
THE VORONOI FORMULA FOR GL(n,R)

by Dorian Goldfeld and Xiaoqing Li

Abstract. A Voronoi formula is an identity A = B where A is a weighted sum over Fourier coefficients

of an automorphic form and B is another weighted sum involving the Fourier coefficients of the dual

automorphic form. The weights in A are additive characters multiplied by a test function while the
weights in B are Kloosterman sums multiplied by a suitable transform of the test function. We derive

an explicit Voronoi formula for even Maass forms in L2
`
SL(n, Z)\GL(n, R)/O(n, R) ·R×

´
for all n ≥ 3.

§1. Introduction.

Let h be a smooth compactly supported function on R+ and let

r(m) = #
{
m1,m2 ∈ Z

∣∣∣ m2
1 +m2

2 = m
}
,

where # denotes the cardinality of a set. The classical Voronoi formula (first proved in [V]) states
that

(1.1)
∞∑
m=1

r(m)h(m) = π

∞∫
0

h(x) dx +
∞∑
m=1

r(m)H(m)

where

H(y) = π

∞∫
0

h(x)J0 (2π
√
xy) dx.

This formula immediately implies (see [I-K, Corollary 4.9]) that∑
1≤m≤x

r(m) = πx+O
(
x

1
3

)
,

which greatly improves on Gauss’ estimate of x
1
2 for the error term in the classical circle problem.

The Voronoi formula (1.1) may be viewed as an identity arising from the fact that Eisenstein
series are modular forms, and from this point of view, may be generalized (see [I-K], [M-S1], [M-S2])
to arbitrary automorphic forms on GL(2). For example [M-S2], if∑

m 6=0

am
√
yKν(2π|m|y)e2πimx
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is an even Maass form of type ν for SL(2,Z), then the Voronoi formula takes the form

(1.2)
∑
m6=0

ame
−2πima

c h(n) = |c|
∑
m6=0

am
|m|

e
2πimā
c H∗

( n
c2

)
,

where a, c ∈ Z with c 6= 0, (a, c) = 1, aā ≡ 1 (mod c),

H∗(y) =
1

2π2i

∫
<(s)=σ

Γ
(

1+s+ν
2

)
Γ
(

1+s−ν
2

)
Γ
(−s+ν

2

)
Γ
(−s−ν

2

) h̃(−s) ds,

and

h̃(s) =

∞∫
0

h(x)xs
dx

x

is the Mellin transform of h.
The Voronoi formula (1.2) was first generalized to GL(3) by Miller and Schmidt [M-S2]. A

simpler proof of the Miller-Schmidt GL(3) Voronoi formula was found shortly after (see [G-L])
by the authors of this paper. In [G-L], a Voronoi formula for Maass forms (twisted by additive
characters of prime conductor) on GL(n) was obtained for all n ≥ 3. It is the object of this paper
to remove the restriction on prime conductor and derive a very general Voronoi formula for Maass
forms for GL(n) (twisted by additive characters) with n ≥ 3. We now state the main theorem of
this paper.

We freely adopt the notation of [G]. Let e(x) = e2πix denote the standard exponential function.
For n ≥ 2, let

(1.3) hn = GL(n,R)/(O(n,R) · R×)

be the generalized upper half plane. Each element z ∈ hn takes the form z = x · y where

(1.4) x =


1 x1,2 x1,3 · · · x1,n

1 x2,3 · · · x2,n

. . .
...

1 xn−1,n

1

 , y =


y1y2 · · · yn−1

y1y2 · · · yn−2

. . .
y1

1

 ,

with xi,j ∈ R for 1 ≤ i < j ≤ n and yi > 0 for 1 ≤ i ≤ n − 1. We also adopt the notation that

diag(d1, d2, . . . , dn) denotes the diagonal n× n matrix


d1

d2

. . .
dn

 . For n ≥ 2, let

(1.5)

f(z) =
∑

γ∈Un−1(Z)
∖
SL(n−1,Z)

∞∑
m1=1

· · ·
∞∑

mn−2=1

∑
mn−1 6=0

A(m1, . . . ,mn−1)
n−1∏
k=1

|mk|
k(n−k)

2

WJ

(
M
( γ

1

)
z, ν, ψ1,...,1,

mn−1
|mn−1|

)

be a Maass form of type ν for SL(n,Z) (see [G, 9.1.2]) where WJ denotes the Jacquet Whittaker
function and M = diag

(
m1 · · ·mn−2|mn−1|, m1 · · ·mn−2, . . . ,m1, 1

)
.
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Main Theorem. Fix n ≥ 3. Let f be an even Maass form as in (1.5) and let φ be a smooth
compactly supported function on R+. Then for integers h, q with q 6= 0, (h, q) =1, we have

∑
m6=0

A(1, . . . , 1,m)e
(
mh̄

q

)
φ(|m|)

= q
∑
d1|q

∑
d2| qd1

· · ·
∑

dn−2| q
d1···dn−3

∑
m 6=0

A(m, dn−2, . . . , d2, d1)
d1 · · · dn−2 |m|

KL(h,m; d, q) Φ

 |m|
n−2∏
i=1

dn−ii

qn

 ,

where hh̄ ≡ 1 (mod q), d = (d1, d2, . . . , dn−2),

KL(h,m; d, q) =

q
d1∑
t1=1“

t1,
q
d1

”
=1

e

(
(−1)nht1
q/d1

) q
d1d2∑
t2=1“

t1,
q

d1d2

”
=1

e

(
t̄1 t2

q/(d1d2)

)

· · ·

q
d1···dn−2∑
tn−2=1“

tn−2,
q

d1···dn−2

”
=1

e

(
t̄n−3 tn−2

q/(d1 · · · dn−2)

)
· e
(

m t̄n−2

q/(d1 · · · dn−2)

)

is the hyper Kloosterman sum, and Φ(x) is a certain transform of φ given in (7.4).

The proof of the main theorem above is given in §7 and is based on [J-P-S] (see also [B], [G]).
It contains a new non-adelic proof of the functional equation (see (7.2) with h = 0, q = 1) of the
standard L-function for GL(n). We also remark that the method in this paper will also give a proof
of the Voronoi formula for Eisenstein series on GL(n), i.e., for n-tuples of divisor functions. In
this case, however, much simpler proofs are known, (see [Iv], [B-B]). A potential application of the
Voronoi formula is to break the convexity bound of the GL(n) L-functions. In the second author’s
paper [Li], the Voronoi formula on GL(3) was used to break the convexity bound of the triple
L-functions in the splitting case. Other applications to cancellations of additively twisted sums on
GL(n) were made by Miller [Mi].

§2. Notation.

For a field F, let Un(F) =

 1 ∗
. . .

1

 denote the unipotent upper triangular matrices in

GL(n,F). We introduce the following matrices in GL(n,R), with n ≥ 3.
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(2.1) w =



(−1)n 0 0 · · · 0
0 0 0 · · · (−1)n−2

...
...

...
... ...

...
...

...
... (−1)2 0

0 0 −1 · · · 0
0 1 0 · · · 0


, w−1 =


(−1)n 0 · · · 0 0

0 0 · · · 0 1
0 0 · · · −1 0
...

...
...

...
...

0 (−1)n−2 · · · 0 0



(2.2) ûn =


1 0 u1,3 · · · u1,n

1 u2,3 · · · u2,n

1 · · ·
...

. . . un−1,n

1

 ,

For integers h, q with (h, q) = 1 and q 6= 0, we define the matrix:

(2.3) Ah/q =


1 0 0 · · · 0
h
q 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1



§3. The basic identity.

Fix n ≥ 2. For z ∈ hn, let f(z) be a Maass form of type ν = (ν1, ..., νn−1) for SL(n,Z). The
dual Maass form f̃ is defined by

f̃(z) = f
(
w0 · tz−1

)
,

is a Maass form of type ν̃ = (νn−1, ..., ν1) where

w0 =


±1

1
...

1


is the long element of the Weyl group associated to SL(n) . Since f is automorphic it is easily seen
that

f(z) = f̃
(
w · tz−1

)
,
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where w is given by (2.1). Fix rational integers h, q with q 6= 0 and (h, q) = 1. We now choose
z = Ah/q · ûy with Ah/q given by (2.3), û = ûn given by (2.2), and y given by (1.4). The basic
identity we employ for computing the Voronoi formula is

1∫
0

· · ·
1∫

0

f
(
Ah/q · ûy

)
e
(
− qu2,3 − u3,4 − u4,5 − · · · − un−1,n

)
dû∗

=

1∫
0

· · ·
1∫

0

f̃
(
w · t

(
Ah/q · ûy

)−1
)
e
(
− qu2,3 − u3,4 − u4,5 − · · · − un−1,n

)
dû∗.

