AN ASYMPTOTIC ORTHOGONALITY RELATION FOR GL(n,R)

DORIAN GOLDFELD, ERIC STADE, AND MICHAEL WOODBURY

ABSTRACT. Orthogonality is a fundamental theme in representation theory and Fourier analysis.
An orthogonality relation for characters of finite abelian groups (now recognized as an orthogonality
relation on GL(1)) was used by Dirichlet to prove infinitely many primes in arithmetic progressions.
Asymptotic orthogonality relations for GL(n), with n < 3, and applications to number theory, have
been considered by various researchers over the last 45 years. Recently, the authors of the present
work have derived an explicit asymptotic orthogonality relation, with a power savings error term,
for GL(4,R). Here we we extend those results to GL(n,R) (n > 2).

For n < 5 our results are unconditional. In particular, the case n = 5 represents a new result. The
key new ingredient for the proof of the case n = 5 is the theorem of Kim-Shahidi that functorial
products of cusp forms on GL(2)xGL(3) are automorphic on GL(6). For n > 5 our results are
conditional on two conjectures, both of which have been verified in various special cases. The first
of these conjectures regards lower bounds for Rankin-Selberg L-functions, and the second concerns
recurrence relations for Mellin transforms of GL(n,R) Whittaker functions. Our methods assume
the Ramanujan conjecture at the infinite place for Maass cusp forms, but this assumption can be
removed with a weakening in our error term.

Central to our proof is an application of the Kuznetsov Trace formula, and a detailed analysis,
utilizing a number of novel techniques, of the various entities—Hecke-Maass cusp forms, Langlands
Eisenstein series, spherical principal series Whittaker functions and their Mellin transforms, and so
on—that arise in this application.
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1. Introduction

1.1. Brief description of the main result of this paper. Let n > 1 be a rational integer,
s € C, and Ag = R x Ay denote the ring of adeles over Q where Ay denotes the finite adeles.
The family of unitary cuspidal automorphic representations 7 of GL(n,Ag) and their standard
L-functions

L(s,m) = Loo(s,m) - [ [ Lp(s5,7)

were first introduced by Godement and Jacquet [GJ72] and have played a major role in modern
number theory. In the special case of n = 1 the Euler products [[, Ly(s,m) are just Dirichlet
L-functions.

In this paper we focus on the unitary cuspidal automorphic representations of GL(n,Ag) with
trivial central character which are globally unramified. For n > 2, these can be studied classically
in terms of Hecke-Maass cusp forms on

SL(n, Z)\GL(n,R)/ (O(n,R) - R)

where

" := GL(n,R)/ (O(n,R) - RX)
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is a generalization of the classical upper half-plane. In fact h? := {(?é ) ‘ y>0,x¢€ R} is isomor-
phic to the classical upper half-plane.

For n > 2, Hecke-Maass cusp forms are smooth functions ¢ : h — C which are automorphic
for SL(n,Z) with moderate growth and which are joint eigenfunctions of the full ring of invariant
differential operators on GL(n,R) and are also joint eigenfunctions of the Hecke operators. Such
globally unramified Hecke-Maass forms can be classified in terms of Langlands parameters which
(assuming the cusp form is tempered) are n pure imaginary numbers (aq, a2, ..., a,) € (i-R)™ that
sum to zero. Further, the Hecke-Maass cusp forms ¢ with Langlands parameters (aq,...,ay,) can
be ordered in terms of their Laplace eigenvalues Aa(¢) given by

n’—n  oftaz+-Faz

Aa(p) = 2 2

as proved by Stephen Miller [Mil02].
Let ¢ be a Hecke-Maass cusp form for SL(n,Z) for n > 2 and set

(6.6) = / 6(9)8(g) dg

SL(n,Z)\h™

to denote the Petersson norm of ¢. The Hecke-Maass cusp forms form a Hilbert space over C with
respect to the Petersson inner product.

