271 aso - azn—2 0 0
V=1,

Ap_91 Gpn—22 - Ap-2p-2 0 0

0 0 0 1 0

0 0 0 0 1

We may now proceed by induction. Suppose ' takes the form

a/m al’g tee al,k 0 0
a,271 a]272 . e a]27k O “ e O
’7/ = a§€71 ag2 -+ agpr O 01-
0 0 .. 0 1 --- 0
0 0 0 0 1

for3<k<n-—1and m,_,_1 =1.
Then by the Iwasawa decomposition, we have

/

Y !
Up o1 = Ok 1ULk+1 T Gk 2U2 k41 + -0+ Gk KUk k41
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Again, the integral on the right hand side of (4.2) vanishes unless

!/
a1 = ak1+ ak,2a =0,

Q.2 = 0,

akk =1, mp_p=1.

)

It follows by induction, that the integral on the right hand side of (4.2) is zero unless

a’171 a2 0o --- 0
aé}l as 2 o --- 0

’}//: 0 0 1 --- 0 , m1:m2:...:mn_3:1,
0 0 0 1

But
v !
Uy g = Ao 1U1,3 1 A2,2U2 3.

The u; 3-integral on the right hand side of (4.2) will vanish unless a'271 =as +CL272% = 0. Similarly,
the uy 3-integral will vanish unless ap » = ¢ which implies that a1 = —h and m,_» = 1.
It follows that the integral on the right side of (4.2) vanishes unless

gt h
0 ¢
v = 1 :
1
and .
Yi =Y, o Va3 = Yn-s, Y2 = qUn-2,  Yp_1 = 2
Proposition 4.1 immediately follows.
]
§5. Computation of the right hand side of (3.1).
Let
1 1
~ N —1 A %
(5.1) F(y) = //f <w- ! (Ah/q ) uy) > 6( —qUu23 —U3,4 —Uss — " — Unfl,n) di
0 0

denote the right hand side of (3.1). The computation of (5.1) is based on two elementary lemmas
arising in the classical theory of Fourier series.
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Lemma 5.2. Let G : R — C be a smooth functwn satzsfymg the periodicity relation G(t+1) = G(t)

for allt € R. Then for all o € R, weh(wefG fGt+a)dt.
0

1
Proof: Differentiate I(a) := [ G(t + «) dt with respect to « to get 0. Hence I(a) is a constant.
0

0

Lemma 5.3 Let G : R — C be a smooth function satisfying the periodicity relation G(t+1) = G(t)

for allt € R. Then for all o € R,

Proof: By the Fourier expansion G(«) is equal to:

1 1

3 /G(t)e(—tm)dt e(ma) = Z/G(t)e((—t+a)m) dt = Z/G(t—f—a)e(—tm)dt.

meZ 0 meEZ 0

[l
Proposition 5.4. Fiz n > 3. Let f be an even Maass form of type v for SL(n,Z) as in (1.5).

Then we have

(n—3)(n—2)
q 2 A(m,dn,g, ,dg,dl)
=D > > Ry > ) KL(h,m;d,q)
n—2 (n—k)(n—3)42 ’ ‘ 5
dila lF dnelgi— [l d 7 m70
k=1
dn 1dn 2, dn s m ]_
. . qn—2 UL, 1
q U,n—1 1
WJ
U3=—00 Uln=—00
q 1 U1,3 1
0 1
(="
yl"'yn—l O O
0 (_1)77,—2
(71)n—3
Y1 ~
y Vs ¢1,..A,1,1 du1,3dul,4 e 'du1,n-
-1
0 1

Yi1-Yn—2
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where d = (dy,da, ... ,dn—2) and

o = 3 e (S) 3 (i

1s the hyper Kloosterman sum.

Proof: Note that

1
0 1
g, = | v1.3 U2,3 1 —
Uln U2n Un—1,n 1
where
ﬂ = (Ul,na U2.n, un—l,n)-
Since - .
u_ 0 Up—1 O
1 n
- )
- 1
-8, -, 1 B 1

where I,,_1 denotes the (n — 1) x (n — 1) identity matrix, it follows that

ta—1
un
We may write
1
0
—u1,3+ u’{73
ta—1 —u174+u’{’4

*
—Uln—1+t UL,

ta—1
U, 0
to—1
B, 1
1
—U2,3
—Ug2,4 + U3 4

*
—U2p—1+ Uy g

—Un—2,n—-1 1

)
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for certain u;
Similarly, —3% !, is equal to

1

0
—u1,3 + Uig

—Uu14 + uj
- (Ul,n7u2,n7 .. ’unfl,n> : 1,4 14

*
—Ul -1t UL,

* *
= ( — Ui, Tt Uy s —U2,n + UQ ns

It follows that

(5.5)
1 0 0
—Uln + uin 1 Un—1,n
U, n—1 -+ uin_l 0 1
ta—1, —1 __
w u, w = Ui s +Uin_2 0 0

0 0 0

Also, by a direct computation we have
1 0
0 1
tg—1 —1 .
(56) w - Ah/q - w = :
0 0
0 0

Now, by (5.5) and (5.6) we obtain

f(w- t (Ah/q . ay)il) = f((w tA;/lq-w_l) S(w- o wTh

1
—Uu23

which are polynomial expressions in ug ¢ with (k, £) # (4, j).

