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ABSTRACT.

1. Introduction

In 1801, in the Disquisitiones Arithmeticae [Gau01], Gauss introduced the
class number h(d) as the number of inequivalent binary quadratic forms of discrim-
inant d. Gauss conjectured that the average value of h(d) is %\/@ for negative
discriminants d. This conjecture was first proved by I. M. Vinogradov [Vin18] in
1918. Remarkably, Gauss also made a similar conjecture for the average value of
h(d)log(eq), where d ranges over positive discriminants and €4 is the fundamen-
tal unit of the real quadratic field Q(\/E) Of course, Gauss did not know what
a fundamental unit of a real quadratic field was, but he gave the definition that
€4 = W, where ¢, u are the smallest positive integral solutions to Pell’s equation
t2 — du? = 4. For example, he conjectured that

47?2 5
0 (mod 4) Zh )log(eq) ~ T2,

d=
iz 21((3)"
while )
d=1 (mod 4) Zh )log(eq) ~ I
= 18¢(3)

These latter conjectures were first proved by C. L. Siegel [Sar94] in 1944.
In 1831, Dirichlet introduced his famous L—functions

— x(n)

L(s,x) = o

n=1

where y is a character (mod ¢) and $(s) > 1. The study of moments
> Lisxg)™
q

say, where x, is the real character associated to a quadratic field Q(,/q), was not
achieved until modern times. In the special case when s = 1 and m = 1, the value of
the first moment reduces to the aforementioned conjecture of Gauss because of the
Dirichlet class number formula (see [Dav00], pp. 43-53) which relates the special
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2 ADRIAN DIACONU AND DORIAN GOLDFELD

value of the L-function L(1, x4) with the class number and fundamental unit of the

quadratic field Q(1/q).
Let

L(s) = Za(n)n‘s
n=1
be the L-function associated to a modular form for the modular group. The main
focus of this paper is to obtain meromorphic continuation and growth estimates in
the complex variable w of the Dirichlet series

[l

We shall show, by a new method, that it is possible to obtain meromorphic contin-
uation and rather strong growth estimates of the above Dirichlet series for the case
k = 2. It is then possible, by standard methods, to obtain asymptotics, as T — oo,
for the second integral moment

T
/ |L(o +it)|? dt.
0

In the special case that the modular form is an Eisenstein series this yields asymp-
totics for the fourth moment of the Riemann zeta-function.

k
.

o0
Moment problems associated to the Riemann zeta-function ((s) = > n~*
1

were intensively studied in the beginning of the last century. In 1918, Hard_y and
Littlewood [HL18] obtained the second moment

T
/ ¢ (3 +it)|]* dt ~ TlogT,
0

and in 1926, Ingham [Ing26], obtained the fourth moment

T
T ! 4

Heath-Brown (1979) [HB81] obtained the fourth moment with error term of the
form

T
1
/ ¢ (s +inl* dt ~ 52 L Py(logT) + O (T%+e) ,
0 T
where Py(z) is a certain polynomial of degree four.

Let f(z) = Y. a(n)e?™™* be a cusp form of weight s for the modular group

n=1
with associated L—function Lf(s) = > a(n)n™°. Anton Good [Goo82] made a

n=1
significant breakthrough in 1982 when he proved that

/OT ‘Lf (g + it) ‘2 dt = 2aT(log(T)+b)+ O ((TlogT)%)

for certain constants a, b. It seems likely that Good’s method can apply to Eisenstein
series.
In 1989, Zavorotny [Zav89], improved Heath-Brown’s 1979 error term to

T
) .\ 4 1 Zte
/0 IC (3 +it)|* dt ~ W-T-R;(logT) + (’)(Td )
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Shortly afterwards, Motohashi [Mot92], [Mot93] slightly improved the above error
term to

0 (T% (log T)B)

for some constant B > 0. Motohashi introduced the double Dirichlet series [Mot95],
[Mot97]

/oo C(s+it)*¢(s —it)*t~ dt
1

into the picture and gave a spectral interpretation to the moment problem.

Unfortunately, an old paper of Anton Good [Goo86], going back to 1985,
which had much earlier outlined an alternative approach to the second moment
problem for GL(2) automorphic forms using Poincaré series has been largely for-
gotten. Using Good’s approach, it is possible to recover the aforementioned results
of Zavorotny and Motohashi. It is also possible to generalize this method to more
general situations, for instance see [DG], where the case of GL(2) automorphic
forms over an imaginary quadratic field is considered. Our aim here is to explore
Good’s method and show that it is, in fact, an exceptionally powerful tool for the
study of moment problems.

Second moments of GL(2) Maass forms were investigated in [Jut97], [Jut05].
Higher moments of L—functions associated to automorphic forms seem out of reach
at present. Even the conjectured values of such moments were not obtained un-
til fairly recently (see [CF00], [CGO1], [CFK™'], [CG84], [DGHO03], [KS99],
[KS00]).

Let ‘H denote the upper half-plane. A complex valued function f defined on H
is called an automorphic form for I' = SLy(Z), if it satisfies the following properties:

(1) We have

F(E5) =@ o (4 ) er

cz+d

(2) f(iy) = O(y™) for some a, as y — oo;

(3) k is either an even positive integer and f is holomorphic, or £ = 0, in
which case, f is an eigenfunction of the non-euclidean Laplacian A =
—y? (88722 + ;f;) (z = x+1iy € H) with eigenvalue A. In the first case, we
call f a modular form of weight x, and in the second, we call f a Maass

form with eigenvalue .

In addition, if f satisfies

1
/ flx+iy)dx = 0,
0

then it is called a cusp form.
Let f and g be two cusp forms for T" of the same weight x (for Maass forms we
take k = 0) with Fourier expansions

F2) =Y an|ml™™ W(mz), g(z) = Y b |n|*T W(nz) (z =2 +iy, y > 0).
m70 n#0
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Here, if f, for example, is a modular form, W (z) = €2™* and the sum is restricted
to m > 1, while if f is a Maass form with eigenvalue \; = 1 + 12,

Wi(z) = Wiy, (2) = y? Ky (2my)e®™® (z=2a+1iy, y>0),

where K, (y) is the K—Bessel function. Throughout, we shall assume that both f
and g are eigenfunctions of the Hecke operators, normalized so that the first Fourier
coefficients a; = b; = 1. Furthermore, if f and g are Maass cusp forms, we shall
assume them to be even.

Associated to f and g, we have the L—functions:

Ly(s) = i amm™%; Ly(s) = ibnn_s.
m=1 n=1

In [Goo86], Anton Good found a natural method to obtain the meromorphic con-
tinuation of multiple Dirichlet series of type

0o
(11) / Lf(81 +it)Lg(82 —it) tv dt,
1

where L¢(s) and Lgy(s) are the L-functions associated to automorphic forms f
and g on GL(2,Q). For fixed g and fixed s, s2,w € C, the integral (1.1) may be
interpreted as the image of a linear map from the Hilbert space of cusp forms to C
given by:

o / Ly(s1 4+ i) Ly(s2 — it) £~ dt.
1

The Riesz representation theorem guarantees that this linear map has a kernel.
Good computes this kernel explicitly. For example when s; = so = %, he shows
that there exists a Poincaré series P, and a certain function K such that

_ > 1 1
{f, Puwg) :/ Ly (2 Jrit) L, <2 +it) K(t,w)dt,
where (, ) denotes the Peterson inner product on the Hilbert space of cusp forms.
Remarkably, it is possible to choose P, so that

K(t,w) ~ [t|7*, (as [t| = o0).