Definition 1.1.1 (L-function of a Hecke-Maass cusp form). Let ¢ be a Hecke-Maass cusp
form for SL(n,Z). Then for s € C with Re(s) sufficiently large we define the L-function L(s, ¢) :=

> A(k)k~* where A(k) is the k" Hecke eigenvalue of ¢.
k=1

Definition 1.1.2 (Asymptotic orthogonality relation for GL(n,R)). Let {¢;}j—12. . (with

associated Langlands parameters al) = (oagj ), a(Qj ), e aﬁ{ ))) denote an orthogonal basis of Hecke-
[e.9]

Maass cusp forms for SL(n,Z) with L-function given by L(s,¢;) := > A;j(k)k™®. Fix positive
k=1

integers £, m. Then, for T" — oo, we have

e hr(al)
Ai(0) N (m

lim J; HONm _ Jl4o(l) if L=m,

T—o0 X hr(al)) ] o) if £#£m.
Lj

1

J

where £; = L(1,Ad ¢;) and hr (a(j)) is a smooth function of the variables o9), T' (for T' > 0) with
support on the Laplace eigenvalues Aa(¢;) where 0 < Aa(¢;) < T.

Remark 1.1.3 (Power savings error term). The asymptotic orthogonality relation has a power
savings error term if o(1) can be replaced with O (T‘e) for some fixed # > 0. The error terms
0(1),0 (T _9) will generally depend on L, M. This type of asymptotic orthogonality relation was
first conjectured by Fan Zhou [Zhol4].

Remark 1.1.4 (Normalization of Hecke-Maass cusp forms). The approach we take in prov-

ing asymptotic orthogonality relations for GL(n,R) is the Kuznetsov trace formula presented in

% (which are independent of the way the ¢; are normalized) appears naturally on
727
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the spectral side of the trace formula leading to an asymptotic orthogonality relation of the form

h (o)

5™ () 3 (m) "le?)
115) . j; i (0) Aj(m) (B5.9;5) _ 1+o0(1) if £=m,
o T—00 S hT(a(j)) 0(1) if ﬂ#m
(Bj,65)

J=1

If we normalize ¢; so that its first Fourier coefficient is equal to one then it is shown in Proposition

414 that

W _ )
<¢j7¢j> = CnL(lvAdd)]) H r (W) ) (CTL 75 O)

- 2
1<i#k<n

This allows us (with a modification of the test function hz) to replace the inner product (¢;, ¢;)
appearing in with the adjoint L-function £; as in Deﬁnition The main reason for doing
this is that there are much better techniques developed for bounding special values of L-functions as
opposed to bounding inner products of cusp forms. So having Ej_l in the asymptotic orthogonality

relation instead of (¢;, ¢;)~! will allow us to obtain better error terms in applications.

Orthogonality relations as in Definition have a long history going back to Dirichlet (for the
case of GL(1)) who introduced the orthogonality relation for Dirichlet characters to prove infinitely
many primes in arithmetic progressions. Bruggeman [Bru78] was the first to obtain an asymptotic
orthogonality relation for GL(2) which he presented in the form

—_— Aa(d5)
-~ i%(ﬁ)%(m)-% e T {1 if £ = m,
T 00 =1 T cosh <7T (o) — %) 0 ifl=#m.

where {qu }jzl o goes over an orthogonal basis of Hecke-Maass cusp forms for SL(2,Z). This
is not quite in the form of Definition but it can be put into that form with some work.
Other versions of GL(2) type orthogonality relations with important applications were obtained by
Sarnak [Sar87], and, for holomorphic Hecke modular forms, by Conrey-Duke-Farmer |[CDF97] and
J.P. Serre [Ser97].

The first asymptotic orthogonality relations for GL(3) with power savings error term were proved
independently by Blomer [Blo13] and Goldfeld-Kontorovich [GK13] in 2013. In 2021 Goldfeld-
Stade-Woodbury [GSW21] were the first to obtain a power-saving asymptotic orthogonality relation
as in Definition for GL(4).