(3.1)

Here
dû∗ =

∏
1≤i<j≤n
(i,j)6=(1,2)

duij ,

is the standard Lebesgue measure satisfying
∫ 1

0
duij = 1 for each 1 ≤ i < j ≤ n, and (i, j) 6= (1, 2).

The computation of the left hand side of (3.1) is much easier than the computation of the right
hand side. The identity that arises from the two computations (after taking a suitable Mellin
transform) is the Voronoi formula.

§4. Computation of the left hand side of (3.1).

Let

F (y) =

1∫
0

· · ·
1∫

0

f
(
Ah/q · ûy

)
e
(
− qu2,3 − u3,4 − u4,5 − · · · − un−1,n

)
dû∗

denote the left hand side of (3.1).

Proposition 4.1. Fix n ≥ 3. Let f be an even Maass form of type ν for SL(n,Z) as in (1.5).
Then we have

F (y) =
∑
m 6=0

A(1, . . . , 1,m)

|m|n−1
2

e

(
m
h̄

q

)
·WJ





q−1|m|y1 · · · yn−1

qy1 · · · yn−2

y1 · · · yn−3

. . .
y1

1

 , ν, ψ1,...,1,1

 .

Proof: Let

γ =


a1,1 a1,2 · · · a1,n−1

a2,1 a2,2 · · · a2,n−1

...
... · · ·

...
an−1,1 an−1,2 · · · an−1,n−1

 ∈ Un−1(Z)
∖
SL(n− 1,Z).
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Define

γ′ =
(
γ

1

)
·Ah/q =


a′1,1 a1,2 · · · a1,n−1 0
a′2,1 a2,2 · · · a2,n−1 0

...
... · · ·

...
...

a′n−1,1 an−1,2 · · · an−1,n−1 0
0 0 · · · 0 1


where

a′1,1 = a1,1 + a1,2
h

q
,

a′2,1 = a2,1 + a2,2
h

q
,

...

a′n−1,1 = an−1,1 + an−1,2
h

q
.

It follows from [G, Theorem 9.4.7] that

F (y) =
∑
γ′

∞∑
m1=1

· · ·
∞∑

mn−2=1

∑
mn−1 6=0

A(m1, . . . ,mn−1)
n−1∏
k=1

|mk|
k(n−k)

2

·
1∫

0

· · ·
1∫

0

WJ

(
Mγ′ûy, ν, ψ1,...,1,

mn−1
|mn−1|

)
e
(
− qu2,3 − u3,4 − u4,5 − · · · − un−1,n

)
dû∗

=
∑
γ′

∞∑
m1=1

· · ·
∞∑

mn−2=1

∑
mn−1 6=0

A(m1, . . . ,mn−1)
n−1∏
k=1

|mk|
k(n−k)

2

·
1∫

0

· · ·
1∫

0

e
(
m1

(
a′n−1,1u1,n + a′n−1,2u2,n + · · ·+ a′n−1,n−1un−1,n

))(4.2)

· e
(
m2u

γ′

n−2,n−1 +m3u
γ′

n−3,n−2 + · · · +mn−1u
γ′

1,2

)
·WJ

(
Myγ

′
, ν, ψ1,...1

)
e
(
− qu2,3 − u3,4 − u4,5 − · · · − un−1,n

)
dû∗,

where by the Iwasawa decomposition,

γ′ûy = ûγ
′
· yγ

′
mod

(
O(n,R) · R×

)
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and

ûγ
′

=


1 uγ

′

1,2 uγ
′

1,3 · · · uγ
′

1,n

1 uγ
′

2,3 · · · uγ
′

2,n

. . .
...

1 uγ
′

n−1,n

1

 , yγ
′

=


yγ
′

1 y
γ′

2 · · · y
γ′

n−1

yγ
′

1 y
γ′

2 · · · y
γ′

n−2

. . .
yγ
′

1

1

 .

Since
∫ 1

0
e(αν)dν = 0 unless α = 0, it immediately follows that the integral on the right hand

side of (4.2) is zero unless

a′n−1,1 = an−1,1 + an−1,2
h

q
= 0

a′n−1,2 = an−1,2 = 0

a′n−1,3 = an−1,3 = 0
...

a′n−1,n−2 = an−1,n−2 = 0

a′n−1,n−1 = an−1,n−1 = 1, m1 = 1.

It follows that the integral on the right hand side of (4.2) vanishes unless γ′ takes the form

γ′ =



a′1,1 a1,2 · · · a1,n−2 0 0
a′2,1 a2,2 · · · a2,n−2 0 0

...
... · · ·

...
...

...
a′n−2,1 an−2,2 · · · an−2,n−2 0 0

0 0 · · · 0 1 0
0 0 · · · 0 0 1


.

We may now proceed by induction. Suppose γ′ takes the form

γ′ =



a′1,1 a1,2 · · · a1,k 0 · · · 0
a′2,1 a2,2 · · · a2,k 0 · · · 0

...
... · · ·

...
... · · ·

...
a′k,1 ak,2 · · · ak,k 0 · · · 0

0 0 · · · 0 1 · · · 0
...

... · · ·
...

...
. . .

...
0 0 · · · 0 0 · · · 1


,

for 3 ≤ k ≤ n− 1 and mn−k−1 = 1.
Then by the Iwasawa decomposition, we have

uγ
′

k,k+1 = a′k,1u1,k+1 + ak,2u2,k+1 + · · · + ak,kuk,k+1.
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Again, the integral on the right hand side of (4.2) vanishes unless

a′k,1 = ak.1 + ak,2
h

q
= 0,

ak,2 = 0,
...

ak,k = 1, mn−k = 1.

It follows by induction, that the integral on the right hand side of (4.2) is zero unless

γ′ =


a′1,1 a1,2 0 · · · 0
a′2,1 a2,2 0 · · · 0

0 0 1 · · · 0
...

...
... · · ·

...
0 0 0 · · · 1

 , m1 = m2 = · · · = mn−3 = 1.

But
uγ
′

2,3 = a′2,1u1,3 + a2,2u2,3.

The u1,3-integral on the right hand side of (4.2) will vanish unless a′2,1 = a2,1 +a2,2
h
q = 0. Similarly,

the u2,3-integral will vanish unless a2,2 = q which implies that a2,1 = −h and mn−2 = 1.
It follows that the integral on the right side of (4.2) vanishes unless

γ′ =


q−1 h̄
0 q

1
. . .

1

 ,

and
yγ
′

1 = y1, . . . , yγ
′

n−3 = yn−3, yγ
′

n−2 = qyn−2, yγ
′

n−1 =
1
q2
yn−1.

Proposition 4.1 immediately follows.
�

§5. Computation of the right hand side of (3.1).

Let

(5.1) F (y) =

1∫
0

· · ·
1∫

0

f̃
(
w · t

(
Ah/q · ûy

)−1
)
e
(
− qu2,3 − u3,4 − u4,5 − · · · − un−1,n

)
dû∗

denote the right hand side of (3.1). The computation of (5.1) is based on two elementary lemmas
arising in the classical theory of Fourier series.
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Lemma 5.2. Let G : R→ C be a smooth function satisfying the periodicity relation G(t+1) = G(t)

for all t ∈ R. Then for all α ∈ R, we have
1∫
0

G(t) dt =
1∫
0

G(t+ α) dt.

Proof: Differentiate I(α) :=
1∫
0

G(t+ α) dt with respect to α to get 0. Hence I(α) is a constant.

�

Lemma 5.3 Let G : R→ C be a smooth function satisfying the periodicity relation G(t+ 1) = G(t)
for all t ∈ R. Then for all α ∈ R,

G(α) =
∑
m∈Z

1∫
0

G(t+ α)e(−tm) dt.

Proof: By the Fourier expansion G(α) is equal to:

∑
m∈Z

 1∫
0

G(t)e(−tm) dt

 · e(mα) =
∑
m∈Z

1∫
0

G(t)e
(
(−t+ α)m

)
dt =

∑
m∈Z

1∫
0

G(t+ α)e(−tm) dt.

�

Proposition 5.4. Fix n ≥ 3. Let f be an even Maass form of type ν for SL(n,Z) as in (1.5).
Then we have

F (y) =
∑
d1|q

∑
d2| qd1

· · ·
∑

dn−2| q
d1···dn−3

q
(n−3)(n−2)

2

n−2∏
k=1

d
(n−k)(n−3)+2

2
k

∑
m 6=0

A(m, dn−2, . . . , d2, d1)

|m|n−1
2

KL(h,m; d, q)

·
∞∫

u13=−∞

· · ·
∞∫

u1n=−∞

WJ




dn−1

1 dn−2
2 ···d2

n−2 m

qn−2

q
. . .

q
1





1
u1,n 1
u1,n−1 1

...
. . .

u1,3 1
0 1



·



(−1)n

y1···yn−1
0 · · · 0

0 (−1)n−2

(−1)n−3

y1

...
...

