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1 Introduction
Topic: Automorphic representations for GL(n, A), focus when mainly n > 2.
Recommended prior knowledge
e modular forms
e adeles
e representation theory
References
e Automorphic forms and L-function for GL(n,R), Goldfeld
e Representation theroy for G L(n) over non-archimedean local fields, D.Prasad, A.Raghuram
e Zeta functions for simple algebras, Godement, Jacquet
Topics:
1. Classical automorphic forms for GL(n,R)
2. Automorphic representations for GL(n, A) for A, an adele ring over Q

3. One-to-one correspondence between automorphic representations and classical auto-
morphic forms

4. Adelic automorphic forms, Fourier-Whittaker expansions, and L-functions
5. Admissible representations of GL(n, Q) and GL(n,R)
6. Parabolic induction, Jacquet Modules
7. Supercuspidal representations
8. Bernstein-Zelavinskin classification
9. Matrix coefficients
10. Classification of representations by growth of matrix coefficients
11. Local-Global L-functions as integrals of matrix coefficients (Godement-Jacquet)

For 1 ~ 4, we have global theory, and after 5 we have local theory.

1.1 Automorphic forms

Reference: paper by Borel

Let G = group and X = topological space, and G actson X, forg € G, z € X,
greX

where . is an action. Assume that there exists a function, 1) : G x X — C. We look at the
space of automorphic functions with multiolier :

{f:X—=0C, flgz) =v(g,2)f(z)}.
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f(g192.%) = ¥ (9192, 2) f ()
= f(91-(92.2)) = ¥(91, 92.7) f(92-7) = ¥(g1, g2.7)Y (g2, ) f (2)

= Cocycle relation: ©(g192, ) = (g1, g2.2)1 (g2, x), f(x) #0

(Cohomology: cocycle relation)

Example: G = GL(2,R)and X =H={z=2+iy€C, z,y € R, y > 0}

a b az+b . . .
Z = , linear fractional action
c d cz+d

one-cocycle: j ((‘c‘ Z) ,z) =cz+d
We have famous classical modular forms,

(55 =t )

cz+d

fork=2,4,..., (¢%) € SL(2,2).

1.2 Automorphic representations

Gelfand-Gruer, P.Shapiro, 1970 Jacquet-Langlands

Representation = vector space V' with a group G acting on V.

Roughly, If V' = space of automorphic function then we have an automorphic representations

V=Af:X->CJflgz)=1v(g,2)f(x)}
with the right action,
h.f(g) = f(gh), g.h € G
1.3 Adelic automorphic forms

We’ll be looking at the group

GL(n,A) = group of n x n matrices, det # 0
with coefficients in A

where
A {a0, 02, ... ap,...}, a0 €R, ap € Qy,
ap € Zy, for almost all p

e g € GL(n,Q) can be embedded diagonally in GL(n, A)
{9,9,...,} € GL(n,A)

b GL(”?Q) = {{9797" '7}7 g E GL(”?Q)}'

e GL(n,Q) acts on GL(n,A). Fory = {a,av,...}, o € GL(n,Q) and g € GL(n,A)
then we have the action:

7.9 = g, matrix multiplication
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Adelic Automorphic functions
f:GL(n,A) — C

f(v.g9) = f(g9), Vv € GL(n,Q), g € GL(n, A).

Forms vs. functions: Forms are eigenfunctions for certain Differential operators for Lie. At
place oo (real place), we need a theory for (g, K')-modules.

Automorphic forms: automorphic functions with
e growth condition

e cigenfunction of certain differential operators

1.4 Local theory
We consider the vector spaces of functions
Vo ={f:GL(n, Q) — C}

with the right action,
h.f(g) = f(gh), g.h € GL(n,Qy).

Then we have local representations. (This is a group representation.) We want to classify the
representations. At oo it is different.

Voo ={f:GL(n,R) — C}
with an action by differential operator,
D.f=Df

Here D acts as a differential operator. (This is not a group representation. In a group, every
element has inverse, but for differential operators, we don’t have inverses. But it is an algebraic
representation.)
1.5 Parabolic inductions
You can look at this form

my

P = . ,m; € GL(ng), ni+---4+n,=n
. .

Parabolic subgroups.

Indg’L(n’R) powerful way of classifying local representations

1.6 Matrix coefficients
Globally from a classical point of view

e Non-holomorphic modular forms:

Vi=<f:H—-C, f<g§i§>=f(z), vz € H, (a be d)ESL(2’Z)
Af=\f

where A = 32 (88—;2 + %).
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e Petersson Inner Product: f1, fo € V

dmdy
Ui o) //SL(2 Z)\H 2)faA2) y?

Hilbert space, Unitary representation.

Let
m:G— GL(V)

where
m(h).f(g) == f(gh)

for all g, h € G. Then the inner product satisfies the following:

(m(h).fr,m(h) f2) = (f1, f2) -

Once you have such a thing, then the matrix coefficient:

g (m(9).f1, f2) -

Harish-Chandra discovered that local and global automorphic representations can be clas-
sified by growth of matrix coefficients. If the matrix coefficients is L?, f1, fo € V/, fixed,

/| ) fu. )2 dg < o

then the representation is called square integrable by some people but other people say the
representation is discrete series. For any € > 0,

/ [(m(g).f1, f2)| T dg < o0

then the representation is tempered.

1.7 L-functions

Let V' = vector space of automorphic functions (local or global) and G = group. Usually,
G = GL(n,A), GL(n,Qp) or GL(n,R). Fix v, va € V and look at matrix coefficients.

g~ (m(g).v1,v2)
and integrate over G
Lisi Hym,vr,) = [ ((g).on,va) H(g) [detg|*dg
G
where H is a function with a rapid decay. This function is an L-function.

Globally the Pettersson inner product is Hermitian and we have unitary representations. It
is not hard to show that all the representations. The global L-function is factored into local
L-functions.

Last remark If you are working with modular forms, then

s =1(-1). s =1 (%)

Traditionally this is used to obtain the function equation. But if we work in the above way,
then we don’t need the relations. The proof is different.
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2 Classical automorphic forms for GL(n,R)

2.1 Review of classical automorphic forms for GL(2,R)

Hecke.
H={z+iy, z€R, y>0}

Let f : HH — C be a holomorphic function that satisfies the following condition:

f <Zifl> — (cz 4+ d)Ff(2), V (Z Z) € SL(2,7)

For (25) = (§1)then f(z + 1) = f(2)
= f(z) — Za(n)e%rinz — Z a(n)eQﬂ"ina}e—Qﬂ'ny

neL nez

In this case if n is negative, then e ~2™ blows up! So we need Moderate Growth Assumption

Moderate Growth Assumption There exists C', B > 0 such that

[f(2)] < CJ2|7, as|z| — oo

5 f(2) =3 alnyemne

n=0
Definition 2.1 (Holomorphic modular form of weight k for SL(2,Z)). A function f : H — C
is a holomorphic modular form of weight k if f satisfies the following conditions:

(1) f:H — C holomorphic
() |f(2)] < C|z|® as |z| — oo (moderate growth)
3 f(228) = (ez + D)} f(2), ¥ (21) € SL2.2)
Later Hecke generalize the definition: Fix an integer NV > 1. Let

To(N) = {(Z Z) € SL(2,Z)[c=0 (mod N) }

Fix a Dirichlet character

x:(Z/NZ)* — C*.