*
—U2,4 + U 4

*
U2n—1 + U g

*
’ —Un,Ln + un—l,n)'

0 0
—Unp—2.n + u:—Q,n
Up—2,n—1
1
f U2.3
0 1
O (_1)n+lh
q
0 0
1 0
0 1
w ty—l)

1 0 0 0
—U1pn t+ Uin 1 Up—1,n —Up—2nt U;’;_Qm
~ U1,n—1 + u>lk,n—l 0 1 Up—2,n—1
=f
_u17n—2 + uf’n_2 0 O 1
0 0 0 0

(_1)n+1h

q
(=1)" 2 (uzn + u3 )

U2,3

—Up—2,n—1
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By repeated application of Lemma 5.2 we will show that F(y) is, in fact, equal to
(5.8)

1 0 0 0 . % 1 00 --- 0 0
1 1 I up—1n Un—2,n e U2 n Ui,n 10 -+ 00
/. /f 1 un—'Q,n—l . UQ,TL—1 Ul,i@q 0 1 0 0 iyl
5 5 . . : : o .
1 'U,273 U]_73 0 0 e 1 0
1 0 0 0 0 1
e( —qU23 — U3 4 —Uss — *°° — un_l,n) du’*.

We now briefly indicate how to prove (5.8). For 1 <i<n—1,and 1 <j <n, i# j, let I; ; denote
the n x n matrix which differs from the identity at only the position (i, j) where it takes the value
1. Now

(5.9) f<fm' cw " (Anyg- @?J)_l) = f<w' (Angq - QZ?J)_l)-

Choosing i =n—k+2, j =n in (5.9), we see from (5.7) that f (w cH(Apyg - f&y)_1> is periodic in
ug ) for 3 < k < n. By Lemma 5.2, we may replace ug 1 + ugk (for 3 < k < n) by ug everywhere
on the right side of (5.7). Similarly, by choosing i =n — k + 2, 7 =1 in (5.9) it follows from (5.7)
that f (w St (Ah/q . ﬂy)_1> is periodic in u i for 3 < k < n. By Lemma 5.2, we may thus replace

tuy g+ ul g by “u;  everywhere on the right side of (5.7). One may continue this process by
choosing i = n —k+2, j =n —1, etc. and eventually show periodicity in all u; ; with 7 # j so
that all u; ; may be removed on the right side of (5.7) and replaced by any expression not involving
Uj g Flnally, +u; ; can be changed to u; ; by making the transformation u; ; — +u; ;. Each such
transformation does not change the value of F(y) due to the periodicity.

We now proceed with the computation of (5.8). Since

F(mow (Angg i)™ ) = (w0 (A o) ™).
it easily follows from Lemma 5.3 and (5.8) that

1 1
n+1hm
o] [ ()
q
0 0
0
1

(5.10)

—

MeEZ

z,=0
1 0 0 cee Ty 1 o0 --- 00
Un—1,n Un—2,n U2.n UL,n 1 0 --- 0 O
- 1 Up—3n—1 *'° U2p_1 Uln—1 0 1 0 0
f . wty 1
1 U2’3 ’U,173 0 0 1 0
1 0 0 0 0 1

e( — QU3 — U4 —Uss — -+ — un_lm)e(—mmn) di* dx,,.
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Let d; = (m,q). Then there exists integers A, B with 1 < B < ¢/d; such that

Ad—1 —Bd—1 = 1.
Define the matrix
A 0 --- B 0
o 1 --- 0 0
(5.11) My q.di = P € SL(n,Z).
ZlnT 0 --- dil 0
o 0 --- 0 1

Later on we denote m/dy by m. It immediately follows from (5.10) and (5.11) that

(5.12) A
wer B[ L5

dilq meZ

(o )=1

1 0 0 0 ‘e Tp 1 o o0 --- 00
1 Up—1,n Up—2,n T U2 n Ul,n ro - 0 0
_ 1 Up—3m—1 **° Up_1 upp—1 0 1 -~ 0 0 A
| Mimg,a, .. .. : : oo SR B
1 U2 3 U1,3 0 0 1 0
1 0 0 0 0 1
e( —qua3 — U4 —Usps — 0 — un,lvn)e(—mdlxn) di* dz,,.

After some elementary transformations, (5.12) takes the form:

(5.13)
To1 1 A& ar ar
(=)™ hm\  [(di\" P
ROEDYEDY 6<q (2
dilg  mEez 0 0 2,=0 u3,n=0 uz,n—1=0 u3,4=0
(m,%):l
A0 0 -+ B Awp+ Buags 1 0 0 0 0
0 1 Up—1,n U3, n U2 n UL,n 1 0 0 0
. R U1 0 1 o+ 0 0 )
-f O O . . . 0 : Do, N wty '
m 0 0 + man+ fuss uz 00 10
0 0 0 0 0 0 0 0 1

6( —qu23 —U34 —Uss — 1 — un_l,n)e(—mdlxn) di* dz,,.
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In the above multiple integral, we make the following transformations:

(5.14) Azy, + Buaz — %, M, + diu273 — U3
1
U3zn — iU:sm U3,n—1 _)iu3n—17 Uz,4 — iU34~
’ dl ’ k) dl k) El dl I
When the transformations (5.14) are applied to (5.13), we obtain:
(5.15)
1 1 1 1 1 (1)
1" m
IR RC
7 q
dilg ~ me 0 0 2,=0 u3,,=0 ugn_1=0  u31=0
(o) =1
A+ BU173 0 0 tee B Tn
U1,n + uin 1 Up—1,n %u3,n U2.n
ulvnf]- + uin—l
f why™!
Ur g+ Uiy 1 Fusa usa
m 4+ %ul’?, [;11 u23
0 0 1
d q o
e | —dijug 3 — d7u3’4 —Ugs — 0 —Up—1,p | AU dxy,.
1
Let
A + Bul’g 0 0 e B In
U1,n + uin 1 Up—1,m C%UB,n U2 n
U1+ UT ;g
m =
urat+ujy 1 Fusa uza
m + %Ul,g % u2,3
0 0 1

Define I; ;(B) (for i # j) to be the n x n matrix which differs from the identity at only the
position (i,j) where it takes the value 8. It follows that f (Ik;,n(l) - mw tyfl) = f (mwtyfl) for
any 2 < k < n —1, so that f(mwtyfl) is periodic in ug ¢ for all 3 < ¢ < n. Lemma 5.2, tells us
that we may replace ug ¢ (for 3 < ¢ < n) on the right side of (5.15) by ug ¢ + o for any real number
a. In a similar manner f (In,n_l(—B) Ip1(q/dy) - mw 2"gfl) = f(mw tyfl) from which it follows



THE VORONOI FORMULA FOR GL(n,R) 15

m %):1
A+Buys 0 0 -~ B Tn
q
Ul,n + uin 1 Up—1,n EUB,n U2,n
3
Ul,n—1 + ul,n—l
3 t, —1
f w'y
q
Ur g+ Uiy L grusg u2,4
q q
m + chula?’ a U2.3
1 0 %l‘n — BUQ’?, +1
d 1 da* d
€| —a1U2,;3 — d—u3,4 —Ug5 — 0 T Un—1n U QT
1

Since f is left invariant by I, (1) for 2 < k < n — 2, it follows that the right side of (5.16) is
periodic in uy ¢ for 4 < ¢ < mn. We can then use Lemma 5.3 to remove the uj , terms (3<¢<n)on
the right side of (5.16) and replace them with arbitrary real numbers. We also write

q . q
=k— +t th (t1,— ) =1.
m dl + 1 w1 (17d1>

Then (5.16) can be reexpressed in the form:

(5.17)
i (—=1)"*tht / i
- 1
rn =Y Y (S [
‘ — q/d
g t=1 kEZ o
() =1
10 0 - 0 oz A+ Buyz 0 B 0
1 Un—-1,;m =+ U3n U2n U1,n - 0 0
/ . | ety
1 ug m—}—d%ul,g 0 dil 0
1 0 0 0 1
q -
-e<—d1uQ,3—dU3,4—u4,5— —un_1,n> du” dxy,.
1
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In (5.17) we make the change of variables:

q q
m + d71U1 3= d71U/173
which implies that
/ dl dl /
A+BU173:A+B ul —; :;—FB 1,3

Then (5.17) can be rewritten as

(5.18)
di 1 1 o]
> () [
= e ..
d
dl‘q t1=1 q/ ! 0 0 U1 ,3=—00
()=t
L0 - 0 %+ Buig 0
r .- Uzn U2n Ui,n 1
f : :
1 U1,3 diluLg 0
1 0 0
q
e <_dlu2,3 T Usa T Uas =
1
Recall that m = k- q + t1 and A Bm = 1. Let us define t; by t; -
= —B. It follows that (5.18) can be rewritten as
(5.19)

F(y):d1| tZ 6<( q;zhh)j 0/1

/

q 1:1 U1,3=—00
(tl,%):l
10 0 Ty i —t; 0 1 0
q
1 Uz,n U2n 0 1 0 0 Ui,n 1
¥ || z s

1 w3 0 0 + 0 upz 0
1 0 0 0 1 0 0

d q
e\ —ai1uz23 — -U34 —Uq5 — "

da

B 0
0 0
ot
4+ 0
0 1

— un_17n> di* dz,,.

=1 <mod %) , so that

0 0
0 0
10
0 1

—Un—1,n

N———

dia* dz,,.
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Next change —t; — t1.

Proof by induction: By induction, suppose that

(5.20)
(k—1)k %
q = (—1)"ht,
F) =Y Y Y e > (5
dilg da| G il gt dy 7 dy P dpor 0=l !
(o) =1
q q

dida E t dydgads Et dydgy---dy, E '
162 203 k—1Uk
e el ——— e el ——=—""%
Z <q/d1d2> z <q/d1d2d3> Z <Q/d1d2"-dk>

to=1 tz=1 te=1
_a q q _
<t2’d1d2)71 (t3’d1d2d3> 1 (tk’dldz dk)il
oo o) [ee) 1 1
U1,.3=—00 UL 4=—00 UL, k42=—00 0 0
1
1 0 : 0 Lp—k4+1 Tn—1 Ln Uy 1
,n
0 1 Unp—1,n Uk+1,n Uz n U2n .
0 0 1
- f D, | Yik+2 " wty™!
U1, k+1
1 U273
1 U173 1
0 1
d d d a
ce| —a1U2,3 — A2U3 4 — 0 T QRURH1L,k+2 — 7 7 Wk+2,k+3 — Uk43k+4 — 0 T Un—1,n
d1d2 . dk
cdutdr, dr, 1 dr, k.
Where position n—k
drdi=t...q, "tf\
qF k
1
1
Dy =
didg---dy
q
dida
q
dy