A major breakthrough was obtained by Matz-Templier [MT21] who unconditionally proved an
asymptotic orthogonality relation for SL(n,Z), as in , for a wide class of test functions for all
n > 2 (with power savings) but without the harmonic weights given by the inverse of the adjoint
L-function at 1. Their results were further strengthened in Finis-Matz [FM21]. The principal
tool used to prove the asymptotic orthogonality relation in [MT21] was the Arthur-Selberg trace
formula, whereas our approach is the natural generalization of the earlier results [Blo13], [GK13],
[GSW21], which were based on the Kuznetsov trace formula.

Blomer [Blo21] presented a very nice exposition comparing the Arthur-Selberg and Kuznetsov
trace formulae which we now briefly summarize for the application to asymptotic orthogonality
relations.
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e The first key difference between these trace formulae is that the spectral side of
the Kuznetsov trace formula has harmonic weights L'j_l while the Arthur-Selberg
trace formula does not have these harmonic weights. For GL(n) with n > 3 it is
not currently known how to remove these weights (see [BZ20] for how to remove
the weights on GL(3)). In [Blo21] Blomer remarks that “for applications to L-
functions involving period formulae it is often desirable to have an additional factor
1/L(1,Ad ¢) in the cuspidal spectrum, but in other situations one may prefer a
summation formula without an extra L-value.”

e The second major difference between these trace formulae is that the spectral
side of the Kuznetsov trace formula does not contain residual spectrum while the
Arthur-Selberg trace formula does. As pointed out by a referee the bulk of the work
in Matz-Templier [MT21] consists in bounding the unipotent contribution on the
geometric side of the Arthur trace formula so that it stays in line with the error term
coming from the residual Eisenstein contribution on the spectral side given by Lapid-
Mueller [LM09]. These residual Eisenstein series do not appear in the Kuznetsov
trace formula which leads to a very strong conjectural error term in Theorem [I.5.1]
In fact, the largest error term on the spectral side of the Kuznetsov trace formula
arises from the tempered Fisenstein series coming from the maximal parabolic having
(n — 1,1) Levi block decomposition. For explicit comparisons between our main
theorem and the results of [MT21] see Remark

e There are certain applications of our results using the Kuznetsov trace formula
approach that go beyond the results in [MT21], [FM21]. Recall that A;(p) denotes
the p'" Hecke eigenvalue of the Maass form ¢;. Fan Zhou’s thesis [Zhol3] concerns
the so-called vertical Sato-Tate problem which is a conjecture about the distribution
of A\j(p) where p is fixed and j varies. This problem was studied by Bruggeman
[Bru78] and Sarnak [Sar87] (for Maass forms), and Serre [Ser97] and Conrey-Duke-
Farmer [CDEF97] (for holomorphic forms), who showed by fixing p and varying j,
that Aj(p) is an equidistributed sequence with respect to the Plancherel measure
which depends on p. Strikingly, as observed by Fan Zhou ([Zhol4]), if we give each
Hecke eigenvalue A;(p) the weight E;l, then the distribution involves the Sato-Tate
measure which is independent of p. Jana, in [Jan21], generalized the results of Zhou,
but he only obtained an asymptotic formula without a power savings error term.
A problem for the future would be to combine Jana’s approach with the methods
of this paper. Jana also obtains bounds toward Sarnak’s density hypothesis using
this strategy that are stronger than anything known using the Arthur-Selberg trace
formula.

The main aim of this paper is to explicitly work out an asymptotic orthogonality relation for
SL(n,Z) via the Kuznetsov trace formula for a special choice of test function hg,? 3% whose form is
that of a Gaussian times a fixed polynomial. We do not address applications in this paper and leave
that to future research. See [Blo21] for various applications of the Arthur-Selberg and Kuznetsov
trace formulae and how they compare. We also point out that the Kuznetsov trace formula was
generalized by Jacquet and Lai [JL85] who developed the relative trace formula which has had a

wide following with new types of applications.