Good’s approach has been worked out for congruence subgroups in [Zha].

There are, however, two serious obstacles in Good’s method.

o Although K(t,w) ~ [t|~"* as |t| — oo and w fized, it has a quite different
behavior when t < |Im(w)|. In this case it grows exponentially in |t|.

e The function (f, P,g) has infinitely many poles in w, occurring at the
eigenvalues of the Laplacian. So there is a problem to obtain polynomial
growth in w by the use of convexity estimates such as the Phragmen-
Lindelof theorem.

In this paper, we introduce novel techniques for surmounting the above two
obstacles. The key idea is to use instead another function Kpg, instead of K, so
that (1.1) satisfies a functional equation w — 1 — w. This allows one to obtain
growth estimates for (1.1) in the regions (w) > 1 and —e < (w) < 0. In order to
apply the Phragmen-Lindel6f theorem, one constructs an auxiliary function with the
same poles as (1.1) and which has good growth properties. After subtracting this
auxiliary function from (1.1), one may apply the Phragmen-Lindelf theorem. It
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appears that the above methods constitute a new technique which may be applied
in much greater generality. We will address these considerations in subsequent
papers.

For R(w) sufficiently large, consider the function Z(w) defined by the absolutely
convergent integral

12) 20 = [ (L), (b=) v

The main object of this paper is to prove the following.

THEOREM 1.3. Suppose f and g are two cusp forms of weight k > 12 for
SL(2,7). The function Z(w), originally defined by (1.2) for R(w) sufficiently large,
has meromorphic continuation to the half-plane R(w) > —1, with at most simple
poles at

1 1 . »p

sz, §+Zﬂa 75"’2”3 57
where %—l—;ﬂ is an eigenvalue of A and ((p) = 0; when f = g, it has a pole of order
two at w = 1. Furthermore, for fired ¢ > 0, and ¢ < § < 1 — ¢, we have the growth

estimate:
_35
(1.4) Z(6+in) <o (1+)T,

provided |w|, |w — 1|, |Jw & % -y, |w — §| > € with w = § +in, and for all i, p, as
above.

Note that in the special case when f(z) = g(z) is the usual SLo(Z) Eisenstein
series at s = % (suitably renormalized), a stronger result is already known (see
[LIMO0]) for R(5) > 3. It is remarked in [LJMOO] that their methods can be
extended to holomorphic cusp forms, but that obtaining such results for Maass

forms is problematic.

2. Poincaré series

To obtain Theorem 1.3, we shall need two Poincaré series, the second one
being first considered by A. Good in [Goo86]. The first Poincaré series P(z;v,w)
is defined by

o (S(2)\Y
ey Peew = ¥ e (FE) @ - e,
vel'/Z v
This series converges absolutely for ®(v) and f(w) sufficiently large. Writing

oo

PEow) =5 S uE b = X et Y el )

~yESL2(Z) YET o\ m=—o00

and using the well-known Fourier expansion of the above inner sum, one can im-
mediately write
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7)E(z,v—|— 1)

wo (W)l — w—1 w w-—1
+ 2W2F<§) k§:|k|21%<zv+»2,12)
P

where T'(s) is the usual Gamma function, E(z, s) is the classical non-holomorphic
Eisenstein series for SLy(Z), and Py (z;v,s) is the classical Poincaré series defined
by
(2.3 Pulzivs) = W7 Y (S02) Wy -72)

’YEFDO\F
It is not hard to show that Py (z;v,s) € L?(T'\H), for [R(s)[+3 > R(v) > |R(s)|+ 1
(see [Zhal).

To define the second Poincaré series P3(z,w), let 3(z, w) be defined for z € H
and R(w) > 0 by

1 Tloes 2yet 1=w :
% lf {m} dé‘ if %(Z) =X 2 0 and
—log z
(24)  Blzw) = R(w) >0,
B(—z,w) if x <0,

where the logarithm takes its principal values, and the integration is along a ver-
tical line segment. It can be easily checked that [(z,w) satisfies the following two
properties:

(25) ﬂ(asz) = ﬁ('z,w) (a > 0)7
and for z off the imaginary axis,
(2.6) AB = w(l —w)p.

If we write z = re” with r > 0 and 0 < § < Z, then by (2.4) and (2.5), we
have

6

; 1 2¢efsinf -
) = [ [ o]

o
2¢e sin @ 1w it
(eit+0) — 1)(eilt=0) — 1)

. 1—w
sin 6 &t
cost — cos

= V2rsinf I'(w) P%;w(cos 0),

Bz, w)

I
P —

(2.7)

[
L

where P} (z) is the spherical function of the first kind. This function is a solution
of the differential equation

d*u du
bl P
dz? dz

12

— 22

(2.8) (1—2%)

+{mu+nl }uo (n, v € ).
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There is another linearly independent solution of (2.8) denoted by Q#(z) and
called the spherical function of the second kind. We shall need these functions for
real values of z = x and —1 < x < 1. For these values, one can take as linearly
independent solutions the functions defined by

(2.9) Plf‘(:r)—F(ll_u)<1t§>2F(—V71/+1;1—u;1;x>;
(210)  QFx) = mzm {P;(x) cos i — maﬂ(z)] .

Here

f0) L Datal@+n)
L(@)(B) 2= n! L(y+n)

is the Gauss hypergeometric function. We shall need an additional formula (see
[GR94], page 1023, 8.737-2) relating the spherical functions, namely

F(o, B57:2) =

(211)  Pl(—a) = Pi(x) cos[(u+ v)7] — > QU(x)sinf(u + v)7].
T
Now, we define the second Poincaré series Pg(z, w) by
(2.12) Ps(z,w) = Z Bvyz,w) (Z = {x1}).
~yel'/Z

It can be observed that the series in the right hand side converges absolutely for

R(w) > 1.

3. Multiple Dirichlet series

Fix two cusp forms f, g of weight x for I' = SL(2,Z) as in Section 1. Here f, g
are holomorphic for k > 12 and are Maass forms if x = 0. Define

F(z) =y f(2)9(2).
For compex variables s1, s2, w, we are interested in studying the multiple Dirichlet

series of type
o0

/ Ly (51 +it) Ly (32— it) " dt.

1
As was first discovered by Good [Goo86], such series can be constructed by consid-
ering inner products of F' with Poincaré series of the type that we have introduced
in Section 2. Good shows that such inner products lead to multiple Dirichlet series

of the form

/Lf (s1+it) Ly (s —it) K(s1,s2,t,w)dt,
0
with a suitable kernel function K (s1, s2,t, w). One of the main difficulties of the the-
ory is to obtain kernel functions K with good asymptotic behavior. The following
kernel functions arise naturally in our approach.
First, if f, g are holomorphic cusp forms of weight , then we define:

Fw+v+r—-1)I(s)I(v+kK—s)
(o) T(Etorn—s)

(31) K(S,’U,’U)) — 21*11)721)72;{ ﬂ_f,U,K
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Kﬁ(tvw) = B
ol pr—l ’F(g + it) ‘2 /2 6(ei9, w) sin®~?(6) coshlt(20 — )] do.