−1
y1···yn−3

0 1
y1···yn−2


, ν̃, ψ1,...,1,1


du1,3du1,4 · · · du1,n.
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where d = (d1, d2, . . . , dn−2) and

KL(h,m; d, q) =

q
d1∑
t1=1“

t1,
q
d1

”
=1

e

(
(−1)nht1
q/d1

) q
d1d2∑
t2=1“

t1,
q

d1d2

”
=1

e

(
t̄1 t2
q/d1d2

)
· · ·

· · ·

q
d1···dn−2∑
tn−2=1“

tn−2,
q

d1···dn−2

”
=1

e

(
t̄n−3 tn−2

q/d1 · · · dn−2

)
· e
(

m t̄n−2

q/d1 · · · dn−2

)

is the hyper Kloosterman sum.

Proof: Note that

tûn =


1
0 1
u1,3 u2,3 1

...
...

. . .
u1n u2n · · · un−1,n 1

 =
(
tûn−1 0
β 1

)

where
β = (u1,n, u2,n, · · · un−1,n).

Since  tû−1
n−1 0

−β tû−1
n−1 1

 tûn−1 0

β 1

 =
(
In−1

1

)
,

where In−1 denotes the (n− 1)× (n− 1) identity matrix, it follows that

tû−1
n =

 tû−1
n−1 0

−β tû−1
n−1 1

 .

We may write

tû−1
n−1 =



1
0 1

−u1,3 + u∗1,3 −u2,3

−u1,4 + u∗1,4 −u2,4 + u∗2,4
...

...
. . .

1
−u1,n−1 + u∗1,n−1 −u2,n−1 + u∗2,n−1 · · · −un−2,n−1 1


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for certain u∗i,j which are polynomial expressions in uk,` with (k, `) 6= (i, j).
Similarly, −β tû−1

n−1 is equal to

−
(
u1,n, u2,n, . . . , un−1,n

)
·



1
0 1

−u1,3 + u∗1,3 −u2,3

−u1,4 + u∗1,4 −u2,4 + u∗2,4
...

...
. . .

1
−u1,n−1 + u∗1,n−1 u2,n−1 + u∗2,n−1 · · · −un−2,n−1 1



=
(
− u1,n + u∗1,n,−u2,n + u∗2,n, . . . ,−un−1,n + u∗n−1,n

)
.

It follows that

(5.5)

w tû−1
n w−1 =



1 0 0 0 · · · 0
−u1,n + u∗1,n 1 un−1,n −un−2,n + u∗n−2,n · · · (−1)n−2(u2,n + u∗2,n)
u1,n−1 + u∗1,n−1 0 1 un−2,n−1 · · ·

−u1,n−2 + u∗1,n−2 0 0 1
. . .

...
...

...
...

...
. . . u2,3

0 0 0 0 · · · 1


.

Also, by a direct computation we have

(5.6) w · tA−1
h/q · w

−1 =


1 0 0 · · · 0 (−1)n+1h

q

0 1 0 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · 1 0
0 0 0 · · · 0 1

 ,

Now, by (5.5) and (5.6) we obtain

f̃
(
w · t

(
Ah/q · ûy

)−1
)

= f̃
((
w · tA−1

h/q · w
−1
)
· (w · tû−1 · w−1) · w ty−1

)(5.7)

= f̃





1 0 0 0 · · · (−1)n+1h
q

−u1,n + u∗1,n 1 un−1,n −un−2,n + u∗n−2,n · · · (−1)n−2(u2,n + u∗2,n)
u1,n−1 + u∗1,n−1 0 1 un−2,n−1 · · ·

−u1,n−2 + u∗1,n−2 0 0 1
. . .

...
...

...
...

...
. . . u2,3

0 0 0 0 · · · 1


w ty−1


.
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By repeated application of Lemma 5.2 we will show that F (y) is, in fact, equal to

1∫
0

· · ·
1∫

0

f̃





1 0 0 0 · · · (−1)n+1h
q

1 un−1,n un−2,n · · · u2,n

1 un−2,n−1 · · · u2,n−1

. . . . . .
...

1 u2,3

1





1 0 0 · · · 0 0
u1,n 1 0 · · · 0 0
u1,n−1 0 1 · · · 0 0

...
...

...
. . .

...
...

u1,3 0 0 · · · 1 0
0 0 0 · · · 0 1

w ty−1



(5.8)

· e
(
− qu2,3 − u3,4 − u4,5 − · · · − un−1,n

)
dû∗.

We now briefly indicate how to prove (5.8). For 1 ≤ i ≤ n− 1, and 1 ≤ j ≤ n, i 6= j, let Ii,j denote
the n× n matrix which differs from the identity at only the position (i, j) where it takes the value
1. Now

(5.9) f̃
(
Ii,j · w · t

(
Ah/q · ûy

)−1
)

= f̃
(
w · t

(
Ah/q · ûy

)−1
)
.

Choosing i = n− k+ 2, j = n in (5.9), we see from (5.7) that f̃
(
w · t

(
Ah/q · ûy

)−1
)

is periodic in
u2,k for 3 ≤ k ≤ n. By Lemma 5.2, we may replace u2,k + u∗2,k (for 3 ≤ k ≤ n) by u2,k everywhere
on the right side of (5.7). Similarly, by choosing i = n− k + 2, j = 1 in (5.9) it follows from (5.7)
that f̃

(
w · t

(
Ah/q · ûy

)−1
)

is periodic in u1,k for 3 ≤ k ≤ n. By Lemma 5.2, we may thus replace
±u1,k + u∗1,k by ±u1,k everywhere on the right side of (5.7). One may continue this process by
choosing i = n − k + 2, j = n − 1, etc. and eventually show periodicity in all ui,j with i 6= j so
that all u∗i,j may be removed on the right side of (5.7) and replaced by any expression not involving
ui,j . Finally, ±ui,j can be changed to ui,j by making the transformation ui,j → ±ui,j . Each such
transformation does not change the value of F (y) due to the periodicity.

We now proceed with the computation of (5.8). Since

f̃
(
I1,n · w · t

(
Ah/q · ûy

)−1
)

= f̃
(
w · t

(
Ah/q · ûy

)−1
)
,

it easily follows from Lemma 5.3 and (5.8) that

F (y) =
∑
m∈Z

1∫
0

· · ·
1∫

0

1∫
xn=0

e

(
(−1)n+1hm

q

)(5.10)

· f̃





1 0 0 0 · · · xn
1 un−1,n un−2,n · · · u2,n

1 un−3,n−1 · · · u2,n−1

. . . . . .
...

1 u2,3

1





1 0 0 · · · 0 0
u1,n 1 0 · · · 0 0
u1,n−1 0 1 · · · 0 0

...
...

...
. . .

...
...

u1,3 0 0 · · · 1 0
0 0 0 · · · 0 1

w ty−1



· e
(
− qu2,3 − u3,4 − u4,5 − · · · − un−1,n

)
e(−mxn) dû∗ dxn.
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Let d1 = (m, q). Then there exists integers A,B with 1 6 B 6 q/d1 such that

A
q

d1
−Bm

d1
= 1.

Define the matrix

(5.11) Mm,q,d1 :=


A 0 · · · B 0
0 1 · · · 0 0
...

...
. . .

...
...

m
d1

0 · · · q
d1

0
0 0 · · · 0 1

 ∈ SL(n,Z).

Later on we denote m/d1 by m. It immediately follows from (5.10) and (5.11) that

F (y) =
∑
d1|q

∑
m∈Z“

m, qd1

”
=1

1∫
0

· · ·
1∫

0

1∫
xn=0

e

(
(−1)n+1hm

q

)(5.12)

· f̃

Mm,q,d1



1 0 0 0 · · · xn
1 un−1,n un−2,n · · · u2,n

1 un−3,n−1 · · · u2,n−1

. . . . . .
...

1 u2,3

1





1 0 0 · · · 0 0
u1,n 1 0 · · · 0 0
u1,n−1 0 1 · · · 0 0

...
...

...
. . .

...
...

u1,3 0 0 · · · 1 0
0 0 0 · · · 0 1

w ty−1



· e
(
− qu2,3 − u3,4 − u4,5 − · · · − un−1,n

)
e(−md1xn) dû∗ dxn.

After some elementary transformations, (5.12) takes the form:

F (y) =
∑
d1|q

∑
m∈Z“

m, qd1

”
=1

e

(
(−1)n+1hm

q

)
·
(
d1

q

)n−3
1∫

0

· · ·
1∫

0

1∫
xn=0

q
d1∫

u3,n=0

q
d1∫

u3,n−1=0

· · ·

q
d1∫

u3,4=0

(5.13)

· f̃





A 0 0 · · · B Axn +Bu2,3

0 1 un−1,n · · · u3,n u2,n

0 0 1
. . .