See §1.5.1] for the statement of our main theorem. The proof we give assumes the Ramanujan
conjecture at oo but it is possible to prove a weaker result by dropping this assumption. Otherwise



the proof is unconditional for n < 5. In particular, the case n = 5 represents a complete, new
result. For n > 5, our result is conditional on two conjectures.

1.2. Ishii-Stade Conjecture. The Ishii-Stade Conjecture (see §8.2]) concerns the normalized
Mellin transform W, 4(s) of the GL(n, R) Whittaker function W), o(y) defined in Definition m
n

Here, s = (s1,82,...,8,-1) € C" 1 and a = (a1, a9, ..., a,) = C" ! satisfies > a; = 0.

=1
Suppose integers m and §, with 1 <m <n—1and § > 0, are given. The Ishii-Stade Conjecture
expresses Wy, o(s) as a finite linear combination, with coefficients that are rational functions of the
sj’s and ay’s, of shifted Mellin transforms

Whal(s + %),

where ¥ € (Z>¢)" ! and the mth coordinate of ¥ is > §. In other words, for such § and m, the

conjecture expresses the Mellin transform Wma(s) in terms of shifts of this Mellin transform by at
least § units to the right in the variable s,,.
Much as recurrence relations of the form

T(s)=[(s+6—1)(s+6—2)---(s+1)s]'T(s + 6)

for Euler’s Gamma function imply concrete results concerning analytic continuation, poles, and
residues of that function, so will the Ishii-Stade conjecture allow us to obtain explicit information
about the behavior of W), 4(s) beyond its original, a priori domain of definition. This explicit
information will be crucial to the analysis of our test function hp, and consequently, to our derivation
of an an asymptotic orthonality relation as in Definition [1.1.2

We have been able to prove the Ishii-Stade Conjecture for GL(n,R) with 2 < n < 5. See §8.2]
below.

1.3. Lower bound conjecture for Rankin-Selberg L-functions. Fix n > 2. Let n = n; +
.-+ +n, be a partition of n with n; € Z-o, (i =1,...,r). The second conjecture we require for the
proof of the asymptotic orthogonality relation for GL(n,R) is a conjecture on the lower bound for
Rankin-Selberg L-functions L(s, ¢y X ¢y/) on the line Re(s) = 1, where ¢y, ¢p (for 1 <k <k’ <r)
are Hecke-Maass cusp forms for SL(ng,Z), SL(ny,Z), respectively. For a Hecke-Maass cusp form
¢ with Langlands parameters (aq,...,ay), let

c(¢) = (1 +[ar)(X + |az]) - (1 + |on])
denote the analytic conductor of ¢ as defined by Iwaniec and Sarnak [IS00].

Conjecture 1.3.1 (Lower bounds for Rankin-Selberg L-functions). Lete > 0 be fized. Then
we have the lower bound

L(L+ it dr % pwr)] e () - clow)) ™ (1t +2) .

Remark 1.3.2. Conjecture follows from Langlands’ conjecture that ¢ X ¢ is automorphic
for SL(ny, - ngs, Z). This can be proved via the method of de la Valée Poussin as in Sarnak [Sar(04].
Interestingly, Sarnak’s approach can be extended to prove Conjecture if ¢y is the dual of ¢
(see [GL18], [HB19]). Stronger bounds can also be obtained if one assumes the Lindel6f or Riemann
hypothesis for Rankin-Selberg L-functions.

If n, = n), = 2 it was proved by Ramakrishnan [Ram00] that ¢, X ¢ is automorphic for SL(4, Z),
thus proving the lower bound conjecture for n < 4. Further, for n; = 2 and nj, = 3, it was proved
by Kim and Shahidi [KS02] that ¢y x ¢y is automorphic for SL(6, Z), thus proving the lower bound
conjecture for n < 5.
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1.4. Constructing the test functions. Fix an integer n > 2. We now construct two complex
valued test functions on the space of Langlands parameters

{a:(al,...,an)e(cn al—l-'--—l-ozn:O}

that will be used in our proof of the orthogonality relation for GL(n, R).
We begin by introducing an auxiliary polynomial that is used in constructing the test functions.