0

Also, for 0 < 6 < 2m, let VIN/%_W ( ) denote the Mellin transform of W1+l, (ue’e)

Then, if f and g are both Maass cusp forms, we define K (s; v, w) and Kg(t w) with
t >0, by

(3.2)

K(s;v,w) =
(3.3) / Wi, (1€’ i ) W%H-m (e2€t, v — 5) sin"t*~2(9) db);
€1,€2= :tl 0
Kg(t ’LU) =
(34) ﬁ Sll’l 9 Wl 616 Wl €2 ew, it) df.
-Hrl -Hr
€1, €2— :|:1 0

We have the following.

PROPOSITION 3.5. Fiz two cusp forms f,g of weight k for SL(2,7Z) with asso-
ciated L-functions L¢(s), Ly(s). For R(v) and R(w) sufficiently large, we have

(P(x; v,w), F) =
k1 Kk 1 . .
Ly 075+§+zt L, v+§+57071t K(o +it;v,w) dt,

and

s Py = [ 10 (S ) 2y (=) ot
0

where K(s;v,w), Kg(t,w) are given by (3.1) and (3.2), if f and g are holomorphic,
and by (3.3) and (3.4), if f and g are both Maass cusp forms.

PRrROOF. We evaluate

Io.w) = (Pow). Py = [ [ L P fEiey

by the unfolding technique. We have

dx dy
e

I(v,w) =
[eeRe ]
//f |Z‘ w v+w+n dedy—
0 —oo
_ //f 7‘6“9) vtK— 1 v+w+n 2(0) dr do =
0 0

= Z //VV%HTl (mre’ )Wl_,'_”, (nrei®) rv el ginv W re=2(9) qr dg.

20 |mn|
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By Mellin transform theory, we may express

du
Wit (mre?) = 2m/ /W1+W1 mue?) u® — r_s ds.

Making the substitution u — \LI’ we have

; uw® du _
R uele — — 71 % ds.
i Wy | Iml* u

(e) 0

Wi, 1"6

Plugging this in the last expression of (P(-;v,w), F'), we obtain

; . d
I(v,w) / // i ( uew) w &
27 J o |m|5+ 3 |n| 2 || U

T Y d 2
«/I/V%_HT2 (nreif) pr=ste TT -sin" T2 (0) df ds.

Recall that if f and g are Maass forms, then both are even. The proposition
immediately follows by making the substitution r — ﬁ

The second formula in Proposition 3.5. can be proved by a similar argument.
d

4. The kernels K (t,w) and Kgz(t, w)
In this section, we shall study the behavior in the variable ¢ of the kernels
K(t,w) := K(g + it;O,w)
(4.1) glowon —w LW+ k=1L (5 +it) T(5 — it)
D(2+5+it)D(L+5—it)

and Kg(t,w) given by (3.2). This will play an important role in the sequel. We
begin by proving the following.

PROPOSITION 4.2. Fort > 0, the kernels K(t,w) and Kg(t,w) are meromor-
phic functions of the variable w. Furthermore, for —1 < R(w) < 2, |S(w)| — oo,
we have the asymptotic formulae

(4.3) K(t,w) = A(w)t™ - (1 + O, <|S(“’)4>),

2
Kﬁ(t,w) = )
(4.4) = 2l7rgr-l ‘F(g + it) ‘2 /ﬁ(ew,w) sin"~2(#) cosh[t(20 — )] db
0
— Bw)t (1 Lo, (W)) ,
where
Aw)= DOFE=D gy 2 2 D@ R 1)

225+w—1 T I‘(w + %)(471-)/%-1-11)—1
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PROOF. Let s and a be complex numbers with |a| large and |a| < |s|2. Using

the well-known asymptotic representation for large values of |s|

, 1 1 139
(s) = V21 - 553 14— - ~4
(8) = Vam- 5772 e ( s Tosse  sisaos O )>’

which is valid provided —7 < arg(s) < =, we have

.. (1_12(;+a) + 0(3—2)) (1+12 . O(|S|_2)>.

Since [s| > |a|?, it easily follows that

a a(l—a) a’ _
(%—s—a)log(lJr;)Jra = S o+ O(aPls ).

Consequently,
o ﬂlea(l R & SRR (1_ 12(;+a) + O(|5|72)>

= S

I'(s+a)
(L5 + O(s17%).

Now, we have by the Taylor expansion that

4
ea(;;a)+£:1+M+o ﬂ .
2s |s]2

It follows that
(45) ks = ™ <1+“<1“>+o(";§>).

Now
T (% 4 it) (% —i
K(t,w) =272 77" T(w+r — 1) (2+?t) (5 —it) .
L(g+5+i)T(5+5 —it)

We may apply (4.5) (with s = § +it, a = §) to obtain (for ¢t — oo)
—w w4
Kitw) = Bl jsval™ (1 + 0 ()
_ Dlwts-l) 4w (1 + @(|w\4>)_

= 2Zktw—1k

This proves the asymptotic formula (4.3).

We now continue on to the proof of (4.4). Recall that

‘F +it)
Kp(t,w) = ) /ﬁ ) sin"(0) cosh[t(20 — )] df.

We shall split the f—integral into two parts. Accordingly, we write
K[j (t7 U)) =
2 oy-1
. IS(w)|™2
_ A )

(2m)rtl

[NEY

+ ﬂ(ew, w) sin®~?(6) coshlt(20 — )] d6.
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First of all, we may assume ¢ > |S(w)|3+¢. Otherwise, the asymptotic formula
(4.4) is not valid.

/l2 B(e®, w) sin"~2(0) cosh[t(20 — )] df

1
S(w)|"2
o2t i0
< et V@I . max | B(e”,w)]
IS (w)|”2<0<%
ol 1+e€
< ewte |\y(w)\ ,

since ¢ > |S(w)|3+¢ and 3 (¢, w) is bounded. It follows that

2 |3(w) "2
4‘P(g+it)‘

Kg(t,w) = N / B(e",w) sin"~2(0) cosh[t(20 — )] df
0
) (ef\sm)\“f)
2 -3
(el P
= @) / ﬁ(ew, w) sin®"~2(9) e~ 2% d
™
0
+0O (e—|%<w>l”f) .
Now, for 8 < |S(w)|~ 2, we have
5 (e, w)
0 1—w
_ ‘siné' . du
_J; (cosufcosG)
1
=2(sin6)* =" -0 [ (cos(fu) — cos(@))w_1 du
0
1 2 4 6 w—1
= 2(sing)! -0 [ (02 U5 -0t U g0 U0 - )y
0

_ 1—w (g l-w | p2w—1 I'(w) 92(111—1) _ 2T (w) r(1+w)
_ﬁ2 (Sln@) 9 F(%er) + 6 ( F(éer)—'_F(ngw)) +

= ﬁ 21_“’(8111 0)1_“’ . grw—1 F{;ii)) (1 + GQhQ(UJ) + 04h4(w) + 96h6(w) + - )] )

where

1—w? ha(w) = (w—1)(=21 = bw + 9w? + 5w?)
T 6+ 120 w 360(3 + 8w + 4w?) ’

hg(’w)

(1 — w)(3 + w) (465 — 314w — 80w? + 14w> + 35w?)
45360(1 + 2w)(3 + 2w)(5 + 2w) ’

and where hog(w) = O (|S(w)[*) for £=1,2,3,..., and

he(w) =

I'(w)
I(+w)

converges absolutely for all w € C and any fixed 6.