... 0
...

...
...

. . . . . .
...

m 0 0 · · · q
d1

mxn + q
d1
u2,3

0 0 0 · · · 0 1





1 0 0 · · · 0 0
u1,n 1 0 · · · 0 0
u1,n−1 0 1 · · · 0 0

...
...

...
. . .

...
...

u1,3 0 0 · · · 1 0
0 0 0 · · · 0 1

w ty−1


· e
(
− qu2,3 − u3,4 − u4,5 − · · · − un−1,n

)
e(−md1xn) dû∗ dxn.
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In the above multiple integral, we make the following transformations:

(5.14) Axn +Bu2,3 → xn, mxn +
q

d1
u2,3 → u2,3

u3,n →
q

d1
u3,n, u3,n−1 →

q

d1
u3,n−1, · · · u3,4 →

q

d1
u3,4.

When the transformations (5.14) are applied to (5.13), we obtain:

F (y) =
∑
d1|q

∑
m∈Z“

m, qd1

”
=1

1∫
0

· · ·
1∫

0

1∫
xn=0

1∫
u3,n=0

1∫
u3,n−1=0

· · ·
1∫

u3,4=0

e

(
(−1)n+1hm

q

)(5.15)

· f̃





A+Bu1,3 0 0 · · · B xn
u1,n + u∗1,n 1 un−1,n · · · q

d1
u3,n u2,n

u1,n−1 + u∗1,n−1

. . .
u1,4 + u∗1,4 1 q

d1
u3,4 u2,4

m+ q
d1
u1,3

q
d1

u2,3

0 0 1


w ty−1



· e
(
−d1u2,3 −

q

d1
u3,4 − u4,5 − · · · − un−1,n

)
dû∗ dxn.

Let

m =



A+Bu1,3 0 0 · · · B xn
u1,n + u∗1,n 1 un−1,n · · · q

d1
u3,n u2,n

u1,n−1 + u∗1,n−1

. . .
u1,4 + u∗1,4 1 q

d1
u3,4 u2,4

m+ q
d1
u1,3

q
d1

u2,3

0 0 1


.

Define Ii,j(β) (for i 6= j) to be the n × n matrix which differs from the identity at only the
position (i, j) where it takes the value β. It follows that f̃

(
Ik,n(1) ·mw ty−1

)
= f̃

(
mw ty−1

)
for

any 2 ≤ k ≤ n − 1, so that f̃
(
mw ty−1

)
is periodic in u2,` for all 3 ≤ ` ≤ n. Lemma 5.2, tells us

that we may replace u2,` (for 3 ≤ ` ≤ n) on the right side of (5.15) by u2,` +α for any real number
α. In a similar manner f̃

(
In,n−1(−B) · In,1(q/d1) ·mw ty−1

)
= f̃

(
mw ty−1

)
from which it follows
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that

F (y) =
∑
d1|q

∑
m∈Z“

m, qd1

”
=1

e

(
(−1)n+1hm

q

) 1∫
0

· · ·
1∫

0

(5.16)

· f̃





A+Bu1,3 0 0 · · · B xn
u1,n + u∗1,n 1 un−1,n · · · q

d1
u3,n u2,n

u1,n−1 + u∗1,n−1

. . .
u1,4 + u∗1,4 1 q

d1
u3,4 u2,4

m+ q
d1
u1,3

q
d1

u2,3

1 0 q
d1
xn −Bu2,3 + 1


w ty−1



· e
(
−d1u2,3 −

q

d1
u3,4 − u4,5 − · · · − un−1,n

)
dû∗ dxn.

Since f̃ is left invariant by Ik,n(1) for 2 ≤ k ≤ n − 2, it follows that the right side of (5.16) is
periodic in u1,` for 4 ≤ ` ≤ n. We can then use Lemma 5.3 to remove the u∗1,` terms (3 ≤ ` ≤ n) on
the right side of (5.16) and replace them with arbitrary real numbers. We also write

m = k
q

d1
+ t1, with

(
t1,

q

d1

)
= 1.

Then (5.16) can be reexpressed in the form:

F (y) =
∑
d1|q

q
d1∑
t1=1“

t1,
q
d1

”
=1

e

(
(−1)n+1ht1

q/d1

)∑
k∈Z

1∫
0

· · ·
1∫

0

(5.17)

· f̃




1 0 0 · · · 0 xn
1 un−1,n · · · u3,n u2,n

. . .
...

1 u1,3

1



A+Bu1,3 0 · · · B 0

u1,n 1 · · · 0 0
...

...
. . .

...
...

m+ q
d1
u1,3 0 · · · q

d1
0

0 0 · · · 0 1

w ty−1



· e
(
−d1u2,3 −

q

d1
u3,4 − u4,5 − · · · − un−1,n

)
dû∗ dxn.
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In (5.17) we make the change of variables:

m+
q

d1
u1,3 =

q

d1
u′1,3

which implies that

A+Bu1,3 = A+B

(
u′1,3 −

d1

q
m

)
=
d1

q
+Bu′1,3.

Then (5.17) can be rewritten as

F (y) =
∑
d1|q

q
d1∑
t1=1“

t1,
q
d1

”
=1

e

(
(−1)n+1ht1

q/d1

) 1∫
0

· · ·
1∫

0

∞∫
u1,3=−∞

(5.18)

· f̃




1 0 · · · 0 xn
1 · · · u3,n u2,n

. . .
...

1 u1,3

1




d1
q +Bu1,3 0 · · · B 0
u1,n 1 · · · 0 0

...
...

. . .
...

...
q
d1
u1,3 0 · · · q

d1
0

0 0 · · · 0 1

w ty−1



· e
(
−d1u2,3 −

q

d1
u3,4 − u4,5 − · · · − un−1,n

)
dû∗ dxn.

Recall that m = k q
d1

+ t1 and A q
d1
− Bm = 1. Let us define t̄1 by t1 · t̄1 ≡ 1

(
mod q

d1

)
, so that

t̄1 = −B. It follows that (5.18) can be rewritten as

F (y) =
∑
d1|q

q
d1∑
t1=1“

t1,
q
d1

”
=1

e

(
(−1)n+1ht1

q/d1

) 1∫
0

· · ·
1∫

0

∞∫
u1,3=−∞

(5.19)

· f̃




1 0 · · · 0 xn
1 · · · u3,n u2,n

. . .
...

1 u2,3

1




d1
q 0 · · · −t̄1 0
0 1 · · · 0 0
...

...
. . .

...
...

0 0 · · · q
d1

0
0 0 · · · 0 1




1 0 · · · 0 0
u1,n 1 · · · 0 0

...
...

. . .
...

...
u1,3 0 · · · 1 0

0 0 · · · 0 1

w ty−1



· e
(
−d1u2,3 −

q

d1
u3,4 − u4,5 − · · · − un−1,n

)
dû∗ dxn.
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Next change −t1 → t1.

Proof by induction: By induction, suppose that

F (y) =
∑
d1|q

∑
d2| qd1

· · ·
∑

dk| q
d1d2···dk−1

q
(k−1)k

2

d
(k−1)k

2
1 d

(k−2)(k−1)
2

2 · · · dk−1

q
d1∑
t1=1“

t1,
q
d1

”
=1

e

(
(−1)nht1
q/d1

)(5.20)

·

q
d1d2∑
t2=1“

t2,
q

d1d2

”
=1

e

(
t̄1t2
q/d1d2

) q
d1d2d3∑
t3=1“

t3,
q

d1d2d3

”
=1

e

(
t̄2t3

q/d1d2d3

)
· · ·

q
d1d2···dk∑
tk=1“

tk,
q

d1d2···dk

”
=1

e

(
t̄k−1tk

q/d1d2 · · · dk

)

·
∞∫

u1,3=−∞

∞∫
u1,4=−∞

· · ·
∞∫

u1,k+2=−∞

1∫
0

· · ·
1∫

0

· f̃





1 0 · · · 0 xn−k+1 · · · xn−1 xn
0 1 un−1,n · · · uk+1,n · · · u3,n u2,n

0 0 1
. . .

...

1 u2,3

1


Dk



1
u1,n 1

...

u1,k+2
. . .

u1,k+1

...
u1,3 1

0 1


w ty−1


· e
(
−d1u2,3 − d2u3,4 − · · · − dkuk+1,k+2 −

q

d1d2 · · · dk
uk+2,k+3 − uk+3,k+4 − · · · − un−1,n

)
· du∗dxn dxn−1 · · · dxn−k+1.

where

Dk =



dk1d
k−1
2 ···dk
qk

position n−k︷︸︸︷
t̄k · · ·

1
. . .