Definition 1.4.1 (The polynomial ]-' ( )). Let R € Z and let @ = («v, ..., ) be a Lang-
lands parameter. Then we define

R
— 2
:H H (1—1—20%—204[)
Jj=1 K,LC(1,2,...,n) keK leL
#K=#L=j

Note that if @ € (iR)", then fl(n)(a) is a positive definite polynomial in « of degree
n—2
1 /n n 1 /2n n(n—1) 1
1.4.2 D(n) = = . ) =1 == - 2
=3 ()(0) 1) =2 () -

Therefore, for o with bounded real and imaginary parts, say, |Re(a;)| < R and |[Im(ay)| < T
we have

(1.4.3) |7 ()| < TR0, (T — +00)
with an implicit constant depending on n, ¢, R.

Definition 1.4.4 (The test functions p7’ #(a) and h;}z( )). Let R € Zy and T'— +o00. Then

for a Langlands parameter o = (a, . . an) we define
i
a%+a%+-~-+a% 142R+a;— p;R( )‘
pif(e) = AP (5) T T (FEEEE) L fhe) = .
1<j£k<n IT T (%)
1<j#k<n

We observe that, by Stirling’s formula for the Gamma function and by (1.4.2) and (1.4.3)), we
have

(1.4.5) |hC(Z“R ’<<TR(( m)—gn) -l

whenever |Re(c;)| is bounded and [Im(a;)| < T'7¢ for 1 < j < n. The implied constant in (L.4.5)
depends on n, ¢, and R.

Remark 1.4.6 (Whittaker transform of the test function). The symbol # in the test function

p;’ﬁ means this function is the Whittaker transform of pé? 3%. See §

1.5. The Main Theorem.

Theorem 1.5.1. Fizn > 2. Let {¢;}j=12... denote an orthogonal basis of Hecke-Maass cusp forms
for SL(n,Z) (assumed to be tempered at oo) with associated Langlands parameter

all) = (ozg') agj),...,ag)) € (i-R)"”

and L-function L(s, ¢;) := E (k) k™



Fiz positive integers £, m. Then assuming the Ishii-Stade conjecture and the lower bound
conjecture for Rankin-Selberg L-functions|[1.3.1], we prove that for T — oo,

- EUT2NeY h%@% (a(j)) — 2n) _on nZ+13 2n\_on
SNORG L = 5 S )i 0, () )2 52
j=1 J i=1
where d¢ ., s the Kronecker symbol, L; = L(1,Ad ¢;), and c1,...,cp_1 > 0 are absolute constants
which depend at most on R and n.
Because Conjectures[1.3.1] and [8.2.5 are known to be true for 2 < n <5 (see Remark|[1.5.9 and
, the above result is unconditional for such n.

Remark 1.5.2. Qiao Zhang [Zha22| recently proved the lower bound

. —9, ., Mk (o1 )
(153)  LO it 6 x d)| > (elow) () " (1 +2) 7 7 Ut ) =
with 6 1» = ng + nyp + €. This improves on Brumley’s bound who obtained nearly the same result

but with the term 7% replaced by ngni (see [Bru06] and the appendix of [Lapl3]). Assuming

(1.5.3) we can replace the error term in Theorem with
0. Rnem(TR((?:)—r)m—l )

So if one could prove with Ok < 8 this would give a power savings error term in our main
theorem and would remove the assumptlon of the lower bound conjecture [[.3.1] In fact, the proof
establishes a black box by which improvements to bounds on Rankin-Selberg L-functions result
in better power savings error terms for the continuous spectrum contribution to the asymptotic
orthogonality relation.