Definition 2.2 (Holomorphic modular form of weight k, level N, character x modular N). A
function f : HL — C is a holomorphic modular form of weight k, level IV, character x modular
N if f satisfies the following conditions:

(1) f:H — C holomorphic
(2) f has moderate growth

®) f(£8) = x(@(ez+ D) f(2), ¥ (24) € To(N)

The space of these functions is the vector space and it is a Hilbert space with the Petersson
inner product.

There is no reason that these functions should be holomorphic. In 1940, Maass introduced
non-holomorphic forms.



Automorphic representations for G L(n, A) 7

Maass 1940 Introduced non-holomorphic automorphic forms.

Definition 2.3 (Maass form of weight k, level N and character y modular N). A function
f +H — Cis a Maass form of weight k if f satisfies the following conditions:

(1) f:H — C smooth and satisfies A f = Af where

0? 0? 0
Ay = —y? <8x2 + 8y2> + iky% (elliptic partial differential operator)

and A € R

(2) Moderate growth: There exists B, C > 0 such that

1£(2)] < C|2|B, as |z] — oo.

k
@ S (2228) = x@ (1=54) 7). ¥ (25) € Do)
Aside: Ay satisfies the following condition: if f satisfies (3) then Ay f also satisfies (3).

The third conditions for Maass forms and holomorphic modular forms are equivalent. Let
z =z + 4y and Im(z) = y. Then

az+b Y ) a b
I = f det =1
m(cz—i—d) |cz—|—d]2’1 ¢ (c d>

Let f be a holomorphic modular form and

then F (222} = x(d) (‘ggm)k F(z).

Let’s look at the case when the weight k£ = 0.

02 0?
. _ .2
A(z):=Ap(z) = —y <0$2 + 8y2>

s(E28) -

i.e., A does not change when z — ZZZ‘H’ forany (24) € SL(2,R)

Lemma 2.4.

+d
Proof.
o _1(o 90
0z 2\ 0x dy
Then P
— 27 52
A(z) = —4Im(z) 5 ° 5%
az+b 9 _ ——\2 Im(z)
I i A
o d Oz (cz 4+ d)°0z, 0z — (cz + d)” 9z and Im(2) — T

We want to generalize Maass forms to GL(n,R) for all n > 2.
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2.2 Iwasawa decomposition

Every g € GL(n,R) can be uniquely written in the form

g=g-k-d

5
where k € O(n,R) = {h € GL(n,R) | h-' h = I, }, d is a diagonal matrix, d = ( )
5
for 0 # 0 and g € H".
Definition 2.5.
1w Y- Yn—1
H" = Tyl = , Y= - andxijeR,yi>0

Proof. for Iwasawa decomposition.
Let g € GL(n,R). Consider g -* g = positive definite non-singular matrix. Claim that there

1 1
exists an upper triangular matrix v = ( ) and lower triangular matrix | = <* )
1 1

01
and diagonal matrix d = ( for 0; # 0 such that
on

HNu-gtg=1-d.

Forn=2:g=(2%),"'9=(%3), 9'9= (‘iﬂ)’; ZEIZ‘J) , (§9)9'9=(29).
(*) = glg=u"td =" (v ld) = d'l'u?
= (%) ld'u = ud'l
Then the LH is lower triangular and RH is upper triangular so they are diagonal. So
(x%) ld'u = ud'l = d
= (xx%)ld=du!

U o uglg =d = a et

(x % %) into (x) = ug'g = d'u~
= aug ' (aug) = I,

= aug = k € O(n,R) Iwasawa decomposition

2.3 Maass forms of weight 0 for SL(n,Z)
Letn > 2.

(1) f : H* — C smooth and satisfy the set of differential equations A; = A;f for i =
1,2,...,n— 1. Here A;(z) = Aj(vz) forall z € H" v € SL(n,R).

(2) Moderate growth condition: there exists C' > 0, By, Bs, ..., B,_1 > 0 such that
B B —
[f(2)] < Cypt -y

asYi, .- -5 Yn—-1 — Q.
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(3) f(yz) = f(z) forall vy € SL(n,Z) and
f(zkd) = f(2), V2 e H", k € K, = O(n,R), d € Z,, = center(GL(n,R)).
Let K = O(n,R) = orthogonal group.
f:GL(n,R)/O(n,R) -R* — C

These Maass forms of weight 0 are K -invariant under right multiplication by & € K corre-
spond to unramified representation.

Lecture 3
2010-01-26

Review

Iwasawa decomposition For any g € GL(n,R) we have unique

1 2y Y1 Yn—1
=g - , Y= , ke O(n,R)

)
anddz( >suchthat
1

Using Iwasawa decomposition, we can define generalized upper half plane:

H" = {zy}

H2:{<g T),xGR,y>O}.

Automorphic functions on H" of weight 0 for GL(n,Z)

g = xykd.

For example, for n = 2,

¢:H" — C, ¢(v2) = ¢(2), Vy € GL(n,Z), z € H".

For example we have Ramanujan weight 12 function

A (ZIS) ez + d)2A(2)

forany (¢%) € SL(2,7).

2.4 Generalize level and weights

Definition 2.6 (Jacquet,Shalika,Piatetski-Shapiro). Fix an integer N > 1. Fix n > 2. We
define

A B AeGL(n—1,2),
To(N) := L(n,Z
o(N) {(C d)EG (, )‘c—(01,02,...,%_1);(o,o,...,O)modN,dez}

2.1)
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Lety € GL(n,R)" and z € H". By the Iwasawa decomposition,

vz =79 k(v,2)-d
5
where 7g € H" and (7, 2z) € O(n,R)* =: K and d = .. | ford>0.ie.,
d

k:GL(n,R)" x H" — K.

For example,n =2,z = (§7), 7= (‘ig)

(a b> (y l‘) _ (y’ £U’> D e <Icz+d| 0 )
- [& cx+d
c d)\0 1 0 1 ot |czid‘ 0 lcz + d|

ce+d _ _cy
where (%’ ””1') € H? and < ez tdl ezl ) € SO(2,R).

cy
lcz+d| |cz+d]|

Lemma 2.7. (7, 2) is a one-cocycle, i.e.,

k(Y 2) = (7,72

Proof. -
e=9vz k(v 2) - d
and
v(Y'z) =7 (’7%(7’, Z)d')
=9z K(1,7'2) - By, 2)d"
=12k (17 2R, 2) - d
by the uniqueness of the Iwasawa decomposition, we are done. O

Fixn >2andr > 1. Let
p:SO(n,R) — GL(r,C)
be an irreducible representation. Then p will be the analogue of the weight k.

Definition 2.8.
Jo(.2) = p (8(7,2)7") 2.2)
for z € H", v € GL(n,R)™. Furthermore,
IV 2) = Jp(1,7'2) - Jp(7, 2).