1

We may also assume, by induction, that the expression on the right side of (5.20) is periodic in
Tp—k41s--- s Tn—1,Tn. Now, we must show that (5.20) also holds when k is replaced by k + 1.
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We temporarily define a new function G(x,—) to be equal to

Lo 0 Tn—k Tn—k+1 - In 1

0 1 Un—-1,n ° Uk+ln Uk.n o U2n Ul,n 1

0 0 1
3 t, —1
f :Dk UL, k+2 wy

U1, k+1
1 UQ’g :
1 u1,3 1

Since f is left invariant by the matrix Iy ,,—x(1) it is clear that G(x,—r) = G(z,—x + 1). Then by

Lemma 5.3 (with & = 0) we obtain G(0) = > f G(t)e(—mt) dt. It follows that the right side of
mez
(5.20) can be rewritten in the form
(5.21)
g u (—1)"ht,
= Z Z Z kDb (-2(-1) Z € T q/d
dilqg da| g dk\m 1 2 2 2 codp—q t1=

t1to s tots e th—1tk
e . el ———— . e| ——=2—~7%
tX:I <Q/d1d2> Z <Q/d1d2d3> Z (q/d1d2 e d,k>
S )=1

2= tz=1 tr=1
q q —
<t2’41d2> <t3’d1d2d3> 1 (tk’d1d2" dk>_1
e} 1 1 1
U1,3=—00 U,4=—00 U1, k42=—00 0 0 meZ Ty — =0
10 --- 0 Tn—k Tn—k+1 o I 1
01 Upn—-1n - Uk+2,n Uk+1,n U2 n u 1
00 1 Ln
; I Uk42,k+3 Ukt1,k+3 " U2,k+3 u t 1
. f 9 b ) @k 1,](3—'—2 w y
UL, k+1
U1,3 1
1 U2.3 0 1
1
q
€ —dluz,s - d2U3,4 — = dkuk+1,k+2 — 7 7 Uk4+2k4+3 — Uk43,k+4 — 7 — Un—1,n
d1d2 . dk

ce(—may_g) du*dr, de, 1 - dxy g1 dTp_k.
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Let dg41 = (m, ﬁ) , and choose integers C, D, with 1 < D < %, satisfying

di...

q m
C - D = 1.
dy - diy1 dg+1

Later on we denote m/dy11 by m. Now, replace the matrix

1 0 0 Tn—k Tp—k+1 o Tn
0 1 Upn—1,n Uk+2,n Uk+1,n e U2,n
0 0 1
1 Upyok+s Ukr1,k+3 0 U2 k43
1 ”LL273
1

which occurs on the right side of (5.20) by the product of matrices

10 0 Tn—k Tn—k+1 In
C D
0 1 Un—1,;m " Uk+2,n Uk+1,n U2,n
1
0 0 1
1
m q 1 Upt2,k43 Ukty1k+3 -0 U2k43 |
di-+dg41
1 L ugs
1

where D occurs at position (1,n —k — 1) and m occurs at position (n — k —1,1). This replacement
does not change the value of the right side of (5.21) because f is automorphic.
Next, we make the change of variables

q
Cxpi + DUpyo k43 — Tp—rk, MTp—f + ———————Uk42,k+3 — Uk+2,k+3-
dyda -+ dj 41
Also, because the right side of (5.21) is periodic in ug43n, Uk43,n—15 --- , Uk+3,k+4 WE MAy rewrite