Remark 1.5.4. A variant of Theorem is obtained unconditionally in [MT21], [FM21], without
the arithmetic weights E;l and with different test functions, which are indicator functions of

*

a) e TQ, where Q is a Weyl group invariant bounded open subset of i - a*, where a is the

Lie algebra of the subgroup of diagonal matrices with positive entries. Additionally, the results
n(n—1)

of [MT21] [EM21] do not entail the polynomial weights of size TR(G-2") "% coming from

WIh(0) (ct. (T3)).

The error term obtained in [FM21], in the present setting of SL(n,Z), is < T 1 as
T — oo. Here, (=D0+2) 4o the dimension of the generalized upper half-plane h™, and the error
term obtained by Finis-Matz has exponent equal to that dimension minus 1. By comparison, if

2n n n(n 1)
one removes the polynomial weights TR(C)-2")- from the error term in Theorem
—1)
+€

above, then one obtains an error term that is < T Also note that our main term is of a
stronger form than that of [MT21], [FM21], in that ours entails a sum of n — 1 different high order
asymptotics.

More recently, Jana [Jan21] obtained a proof of the asymptotic orthogonality relation defined in
1.1.2] using the Kuznetsov trace formula and not the Selberg trace formula, with applications to
the equidistribution of Satake parameters with respect to the Sato-Tate measure, second moment
estimates of central values of L-functions as strong as Lindelof on average, and distribution of low
lying zeros of automorphic L-functions in the analytic conductor aspect. The paper of Jana does
not contain a power saving error term.



Remark 1.5.5. It is possible to remove the assumption of Ramanujan at the infinite place with
more work which results in a weaker power savings error term in Theorem [1.5.1}] For a tempered
Maass form ¢ with Langlands parameter o € (iR)™ note that the test function hy g(«) is positive
which would not be the case if « is not tempered. It is not necessary to assume all Maass cusp
forms are tempered. A weaker version of Theorem [1.5.1] can be proved if one assumes that almost
all (except for a set of zero density) are tempered. Such results have been obtained in [MT21],
[EM21].

Proof. Computing the inner product of certain Poincaré series in two ways (see the outline in
below), we obtain a Kuznetsov trace formula relating the so-called geometric and spectral sides.
The geometric side consists of a main term M and a Kloosterman contribution K. The spectral
side also consists of two components: a cuspidal (i.e., discrete) contribution C and an Eisenstein
(i.e., continuous) contribution &£.

The left hand side of the theorem is precisely C. The first set of terms on the right hand side
comes from the asymptotic formula for M given in Proposition [5.0.1 The power of T" in the error

11
term comes from the bound for £ given in Theorem [7.1.1| (which also gives a factor of (¢m)2? »?+1).
A bound for K, which is a (finite) sum of terms Z,,, with the same power of T" but with the given
power of /m follows as a consequence of Proposition [6.0.1 U

1.6. Outline of the key ideas in the proofs. Fix n > 2. The GL(n,R) orthogonality relation
appears directly in the spectral side of the Kuznetsov trace formula for GL(n,R) which we now
discuss. The Kuznetsov trace formula is obtained by computing the inner product of two Poincaré
series on SL(n, Z)\bh™ in two different ways. The Poincaré series are constructed in a similar manner
to Borel Eisenstein series by taking all U, (Z)\SL(n,Z) translates of a certain test function which
we choose to be the pgf 313 test function in Definition |1.4.4] multiplied by a character and a power
function (see Definition [2.3.7)).

The first way of computing the inner product of two Poincaré series is to replace one of the
Poincaré series with its spectral expansion into cusp forms and Eisenstein series and then unravel
the other Poincaré series with the Rankin-Selberg method. This gives the spectral contribution
which has two parts: the cuspidal contribution and the Eisenstein contribution. The second way
of computing the inner product is to replace one of the Poincaré series with its Fourier Whittaker
expansion and then unravel the other Poincaré series with the Rankin-Selberg method. This is
called the geometric contribution to the trace formula, which also consists of two parts: a main
term, and the so-called Kloosterman contribution. The precise results of these computations are

given in Theorems and respectively.