Example for n = 2:

SO(2,R)—{<COSG sin9>‘0§9§2ﬂ}

—sinf cosf

is an abelian group. The only representation of SO(2,R) are characters, i.e., Define

cosf) sinf)\\ ok
P <<_ <in 0 cos@)) := (cosf + isinf)

for some integer k € Z. This is a one-dimensional representation of SO(2, R).

cx+d cy k
— cz Ccz Cz+d
Jp (1,2) = p((7,2) 1>=p<<' & 'cxiif')) - (\cz+d]>

T ez+d]  Jez+d]




Automorphic representations for G L(n, A) 11

2.5 Classical vector valued automorphic functions
®:H*"— C'and ¢; : H* — Cfor:=1,2,...,r such that
$1(z)
o(z) = |
ér(2)
Definition 2.9 (Slash operator).
(@) (2) = Jp(v,2) ' @(v, 2)

Definition 2.10 (Classical vector valued automorphic functions of arbitrary weight p : SO(n,R) — GL(r,C),
level N > 1 and character ymodNV). Fix integers n > 2, > 1. Fix irreducible representation

p:SO(n,R) — GL(r,C).

o1
Let® = | : : H® — C". Fix N > 1 and a Dirichlet character ymod/N. Then & is a

Or
classical automorphic function of weight p, level NV and character y if
(@1]y) (2) = x(d)®@(2)
forany z € H" andy = (4 §) € To(N).
Recall that an automorphic form is an automorphic function satisfying 2 extra conditions:

(1) Moderate growth

(2) Satisty some differential equations

Definition 2.11 (Moderate growth). A smooth function f : H” — C is of moderate growth if
for each fixed o € GL(n, Q) there exists C > 0, B > 0 such that

|f(02)] < Clyiyz - Yn-1|?

Y1Yy2:--Yn—1
forz:wy,y:< >
1

We’ll work for GL(n,R)™. Why? Explain by example below:

Lift from upper half-plane H? = {z + iy, * € R, y > 0} to GL(2,R)™ Let f: H? — C,

9=(2a) »
b)) = (E25) 1 (E5)

lcz 4+ d| cz+d
If g € GL(2,R)™, by Iwasawa

(1 =\ (y O cosf sinf\ (6 0O
9=\0 1)\o 1) \—sing cos0)\0 o

for0 < 6 < 2m, § > 0.

Definition 2.12. N
F(g) = (flrg) (i) = €™ f(x + iy)
Then
f:GL(2,R)* —C.

If we use GL(2,R) then fwill be the combination of weight k£ and weight —&.
Let ® be automorphic for GL(n, R)

Definition 2.13 (Lift to GL(n,R)™).
d(g) = (®|,9) (In), In = n x nidentity matrix.
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Differential operators Leta € gl(n,R) and f : GL(n,R)"™ — C.

Daf(g) :=lim + [(g - exp(ta)) — f(g)]
(Lie derivative) We are looking for a differential operator which takes automorphic functions
to automorphic functions
Casimir
E;; = n x n matrix which is 1 at position (¢, j) and 0 every where else

Let Dij = DE'L]' .

m m m
ZZ Z:1)1,171.2()...1)Z.TM.1

11=112=1 im=1
for 1 < m < n. We have n different Casimir operators. The Casimir operator generate
Z (U(g)) =center of the universal enveloping algebra, where g = gl(n, C).

Definition 2.14 (Maass form for GL(n,R)). Fixn > 2, r > 1, p: SO(n,R) — GL(r,C), N >
1 and x modN. Let

$1
o= : |:H"—-C"
br
Then @ is a vector valued Masss form of weight p, level N and character . if

(1) (@],) (=) = x(d)D(2), V7 = (é‘, 5”) ETy(N), = € H"

(2) @ has moderate growth.
(3) For any Casimir differential operator D € Z(U(g)), IAp € C such that

D® = Ap®

(4) L? condition.

Lecture 4
2010-01-28
2.6 Casimir differential operators on GL(n,R)
For a € gl(n,R) and f : GL(n,R) — C we define Lie Derivative
o1
Daf(g) := lim — [f(g - exp(ta)) = f(9)].

Form =1,2,...,n we have the Casimir operators

n n n

Dy, = Z Z Z Dy iy 0 Diyig0---0 D, 4 (2.3)
i1=liz=1  im=1

where E; ; = n x n matrix with 1 at position (3, j), zeros everywhere else and D; ; = D, .
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Example for n = 3

1 x9 w3 yiye 0 0 Yiye Toy1 T3
z=z-y=(0 1 x 0 y1 0] = 0 Y1 r1 | € H3
0 0 1 0 0 1 0 0 1
0 0 0
Eas=10 0 1
0 0 0
then
1 0 0 0 0O
exp(tE23)= (0 1 0]+ |0 0 ¢t |+ higher powers
0 0 1 0 00
Let’s compute
1 1 0 0
Dasf(z) = lim n flz10 1 t]])—1f(2)
0 0 1
) Y1y Toyr Toyit + w3
=5 0 Y1 yit + 21
0 0 1

t=0
0 0
= 3323/167%!}0(2) + ylaixlf(z)

Then Dy 3 = :Egyl(r)%3 + yla%l.

Prove "Invariant' Let V' =vector space of all smooth functions f : GL(n,R) — C and
m: GL(n,R) — End(V)
given by right translation, i.e., for any f € V, and for any h € GL(n,R) define the action
m(h).f(g) = f(gh).
Now we want to prove the following theorem:

Theorem 2.15. Fixn > 2 and for 1 < m < n let Dy, be the Casimir differential operator
defined in (2.3). Then

(m(h) o Dm) .f(g) = (Dm o m(h)).f(9)
forany g,h € GL(n,R) and any f € V.
Proof. Define

Claim: Trace(M™) = D,,.
Need to prove that w(h) o D,, o w(h)~ = D,,
Claim: 7(h) o Dy o w(h)™! = Dyop—1
Because
9] —_1\k
-1 _ ~1y _ (hah™)
hexp(a)h™ = exp(hah™") = Z 1

k=0
B . ha*h~1
_Z k!
k=0
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7 and D are linear operators and

Trace (m(h)M™r(h)~') = Trace (M™)

Easy to show
Dm o Di,j = Di,j (¢] Dm,Vi,j, m

= D,, commutes with all differential operators.

Definition 2.16 (Maass forms for GL(n,R) of weight p, level NV and character x). Smooth
function f : H” — C", H" = GL(n,R)/O(n,R) - R*.

p:0(n,R) — GL(r,C), irreducible representation

Lo(N) = {(é 5) 'c: (cl,,,,,Cf_f)GELEQ,...l,’oZ))ﬁnod N, de Z}

(M (fp7) (z) =x(d)f(z), V7 € T'o(N)
(2) Moderate growth
(3) Ai,...,An € Csuchthat D,, f = A\, f where D,,, = mth Casimir operator.

f1(2)
@ Jro v |fi(2)|? d*z < oo where f(z) = ( : )
fr(2)

2.7 Cusp forms
Definition 2.17. Fix n > 2,1 < m < n. Let H* = GL(n,R)/O(n,R) - R*. Define

Xp C H" by
n o I, *
{5 )]

where I, = k x k identity matrix.