__a 9

1 1 n—k—3 dy-dpyq dy--dpyy

/ / B (dl"'dk+1>
q
Uk43,n=0 Uk43,k+4=0 Uk43,n=0 Uk43,k+4=0

It follows that (5.21) can be rewritten as
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k(k—1)
q 2
F(y) = Z Z -1k (h—2)(k—1)
d1|q d2|dq1 dkldldg dk—l dl 2 d2 2 * dk;_l
= d dq 1
dy 1d2-dy In
Z e <(_1)nht1> Z e < lp—1tk
t1=1 q/ds te=1 q/d1ds k
<t11%>:1 (tk7d1d2q~-~dk):1
d ((Zi d (zli
n—k—3 ') ') 1 1 1041 1 A4
<d1 ..dk+1> / / //
q
u1,3=—00 Uy, k+2=—00 0 0 meZ Uk 4+3,n=0 Uk+3,k+4=0
q —
(m’m)_
(5.22)
C 0 D Ty Ty
1 Up—1,n Uk43,n Uk4+2,n U2,n
1
5 q
f m L gmary Wkt2kes U2 k+3
1
1 UQ,g
1
position n—k
didi tede g G0 0 !
qF k 01
Ul,n 1 0 0 :
: 0
U1,k+3 0 10 0 UL g2 w ty—l
q El
0 dy---dy 0 U, k41
: : 1
0 Z 0 UL 1
N 0 1
0 0 1
q
- € —d1U2,3 - d2U3,4 - dkuk+1,k+2 — 77 7 Uk42k+3 — Uk43k+4 — " — Un—1,n
dids - - - dj,
ce(—mdgy1Tp—) du*dx, de, 1 -+ - deg, k.
In (5.22) we make the change of variables
q
Uk+3n — 5  Uk+3,n, s Uk4+3,k+4 — ﬁuk+3,k+4-
dy - diy1 1 dgga
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Consequently
k(k—1)
q 2
F(y) = E E (k—Dk (k—2)(k—1)
dilq dk+1|m dl 2 d2 2 cedp—
ry d1dyd
i: . ((1)”ht1> li § 6( te—1tx >
2 o = g
a \_ 9  Y_
<t17d1)_1 (tk’dle,..dk)fl
(5.23)
o) 0 1 1 1 1
_/_ /__ / / meZ _ _
uU,3=—00 Uy, g+2=—00 0 0 Uk 43,n=0 Uk43,5+4=0
(m:d ?1 ):1
1dpy
O ik +D 0 - D Ctp + —1 S
qF ul,k+3 k dy--dp HS dl,_,dk_lxn—k+1 Tn
qUEk+3,n q
Ut,pn + Uin 1 Unp—1,n dydpi dy--dy Uk+2,n Uk+1,n o U2n
i mdy -di qU1,k+3 q ny qQUK+2,k+3
-f q* + dy-+dit1 di-di41 mik + dy---dg U2,k+3
q9
dy---dg
1 U273
1
1
01
0
UL k42 1 ty=1 ] . —d —d — . —d
Tkt ’ wy e 1U2.3 2U3 4 kUk+1,k+2
UL, k+1 di--dy
Uuy,3 %
0 1
d a du*dz, d d
— Qg4 1UE42k+3 — 737 3 Uk+3k4+4 — " T Up—1,n | - AU ATp ATp—1 *** GTp—k-
dydy -~y

As we did previously, one may show that the right side of (5.23) is periodic with respect to
ULy .- UL kta a0 Ug p, . .., u2 3. We can, therefore, drop the starred terms in (5.23). After making

the transformations

. . q
Cty, + Tyt — Tn—k, mty, + Uk42,k4+3 — o Uk2 k3,
L dy

_ 17 _ 17 _ 17
dy -+~ dy, dy -+~ dy, dy -+~ dy,
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it follows that (5.23) may be rewritten in the form

k(k—1)
q 2
F(y) = E E (k—1)k (k—2)(k—1)
dilq dk+1|m dl 2 d2 2 e dk—l
di dqd v d
i: ((—1)”ht1> 1i g ( tp—1lg )
e ] ... el ———
= q/dy = q/d1ds - - - dy,
<t17%>:1 (tk7d1d2q---dk):1
(5.24)
0 [e%s) 1 1 1 1
U1, 3=—00 Uy k+2=—00 0 0 meL Uk +3,n=0 Uk4+3,k+4=0
(m ! )—1
vdperdp g
1 0 0 Tn_k Tn—k+1 - Ty
1 Up—1,n o Uk+2,n Uk+1,n o U2 n
1
F I Ugy2k+3 Ukt1k+3 00 U2k43
1
1 U2,3
1
d’fmdk
C="% 4+ Duq k43 D 0 -+ 0
q ’ 1
U1l,n 1 0 0 01
Ul ,n—1 .
0
df--dy, q ! 2 X U1,k+2 1 wtyil
mIg t aman ks O g 00 e 0 ULkl grig
qd
dy---dy
Uu1,3 dql
0 1
1
d d d S S
€| —Q1U2,3 — AU3,4 — * 1 — Ap41UE42,k+3 — did d Uk4+3,k+4 — " — Un—1,n
102 "+ k41
—mfk
e () du*dz, dr,_1 - dx,_j.
a/ds -~ dipa
Let "
m = + p d UL k+3 — d o des UL,k+3-
q 1 Akg+1 1 Ok41
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Then
dlf"'dk dlf“"-dzdkﬂ
CT + Duy 43 — s, + Duy 3.
It follows that (5.24) can be rewritten in the form
k(k—1)
q 2
F(y) = Z Z (h—1)k  (k—2)(k—1)
dilq dk+1\m 1 2 2 2 ~dg—1
ey o
Zl ((—1)”ht1) 122 i < to—1tk )
el —2—= el —————
2 o 2 \ema
(1) =1 (te: Tty ) =1
(5.25)
dbtlgk. 424
o oo 1 1 1+m 1 §k+1k k+1
Up,3=—00 Ul k+2=—00 0 0 meZ ak+lgk . 424
(ot )=t s = e
10 0 Tn—k Tn—k+1 T
1 Un—1,n Uk+2,n Uk+1,n U2,n
1
- f 1 Upq2k+3  Ukt1,6+43 U2 k43
1
1 UQ73
1
dEtd, 1
; q’““k+1 D 1 01
1 Ul,n 1 .
Upp—1 1 :
. 0
1 . 1 t, —1
q U1, k42 w Y
didpia U1 k43 1 U gy 1
0 .
q :
dy u1,3 1
1 0 ! 0 1
q
- € —dluz,s - d2u3,4 — dk+1uk+2,kz+3 — 5 3 Uk43k+4 — — Upn—1mn
dydy -+ - diy1
—mi,
e <k> du*dr, dz,_1 - dx,_k.
q/dy - disa
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qk+1
d¥ Tl d2dpgq