<1 + 92}12(71)) -+ 04h4(w) + 96h6(w) + .. >
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We may now substitute this expression for 3 (¢’,w) into the above integral for
Kp(t,w). We then obtain

Kﬁ(t7w) =
2
F(§+it) ™ (W) |S(w)|"F P )
- 2N+Wf17r%+ﬁf(%+w) ‘! (Slna)ﬁ TR B t<1+9 h2 ) do
(e |o<w>|“f)

2
F(%+it) D (w) [S(w)|” 3 _ ~
= [ ortemzem20t <1 + 0%ha(w) 4 0*ha(w) + - ) do

2n+w—1ﬂ,%+~ F(%-‘rw) 0
+0 (ef\w)v*e)
2
F(%Jrit) ™ T (w) o s » - "
= 2”+w’1W%+NF(%+w) go e (1—|—9 h2(’UJ)+0 h4(U))—|— > de
+ O e_lg\f(w)|1+€
2 (e7e)

S(w

trtw—lgntw 1o 3t D (L)

where, in the above, hae(w) = O (|S(w)[*) for £ =1,2,....
If we now apply the identity

D (5 +it)|° = t-[L+atl22+ 2B+t |5 —1+it]
= 2nt"lem™ (1 + O, (t72))
in the above expression, we obtain the second part of Proposition 4.2. O

For ¢ smaller than |$(w)|?*¢, we have the following

PROPOSITION 4.6. Fiz e > 0,k > 12. For —1 < R(w) < 2 and 0 < t <
| (w)|?T¢, with I(w) — oo, we have

bm( ; )Kﬁ( w)—cos(g )Kg(t w)‘ <, t¥5|S(w)[* 3.

PROOF. Let g(w,#) denote the function defined by

g(w,8) = T(w) P77 (cos ).
We observe that
: Tw Tw
sin (7> g(1—w,0) — cos () g(w,0) =
(4.7 COS TW
= T Jeos(mD) [9(w,0) + g(w,m —0)] .
cos ()

To see this, apply (2.10) and (2.11) with v = —3 and p = § — w. We have:

1
2

g(1 —w,0) = g(w, ) sinTw — 2 I'(w) Q%zw(cos 6) cos Tw;
m 2

2 14
g(w, 7 —0) = g(w,0)cosmw + — T'(w) Q2 , (cosh)sinmw.
7r
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Multiplying the first by sin 7w, the second by cos mw, and then adding the resulting
identities, we obtain
g(1 —w,0)sinTw + g(w, 7 — 0) cosTw = g(w, ),

from which (4.7) immediately follows by adding g(w, #) cos 7w on both sides.
Now, if f and g are holomorphic, it follows from (2.7), (3.3), and (4.7) that

sin (Z2) Ka(t,1 — w) — cos (%) Kg(t, w)

1 1 2
—  _9F—Kp—K—3 F(g + t Cgcs)smu) / (w,0) + glw, 7 — 6)]
0
(4.8) sin"~ 2 (6) cosh[t(20 — )] d@

e

I‘(2 + t)’ cosww/ 3w (cos9)

0 ) cosh[t(20 — )] db.

IOQ.

sin”®

By (2.9), we have

1w _ 1 1w 0 1 1 5 (0
P_% (cos®) = w1 cot (2>F(2 X +2 sin <2>>

Invoking the well-known transformation formula

we can further write
—w—L 70 L w—21 70
w cos 2 (5) sin”'~” 2 (5) 1 1 5 (0
(cos®) T(w+ 1) 2,w,u)+27 an” | 5

Now, represent the hypergeometric function on the right hand side by its inverse
Mellin transform obtaining:

PEe0st) = Frr )cos*wf% (2)smr3 (2)
1 T T(w+ 2)T'(—=2) 0, (0
T/ z+w+ 1) tan ) dz.

Here, the path of integration is chosen such that the poles of I'(1 + 2) and T'(w + 2)
lie to the left of the path, and the poles of the function I'(—z) lie to the right of it.
It follows that

sin (%) Kg(t,1 —w) — cos (%) Kp(t,w)
2 (w) cos(7rw)/7r cos~VT2 () sin®~ 2 (%)
cos (%) I'(1)'(w)

1 70 I'(i 4+ 2)Nw + 2)I'(—%)
2mi M(z+w+1)

—100

(4.9)

1

1
= 2 e(3 )]
™ 2—!—

0

tan2z (Z) d= | - Sin”_% (0) COSh[t(20 - 7T)] do.
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In the above, we apply the identity sin(f) = 2sin () cos (%); after exchanging

integrals and simplifying, we obtain

2
‘F(% + Zt) ‘ cos(mw)

. (TW W
s () Kt 1= w) = cos (52) Kltow) = =5y
100
(4.10) i I'(1 4+ 2)INw + 2)I'(—%)
2mi M(z+w+1)
K—w—2z—2 0 s 2z4+w+k—2 0
- | cos 5 ) sin B cosh([t(20 — )] df d=.

Note that sin (%) Kz(t,1 —w) — cos () Kg(t, w) satisfies a functional equa-
tion w — 1 — w. We may, therefore, assume, without loss of generality, that
S(w) > 0. Fix € > 0. We break the z—integral in (4.10) into three parts according

as

—0<3(2) <=3 +63(w), -G+ (w) <I(2) < (5 +€)I(w),

(1 4¢)S(w) < (z) < o0.

Under the assumptions that 3(w) — oo and 0 < t < (w)?*¢, it follows easily
from Stirling’s estimate for the Gamma function that

—i(L+€)S(w)
/ ‘F(; + 2)T(w+ 2)['(—2)
Fz4+w+1)

dz = O (6_(%4_6)3(10)),

—100

dz = O (ef(g“)g(w)),

[ [rure sy

i(5+e)S(w)
and, therefore,
sin (%) Kp(t,1 —w) — cos (%) Kg(t,w)

i(5+e)S(w)
(3 + 2)T(w + 2)T(=2)

2
’F(% +Zt>’ costw 1
I'z+w+ 1)

2rrtl cos (TR) 2mi

4.11 2

(4.11) ] Ci(34e)
0

/ cos" W22 (9> sin?ztwtr—2 (2> cosh[t(20 — m)] df dz

2
+0 (e—e%(w)) )

N

S(w)
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Next, we evaluate the f—integral on the right hand side of (4.11):

[ 0 0
/ cogh w22 (2> sin2#twtn—2 (2> cosh[t(20 — )] do
0

—mt A
_ € /Cosn7w72272 Q Sin2z+w+n—2 Q e2t0 do
2 2 2
0

7t A
(4.12) f+ %/ COSH7w72272 <Z) Sin2z+w+m—2 <Z) 672t0 do
71'/20

_ efwt/ cos”’w’2z72(0) Sin22+w+ﬁ—2(9) e4t6’ do

0
/2

+e™ [ cos"TWT2272(0) sin?* T T2(9) e =40 d),
0

where for the last equality we made the substitution
0 — 26.