5 - 0
/
Yo, = <Zod 3) Zeld™ el ™ d=¢g . o],0>0
0 --- 6§

Definition 2.18 (Constant terms of a classical automorphic form). Fixn > 2, » > 1, N >
1, xmodN and p : O(n,R) — GL(r, C)(irreducible). Let
?1
=1
or
be a vector valued Maass form of weight p, level NV and chracter xy. For 1 < m < n and
v € GL(n,Z) let D(m, N,~) be a fundamental domain for X, (Z) N (y"'I'o(NN)y) acting
on X7 (R). i.e.,
D(m, N,7) := (X},(Z) Ny~ 'To(N)7) \X},,(R)
Then we define
constant terms along
Eool)i= [ (@) (e =
m DmNa) X3, for v~ 1To(N)y

Definition 2.19 (Maass cusp form for GL(n,R)). A vector valued Mass form ¢ : H” — C”"
is said to be a cusp form of

ém,v(y) =0
foralll <m < mnandally € GL(n,Z).



Automorphic representations for G L(n, A) 15

Example for n = 2 In this case m = 1. Then

- (3 1)
X%(Z)_{G) i) leZ}

X2(Z) Ny~ 'Ty(N)y = cyclic group generated by <(1) n}“)

Then

where a € QU {00} is a cusp, a = yoo. So

3 Adelic automorphic forms for GL(n)

3.1 Adelic rings

Adelie ring
Ag = {(aso,a2,...,0ap,...)}
where a, € R, a, € Q, and a,, € Z, for all but finitely many p.
K :=O(n,R) [[ GL(n.Z,) C GL(n, Ag)
P

is the maximal compact subgroup.
GL(n,Q) can be diagonally embedded in GL(n,A) if « € GL(n,Q) then (o, c,...,) €
GL(n,A).
3.2 Adelic automorphic functions

e f:GL(n,A) - C

e f(v9) = f(g), Vv € GL(n,Q), Vg € GL(n, A)

e Smooth conditions: f ((gsc, 2, ---,3p,---.)) should be differentiable at co, and at p, a
locally constant function.

Lecture 5

2010-2-2

3.3 Adelic automorphic forms for GL(n, Ag)

GL(n,Ag) = restricted product GL(n,R) - H GL(n,Qp) (3.1)
P

where restricted is with respected to GL(n, Zy), i.e.,if ¢ = {gs0, G2, - - - 1 Gp, - . .} € GL(n,Aq)
then g, € GL(n,Z,) for almost all finitely many p. In order to define automorphic forms, we
need several conditions.
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An Adelic Automorphic Form
f:GL(n,Ag) — C

with central character w : QX\AE2 — C*(i.e., w(az) = w(z) forany z € Aé and o € Q%),
satisfies several conditions.

(1) f is smooth (i.e., f is smooth for oo place, and locally constant for finite places).

2 f(vg) = f(g9), Vv € GL(n,Q), g € GL(n,Aqg) where v = (a,q,...,) for a €
GL(n,Q).

(3) F(29) = w(2) f(9), V= € A%, g € GL(n, Ag)
(4) fisright K-finite, for K = O(n,R) - [[,, GL(n, Zy).

(5) fis Z (U(g))-finite where g = gl(n,C), U(g) = universal enveloping algebra generated
by D, a € gand Z (U(g)) = center of U(g).

(6) f is of moderate growth.

We’re going to explain the conditions.

For g € GL(n,Ag), let f(9) = f (9o0,-- -+ 9p, - - -). Fix all g, except at one place p, then
smooth means that the function f restricted to the place p, GL(n,Q,) — Cis locally constant.
For v = o0, fix all v < oo then f(goo) : GL(n,R) — C is smooth if this function is infinitely
differentiable in all values g; ; € R for g, = (gi7j)1<i’j<n.

Definition 3.1 (Right K -finite).

maximal compact

K =0(n,R)-[[GL(n,2Z,) = subgroup of GL(n, Ag)

p

We say a function f : GL(n,Q) — C is right K -finite, if the vector space

Span {f(gk), k € K}
is a finite dimensional vector space.

Definition 3.2 (Z (U(g))-finite). Let g = gl(n,C) and Z (U(g)) is the polynomial algebra
generated by the Casimir differential operator Dy, ..., D, act on gu.

We say f is Z (U(g))-ifnite if the vector space

Span{Df(g), VD € Z (U(g))}

is finite dimensional.
Norm on GL(n,Q,) Leta € Ag,

lall = T lavlo (3.2)

v<00

Let
gi,1 o Gin
g= S GL(nva)
In1 " Gnn
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for v < oo. For v = 00, GL(n, Qs ) = GL(n,R). Define

gl := max (|gi,j o, | detg‘vhgi,jgn (3.3)

Let g = {goo, 92, - - Gp,- ..} € GL(n,Ag) then

lgll = TT llgollo- (3.4)

<00

3.4 Adelic lift of a classical automorphic form on GL(n, R)

Theorem 3.3. Fix integers n > 2, r, N > 1. Fix irreducible representation p : O(n,R) —
é1
GL(r,C). Fix a character x : (NZ\Z)* — C*. Let® = | : | be a classical vector valued

ér
automorphic form (i.e., (®|,v) (2) = x(d) - ®(2) for all z € H" = GL(n,R)/R* - O(n,R)

and v = (é g ) € T'g(N)). Then there exists v adelic automorphic forms which can be

explicitly constructed from ¢1, ..., ¢, which can be explicitly constructed from ¢1,. .., .
Each ¢; — Qbi,adelic-

The adelic requires strong approximation Two embeddings:
® idiag(Y) == (7,---57,...) 1 GL(n,Q) — GL(n,Aq)
¢ io(9oo) = (goos In, In,...) 1 GL(n,R) — GL(n,Aq)

Lemma 3.4.
Z.diag(SL(ny @)) : ioo(SL(an))
is dense in SL(n, Ag).

Sketch: Let U; j be a matrix in SL(n,Ag), 1 on the diagonal and u; ; € Ag for (4, )
place, and otherwise 0. Then SL(n,Agq) is generated by U; ;. Use Tate Thesis for n = 1.
Then we are done. O

Agnite = ((1)7,a2,...,ap,...), ap € Q, and a,, € Z, for almost all p

Definition 3.5. Let N > 1, N = Hézl p;'. We define the compact subgroup Ky(N) C
GL(n,Agq) as follows:

Ko(N) € [[ GL(n, Zy) € GL(n, Agnite)
p

(for k € [, GL(n,Zp), k = (ka,.. .. kp,...)) We define
ey, = <Ci di> L A€ GL(n—1,2,,),

Ko(N) =S ke [[GL(n,2Z,)
» C; € (pfini)"fl , d € Zy,, fori=1,...,1, otherwise k, € GL(n,Z,)

(it is a compact open subset.)

Theorem 3.6 (Stronger approximate). Fix N > 1andn > 2. Let g € GL(n, Ag). Then there
existy € GL(n,Q) and goo(GL(n,R)), kn € Ko(N) such that

g = idiag(’Y)ioo (goo)kN

(this decomposition may not be unique!)
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Sketch of the proof. We first consider g € SL(n,Ag). Let U be an open neighborhood of
I, in SL(n,R). consider the set

9 (o (Uso) - Ko(N)) = open set

By strong approximate, this set contains igiag () - 40 (9 ) for some v € SL(n,Q) and g/, €
SL(n,R). Then we are done. O

Definition 3.7 (Idelic lifting of a classical Dirichlet character). Fix N > 1, x : (NZ\Z)™ —
C*, N = [T, 5. Let xp, : (iZ\Z)* — C* such that

(2

l

x(d) = [ a(@*

i=1

Letk € Ko(N) and k = (ko,...,kp,...)and k, = (éz g;’) for p = p;. Then

%idelic : KO(N) — C*

is defined by
!