1
q

d1d2···dk
. . .

q
d1d2

q
d1

1


.

We may also assume, by induction, that the expression on the right side of (5.20) is periodic in
xn−k+1, . . . , xn−1, xn. Now, we must show that (5.20) also holds when k is replaced by k + 1.
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We temporarily define a new function G(xn−k) to be equal to

f̃





1 0 · · · 0 xn−k xn−k+1 · · · xn
0 1 un−1,n · · · uk+1,n uk,n · · · u2,n

0 0 1
. . .

...

1 u2,3

1


Dk



1
u1,n 1

...

u1,k+2
. . .

u1,k+1

...
u1,3 1


w ty−1


.

Since f̃ is left invariant by the matrix I1,n−k(1) it is clear that G(xn−k) = G(xn−k + 1). Then by

Lemma 5.3 (with α = 0) we obtain G(0) =
∑
m∈Z

1∫
0

G(t)e(−mt) dt. It follows that the right side of

(5.20) can be rewritten in the form

F (y) =
∑
d1|q

∑
d2| qd1

· · ·
∑

dk| q
d1d2···dk−1

q
(k−1)k

2

d
(k−1)k

2
1 d

(k−2)(k−1)
2

2 · · · dk−1

q
d1∑
t1=1“

t1,
q
d1

”
=1

e

(
(−1)nht1
q/d1

)(5.21)

·

q
d1d2∑
t2=1“

t2,
q

d1d2

”
=1

e

(
t̄1t2
q/d1d2

)
·

q
d1d2d3∑
t3=1“

t3,
q

d1d2d3

”
=1

e

(
t̄2t3

q/d1d2d3

)
· · ·

q
d1d2···dk∑
tk=1“

tk,
q

d1d2···dk

”
=1

e

(
t̄k−1tk

q/d1d2 · · · dk

)

·
∞∫

u1,3=−∞

∞∫
u1,4=−∞

· · ·
∞∫

u1,k+2=−∞

1∫
0

· · ·
1∫

0

∑
m∈Z

1∫
xn−k=0

· f̃





1 0 · · · 0 xn−k xn−k+1 · · · xn
0 1 un−1,n · · · uk+2,n uk+1,n · · · u2,n

0 0 1
. . .

...
...

...
1 uk+2,k+3 uk+1,k+3 · · ·u2,k+3

...

1 u2,3

1


Dk



1
u1,n 1

...

u1,k+2
. . .

u1,k+1

...
u1,3 1

0 1


w ty−1


· e
(
−d1u2,3 − d2u3,4 − · · · − dkuk+1,k+2 −

q

d1d2 · · · dk
uk+2,k+3 − uk+3,k+4 − · · · − un−1,n

)
· e(−mxn−k) du∗dxn dxn−1 · · · dxn−k+1 dxn−k.
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Let dk+1 =
(
m, q

d1···dk

)
, and choose integers C,D, with 1 6 D 6 q

d1...dk+1
, satisfying

C
q

d1 · · · dk+1
−D m

dk+1
= 1.

Later on we denote m/dk+1 by m. Now, replace the matrix

1 0 · · · 0 xn−k xn−k+1 · · · xn
0 1 un−1,n · · · uk+2,n uk+1,n · · · u2,n

0 0 1
. . .

...
...

...
1 uk+2,k+3 uk+1,k+3 · · · u2,k+3

...
1 u2,3

1


which occurs on the right side of (5.20) by the product of matrices



C D
1

. . .
1

m q
d1···dk+1

1
. . .

1





1 0 · · · 0 xn−k xn−k+1 · · · xn
0 1 un−1,n · · · uk+2,n uk+1,n · · · u2,n

0 0 1
. . .

...
...

...
1 uk+2,k+3 uk+1,k+3 · · · u2,k+3

...
1 u2,3

1


,

where D occurs at position (1, n− k− 1) and m occurs at position (n− k− 1, 1). This replacement
does not change the value of the right side of (5.21) because f̃ is automorphic.

Next, we make the change of variables

Cxn−k +Duk+2,k+3 −→ xn−k, mxn−k +
q

d1d2 · · · dk+1
uk+2,k+3 −→ uk+2,k+3.

Also, because the right side of (5.21) is periodic in uk+3,n, uk+3,n−1, . . . , uk+3,k+4 we may rewrite

1∫
uk+3,n=0

· · ·
1∫

uk+3,k+4=0

=
(
d1 · · · dk+1

q

)n−k−3

q
d1···dk+1∫

uk+3,n=0

· · ·

q
d1···dk+1∫

uk+3,k+4=0

.

It follows that (5.21) can be rewritten as
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F (y) =
∑
d1|q

∑
d2| qd1

· · ·
∑

dk| q
d1d2···dk−1

q
k(k−1)

2

d
(k−1)k

2
1 d

(k−2)(k−1)
2

2 · · · dk−1

·

q
d1∑
t1=1“

t1,
q
d1

”
=1

e

(
(−1)nht1
q/d1

)
· · ·

q
d1d2···dk∑
tk=1“

tk,
q

d1d2···dk

”
=1

e

(
t̄k−1tk

q/d1d2 · · · dk

)

·
(
d1 · · · dk+1

q

)n−k−3
∞∫

u1,3=−∞

· · ·
∞∫

u1,k+2=−∞

1∫
0

· · ·
1∫

0

∑
m∈Z“

m, q
d1···dk+1

”
=1

q
d1···dk+1∫

uk+3,n=0

· · ·

q
d1···dk+1∫

uk+3,k+4=0

· f̃





C 0 · · · D xn−k · · · xn
1 un−1,n · · · uk+3,n uk+2,n · · · u2,n

. . .

1
...

m 1 q
d1···dk+1

uk+2,k+3 · · · u2,k+3

1

. . .
...

1 u2,3

1



(5.22)

·



dk1d
k−1
2 ···dk
qk

0 · · ·
position n−k︷︸︸︷

t̄k · · · 0
u1,n 1 · · · 0 · · · 0

...
. . .

...
u1,k+3 0 1 0 · · · 0

0 q
d1···dk · · · 0

...
. . .

...
0 q

d1
0

0 0 1


·



1
0 1
...
0

u1,k+2
. . .

u1,k+1

... 1
u1,3 1

0 1


w ty−1


· e
(
−d1u2,3 − d2u3,4 − · · · − dkuk+1,k+2 −

q

d1d2 · · · dk
uk+2,k+3 − uk+3,k+4 − · · · − un−1,n

)
· e(−mdk+1xn−k) du∗dxn dxn−1 · · · dxn−k.

In (5.22) we make the change of variables

uk+3,n −→
q

d1 · · · dk+1
uk+3,n, . . . , uk+3,k+4 −→

q

d1 · · · dk+1
uk+3,k+4.
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Consequently

F (y) =
∑
d1|q

· · ·
∑

dk+1| q
d1d2···dk

q
k(k−1)

2

d
(k−1)k

2
1 d

(k−2)(k−1)
2

2 · · · dk−1

·

q
d1∑
t1=1“

t1,
q
d1

”
=1

e

(
(−1)nht1
q/d1

)
· · ·

q
d1d2···dk∑
tk=1“

tk,
q

d1d2···dk

”
=1

e

(
t̄k−1tk

q/d1d2 · · · dk

)

·
∞∫

u1,3=−∞

· · ·
∞∫

u1,k+2=−∞

1∫
0

· · ·
1∫

0

∑
m∈Z“

m, q
d1···dk+1

”
=1

1∫
uk+3,n=0

· · ·
1∫

uk+3,k+4=0

(5.23)

·f̃





C
dk1 ···dk
qk

+Du1,k+3 0 · · · D Ct̄k + q
d1···dk xn−k

q
d1···dk−1

xn−k+1 · · · xn

u1,n + u∗1,n 1 un−1,n
quk+3,n
d1···dk+1

q
d1···dduk+2,n uk+1,n · · · u2,n

. . .
...

mdk1 ···dk
qk

+ q u1,k+3
d1···dk+1

0 · · · q
d1···dk+1

mt̄k + q uk+2,k+3
d1···dk · · · u2,k+3

q
d1···dk

...

. . .
1 u2,3

1



·



1
0 1
...
0

u1,k+2 1
u1,k+1

q
d1···dk

...
. . .

u1,3
q
d1

0 1


w ty−1


· e
(
− d1u2,3 − d2u3,4 − · · · − dkuk+1,k+2

− dk+1uk+2,k+3 −
q

d1d2 · · · dk+1
uk+3,k+4 − · · · − un−1,n

)
· du∗dxn dxn−1 · · · dxn−k.