Using the formula (see [GR94], page 511, 3.892-3),

/2
/ 2P gint g cos® xdr =
0

- 2—2u—2v—1(ewmﬁ—u—§)r(5'—1/—-M)F(2u—%1)
rNg-—p+v+1)
it DO —v = @)l @2p +1)
rB—v+p+1)

F(=2p,—p—vil+f—p+wv;—1)

bﬂuﬁ—u—w1+ﬁ+u—w—U)

which is valid for R(p), R(v) > —3, one can write the first integral in (4.12) as

93—2k Z et ( i Amrtwi2s—dite) P2—k—2ite)T'(—14+r—w—22)
(& cle
= I'(1 — 2ite — w — 22)
F(2—k—w—22,2— Kk —2ite; 1 —w — 2z — 2ite; —1)
i (Cltntutas) (2 -k —2ite)T(—1 + k + w + 22)
(1 — 2ite + w + 22)

~F@fn+w+2;2fﬂf%m1+w+ﬂzf%mfnﬁ.

+e
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If we replace the 6—integral on the right hand side of (4.11) by the above expression,
it follows that

sin (H> Kg(t,1 —w) — cos <ﬂ> Kp(t,w)
2 ) 2

_‘F(g""it)‘ COS TW

226—2r+1 cos (ﬂ)

2
i(%jte)%(w)

1 / T'(L 4+ 2)I(w+ 2)T'(—=2)

) e TI(2 - k- 2ite)

e=%1

2mi Iz+w+3)
—i(%+5)§?(w)
(4.13) i Qmrtut2emaii (=14 K —w — 22)
€ T(1 — 2ite — w — 22)

F2—k—w—22,2—kKk—2ite; 1 —w — 22 — 2ite; —1)
+eﬂi(71+m«2¢»w+2z) F(—l +Kr+w+ 22)
I'(1 — 2ite + w + 22)

'F(2—/<;—|—w+22,2—/{—2ite;1+w+22—2ite;—1))>dz

1+ O (e,
To complete the proof of Proposition 4.6., we require the following Lemma.

LEMMA 4.14. Fiz k > 12. Let —1 < R(w) < 2, 0 < t < |F(w)[*T¢, R(z) = —¢
with €, € small positive numbers, and |3(z)| < 2|(w)|. Then, we have the following
estimates:

F(2—r—w—222—k—2ite;1 —w — 2z — 2ite; —1) < /min{1, 2t, |S(w + 22)|},

F(2—k+w+222—k—2ite; 1 +w + 2z — 2ite; —1) < /min{1, 2¢, |S(w + 2z)|}.
PrOOF. We shall make use of the following well-known identity of Kummer:
F(a,b,c;—1) =2°"%"F(c—a,c — b,c; —1).
It follows that
F2—-—rk—w—222—k—2ite,1 —w — 2z — 2ite; —1)

(4.15) = 2203 (5 — 1 — 2ite, i — 1 —w — 22,1 — w — 22 — 2ite; —1)
and
(4.16) F2—rk+w+22,2—k—2ite; 1 +w + 2z — 2ite; —1)

=23 (k—1—2ite,k — 1+ w+ 22,1 +w + 2z — 2ite, —1).

Now, we represent the hypergeometric function on the right hand side of (4.15) as

d+1i00
. _ Il 1 Lla+ &I+ HI'(=E)
(417) F(aa ba (X _1) - F(G)F(b) i / F(C T 5) d§7
d—i00
with
a = kKk—1-—2ite
b = kK—1—w-—2z

c = 1—w-—2z—2ite.
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This integral representation is valid, if, for instance, —1 < § < 0. We may also shift

the line of integration to 0 < § < 1 which crosses a simple pole with residue 1.

Clearly, the main contribution comes from small values of the imaginary part of .
If, for example, we use Stirling’s formula

T(s) = V2 -|t|° 2 o~ bmlti+i(tlogltl—t+3 - (0-4)) | (1 +O (It )
where s =0 +it, 0 <o <1, |[t| > 0, we have

’ I'(a+ LG+ )T (L(=E) ‘ « oF (-IW—gltizerw—e|-1g|-le-2t])
L(a)T (D) (c +€)

(4.18)
t%7'{ ngn |W _ €|f%+n+5 ‘é- _ 2t‘*%+l€+5 A+ W
€130 |2t + W — g2+

where W = $(w + 2z) > 0. This bound is valid provided

3

min (|W — €|, 26 + W — €], ¢l € - 2¢])

is sufficiently large. If this minimum is close to zero, we can eliminate this term
and obtain a similar expression. There are 4 cases to consider.

Case 1: [¢| < W, [¢] < 2t. In this case, the exponential term in (4.18)
becomes € = 1 and we obtain

‘ L(a+ U+ O (OI'(=E)
T(@)L(b)T(c +€)

Case 2: [¢| < W, |¢] > 2t. In this case the exponential term in (4.18)
becomes

’<< €|~ 5.

tef (—W e+t w—e—¢|—l¢|+2t)

which has exponential decay in (|| — t).
Case 3: [¢]| > W, |¢] < 2t. Here, the exponential term in (4) takes the form

o5 (—lel w2t e w—c—jel-2e4€)

which has exponential decay in (|¢| — W).
Case 4: [¢| > W, €] > 2t. In this last case, we get

o5 (—lel-W2t4+ W +1g]-21¢|—2¢)

if £ is negative. Note that this has exponential decay in |£]. If £ is positive,
we get

o5 (el W 204w —g|-2le|+2t)

This last expression has exponential decay in (2| — W —2t) if 2t + W — € > 0.
Otherwise it has exponential decay in |€].

It is clear that the major contribution to the integral (4.17) for the hypergeo-
metric function will come from case 1. This gives immediately the first estimate in
Lemma 4.14. The second estimate in Lemma 4.14. can be established by a similar
method. (]
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We remark that for ¢ = 0, one can easily obtain the estimate in Proposition
4.6. by directly using the formula (see [GR94], page 819, 7.166),
L(25*)0(%54)

DB (25T ()T ()

/ P *(cos ) sin® 1 (0)df = 27" x
0

which is valid for ®(« £+ p) > 0, and then by applying the Stirling’s formula. It
follows from this that

sm( )Kﬂ(o 1- )fcos< )Kﬁ(o w) < |S(w)]"2.

Finally, we return to the estimation of sin (%) K(0,1—w)—cos (%) Kz(0,w)
using (4.13) and Lemma 4.14. If we apply Stirling’s asymptotic expansion for the
Gamma function, as we did before, it follows (after noting that ¢, S(w) > 0) that

sm( ; )Kf}(o 1—w )fcos(wz )Kﬁ(o w)’

i(14€)S(w)

\C‘(w+22)|"’%
)s(w)%(1+| S(2)])2|S(w + 22 + 2et)|2

Vmin{1,2t, [S(w + 22)[} dz

This completes the proof of Proposition 4.6. O

5. The analytic continuation of (v, w)

To obtain the analytic continuation of

I(v,0) = (P(s;0,w), F /Aw (0.0 T T

we will compute the inner product (P(x;v,w), F) using Selberg’s spectral theory.
First, let us fix ug, u1, us,... an orthonormal basis of Maass cusp forms which are
simultaneous eigenfunctions of all the Hecke operators T,,, n = 1, 2,... and T_1,
where

(T-1u)(2) = u(=2).
We shall assume that ug is the constant function, and the eigenvalue of u;, for
j=1,2,..., will be denoted by A\; = 1 + ,u?. Since the Poincaré series Pk(z; v, )
(k € Z, k # 0) is square integrable, for |R(s)| + 2 > R(v) > |R(s)| + 3, we can
spectrally decompose it as

Pi(zv,8) = Z (Pr(%;v,8), u5) u;(2)

—

<.