)zidelic(k) = H Xi(dpi)iei

=1

é1

Let ® = ( : > be a classical automorphic form of weight p : O(n,R) — GL(n,C) with
&r

level N, character Y.

Definition 3.8.

(I)adelic (idiag(V) : Zoo(goo) : kﬁnite) = %idelic(kﬁnite) . ((I) ’pgoo) (In)

Lecture 6

slight mistakes last time. The "lifting" also works for GL(1).

3.5 Adelic automorphic forms for GL(1, Ag)
GL(1,Aq) = Ag
Definition 3.9 (Adelic automorphic forms for GL(1, Ag)). A smooth function
¢ : Q*\GL(1,Aq) — C
is an adelic automorphic form with central character w : QXA(a — C*if
(1) #(vg) = ¢(g), forally € Q* and g € GL(1,Ag)
(2) ¢(zg9) = w(z)$(g), for all z € center of GL(1,Ag) = A

(3) ¢ is of moderate growth.



Automorphic representations for G L(n, A) 19

Examples Consider a Dirichlet character modular p? for a prime p and f > 1,
S x X
x: (pZ\Z) —C

such that x(ab) = x(a)x(b) and |y(a)| = 1 forall a € (p/Z\Z) x

Definition 3.10 (Adelic lift of Dirighlet series). Let x be a Dirichlet character mod pf for a
prime p and f > 1. We defined an adelic lift of x:

Xidelic(9) 1= Xoo(goo)X2(92) - - Xp(gp) - -
where
1, x(-1) =1
Xoo(goo) = L, x(-1)=-1, goo >0
-1 X(_l) =-1,, goo <0

and for v < oo,

Y (g ) — { X(U)ma gy € UmZ;;(a (U #p)
VAT X)) g€t (j+0'Zy), 5 k€L, (j,p)=1, (v=p)

Then x;qelic satisfies
Xidelic(@b) = Xidelic(@) * Xidelic(b), Va,b € Ag
Xidelic(a) = Xidetic(b), Vb € Ag, v € Q"
Xidelic(@) = 1, if a € Q"
On GL(1, Ag) every automorphic form is a character.
Characters for Q; Characters ¢ : Q' — C*, ¥(ab) = (a)ip(b).

Case 1 unramified
Y(u) =1, Yu € Z)

Then v (u) determines all possible character.

Case 2 ramified
Y(u) # 1, for some u € Z,

In this case there exists an open subgroup U C Z, such that for any u € U, P(u) = 1.
So ¢ (p) and +(u) for u € Z,5 /U determine ).

3.6 Adelic lifts to GL(n, Ag)

For real place, we have generalized upper half plane
H" = GL(n,R)/O(n,R) - R*.
Fix r > 1, irreducible representation
p:0(n,R) — GL(r,C)

Fix N > 1,

To(N) = A B AeGL(n—-1,2),
O TAWN\e d)|c=(e,...,cn-1)=(0,...,0)mod N,d € Z
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Then for any 7 € I'g(N) and z € H", there exists vz € H", k(v,2) € O(n,R) and d =
0
( ) , 0 % 0 such that
0

vz =7z K(7, 2) - d.
Let
Jo(1,2) = p (k(7,2)7")

Then Vector valued automorphic function of weight p, level N and a character x modular /V:
$1
=111, 2(v2) = x(d)J, (7,2) ®(2)
br
forany y = (4 B) € Ty(N), z € H".

Atrong approximation

A
Ko(pf> = {<92”(Cz g;:) ,)
€ GL(n, Afinite)

gv € GL(n,Qy), v#p, Ap € GL(n —1,Zy), }
Cp € (Ppr)nila dp € Zyp

Then for any g € GL(n,Ag),
g = idiag(’)/) : Z.oo(goo) - Efinite
for some v € GL(n,Q), goo € GL(n,R), kgnite € Ko(pf).

Definition 3.11.
<I>adelic(g) = %idelic(kﬁnite) : ((I) |pgoo) (In)

A, B
where Xidelic(kﬁnite) = Xp(dp) for kﬁnite = <92a sy (Cﬁ d;)) 5. ) .

Do adelic automorphic forms exist?
GL(1) yes, because Dirichlet characters exist
GL(2) yes, because moderate forms exist

GL(3) Miller showed infinitely many automorphic forms exist for GL(3, Ag) (K o-invariant,
with level 1)

GL(n) Lapid-Miiller got asymptotic for number of classical forms (K -inv, level V), for n > 2

G Lindenstrauss-Venkatesh (K -invariant)

3.7 Cusp forms for GL(n,Ag)

Forn = 2 and level N = 2, if f is a cusp form, then it means that
e .
f(Z) — Z ane2mnz
n=0

then ap = 0, and it is equivalent to say fol f(z + w)du = 0. But for the general level N > 1,
and character y, requires more complicated definition.

cusps = {oo} UQ
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for any cusp a, we have o € GL(2, Q) such that ca = co.Then
(o) (2) = 3 aglm)emin(c )
n=0

and f is a cusp form if a4(0) = 0 for all cusps a with pq = 0.

Parabolic subgroups
Definition 3.12. A subgroup of GL(n), forn =nj +--- + n,,
A1 *
A
, Ai € GL(ny), fori=1,...,r
Ay
is called a standard parabolic subgroup.
Definition 3.13. A subgroup of GL(n) of the form
Ay
Ay O
, A, € GL(n;), fori=1,...,r, n=n1+---+n,

Ay

is called a standard Levi subgroup.

Definition 3.14 (Unipotent radical). is a subgroup of G L(n) of the form

, Iy =1 x lidentity matrix ny +ng + -+ - + n, = n.
I,

T

Definition 3.15 (Adelic automorphic cusp forms). An adelic automorphic form
¢ : GL(n,Q)\GL(n,Aq) — C

with central character w : Q*\Ag — C* (i.e., ¢(29) = w(2)d(g), V2 € Z(GL(n,Ag)), g €
GL(n,Ag)) is called a cusp form for every unipotent radical U (Ag) of GL(n, Ag) we have

/ d(ug)du =0 (3.5)
U(@\U(Ag)

Remark. It is enough to have (3.5) had for standard unipotent.

Lecture 7

4 Automorphic Representations
4.1 Review
Letw : Q“\AZ — C* be a character, i.e.,

e w(ab) = w(a)w(d)
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o w(ab) =w(b), Vb€ Ag, a € Q.
We studied the space A, (G(n, Ag)) of all adelic automorphic forms
¢ : GL(n,Q)\GL(n,Aqg) — C
with central character w satisfying the followings:

(1) Modularity condition: ¢(vg) = ¢(g), v € GL(n,Q), g € GL(n,Ag)
5
(2) ¢(zg9) = w(d)d(g), Vz € Z(GL(n,Ag)), == ( ) , 9 € GL(n, Ag).
5

(3) ¢ isright K-finite

= {qﬁ(gk)

ke K=0(n,R)- H GL(n,Zp) } is finite dimensional
P

4) ¢is Z (Uy)-finite

<= {D¢(g9)| D € Z(Uy)} is finite dimensional
(5) ¢ has moderate growth.