In (5.25) let m = ¢ -

BY DORIAN GOLDFELD AND XIAOQING LI

ttisrs (e gzt ) = 1 Then

(5.26)
(h—1)k i
q 2 L (—1)nht1
F(y) - E E (k—1)k (k—2)(k—1) e /d
d d ___a 2 2 .d =1 q/a1
1lq k+l‘dld2.“dk 1 2 k—1 1
(tl,% =1
i oA
k dyds — 1dgrd gy -
q Z . < t1ta > Z . ( —tktk+1 )
kgk—1 ...
d1d2 dk to=1 q/dle topi=1 Q/dldg dk+1
(t2 a5 ) =1 (th+1 aragtagy ) =1
dk+1d]2c»~d2d,
kYk+1
1 1 ) [e°) IT-lttia t gk+1
teZ 0 wuiz=—00 Uy k42=—00 u — o1t aptlak  a2ayy,
1,k+3 — k+1 qk+1
10 0 Tn—k Tn—k+1 Tn
1 Up—1,n te Uk+2,n Uk+1,n U2.n
1
5 I Ugt2,k+3 Uk+1,k+3 U2, k43
. f 1
1 UQ,g
1
d’f+1~-~dk+1 D 1
gFtT
1 U1,n 1
1 U1,k+2 t,—1
q ’ w'y
dydptt UL, k+1
q
dr U173 1
1 0 1
d d d q
e\ —Q1U23 —A2U3 4 — *+ — ApH1UE42 k43 — 7 53 53 Uk43k+4 — " — Upn—1.n
didy - dgt

sdutdz, drp—1 - dTn_k.
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k+1

Recall that m = gd’““dk e + tx41 and Cd1 ._‘2“1 — Dm = 1. We may define ;1 by
tpaitprr = 1 (mod q> ,
dy - diy
so that tx11 = —D. Next, change t;11 — —tx+1 and sum over £ in (5.26). We obtain
(5.27)
q
k(k+1) ar
q 2 —1)"ht,
Fly) = Z o Z k(k+1) (k—Dk Z Q/d1>
dilq dk*“m dl 2 2 2 : 'd%—ldk 2l

dydy

dydg I
Z e( t1to )
q/dyds

de-H (

tkr1=

=1
(tl’%):

1

1 1
titht ) / /
Jdidsy -+ - dpiq
0 0

<t27d1d2>_ <tk+17d1d2-?dk+1):
1 0 0 Tn—k Tn—k+1 Tn
1 Un—1,n Uk+2,n Uk+1,n U2,n
1
~ 1 ugyor+3 Upt1k+3 U2 k43
- f 1
U2,3
1
Ayt dpg Iy 1
LA tk+1
1 U1,n 1
1 UL, k+2 ty,—1
9 ’ w'y
di---dry1 Ul k+1
q
a uy,3
1 0 1
d d d a
€| —ai1uz23 — A2U3.4 — *** — Ap41UK+2 k+3 — Wuk+3,k+4 — T Un—1,n
102+ - - Q41

~du*dz,, dr,_q1 - -

. d$n—k-



26 BY DORIAN GOLDFELD AND XIAOQING LI

This completes the proof by induction of (5.20). It follows that for k = n — 3, the identity (5.27)
takes the form

(5.28)
q
(n=3)(n-2) dy
= (—1)"ht,
F(y) = Z Z =3)(n=2) (n=0)(n=-3) 5 Z €<q/d1
dilq dn*'W Cll 2 d2 2 s ‘dn_4dn73 ty :3
q
q 3 —a 1 1 oo 0o
> 6<m2>m Z < e it )/ / / /
ty=1 q/d1ds tn_o=1 q/didz -
2= n—2= 0 0 wi;3=—o00 UL,n="00
(t2 ) =1 (tn-2 gyt ) =1
1 0 T3 Ty e Ty,
1 Un—1n Up—2n U2, n
1
f
1 'LL2’3
1
dn_2"'dn 5 —
— tn—2
qn 2 n
1 1
ul,n 1
1 Ul,n—1
, wty—l
dl"'dn—Z
Uy,3 1
q
a 0 1
1
6( — dl’LL273 — d2U374 — = dn_gun_lyn) du*d:cn d(L’n_l cee deg.

The computation of (5.28) we requires a lemma. Note that the du*dx,, - - - dx3 integrals in (5.28)
give an integral of the form [G, Theorem 9.4.9]. We follow [G] to compute these integrals.
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Lemma 5.29. Let 4, be given by (2.2). Then

1 1
/ / —271'2 d1un 1,n+ - Fdn_2u2 3) d*
0 0

dldg"'dnfgm
dydg -+ dp o
dy o, . dy.d . i
_Z Al do 2 : 1)'WJ : 2, Uy P11
n— k(n2—k) did AR
m#0 |m’ 2 . H dk 1042
k=1 d1

Proof: We may apply the method of |G, Theorem 9.4.9] which picks off an infinite sum of
Fourier coefficients of f Note that because we have the dual form f we get the Fourier coefficient
A(m,dy,_o, ... ,d2,dy) instead of A(dy,ds, ... ,dp—2,m). It follows that

1 1
/ / —27” dlun 1,n+ - +dn—2u2,3) d*i
0 0

dldg e dn_g ]m|
didg -+ dp_o
dn_,...,d,d ..
_Z 2, : 2 : 1)'WJ ) 2y Uy Y, B
n— k(7L2—k) dyds
m#0  |m|"2" - ] d,,
k=1 dl

1

In order to complete the proof of Lemma 5.29, we require the identity

W, <diag<’m‘7 L... 71)2257% ..... 1,@‘)
— W, (diag( 11, ,1)diag(|m|, 1,... ,1)2;17,1#17.”71 _)

P [m]
= WJ (dlag(m, 1, ey 1>Z; 17, ¢17...,1,1> .