(5.1) L%
+ Z/ (Pr(*;0,8), E(%, L +ip))E(z, 3 +ipn) du.

Here we used the simple fact that (Py(x;v,s),uo) = 0.
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We shall need to write (5.1) explicitly. In order to do so, let u be a Maass cusp
form in our basis with eigenvalue A\ = 1 + pu2. Writing

1
u(z) = p(1) Y e V|72 Wy (v2),
v#0

then by (2.3) and an unfolding process, we have

oo 1
_1 v ——dxd
Pulsva) = W7 [ [ Wy a5
0 0
oo 1 d d
_— Cy _ X y
- o) / / PIW (k) Wi (—02)
2 i | [ e
. 7 d
= e / y K, (2n[kly) Ky (2 kly) 22
0
(1) e T(EEHE)D (SRt (=) (k)
s Tk T'() |

Let G(s;v,w) denote the function defined by

(5.2) G(s;v,w) = 772 F(%UH)Nqu))F(_S+2v+w)r(s+”§w_l).
s Uy F(v " %)

Then, replacing v by v + % and s by %5t in (5.2), we obtain

w w—1 1) ek
(5.3) <Pk(*,v+2,2),u> = ?|k|”+g G(L +ip;v,w).

Next, we compute the inner product between Py (z v+g T’) and the Eisen-
stein series E(z,5). This is well-known to be the Mellin transform of the constant
term of Py(z;v+ 5 T) More precisely, if we write

-1 - -1
Pu(zor D UoL) = K (arkly)el )+n=2_oo an (vt 2 2 ena),

where we denoted €™ by e(x), then for R(s) > 1

w w—1 7 w w—1\
<Pk(';v+2a2)7E(‘7§)> = /a0<y;v+§,T>ys 2 dy.
0

Now, by a standard computation, we have

w w—1 Y ot
ao(y,v—i— ) Z Z ( )/(02x2+02y2)

(r (*) 1

27|kly —kx
Kua <c2x2+02y2 “\ @22 ¥ 242 dz
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Making the substitution z — % and y — %, we obtain
C C

oo oo

w w—1 = 9 ystotg?
P(*;v—l—f,i),E*,E = Tckc_s~//—w
< k R ( )> cz:; (k) / (22 + y2)v 3

27|k|y —kx
Kw_1 . .
o (:U“ry?) ‘ (wzﬂﬂ) oy

Here, 7.(k) is the Ramanujan sum given by

(&

ru(k) = 2 e(’f)

(r,e)=1
Recalling that

.- —2s _ o1-2s(lk])
;Tc(k:)c = T2

where for a positive integer n, os(n) = ajn @7, 1t follows after making the substi-
tution x — |k|x, y — |k|y that

(5.4) <Pk (sv+5, wT_l) E(~,s)>

zlk\*”*%f%.ffl 25 Ikl ysotes
1'2 ,U+w+1

0

2Ty k x
K- dx d
zl(muy?)e( b= ) s

The double integral on the right hand side can be computed in closed form
by making the substitution z — —1. For R(s) > 0 and for R(v — s) > —1, we
successively have:

s+v+ 2 k
(5.5) / / g Hep (z%)‘f(— 2xz) dr dy
(22 + y? )”+ Z \7"ty k| 22 +y
:/ /ys-i-v-i- ) +y2)—s.Kw2_1(27ry)e(|k )dxdy
0 —oo

:/st“’Jr Kou- 1(27ry) /(x2+y2)56(|z| > dz dy
0

— 00

2—1)—%-&-1 ﬂ.s—v—%

I'(s)
_ 9(sv,w)
47T (s)

Combining (5.4) and (5.5), we obtain

(5.6) <Pk (*;U + %, wal)v E(.’§)> = |k|5*”*%*% . Zﬁ% G(s;v,w)
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Using (5.1), (5.3) and (5.6), one can decompose Py, (-;v+ %, “>1) as
(5.7)

=y pil) ¢ 7 G(3 +ipyi v, w) ug(2)

1 1 o2iu(|k])
167 ) w=a b T(4 —ip) ((1 - 2ip) [K|PFEHE

G(3 —ipv,w)E(z, § +ip) dp.

Now from (2 2) and (5.7), we deduce that

w —w 71
7 2T %) Z;0,W) —71'121“(“)2) E(z,v+1)

+% D (W) Ly (0 4+ 1) G(3 +ipgiv,w) uy(2)

1 (oo} 1 . 1
L C(li+.2+zu)§(v+2 ZH) G(L —ip;v,w)E(z, L +ip) du.
dn J wEERT( — i) C(1 - 2ip)

— 00

The series corresponding to the discrete spectrum converges absolutely for (v, w) €
C?, apart from the poles of G(1 + ip5;v,w). To handle the continuous part of the
spectrum, we write the above integral as

1 (uts)Clv+1—s)
ami | 7I0(1 — 5)C(2 — 25)
(3)

As a function of v and w, this integral can be meromorphically continued by shifting
the line R(s) = 1. For instance, to obtain continuation to a region containing
v = 0, take v with R(v) = 1 + ¢, € > 0 sufficiently small, and take R(w) large.
By shifting the line of integration R(s) = 3 to R(s) = 3 — 2¢, we are allowed to
take 2 — e < R(v) < 1 +e. We now assume R(v) = 1 — ¢, and shift back the line
of integration to R(s) = 1. It is not hard to see that in this process we encounter
simple poles at s = 1 — v and s = v with residues

G(1—s;v,w)E(z,s) ds.

I e P
eI
and
vy TOD(ZEDI(E) c(20)
S ot y) e Y

2utw—1
e r(EI(y)
P(v+3)
respectively, where for the last identity we applied the functional equation of the
Eisenstein series E(z,v). In this way, we obtained the meromorphic continuation

of the above integral to a region containing v = 0. Continuing this procedure, one
can prove the meromorphic continuation of the Poincaré series P(z;v,w) to C2.

E(z,1—v),
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Using Parseval’s formula, we obtain

(5.9) w—%r(%) I(,w) = 7 2°T (11)2—1) (E(-,v + 1), F)

Z WLUJ(U—F %)g(% +i/1’j;v7w) <uj7F>

'lLJ —even

L1
2

L L oty i) c(t s —ip)
47 Tt (L — i) C(1 — 2ip)

— 00

G(3 —ipsv,w) (E(, 3 +ip), F) dp,

which gives the meromorphic continuation of I(v,w). We record this fact in the
following

PROPOSITION 5.10. The function I(v,w), originally defined for R(v) and R(w)
sufficiently large, has meromorphic continuation to C2.

We conclude this section by remarking that from (5.9), one can also obtain
information about the polar divisor of the function I(v,w). When v = 0, this issue
is further discussed in the next section.