4.2 Definition for adelic automorphic representations

Rough Definition An adelic automorphic representations with central character w is a vector
space V' C A, (GL(n,Ag)) with three actions: Tgnite, Tk, Tg-

(1) Action of finite adeles by right translation:
Let aginite = (In,a2,...,ap,...) witha, € GL(n,Q,) and a, € GL(n,Z,) for almost
all p. For any ¢ € V, define

7Tfinite(aﬁnite)'ﬁs(g) = (Z)(g : aﬁnite)

(2) Action by K, by right translation:
Let k = (kooy Iny - - -y In, . . .) € Koo With ks € O(n,R). For any ¢ € V define

Ti. (k).0(9) == ¢(g - k)

(3) Action by differential operators:
Let g = gl(n,C). For @ € gand ¢ € V, we have

Dadly) = 56 (gexp(at)) 1=o

Let

Z(U(g)) = center of the algebra spanned by all such D,

= generated by the Casimir differential operators

For any D € U(g)(?) define
(D). 4(9) = Dp(g).
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Remark. (1) mgnite commutes with g, i.e.,
Tinite © TKoo = TKoo © Tfinite
() Tg O Tfinite = Tfinite © Mg
(3) mk., does not commute with 7.
Lemma 4.1. Forany o € g = gl(n,C) and k = (koo, In, - ..) € Koo, koo € O(n, R)
Tg(Da) 0 Tr (k) = T (k) © mg(Dp-141)
Proof. Let ¢ € V, g € GL(n,Ag)
Ta(Da).(7k. (k)d(g)) = Wg(Da (gk) = mg(Da(¢(g - (Koo, In; - --))

)¢
g ( Cnkkooa Inv . -))|t:0
k

(g (k:_leatk‘oo, L, .. )) lt=0
(

=ni. (k). (Wg(kzgolak‘oo)) .b(9)
O
Definition 4.2 ((g, K. )-module, Harish-Chandra). Let g = gl(n,C) and

= {koos Iny- -y In, .. .)|koo € O(n,R)}. Then a (g, K )-module is a vector space V'
with 2 actions.

(1) mg: U(g) — End(V)
(2) i, : Koo — GL(V') where for any v € V, with K is finite dimensional.
Furthermore, the actions 7y, 7k satisfy the relation:
mg(Da) mr (k) = T (k). Tg(Dg-10k)
forany k € K, a € g.
Also,
1
g(Da).v = %in% : (rx., (exp(at)).v —v)

where o € £ =Lie algebra of K.
Definition 4.3 ((g9, K») X GL(n,Agpite)-modules). Let g = gl(n,C),
Koo = {(koos Inn, In, - . .) | koo € O(n,R)}. Let Agpite = {(In,a2,...,ap,...)} be the fi-
nite adeles. A (g, Koo) X GL(n, Agnite) module is a vector space V' with three actions:

o 7g:U(g) — End(V)

o i, Koo — GL(V)

® Tfinite - Aﬁnite - GL(V)

In addition, we require, that V' is a (g, K )-module with resprect to w4, T and also
satisfy the relations.

Tg-Tfinite = Tfinite-Tg
TK o -Tfinite = Tfinite- T Koo

Notation: 7 = (7q, Tk, , Tginite). We call (7, V) a (g, Koo) X GL(n, Agnite) module.
Definition 4.4 (Smooth (g, Koo ) X GL(n, Agnite)-module). Let (7, V') with m = (7g, Tk , Thnite)
be a (g, Koo) X GL(n, Aginite)-module. Then (7, V) is smooth if every v € V is fixed by

some open compact subgroup of GL(n, Agpite) i.€., there exists H C GL(n, Agpite), such
that m(h).v = v forany h € H.

Exercise: Prove that A, (GL(n, Ag))=space of all adelic automorphic forms with central char-
acter w is a smooth (g, Ko) X GL(n, Afipite)-module.
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Intertwining Maps Let (m, V), (7/, V') be representations of G. An intertwining map is a
linear map L : V' — V’ such that

L(7(g)v) = 7'(g).L(v)
forany g € G and v € V. If L = isomorphic (bijective map) then we say (7, V) = (7/, V).
Subquotient of a (g, K.) X GL(n, Afnite)-module  Let (7, V) with 7 = (7g, Tk , Thnite)
be a (g, Koo) X GL(n, Aginite)-module. Assume there exist W/ € W C V where W, W' are
both invariant under the action 7. Then W /W (vector space quotient) is again a (g, K) X

G L(n, Agpite)-module.
Letw + W' € W/W’' for w € W. Just define,

mg(D).(w + W') := mg(D).w + W'

i (B).(w+ W) =g (k)w+ W
7"'ﬁnite(aﬁnite)-(w + W,) = 7"'ﬁnite(aﬁnite)~w + w'

Definition 4.5 (Adelic automorphic representation of GL(n,Ag)). An adelic automorphic
representation with central character w is a (g, Koo) X GL(n, Agpite)-module, whose vector
space is a subquotient of the space of adelic automorphic forms A, (GL(n,Ag)).

Lecture 8

Last time Global Automorphic representations for GL(n, Ag) is a vector space V' of adelic

automorphic forms with three actions: 7 = Ty s TKe s Tfinite
action by differential action by right action by right
operators at 0o translation of K o,  translation of finite adeles
(gu KOO )

4.3 Examples of Automorphic representations

(1) A, (GL(n,Ag)) = vector space of all adelic automorphic forms with central character
w: Q*\Ag — C*. Not irreducible!
This space decomposes into cuspidal automorphic representations and Eisenstein series.

(2) Let f(z) be a classical automorphic form on the upper half plane H". Let fagelic be its
adelic lift, i.e., fadelic € Aw (GL(n,Ag)) for some central character w.

Studying with the classical automorphic form f, we will construct a vector space V; C
A, (GL(n,Ag)) and three actions to get an automorphic representation.

Vf := Span Z Z Z 7Tg(D)-T"KOO(k‘oo)'fadelic(g)

Deu(g) kOOEKOC aﬁniteEGL(nuAﬁnite)

If f is a newform, then (7, V) will be irreducible.
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Forn = 2, let

f(Z) = Im(z)ﬁA(z) = ZT(n)y6e2ﬂinz

n=1
00
_ Im<z)6€2m‘z H (1 . e27rinz)24
n=1

then for (¢ %) € SL(2,Z),

az+b cz+d\ "
f<cz—|—d> B <|cz—|-d]> J(2)-
What is the Ramanujan automorphic representation (7, Va)?

e U (g) = Maass type Differential operators

® Tfinite <I27 e (pge ?) LI ) Aadelic(2) = A(p°2)adelic litt

So, VA will be spannce by all holomorphic modular forms (old forms) of weights 12, 14, 16, 18, 20, 22, . . ..

4.4 Cuspidal adelic automorphic representations
Let
I, *
U .= , r1+...+1rp=n
1,

Tk
If f € A, (GL(n,Aq)) i.e., the adelic automorphic form with the central character w. Then
f is cuspidal if

/ flug)du =0
U(@)\U(Ag)

forany U.

Definition 4.6. An automorphic representation is cuspidal if its space V is a subquotient of
the space of all adelic cusp forms.