As we did previously, one may show that the right side of (5.23) is periodic with respect to
u1,n, . . . u1,k+4 and u2,n, . . . , u2,3. We can, therefore, drop the starred terms in (5.23). After making
the transformations

Ct̄k +
q

d1 · · · dk
xn−k −→

q

d1 · · · dk
xn−k, mt̄k +

q

d1 · · · dk
uk+2,k+3 −→

q

d1 · · · dk
uk+2,k+3,
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it follows that (5.23) may be rewritten in the form

F (y) =
∑
d1|q

· · ·
∑

dk+1| q
d1d2···dk

q
k(k−1)

2

d
(k−1)k

2
1 d

(k−2)(k−1)
2

2 · · · dk−1

·

q
d1∑
t1=1“

t1,
q
d1

”
=1

e

(
(−1)nht1
q/d1

)
· · ·

q
d1d2···dk∑
tk=1“

tk,
q

d1d2···dk

”
=1

e

(
t̄k−1tk

q/d1d2 · · · dk

)

·
∞∫

u1,3=−∞

· · ·
∞∫

u1,k+2=−∞

1∫
0

· · ·
1∫

0

∑
m∈Z“

m, q
d1···dk+1

”
=1

1∫
uk+3,n=0

· · ·
1∫

uk+3,k+4=0

(5.24)

· f̃





1 0 · · · 0 xn−k xn−k+1 · · · xn
1 un−1,n · · · uk+2,n uk+1,n · · · u2,n

1
. . .

1 uk+2,k+3 uk+1,k+3 · · · u2,k+3

1

. . .
1 u2,3

1



·



C
dk1 ···dk
qk

+Du1,k+3 · · · D 0 · · · 0
u1,n 1 · · · 0 0 · · ·
u1,n−1

...
. . .

1 0 0
m
dk1 ···dk
qk

+ q
d1···dk+1

u1,k+3 0 · · · q
d1···dk+1

0 · · · 0

q
d1···dk

. . .
1





1
0 1
...
0

u1,k+2 1
u1,k+1

q
d1···dk

...
. . .

u1,3
q
d1

0 1


w ty−1


· e
(
−d1u2,3 − d2u3,4 − · · · − dk+1uk+2,k+3 −

q

d1d2 · · · dk+1
uk+3,k+4 − · · · − un−1,n

)
· e
(

−mt̄k
q/d1 · · · dk+1

)
du∗dxn dxn−1 · · · dxn−k.

Let

m
dk1 · · · dk
qk

+
q

d1 · · · dk+1
u1,k+3 −→

q

d1 · · · dk+1
u1,k+3.
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Then

C
dk1 · · · dk
qk

+Du1,k+3 −→
dk+1
1 · · · d2

k dk+1

qk+1
+ Du1,k+3.

It follows that (5.24) can be rewritten in the form

F (y) =
∑
d1|q

· · ·
∑

dk+1| q
d1d2···dk

q
k(k−1)

2

d
(k−1)k

2
1 d

(k−2)(k−1)
2

2 · · · dk−1

·

q
d1∑
t1=1“

t1,
q
d1

”
=1

e

(
(−1)nht1
q/d1

)
· · ·

q
d1d2···dk∑
tk=1“

tk,
q

d1d2···dk

”
=1

e

(
t̄k−1tk

q/d1d2 · · · dk

)

·
∞∫

u1,3=−∞

· · ·
∞∫

u1,k+2=−∞

1∫
0

· · ·
1∫

0

∑
m∈Z“

m, q
d1···dk+1

”
=1

1+m
d
k+1
1 dk2 ···d

2
k
dk+1

qk+1∫
u1,k+3 = m

d
k+1
1 dk2 ···d

2
k
dk+1

qk+1

(5.25)

· f̃





1 0 · · · 0 xn−k xn−k+1 · · · xn
1 un−1,n · · · uk+2,n uk+1,n · · · u2,n

1
. . .

1 uk+2,k+3 uk+1,k+3 · · · u2,k+3

1
. . .

1 u2,3

1



·



dk+1
1 ···dk+1

qk+1 · · · D · · ·
1

. . .
...

1
q

d1···dk+1

. . .
q
d1

1





1
u1,n 1
u1,n−1 1

...
. . .

u1,k+3 1
0
...

. . .
0 1





1
0 1
...
0

u1,k+2 1
u1,k+1 1

...
. . .

u1,3 1
0 1


w ty−1


· e
(
−d1u2,3 − d2u3,4 − · · · − dk+1uk+2,k+3 −

q

d1d2 · · · dk+1
uk+3,k+4 − · · · − un−1,n

)
· e
(

−mt̄k
q/d1 · · · dk+1

)
du∗dxn dxn−1 · · · dxn−k.
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In (5.25) let m = ` · qk+1

dk+1
1 dk2 ···d2

kdk+1
+ tk+1,

(
tk+1,

q
d1d2···dk+1

)
= 1. Then

F (y) =
∑
d1|q

· · ·
∑

dk+1| q
d1d2···dk

q
(k−1)k

2

d
(k−1)k

2
1 d

(k−2)(k−1)
2

2 · · · dk−1

q
d1∑
t1=1“

t1,
q
d1

”
=1

e

(
(−1)nht1
q/d1

)(5.26)

· qk

dk1d
k−1
2 · · · dk

q
d1d2∑
t2=1“

t2,
q

d1d2

”
=1

e

(
t̄1t2
q/d1d2

)
· · ·

q
d1d2···dk+1∑
tk+1=1“

tk+1,
q

d1d2···dk+1

”
=1

e

(
−t̄ktk+1

q/d1d2 · · · dk+1

)

·
∑
`∈Z

1∫
0

· · ·
1∫

0

∞∫
u1,3=−∞

· · ·
∞∫

u1,k+2=−∞

1+`+tk+1
d
k+1
1 dk2 ···d

2
k
dk+1

qk+1∫
u1,k+3 = `+tk+1

d
k+1
1 dk2 ···d

2
k
dk+1

qk+1

· f̃





1 0 · · · 0 xn−k xn−k+1 · · · xn
1 un−1,n · · · uk+2,n uk+1,n · · · u2,n

1
. . .

1 uk+2,k+3 uk+1,k+3 · · · u2,k+3

1

. . .

1 u2,3

1



·



dk+1
1 ···dk+1

qk+1 · · · D · · ·
1

. . .
...

1
q

d1···dk+1

. . .
q
d1

1





1
u1,n 1

...

u1,k+2
. . .

u1,k+1

...
u1,3 1

0 1


w ty−1


· e
(
−d1u2,3 − d2u3,4 − · · · − dk+1uk+2,k+3 −

q

d1d2 · · · dk+1
uk+3,k+4 − · · · − un−1,n

)
· du∗dxn dxn−1 · · · dxn−k.
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Recall that m = ` qk+1

dk+1
1 dk2 ···d2

kdk+1
+ tk+1 and C q

d1···dk+1
−Dm = 1. We may define t̄k+1 by

tk+1t̄k+1 ≡ 1
(

mod
q

d1 · · · dk+1

)
,

so that t̄k+1 = −D. Next, change tk+1 → −tk+1 and sum over ` in (5.26). We obtain

F (y) =
∑
d1|q

· · ·
∑

dk+1| q
d1d2···dk

q
k(k+1)

2

d
k(k+1)

2
1 d

(k−1)k
2

2 · · · d3
k−1dk

q
d1∑
t1=1“

t1,
q
d1

”
=1

e

(
(−1)nht1
q/d1

)(5.27)

·

q
d1d2∑
t2=1“

t2,
q

d1d2

”
=1

e

(
t̄1t2
q/d1d2

)
· · ·

q
d1d2···dk+1∑
tk+1=1“

tk+1,
q

d1d2···dk+1

”
=1

e

(
t̄ktk+1

q/d1d2 · · · dk+1

) 1∫
0

· · ·
1∫

0

∞∫
u1,3=−∞

· · ·
∞∫

u1,k+3=−∞

· f̃





1 0 · · · 0 xn−k xn−k+1 · · · xn
1 un−1,n · · · uk+2,n uk+1,n · · · u2,n

1
. . .

1 uk+2,k+3 uk+1,k+3 · · · u2,k+3

1

. . .

1 u2,3

1



·



dk+1
1 ···dk+1

qk+1 · · · t̄k+1 · · ·
1

. . .
...