6. Proof of Theorem 1.3

To prove the first part of Theorem 1.3, assume for the moment that f = g. By
Proposition 5.10, we know that the function I(v,w) admits meromorphic continu-
ation to C2. Furthermore, if we specialize v = 0, the function I(0,w) has its first
pole at w = 1. Using the asymptotic formula (4), one can write

6.1)  I(0,w) = / L (3 +it))* K (t,w) dt = 2/|Lf(%+z‘t)|2K(t,w) dt,
oo 0
for at least R(w) sufficiently large. Here the kernel K (¢, w) is given by (4.1). As

the first pole of I(0,w) occurs at w = 1, it follows from (4.3) and Landau’s Lemma
that

Z(w) = /|Lf(§+it)|2t’w dt
1

converges absolutely for (w) > 1. If f # g, the same is true for the integral defining
Z(w) by Cauchy’s inequality. The meromorphic continuation of Z(w) to the region
R(w) > —1 follows now from (4.3). This proves the first part of the theorem.

To obtain the polynomial growth in |S(w)]|, for R(w) > 0, we invoke the func-
tional equation (see [G0086])

(6.2) cos (%) Ig(w) — sin (%) Ip(1 —w)

2 1-—
= me(w) w) (E(,1—w), F).
2w — 1) 7 T'(w) ¢(2w)
It is well-known that (E(-, 1 —w), F') is (essentially) the Rankin-Selberg convo-
lution of f and g. Precisely, we have:

(6.3) (B(,1-w),F) = (4m)"*T(r —w) L(1 - w, f x g).
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It can be observed that the expression on the right hand side of (6.2) has polynomial

growth in [$(w)|, away from the poles for —1 < R(w) < 2.
On the other hand, from the asymptotic formula (4), the integral

) = [ 20 (S ) 2, (=) Kot
0

is absolutely convergent for R(w) > 1. We break Iz(w) into two integrals:

64 ) = [ (Si) (S a) Kot
0
T

w oo

- [+ / = 1)+ 17 w),

Tw

where T, < |S(w)|?>T¢ (for small fixed ¢ > 0), and T, will be chosen optimally
later.

Now, take w such that —e < R(w) <
(6.2) as

—5, and write the functional equation

(6.5) cos (%) 1}32)(10) = (Sln( )I(l)(l —w) — cos( )I(l)( ))

+ sin (%) I[(f)(l —w)

27 ((w) ¢(1 — w)

T w17 Tw) (2w)

(E(,1—w), F).
Next, by Proposition 4.2,

Igzg):/:@( +zt> (; )w(uo('sg’)?’» it

Ty

s o)) o (3)

1

= Z(w)+0 (TW | T(lw)d) .

It follows that

P (w) .S
(6.6) Z(w) = + O(Tuﬁ* + 1= >
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@)
We may estimate I%(;U;) using (6.5). Consequently,
(2)
(6.7) T5 (w)
B(w)
1 (1) @ @)
= Bw) (tan(2>1 (1-w) — Iy (w )>+tan<2)1 (1—w)

2m ((w) ¢(1 = w)
cos () 2w — 1) 7= I'(w) ¢(2w)

(E(,1—w),F)|.

We estimate each term on the right hand side of (6.7) using Proposition 4.2 and
Proposition 4.6. First of all

tan (22) I (1 — w) — I§Y (w)
B(w)
sin (72) 157 (1 — w) —

cos (Z2) B(w)

T 1 o3
_ /O Ly (; + it> L, @ - it) 71? |(w()l|”2_2_z dt
< TE[S(w)| B,
Next, using Stirling’s formula to bound the Gamma function,
tan (Z2) 1(2)( —w)
B(w)

(6.8)

os (%) I (w)

(6.9)

_ [ Bl—-w) S (w)?

=\ Bw) '<” ? ))
F1—wl(l-—w+r—1T(5+w) 1S(w)?

< T(w)(w+r— DT (3 —fu) <1+ T3 >
Y 142e \%(w)|4+2€

< |S(w)] + 2

Using the functional equation of the Riemann zeta-function (6.3), and Stirling’s
asymptotic formula, we have

27 G(w) ¢(1 — w)
B(w)cos (52) 2w — 1) 7= I'(w) ¢(2w)

(6.10) (E(,1—w), F)| < |[S(w)|' T

Now, we can optimize T,, by letting
34 1 |S(w)|?
v ISPt =

Ty

Thus, we get
Z(w)=0 (|%(w)|2+26) .
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One cannot immediately apply Phragmen-Lindelof principle as the above func-
tion may have simple poles at w = % +iu;, j > 1. To surmount this difficulty,
let

o i) = S (50 () +r@r (7))
and define J(w) = Jaiser (W) + Toont(w), where
(612)  Jaelw) = 5 3 750 Ly ()Gl + iy, w) (g, )

uj;—even

and
(613) jcont(w)

L[ G -
dn J o oqma i D(L — i) ¢(1 — 2ip)

—0o0

Go(s — i, w)(E(, § +ip), F) dp.

In (6.13), the contour of integration must be slightly modified when R(w) = 1 to

2
avoid passage through the point s = w.
From the upper bounds of Hoffstein-Lockhart [HL94] and Sarnak [Sar94], we
have that

p; (1) (uj, F)| < iV,

for a suitable N. It follows immediately that the series defining Jaise; (w) converges
absolutely everywhere in C, except for points where Go(4 + iy, w), 7 > 1, have
poles. The meromorphic continuation of Jeont(w) follows easily by shifting the line
of integration to the left. The key point for introducing the auxiliary function J (w)
is that

10,w) - T(w)  (R(w) > —¢)

(may) have poles only at w =0 1, and moreover,

) 27
on () 30

has polynomial growth in |$(w)|, away from the poles, for —e < R(w) < 2. To

obtain a good polynomial bound in |J(w)| for this function, it can be observed

using Stirling’s formula that the main contribution to Jgiser(w) comes from terms
corresponding to |p;] close to |¥(w)|. Applying Cauchy’s inequality, we have that

jdiscr(w) 1 . . Wi 2 :
el < i ( > pj<1><J,F>|>

3
y
5] <2]S(w)]

1

2
> o (3) G0 (3 +iuj’w)|2> :
U

15| <2[S(w)]
Using Stirling’s asymptotic formula, we have the estimates

< [S(w)| "R =K+ FIS(w)]

1
A(w)]
1Go(3 + gy, w)| < [S(w)| 2 i EBWI (Rw) < 1+6).
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Also, Hoffstein-Lockhart estimate [HL94] gives

s (DI < [S(w)| e,
for p; < |S(w)]. It follows that

[N

jdiscr(w) ~ B N ) [ 25 2
5 —rt§42e sl s F
‘ 2A(w) < [S(w)] g e |(uj, F)|

U
|15 <2[S(w)]

U
lrs|<2[S(w)]
A very sharp bound for the first sum on the right hand side was recently obtained
by Bernstein and Reznikov (see [BR99]). It gives an upper bound on the order
of |S(w)|**¢. Finally, Kuznetsov’s bound (see [Mot97]) gives an estimate on the
order of |3 (w)|'T¢ for the second sum. We obtain the final estimate

jdiscr(w) _R@) 7
.14 —_— e IS 7 tatde 1 .
(6.14) Sty | <e 13w (R(w) < 1+¢)
It is not hard to see that the same estimate holds for ‘752"{5}?) To see this, we

apply in (6.3) the convexity bound for the Rankin-Selberg L—function together
with Stirling’s formula. It follows that

|<E(7 % +Z/1*)7F>‘ <<€ \,u|“+6 e_%lm.