It is clear that the above identity holds when m is either positive or negative.
O

It immediately follows from Lemma 5.29 that
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(5.30)
q
(n—3)(n—2) ﬂ
R (—1)"ht,
F(y) = Z Z (n—3)(n—2) (n—4)(n—3) 5 Z e <q/d1
dilg  dpslggty— dy 7 dy 7 coed3 ydn3 =1
(tr,a)=1
q -9
Z e( fit ) Z e( fnstn_a )
to=1 Q/d1d2 b _a=1 Q/d1d2 cee dn_g
(2 ) =1 (tn2 aragtag ) =1
— oo o0
Z Alm,dy_2, ... ,da,dy) ( Mty 2 ) / /
. e
no1 M2 k(nok) dy- - dy_
m;éO ‘m| 21 . H dk} 2 Q/ ! 2 U1,3=—00 Ul,n=—"00
k=1
dy 2 dp_s
qn—2
dldg . 'dn,Q m 1 1
dida -+ - dp—2 Up 1
.. 1 U1,n—1 1.
Wy ’ q . . why, Uyab1,. 1
dqds dy--dp—2 : t.
d1 Uy,3 1
1 q 0 1
di
1
6( - d1U2,3 - d2U3,4 — = dn—2un—1,n) du173 : dul,n-
Finally, a simple computation shows that
(=)™ 0 0 0 1
n—2 Yy —
0 0O 0 (1) Y1y2 -y L
: e Yi1y2:--Yn—2
wty 1_ : .
: (—1)2 0 1
0 0 -1 0 y1 .
0 1 0 0
(71)’714
Y1 Yn—1 0 0
0 (—1)n—2
(71)71,—3
— Y1
-1
1 yl"'yn73

0
Yi-Yn—2
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This completes the proof of Proposition 5.4.

§6. Taking Mellin transforms.

Taken together, Propositions 4.1 and 5.4 give the identity

(6.1)
g Hmlyr - yn—a
qy1 - Yn—2
A(l,...,1,m h Y1 Yn—3
F(y) = Z (—n;l)e <m> Wy ) s Vs 1
vy |m| =2 q "
Y1
1
(n—=3)(n—2)
T2 Alm,dp—2, ... ,da,d
- Sy q 3 ( 2 d) el g)
n—2 (n—k)(n—3)+2 ‘m‘"T
d1|q d2|% dn72lm H dk 2 m#o
k=1
drtdpT2..d?2_,m 1
qr U1,n 1
T 7 q UL, p—1 1
[ [
U3=—00 Uln=—"00 q 1 u1,3 1
0 1
(=" 0 0
Y1-"Yn—1
0 (_1)n72
( l)n 3
" , U | dussdurg - du .
—1
Y1-"Yn—3
0 1

Y1 Yn—2

To obtain a more useful result, we must replace the Whittaker function W in (6.1) with an arbitrary
test function. The first step in doing this is to take a suitable Mellin transform in a complex variable
s of both sides of (6.1). Accordingly, we shall consider

nln_ —k(n— d
(6.2) / / g )T H k(n—k) Yn

Yn— 1=0 =

It follows from (6.1) and (6.2) that
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(6.3)
A(l,....1,m h .
P = Y A () 1
—rs |m| = q
(n—=3)(n—2)
q 2 A(mud —2y - 7d27d1)
=D > )Y oo o KL(h,m;d,q) - I(s),
dilg dalgh  dnol gt L M0 |m| 2
’ k=1
where
(6.4)
g Hmlyr - yn—t
qy1 " Yn—2
o0 o0
. Y1 Yn-3
I (S) — / / WJ 9 V; 1701, 1
y1=0 Yn—1=0
Y1
1
n— —nsl e in—k) dYk
'(yl yn—1>s : L (n=k) —,
b1 Yk
and
(6.5)
d?*ld;*Q d7172m
qn—2
o0 oo o0 o0 q
w-fo ] ] ]w
y1=0 Yn—1=0 uizg=—00 U1y =—00 q
1
(="
1 Y1 Yn—1 0 0 ,
Ul,n ]- O s (_1)77,—
U p—1 1 (=1)
. 9 177 ’(/}1 ..... 1
1,3 1 —1
0 1 O 1 Y1-"Yn—-3
Yi1-Yn—2
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The rest of this section will be devoted to explicitly evaluating (6.4) and (6.5). The results are
given in the following two lemmas.