1
q

d1···dk+1

. . .
q
d1

1





1
u1,n 1

...

u1,k+2
. . .

u1,k+1

...
u1,3 1

0 1


w ty−1


· e
(
−d1u2,3 − d2u3,4 − · · · − dk+1uk+2,k+3 −

q

d1d2 · · · dk+1
uk+3,k+4 − · · · − un−1,n

)
· du∗dxn dxn−1 · · · dxn−k.
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This completes the proof by induction of (5.20). It follows that for k = n− 3, the identity (5.27)
takes the form

F (y) =
∑
d1|q

· · ·
∑

dn−2| q
d1d2···dn−3

q
(n−3)(n−2)

2

d
(n−3)(n−2)

2
1 d

(n−4)(n−3)
2

2 · · · d3
n−4dn−3

q
d1∑
t1=1“

t1,
q
d1

”
=1

e

(
(−1)nht1
q/d1

)(5.28)

·

q
d1d2∑
t2=1“

t2,
q

d1d2

”
=1

e

(
t̄1t2
q/d1d2

)
· · ·

q
d1d2···dn−2∑
tn−2=1“

tn−2,
q

d1d2···dn−2

”
=1

e

(
t̄n−3tn−2

q/d1d2 · · · dn−2

) 1∫
0

· · ·
1∫

0

∞∫
u1,3=−∞

· · ·
∞∫

u1,n=−∞

· f̃





1 0 x3 x4 · · · xn
1 un−1,n un−2,n · · · u2,n

1
...

. . .

1 u2,3

1



·



dn−2
1 ···dn−2

qn−2 · · · t̄n−2 · · ·
1

. . .
...

1
q

d1···dn−2

. . .
q
d1

1





1
u1,n 1
u1,n−1

...
. . .

u1,3 1
0 1


w ty−1


· e
(
− d1u2,3 − d2u3,4 − · · · − dn−2un−1,n

)
du∗dxn dxn−1 · · · dx3.

The computation of (5.28) we requires a lemma. Note that the du∗dxn · · · dx3 integrals in (5.28)
give an integral of the form [G, Theorem 9.4.9]. We follow [G] to compute these integrals.
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Lemma 5.29. Let ûn be given by (2.2). Then

1∫
0

· · ·
1∫

0

f̃(ûz)e−2πi
(
d1un−1,n+ ··· +dn−2u2,3

)
d∗û

=
∑
m 6=0

A(m, dn−2, . . . , d2, d1)

|m|n−1
2 ·

n−2∏
k=1

d
k(n−k)

2
k

·WJ



0BBBBBBBBBBB@

d1d2 · · · dn−2m
d1d2 · · · dn−2

. . .
d1d2

d1

1

1CCCCCCCCCCCA
z; ν̃, ψ1,... ,1


.

Proof: We may apply the method of [G, Theorem 9.4.9] which picks off an infinite sum of
Fourier coefficients of f̃ . Note that because we have the dual form f̃ we get the Fourier coefficient
A(m, dn−2, . . . , d2, d1) instead of A(d1, d2, . . . , dn−2,m). It follows that

1∫
0

· · ·
1∫

0

f̃(ûz)e−2πi
(
d1un−1,n+ ··· +dn−2u2,3

)
d∗û

=
∑
m6=0

A(m, dn−2, . . . , d2, d1)

|m|n−1
2 ·

n−2∏
k=1

d
k(n−k)

2
k

·WJ



0BBBBBBBBBBB@

d1d2 · · · dn−2 |m|
d1d2 · · · dn−2

. . .
d1d2

d1

1

1CCCCCCCCCCCA
z; ν̃, ψ1,... ,1, m|m|


.

In order to complete the proof of Lemma 5.29, we require the identity

WJ

(
diag

(
|m|, 1, . . . , 1

)
z; ν̃, ψ1,...,1, m|m|

)
= WJ

(
diag

(
− 1, 1, . . . , 1

)
diag

(
|m|, 1, . . . , 1

)
z; ν̃, ψ1,...,1,−m|m|

)
= WJ

(
diag

(
m, 1, . . . , 1

)
z; ν̃, ψ1,...,1,1

)
.

It is clear that the above identity holds when m is either positive or negative.
�

It immediately follows from Lemma 5.29 that
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F (y) =
∑
d1|q

· · ·
∑

dn−2| q
d1d2···dn−3

q
(n−3)(n−2)

2

d
(n−3)(n−2)

2
1 d

(n−4)(n−3)
2

2 · · · d3
n−4dn−3

q
d1∑
t1=1“

t1,
q
d1

”
=1

e

(
(−1)nht1
q/d1

)(5.30)

·

q
d1d2∑
t2=1“

t2,
q

d1d2

”
=1

e

(
t̄1t2
q/d1d2

)
· · ·

q
d1d2···dn−2∑
tn−2=1“

tn−2,
q

d1d2···dn−2

”
=1

e

(
t̄n−3tn−2

q/d1d2 · · · dn−2

)

·
∑
m6=0

A(m, dn−2, . . . , d2, d1)

|m|n−1
2 ·

n−2∏
k=1

d
k(n−k)

2
k

e

(
mt̄n−2

q/d1 · · · dn−2

) ∞∫
u1,3=−∞

· · ·
∞∫

u1,n=−∞

·WJ





d1d2 · · · dn−2m
d1d2 · · · dn−2

. . .
d1d2

d1

1





dn−2
1 ···dn−2

qn−2

1
. . .

1
q

d1···dn−2

. . .
q
d1

1





1
u1,n 1
u1,n−1

...
. . .

u1,3 1
0 1

w ty−1, ν̃, ψ1,... ,1


· e
(
− d1u2,3 − d2u3,4 − · · · − dn−2un−1,n

)
du1,3 · · · du1,n.

Finally, a simple computation shows that

w ty−1 =



(−1)n 0 0 · · · 0
0 0 0 · · · (−1)n−2

...
...

...
... ...

...
...

...
... (−1)2 0

0 0 −1 · · · 0
0 1 0 · · · 0





1
y1y2···yn−1

1
y1y2···yn−2

. . .
1
y1

1



=



(−1)n

y1···yn−1
0 · · · 0

0 (−1)n−2

(−1)n−3

y1

...
...

−1
y1···yn−3

0 1
y1···yn−2


.
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This completes the proof of Proposition 5.4.

§6. Taking Mellin transforms.

Taken together, Propositions 4.1 and 5.4 give the identity

F (y) =
∑
m 6=0

A(1, . . . , 1,m)

|m|n−1
2

e

(
m
h̄

q

)
·WJ





q−1|m|y1 · · · yn−1

qy1 · · · yn−2

y1 · · · yn−3

. . .
y1

1

 , ν, ψ1,... ,1



(6.1)

=
∑
d1|q

∑
d2| qd1

· · ·
∑

dn−2| q
d1···dn−3

q
(n−3)(n−2)

2

n−2∏
k=1

d
(n−k)(n−3)+2

2
k

∑
m 6=0

A(m, dn−2, . . . , d2, d1)

|m|n−1
2

KL(h,m; d, q)

·
∞∫

u13=−∞

· · ·
∞∫

u1n=−∞

WJ




dn−1

1 dn−2
2 ···d2

n−2 m

qn−2

q
. . .

q
1





1
u1,n 1
u1,n−1 1

...
. . .

u1,3 1
0 1



·



(−1)n

y1···yn−1
0 · · · 0

0 (−1)n−2

(−1)n−3

y1

...
...

−1
y1···yn−3

0 1
y1···yn−2


, ν̃, ψ1,... ,1


du1,3du1,4 · · · du1,n.

To obtain a more useful result, we must replace the Whittaker function WJ in (6.1) with an arbitrary
test function. The first step in doing this is to take a suitable Mellin transform in a complex variable
s of both sides of (6.1). Accordingly, we shall consider

(6.2)

∞∫
y1=0

· · ·
∞∫

yn−1=0

F (y)
(
yn−1
1 · · · yn−1

)s+n−1
2

n−1∏
k=1

y
−k(n−k)
k

dyk
yk

.

It follows from (6.1) and (6.2) that
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F (y) =
∑
m 6=0

A(1, . . . , 1,m)

|m|n−1
2

e

(
m
h̄

q

)
· I∗(s)

(6.3)

=
∑
d1|q

∑
d2| qd1

· · ·
∑

dn−2| q
d1···dn−3

q
(n−3)(n−2)

2

n−2∏
k=1

d
(n−k)(n−3)+2

2
k

∑
m6=0

A(m, dn−2, . . . , d2, d1)

|m|n−1
2

KL(h,m; d, q) · I(s),

where

I∗(s) =

∞∫
y1=0

· · ·
∞∫

yn−1=0

WJ





q−1|m|y1 · · · yn−1

qy1 · · · yn−2

y1 · · · yn−3

. . .
y1

1

 , ν, ψ1,...,1



(6.4)

·
(
yn−1
1 · · · yn−1

)s−n−1
2

n−1∏
k=1

y
−k(n−k)
k

dyk
yk

,

and

I(s) =

∞∫
y1=0

· · ·
∞∫

yn−1=0

∞∫
u13=−∞

· · ·
∞∫

u1n=−∞

WJ




dn−1

1 dn−2
2 ···d2

n−2 m

qn−2

q
. . .

q
1



(6.5)

·



1
u1,n 1
u1,n−1 1

...
. . .

u1,3 1
0 1





(−1)n

y1···yn−1
0 · · · 0

0 (−1)n−2

(−1)n−3

y1

...
...