Then,
2|S(w)| e
‘ZAEEU‘)”)‘ <. [S(w)|~ 252+ / éEi f;’z‘lﬂ di (R(w)<1+e.
—2|S(w)
By the well-known bounds
T
IC(1+it)| 7t < 1, /|<(% +it)|? dt <. T,
0
we obtain
(6.15) ‘J“t(“’)‘ <o |Sw)| "I (R(w) < 1+ e).
2A(w)
It can be easily seen that the function
Zw) - % (Rw) >~
(may) have poles only at w = 0, %, 1. We can now apply Phragmen-Lindel6f
principle, and Theorem 1.3 follows. (]

Finally, we remark that the choice of the function Gy(s,w) defined by (6.11) is
not necessarily the optimal one. We were rather concerned with making the method
as transparent as possible, and in fact, the exponent 2 — 24 instead of 2 — %5 should
be obtainable.



[BR9Y]
[CF00]
[CFK™]
[CG84]
[CGo1]

[Dav00]

[DG]

[DGHO3)

[Gau01]
[Goo82]

[Goo86]

[GR94]
[HBS1]

[HL18]

[HL94]

[LIMOO]
[Ing26)

[Jut97)

[Jut05]

[KS99]

[KS00]
[Mot92]
[Mot93]

[Mot95]

SECOND MOMENTS OF GL, AUTOMORPHIC L-FUNCTIONS 27

References

J. BERNSTEIN & A. REZNIKOV — “Analytic continuation of representations and estimates
of automorphic forms”, Ann. of Math. (2) 150 (1999), no. 1, p. 329-352.

J. B. CONREY & D. W. FARMER — “Mean values of L-functions and symmetry”, Internat.
Math. Res. Notices (2000), no. 17, p. 883-908.

J. B. CoNREY, D. W. FARMER, J. P. KEATING, M. O. RUBENSTEIN & N. C. SNAITH —
“Moments of zeta and L-functions”.

J. B. CONREY & A. GHOSH — “On mean values of the zeta-function”, Mathematika 31
(1984), no. 1, p. 159-161.

J. B. CONREY & S. M. GONEK — “High moments of the Riemann zeta-function”, Duke
Math. J. 107 (2001), no. 3, p. 577-604.

H. DAVENPORT — Multiplicative number theory, third ed., Graduate Texts in Mathemat-
ics, vol. 74, Springer-Verlag, New York, 2000, Revised and with a preface by Hugh L.
Montgomery.

A. DiacoNu & D. GOLDFELD — “Second moments of quadratic Hecke L—series and mul-
tiple Dirichlet series I”, in Multiple Dirichlet Series, Automorphic Forms and Analytic
Number Theory, Proceedings of the Workshop on Multiple Dirichlet Series, July 11-14,
2005, Proceedings of Symposia in Pure Mathematics, AMS, (to appear).

A. Diaconu, D. GOLDFELD & J. HOFFSTEIN — “Multiple Dirichlet series and moments
of zeta and L-functions”, Compositio Math. 139 (2003), no. 3, p. 297-360.

C. F. Gauss — “Disquisitiones Arithmeticae”, 1801.

A. GooD — “The square mean of Dirichlet series associated with cusp forms”, Mathe-
matika 29 (1982), no. 2, p. 278-295 (1983).

A. GooD — “The convolution method for Dirichlet series”, in The Selberg trace formula
and related topics (Brunswick, Maine, 1984), Contemp. Math., vol. 53, Amer. Math.
Soc., Providence, RI, 1986, p. 207-214.

1. S. GRADSHTEYN & I. M. RYzHIK — Table of integrals, series, and products, fifth ed.,
Academic Press Inc., Boston, MA, 1994.

D. R. HEATH-BROWN — “An asymptotic series for the mean value of Dirichlet L-
functions”, Comment. Math. Helv. 56 (1981), no. 1, p. 148-161.

G. H. HArRDY & J. E. LITTLEWOOD — “Contributions to the theory of the Riemann zeta-
function and the theory of the distributions of primes”, Acta Mathematica 41 (1918),
p. 119-196.

J. HOFFSTEIN & P. LOCKHART — “Coefficients of Maass forms and the Siegel zero”, Ann.
of Math. (2) 140 (1994), no. 1, p. 161-181, With an appendix by Dorian Goldfeld,
Hoffstein and Daniel Lieman.

A. Tvi¢, M. JuTiLA & Y. MOTOHASHI — “The Mellin transform of powers of the zeta-
function”, Acta Arith. 95 (2000), no. 4, p. 305-342.

A. E. INGHAM — “Mean-value theorems in the theory of the Riemann zeta-function”,
Proceedings of the London Mathematical Society 27 (1926), p. 273-300.

M. JuTiLA — “Mean values of Dirichlet series via Laplace transforms”, in Analytic num-
ber theory (Kyoto, 1996), London Math. Soc. Lecture Note Ser., vol. 247, Cambridge
Univ. Press, Cambridge, 1997, p. 169—207.

, “The Mellin transform of the fourth power of Riemann’s zeta-function”, in
Number theory, Ramanujan Math. Soc. Lect. Notes Ser., vol. 1, Ramanujan Math. Soc.,
Mysore, 2005, p. 15-29.

N. M. KA1z & P. SARNAK — Random matrices, Frobenius eigenvalues, and monodromy,
American Mathematical Society Colloquium Publications, vol. 45, American Mathemat-
ical Society, Providence, RI, 1999.

J. P. KEATING & N. C. SNAITH — “Random matrix theory and {(1/2 + it)”, Comm.
Math. Phys. 214 (2000), no. 1, p. 57-89.

Y. MOTOHASHI — “Spectral mean values of Maass waveform L-functions”, J. Number
Theory 42 (1992), no. 3, p. 258-284.

, “An explicit formula for the fourth power mean of the Riemann zeta-function”,
Acta Math. 170 (1993), no. 2, p. 181-220.

, “A relation between the Riemann zeta-function and the hyperbolic Laplacian”,
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 22 (1995), no. 2, p. 299-313.




28 ADRIAN DIACONU AND DORIAN GOLDFELD

[Mot97] Y. MOTOHASHI — Spectral theory of the Riemann zeta-function, Cambridge Tracts in
Mathematics, vol. 127, Cambridge University Press, Cambridge, 1997.

[Sar94] P. SARNAK — “Integrals of products of eigenfunctions”, Internat. Math. Res. Notices
(1994), no. 6, p. 251 ff., approx. 10 pp. (electronic).

[Vin18] I. M. VINOGRADOV — “On the mean value of the number of classes of proper primi-
tive forms of negative discriminant”, Soobchshneyia Khar’kovskogo mathematicheskogo
obshestva (Transactions of the Kharkov Math. Soc.) 16 (1918), p. 10-38.

[Zav89] N. I. ZAVOROTNY — “Automorphic functions and number theory, part I, II (Russian)”,
Akad. Nauk SSSR, Dal’nevostochn. Otdel., Viadivostok 254 (1989), p. 69-124a.

[Zha] W. ZHANG — “Integral mean values of modular L—functions”, preprint.

SCHOOL OF MATHEMATICS, UNIVERSITY OF MINNESOTA, MINNEAPOLIS, MN 55455
E-mail address: cadmath.umn.edu

CoLUMBIA UNIVERSITY, DEPARTMENT OF MATHEMATICS, NEW YORK, NY 10027
E-mail address: goldfeld@math.columbia.edu