Lemma 6.6. Let 7*(s) be given by (6.4). Then we have

n—1

I*(s) = Im|="7 T ¢ 7*G"(s)

where G*(s) is equal to

Y1y2 - Yn—1
00 00 Yi1y2 - Yn—2 d
_ = —k(n—k) CYk
/ / W s Uy b1 (y{‘ Ly 1 H ey )
y1=0 Yn—1=0 Y1

Proof: Direct computation.
0

Lemma 6.7. Let Z(s) be given by (6.5). Then we have

—ns—nly5n_ n—1 jn— s+r= A
I(s) = q 7% 4(d1 ldz 2---d721_2]m|) G(s),

where
00 oo 00
y1=0 Yn—1=0u13=—00 U1p=—00
( l)n .
yl“‘yn—l 0 0
(=D"u1,n (_1)n72
Yi1-Yn—1
(71)71,,“1,”71 (71)7L—3
Y1 Yn—1 Y1
: WJ y Vs ¢1 ..... 1
(=1)"u1,3 0 —1
Yi1-"Yn—1 Yi1-Yn—-3
0 1
yl...yW,72
1 n—1 d
1 s+ozt —k(n—k)
(T Yn—) Y " duy 3duy g dug p.

he1 Yk
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Proof: It follows immediately from (6.5) that

AT B

y1=0 Yn—1=0 uiz=—o0 ULy =—00
(_1)nd?7ld§72'”di—2 m 0 . 0
q" "2y Yn—1
(=1)"quin -1 n—2
Yi1-Yn-—1 ( ) q
(_l)nqul,nfl (_l)nisq
Yi1-"Yn—1 Y1 _
'WJ y U, 1/}1,---,1
(=D"qui;s 0 —q
Y1 Yn—1 Yi1-Yn-3
0 1
Y1-"Yn—2
ne1 n—1 d
n-1 s— 5= —k(n—k) AUk
cduygduy g dugn (YT Y1) Ys —
he1 Yk
S ) [eS) S
y1=0 Yn—1=0 wuiz=—00 ULp=—00
(_1)nd?71d§72"'di—2 m 0 . 0
qn—lyl,,,y 1
n
(=D)" u1,n (_1)n—2
yl.‘.yn71
(_l)nul,n—l (_1)7173
Yi1-Yn—1 Y1 N
'WJ , UV, ¢17 1
(=)™ wu1,3 0 —1
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Lemma 6.7 follows after making the change of variables
n—1mn—-2 32
dy”dy dy_o |m| R 1

qYn—2 — Yn—2, _
" " e T Yn—1
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Cdd ey m TR ym
Uu1,3 e uy,3, Uy 4 ] U1 4,
dn_ldn_2~-'d2 m
ul,n - 1 2 qnfl n—2 ul,n
]
§7. Proof of the Voronoi formula.
Let
= = A(m Mp—_1)
1. —1
ORI YD SR D D e o] C AN PR
n— Mnp—1
YEUn—1(2)\SL(n-1,2) ™1 ma—2=lma—az0 [T myg| 2

k=1
be an even Maass form, of type v, for SL(n,Z) with n > 2 where W;(z) denotes the Jacquet Whit-

taker function and M = diag(m1 e Mp—a|Mp—1], M1 Mo, .. M, 1). By the method of
templates [G, §10.8], we may define

6 == [[r(*5).  Gw=rF]r (8—2“”)>

for certain linear functions A;(v), A;(v) (1 < i < n), where

G*(s) G(s)

~ = .

G(s)  G(1-s)

with G*(s) given in Lemma 6.6, while G(s) is given in Lemma 6.7. It now follows from (6.3) and
Lemmas 6.6, 6.7 that

n?—ns—n+1

:ZZ Z — q

2 _ .
—(n—1 = (n—
dilg dol s duosl g gD =(mhs
i=1
. A(m7dn,2, 7d27d1)
im|l—s

KL(h,m;d,q) - G(1 —s).
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After obtaining analytic continuation of the two series, we have the following functional equation

q—ns+1 Z Z Z Hd—1+s(n 1)

dl‘q d2‘% dp— 2‘ﬁ
A(m,dy o, ... dy,d .
(7.2) 3 (m, ﬁW*S 240 e, d, )1 — )
m##0

-—§: - )e(mZ)-G@)

m7#0

Let ¢ be a smooth compactly supported function on R*. For s € C with R(s) sufficiently large,

let
[ee]
~ o
0
denote the Mellin transform of ¢.
By taking the inverse Mellin transform it follows that for ¢ > 0, sufficiently large

@) g [ e X Al (M) g - 5 A vme (md ) o).

R(s)=0 m##0 m##0

After shifting the line of integration above to —o and applying (7.2), we obtain

(7.4)
—ns+1 —1+s(n—1)
Bl B O DI ST S Hd
R(s)=—0 dilg da| gk dn 2| gy —
A(m,dn_z, ,dz,dl) G(l—S)
. KL ; _—
m#0
m| 'TT @z~
m a;—"
A(mvdn—27 7d2)d1) i=1 !
= KLh,m;d,q)® | —— |,
DDY ) S Ay (h,m; d, q) o
dilg da| G dn—2|lgr—i— m#0
where -
1 ~ G(1—ys)
P(r) = — 8 .
(@) = 5 o) e =y o
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Combining (7.2), (7.3), and (7.4) gives the Voronoi formula

> AQL,.. 1,m)e <”j’> o(Im))

m#0
n—2 .
im| IT i
i=1

q?’L

A(m,dy_a, ... ds,d
S Y Ny At el g

dilq d2\% dn72‘dl"'3n73 m#0
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