4.5 Fourier expansion of adelic automorphic cusp forms

Classical For f(z + 1) = f(z)

1
f(z) = Z/o fu+2)e 2™y,

nez

Theorem 4.7 (Piatetski-Shapiro, Shalika independently). Let ¢ be an adelic automorphic cusp
form for GL(n, Ag). Then for any g € GL(n,Ag),

= > w((; ) )

YEUn—1(Q\GL(n—1,Q)

where

Ws(g) = $(ug)y(u) ™ du,

/Un(@)\Un(A@)

1 *
U, = ( ) and Y is the additive character.
1
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Exponential of Ag For a = (a0, a2, ..., ap,...) € Ag, define

Exp(a) := e*miteo H e 2milap},
P

For a, € Qp, then
ap=a_pttap T dasipTt Fag +arp +agp® + -

and

{ap} =ap '+ +a_ph

Periodic: f(a+ x) = f(z) for any o € Q,

T) = u + z)Exp(ou)du.
f(z) (;@Q\Af(Jr) p(ow)

1’[1,1*
1 wuo

Definition of the character 1) which is a generalization of ™ Letu =

Un (Aq) (super diagonal).

Definition 4.8.
Y(u) = Exp(u1) - Exp(ug) - - - Exp(up—1)

Lemma 4.9.

Whittaker function W, is called a (global) Whittaker function. It is characterized by the
following properties.

(1) Wy(u-g) =9 (u)Wy(g), Yu € Up(A), g € GL(n,A)
(2) Wg(g) is smooth and of moderate growth.
(3) {DWy(g) |D € Z (U(g)) } is finite dimensional.

(4) {Wy (gk) |k € K} is finite dimensional.

4.6 Whittaker Model
If you have two isomorphic representations
(m, V)= (a', V')
then we say V' is a model for V
<= isomorphism L : V — V'

intertwining, i.e., L (7 (g).v) = '(g).L(v).
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Let (m,V) be an adelic automorphic representation of GL(n,Ag), and
V ={f:GL(n,Q)\GL(n,Ag) — C}. Let

L :V — W = Whittaker space

= space of all Whittaker functions

with

L(f(9)) :=va<g>=:jg,mD\U(A)f<ug>Exp<u)du.

L : V' — spanned by all linear combinations of Wy(g) with f € V' =: Wy, then
(777 V) = (777 WV)

and Wy is called a Whittaker model for (7, V).

Lecture 9: 2010-2-16

4.7 L-functions associated to an irreducible adelic cuspidal automorphic repre-
sentations (7,V") of GL(n,Ag)

Folklore conjecture Every L-function which has an Euler product
- 1
L(s) =TI (0 - awir™)
p =1
and has holomorphic continuation in s € C and satisfies a functional equation

G(s)L(s) = G(1 —s)L(1 —s)

for G(s) is the product of Gamma functions, is of the above type: associated to an irreducible
adelic automorphic representations (7, V') of GL(n, Ag)

L-functions discovered:
. C(s)
e L(s,x), Dirichlet
e L(s,1)), Hecke of number fields
e [(s, A), Hasse-Weil L-function associated to an algebraic variety A. (NOT proved)
e Artin L-functions, etc (NOT proved)
Classically, people attached L-function to automorphic forms. For GL(2), we have

- ()

v€QX

= [ o (0 9)

But for n > 2, this integral doesn’t work. For GL(n),

w5 w0

'YGUTLfl (Q)\GL(TL*I,Q)

then



Automorphic representations for G L(n, A) 28

For example, for n = 3, let

S

00 [ee) Y1Yy2 Y1y2 d d
/ / ¢ Y1 det Y1 44 2% # Ly(s).
0 0 1 1 Yy Y2

There are several ways to defined an L-function. We can use the method used in (Auto-
morphic ..., by Goldfeld), Rankin-Selberg method, or using representations.

History
(1) K. Hey in 1929 and Eichler in 1938, defined zeta function on GL(n)
(2) In 1950, Tate-Iwasawa constructed all L-functions for GL(1)
(3) In 1958, Godement suggested a generalization of Tate-Iwasawa to G L(n)
(4) In 1963, Tamagaa worked out Godement suggestion for abelian ... found Euler product
(5) In 1972, Godement-Jacquet use matrix coefficients of automorphic representations.
Definition 4.10. Let R =ring. Letn > 1.

M(n, R) := ring of n x n matrices with coefficients in R.
Definition 4.11 (Schwartz-Bruhat function on M (n, Ag)).

¢: M(n,Ag) — C

which is a finite sum of products

H ¢U (mv)

v<00
where m = (Moo, M2, ..., mp,...) € Ag which satisfies the followings
mil . omLn
® $oo(Moo) is smooth and has rapid decay at co. i.e., for my, = : : then
n,1 n,n
Mol er Mo

$oo (M) is smooth in all the variables m&.
e ¢,(myp) is locally constant, compactly supported
e ¢,(my) is the characteristic function of M (n, Z,) for almost all p

Definition 4.12 (Global matrix coefficients for (m, V')). Let fi, fo € V. A matrix coefficient
associated to f1, fo,
w:GL(n,Ag) — C

given by

w(g) = f1(hg) f2(h)dh 4.1)

/Z(GL(n,A@))GL(n,AQ)\GL(n,AQ)
forany g € GL(n,Aq).

Remark. (i) Since (m, V') is irreducible, then all matrix coefficients for any fi, fo € V are
the same up to a constant factor. (Not completely trivial to prove).

(ii) For g = I,,, then w(I,,) =Pettersson inner product.
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Definition 4.13 (L-function associated to (m,V')). Let ¢ : M(n,Ag) — C be a Schwartz-
Bruhat function. Let s € C with #(s) > 1. Letw : GL(n,Ag) — C as in (4.1). Then

Z (s, 6) = / (9)(g) [det g+ d¥g = L(s,m) - G(r, s).
GL(n,Ag)

Theorem 4.14 (Godement-Jacquet). The zeta function Z (s, ¢,w) has holomorphic continua-
tion to all s € C and satisfies a functional equation

Z(Sa¢7w) = Z(l - 87&57@)
where ¢ = Fourier transform of ¢ and 0(g) :==w(g™h).

Proof. Poisson summation formula ]

Tensor product theorem
/
™= ®v§oo7T’U

= w(g) = H wy (gv)

<00

where w,, : GL(Q,) — C are local matrix coefficients.

Local L-functions

Z (8, oy wy) = /GL(Q )wv(g)gby(g) \det(g)|s+% ds

Z (s, p,w) = H Z (8, ¢y, wy) = Euler product

<00

5 Local Theory: Representations of GL(n,Q,)

5.1 Representations for GL(n,Q,)

Letr > 0 and
Ky :={k € GL(n,Zp) | k= In € p"M(n,Zyp) } .

(open compact nbhd for 7,,?)

Definition 5.1. Let 7 : GL(n,Q,) — GL(V) be a representation for V' = co-dimensional
vector space. We say (7, V') is smooth if the map g — 7(g).v for g € GL(n,Q,) andv € V
is locally constant.

Definition 5.2. (7, V) is admissible if
VEr = lweV|nk)v=uv, ke K,}
is finite dimensional for any K. with r > 0.
We want to classify smooth, admissible and irreducible representation of GL(n, Q)).