−1
y1···yn−3

0 1
y1···yn−2


, ν̃, ψ1,...,1



·
(
yn−1
1 · · · yn−1

)s+n−1
2

n−1∏
k=1

y
−k(n−k)
k

dyk
yk

du1,3du1,4 · · · du1,n.
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The rest of this section will be devoted to explicitly evaluating (6.4) and (6.5). The results are
given in the following two lemmas.

Lemma 6.6. Let I∗(s) be given by (6.4). Then we have

I∗(s) = |m|−s+
n−1

2 q−2G∗(s)

where G∗(s) is equal to

∞∫
y1=0

· · ·
∞∫

yn−1=0

WJ



y1y2 · · · yn−1

y1y2 · · · yn−2

. . .
y1

1

, ν, ψ1,... ,1

(yn−1
1 · · · yn−1

)s+n−1
2

n−1∏
k=1

y
−k(n−k)
k

dyk
yk

.

Proof: Direct computation.
�

Lemma 6.7. Let I(s) be given by (6.5). Then we have

I(s) = q−ns−
n2
2 + 5n

2 −4
(
dn−1
1 dn−2

2 · · · d2
n−2|m|

)s+n−3
2 Ĝ(s),

where

Ĝ(s) =

∞∫
y1=0

· · ·
∞∫

yn−1=0

∞∫
u13=−∞

· · ·
∞∫

u1n=−∞

·WJ





(−1)n

y1···yn−1
0 · · · 0

(−1)nu1,n
y1···yn−1

(−1)n−2

(−1)nu1,n−1
y1···yn−1

(−1)n−3

y1

...
...

(−1)nu1,3
y1···yn−1

0 −1
y1···yn−3

0 1
y1···yn−2



, ν̃, ψ1,...,1



·
(
yn−1
1 · · · yn−1

)s+n−1
2

n−1∏
k=1

y
−k(n−k)
k

dyk
yk

du1,3du1,4 · · · du1,n.
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Proof: It follows immediately from (6.5) that

I(s) =

∞∫
y1=0

· · ·
∞∫

yn−1=0

∞∫
u13=−∞

· · ·
∞∫

u1n=−∞

·WJ





(−1)ndn−1
1 dn−2

2 ···d2
n−2 m

qn−2y1···yn−1
0 · · · 0

(−1)nq u1,n
y1···yn−1

(−1)n−2q

(−1)nq u1,n−1
y1···yn−1

(−1)n−3q
y1

...
...

(−1)nq u1,3
y1···yn−1

0 −q
y1···yn−3

0 1
y1···yn−2



, ν̃, ψ1,... ,1



· du1,3du1,4 · · · du1,n

(
yn−1
1 · · · yn−1

)s−n−1
2

n−1∏
k=1

y
−k(n−k)
k

dyk
yk

=

∞∫
y1=0

· · ·
∞∫

yn−1=0

∞∫
u13=−∞

· · ·
∞∫

u1n=−∞

·WJ





(−1)ndn−1
1 dn−2

2 ···d2
n−2 m

qn−1y1···yn−1
0 · · · 0

(−1)n u1,n
y1···yn−1

(−1)n−2

(−1)n u1,n−1
y1···yn−1

(−1)n−3

y1

...
...

(−1)n u1,3
y1···yn−1

0 −1
y1···yn−3

0 1
q y1···yn−2



, ν̃, ψ1,... ,1



· du1,3du1,4 · · · du1,n

(
yn−1
1 · · · yn−1

)s−n−1
2

n−1∏
k=1

y
−k(n−k)
k

dyk
yk

.

Lemma 6.7 follows after making the change of variables

qyn−2 → yn−2,
dn−1
1 dn−2

2 · · · d2
n−2 |m|

qn−2yn−1
→ 1

yn−1
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u1,3 →
dn−1
1 dn−2

2 · · · d2
n−2m

qn−1
u1,3, u1,4 →

dn−1
1 dn−2

2 · · · d2
n−2m

qn−1
u1,4,

· · · u1,n →
dn−1
1 dn−2

2 · · · d2
n−2m

qn−1
u1,n.

�

§7. Proof of the Voronoi formula.

Let

f(z) =
∑

γ∈Un−1(Z)
∖
SL(n−1,Z)

∞∑
m1=1

· · ·
∞∑

mn−2=1

∑
mn−1 6=0

A(m1, . . . ,mn−1)
n−1∏
k=1

|mk|
k(n−k)

2

WJ

(
M
( γ

1

)
z, ν, ψ1,...,1,

mn−1
|mn−1|

)

be an even Maass form, of type ν, for SL(n,Z) with n ≥ 2 where WJ(z) denotes the Jacquet Whit-
taker function and M = diag

(
m1 · · ·mn−2|mn−1|, m1 · · ·mn−2, . . . ,m1, 1

)
. By the method of

templates [G, §10.8], we may define

G(s) = π
−ns

2

n∏
i=1

Γ
(
s− λi(ν)

2

)
, G̃(s) = π

−ns
2

n∏
i=1

Γ

(
s− λ̃i(ν)

2

)

for certain linear functions λi(ν), λ̃i(ν) (1 ≤ i ≤ n), where

G∗(s)
Ĝ(s)

=
G(s)

G̃(1− s)
.

with G∗(s) given in Lemma 6.6, while Ĝ(s) is given in Lemma 6.7. It now follows from (6.3) and
Lemmas 6.6, 6.7 that

∑
m6=0

A(1, . . . , 1,m)
|m|s

e

(
m
h̄

q

)
·G(s)

(7.1)

=
∑
d1|q

∑
d2| qd1

· · ·
∑

dn−2| q
d1···dn−3

qn
2−ns−n+1

n−2∏
i=1

d
n2−(n−1)(i+1)−(n−i)s
i

∑
m6=0

· A(m, dn−2, . . . , d2, d1)
|m|1−s

KL(h,m; d, q) · G̃(1− s).
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After obtaining analytic continuation of the two series, we have the following functional equation

q−ns+1
∑
d1|q

∑
d2| qd1

· · ·
∑

dn−2| q
d1···dn−3

n−2∏
i=1

d
−1+s(n−i)
i

·
∑
m 6=0

A(m, dn−2, . . . , d2, d1)
|m|1−s

KL(h,m, d, q)G̃(1− s)(7.2)

=
∑
m6=0

A(1, . . . , 1,m)
|m|s

e

(
m
h̄

q

)
·G(s).

Let φ be a smooth compactly supported function on R+. For s ∈ C with <(s) sufficiently large,
let

φ̃(s) =

∞∫
0

φ(x)xs
dx

x

denote the Mellin transform of φ.
By taking the inverse Mellin transform it follows that for σ > 0, sufficiently large

(7.3)
1

2πi

∫
<(s)=σ

φ̃(s)
∑
m6=0

A(1, . . . , 1,m)
|m|s

e

(
mh̄

q

)
ds =

∑
m 6=0

A(1, . . . , 1,m)e
(
m
h̄

q

)
φ (|m|) .

After shifting the line of integration above to −σ and applying (7.2), we obtain

1
2πi

∫
<(s)=−σ

φ̃(s)q−ns+1
∑
d1|q

∑
d2| qd1

· · ·
∑

dn−2| q
d1···dn−3

n−2∏
i=1

d
−1+s(n−i)
i

(7.4)

·
∑
m6=0

A(m, dn−2, . . . , d2, d1)
|m|1−s

KL(h,m; d, q)
G̃(1− s)
G(s)

= q
∑
d1|q

∑
d2| qd1

· · ·
∑

dn−2| q
d1···dn−3

∑
m 6=0

A(m, dn−2, . . . , d2, d1)
d1 · · · dn−2 |m|

KL(h,m; d, q)Φ

 |m|
n−2∏
i=1

dn−ii

qn

 ,

where

Φ(x) =
1

2πi

∫
<(s)=−σ

φ̃(s)xs
G̃(1− s)
G(s)

ds.
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Combining (7.2), (7.3), and (7.4) gives the Voronoi formula

∑
m 6=0

A(1, . . . , 1,m)e
(
mh̄

q

)
φ(|m|)

= q
∑
d1|q

∑
d2| qd1

· · ·
∑

dn−2| q
d1···dn−3

∑
m 6=0

A(m, dn−2, . . . , d2, d1)
d1 · · · dn−2 |m|

KL(h,m; d, q)Φ

 |m|
n−2∏
i=1

dn−ii

qn

 .
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