Lemma 5.3 (Dixmier-Schur). Let (7, V') be a smooth and irreducible representation of GL(n, Qp).
LetT : V — V be a linear map, satisfying

T (m(g).v) =m(g).T(v)

forany g € GL(n,Q,), v € V(Intertwining map). Then there exists ¢ € C such that Tv = cv
foranyv e V.
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Proof. Fix v € V. Claim the vector space is spanned by

{m(g)v] g € GL(n,Qp)}

is countable.
For fixed g € GL(n,Q,) the space

{m(gk).v|k € GL(n,Zp)}

is finite because 7 is smooth so there exists K, for some r > 0 such that 7(gk).v = 7(g).v for
any k € K. Also by the Iwasawa decomposition, Q\GL(n,Q,)/GL(n,Zy) is countable.
So this claim is proved.

Claim 2: Let ¢ € C, I.v = v, identity transform. Then (' — ¢I) .7 = 7. (T — ¢I) (com-
muting operators).

Assume that T — ¢l # 0, forall ¢ € C then (T — ¢I) ™ : V — V exists and is a bijective
linear map. for any fixedv € V,

V :=Span{n(g9).v| g € GL(n,Qp)}

by irreducibility. Fix v € V, consider
{(T —c)tw|ce C’} = unconutable set of vectors C V.

Then there exists a linear relation
T
Zai (T—ciI)_l.v:O, for some a;, c¢; € C. 5.1
i=1

Now write the algebraic relation

l A 4
S T ey Q0 =Y
i=1 v i= 2

Define an operator V. — V as

d
Q(T) = ZbiTo~--oT
1=1 i-times

Multiplying (5.1) on the leftby 7o - - - o T then

[-times
= Q(T)=0

But we can factor Q(X) = « Hle (X — ;) then (T — o) " does not exist for some «;.
Contradiction. So the assumption 7' — ¢l # 0 for any ¢ € C is false. 0

Lecture 10: 2010-2-18

Reference notes: Prasad, Raghuram, [Representation theory of GL(n) over non-archimidean
local fields] in cauchy.math.okstate.edu/araghur
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Last time 7 : GL(n,Q,) — GL(V) for some complex vector space V. m is smooth =
g — m(g).v is locally constatn for any fixed v € V.

Dixmier-Schur Lemma: If T : V — V, T'n(g).v = 7(g).Tv and (, V) is irreducible then T
acts by scalars. i.e., Tv = cv for some c € Cand allv € V.

Corollary 5.4. Let (7,V) be a smooth irreducible representation of GL(n, Q). The there
exists a character wy : Q) — C* such that

7 (aly) .v = wr(a)v

forany a € QF, v € V and I, = n x n identity matrix and al, € Z(GL(n,Qp)). The
character wy is called the central character associated to .

Proof. Let z € Z(GL(n,Qp)) = m(z9) = m(2)m(g9) = w(g)n(2), for any g € GL(n, Q).
For every fixed z € Z(GL(n,Q,)) it is clear that 7(z) is an intertwining operator. So
m(z) : V. — V and it commutes with everything else in GL(n,Q,). So by Dixmier-Schur’s
lemma, 7(z) acts by a scalar w,(z) for each z € Z (GL(n,Q))). Since 7 is smooth and has
multiplicative, w, is a character. ]

Let (7, V') be an irreducible smooth representation of GL(n,Q,). Then there are two
important cases.

(1) dim(V') < oo: It is not so interesting. Because we will prove that dim(V") = 1 and every
representation is a character.

(2) dim(V) = o0

Proposition 5.5. Let (7, V') be an irreducible and smooth representation of GL(n,Q,). If
dimV < oo then dim V' = 1 and every representation is a character.

Proof. (forn = 2) Let x € Q). Then since (m, V') is smooth then there exists b € @, such
that |zbl, is sufficiently small. So that (} %) € Ker(n), ie., 7 ((§%)) v = v. (using
dimV < 00)

~—
—~
oo
—o
~—
|
—
—~
o
-3
SN—
—~
oo
o
~—
m
]
=
~~
=
~—

= (01
Coa(@i)e=m(b8) 7 (39) (7 (59) v) =v)

Similarly, we can show
(@1/ (1)) € Ker(m), Yy € Qp.

But the matrices (¢), (21/ (1)) for z,y € Q, generate SL(2,Q)).
= SL(2,Qp) C Ker(m)

But Vg1, g2 € GL(2,Q)) the matrices glgzgflggl € SL(2,Qp).
= 7 (919291 '95 ") v =

= m(g1). (m(g2).v) = 7(g2). (7(g1).v), Vg1,92 € GL(2,Qp)

= every 7(g) acts by a scalar and dim(V) =1

From now on we will only consider (7, V') with dim V' = oo.
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5.2 Contragredient representations

Let (7, V) be a smooth irreducible representation of GL(n, Q). We will now define another
representation, denoted by (7, V') of GL(n,Q,) called the contragredient representation.

oV = subspace of V= {l:V — C, | = linear map}, such that for any [ € V and for
any fixed v € V, [ (n(k).v) = I(v) for any k& € compact open subset of GL(n,Z,)
depends on v.

e We define an action 7 on V as follows: forl € V, v € V and g € GL(n, Qyp),
m(g).l(v) =1 (Tr(g)_l.v) .

Once we have defined the contragredient representations, we can construct a bilinear pair-
ing (, ):V xV — Cas follows:

Definition 5.6. Forany v € V and [ € V, then

(v, 1)y == 1(v).

The pairing (, ) : V x V — C is invariant under the action of GL(n, Qp) in the sense
that

(m(g)-v,7(9).1) = (v, 1)
forany g € GL(n,Q,),v € Vandl € V.

(. (m(g)v,7(g).0) = 7(g).L (w(g).v) = (w(g) 'm(g)v) =(v))

Matrix Coefficient for smooth irreducible representations for GL(n,Q,) Fixv € V and
v € V. Then the map
g — (7(g)v,v), Vg € GL(n, Q)

is called a matrix coefficient.

Fix a smooth infinite dimensional irreducible representation (7, V') of GL(n,Q,) with
contragredient (7, V). Let (, ) : V x V — C be the canonical invariant bilinear pairing.

Definition 5.7 (Local L-function associated to ). Fixv € V, v € V.
~ 1
Ze(s.0)= [ olg) (mlg),7) detg| dy
GL(n,Qp)

for ¢ =locally constant compactly supported function 7 : GL(n,Q,) — C. Define

L (s) := greatest common division or all

{Z=(s,®) |¢ locally constant compactly supported }
(Godement-Jacquet)
Question:
(1) How to prove the integral Z(s, ¢) converges? Need to growth of matrix coefficients.

(2) Can we classify smooth irreducible representation of GL(n,Q,)? = There will be only
finitely many possibilities.

3) (5 dgiobal = 1o (5 )y
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For GL(2,Q,) we will only the following types of L (s):
o (1- app_s)il (L= Bpp*)

o (1—app™)

1

e |1 <= supercuspidal representations

and oy, (3, are called Langlands parameters. For GL(3,Q,), we have

o (1—app™) (1= Bpp™) " (L= )"

o (1—app™®) (1 Bpp®) "
o (1—app™)
o 1