Bounding the Eisenstein contribution

The key component of the Eisenstein contribution to the Kuznetsov trace formula is the inner
product of an Eisenstein series and the Poincaré series PM given in Definition m By unraveling
the Poincaré series in the inner product (see Proposition we essentially obtain the M
Fourier coefficient of the Eisenstein series multiplied by the Whittaker transform of p% 3%. The
explicit formula for the M Fourier coefficient of the most general Langlands Eisenstein series
given in Proposition allows us to effectively bound all the terms in the integrals appearing in
the Eisenstein contribution except for the product of adjoint L-functions

(1.6.1) []z(1Ad ¢k)‘%
k=1

nE#l
9



appearing in that proposition. When considering the Eisenstein contribution to the Kuznetsov
trace formula for GL(n,R) all the adjoint L-functions in the above product are for cusp forms ¢ of
lower rank nj; < n. Now in the special case that £ = m = 1, our Main Theorem for GL(n,R)
gives a sharp bound for the sum of reciprocals of all adjoint L-functions of lower rank. This allows
us to inductively prove a power savings bound for the product .

Asymptotic formula for the geometric contribution

We prove that the geometric contribution is a sum of expressions Z,, over elements w in the
Weyl group of SL(n,Z). The Z,, are complicated multiple sums of multiple integrals weighted by
Kloosterman sums (see (4.2.2))). If w; is the trivial element of the Weyl group then we obtain an
asymptotic formula for Z,, (see Proposition while for all other Weyl group elements Z,,,
with ¢ > 1, we obtain error terms with strong bounds for |Z,,| (see Proposition which are
bounded by the final error term on the right side of our main theorem:.

The key terms in , the formula for Z,,, are the Kloosterman sums and two appearances of

the test function pgfl J)Q: one that is twisted by the Weyl group element w and one that is not. For
the Kloosterman sums, we rely on bounds given by [DR9§|. The task of giving strong bounds for
pgpn g%(y) occupies Sections |§| and We deal with the combinatorics of the twisted pgpn ) -function,

and we combine the bounds for it, the other pgl L—function and the Kloosterman sums in Section@

The function pgfl J)Q is the inverse Whittaker transform of the test function p;’ﬁ given in Defi-

nition above. Thanks to a formula of Goldfeld-Kontorovich [GK12], we can realize this as
an integral of the product of pgzﬁ, the Whittaker function W, (see Definition , and certain
additional Gamma-factors. We then write the Whittaker function as the inverse Mellin transform
of its Mellin transform: W, ,(s). This leads to the formula (valid for any ¢ > 0):

=

2462 2 14+2R+a,—ay,
1 aftadttap r <f)
pgj}%(y) - 2n—t / / c e Fébn) (a) H aj—ay
Re(a1)=0 Re(an—1)=0 1<j#k<n r <T>

n—1 .
J(n—3) —~

H y; * (Tryj)dsf Wih.a (s) dsdo.

Re(s1)=¢ Re(sn—1)=¢ J=1

To estimate the growth of pgrn L(y) uniformly in y and T as T — 400, we shift the line of integration

in the s-integrals to Re(s) = —a with a = (a1,...,a,-1) where a; > 0 fori = 1,...,n — 1. We

remark that this is precisely where the Ishii-Stade Conjecture is required. It is well known that

Wgya(s) =T(s+ a)['(s — ),

and hence understanding the values of Wga(s) for Re(s) < 0 is straightforward by applying the
functional equation for the Gamma-function or, equivalently, using an integral representation of
the Gamma-function valid for Re(s) < 0. A similar strategy can be used when n = 3. However,
for n > 4, we don’t have an integral representation that is valid for Re(s) < 0, and are therefore
compelled to apply the Ishii-Stade conjecture to describe the values of Wma(s) in terms of sums of
the Mellin transform of shifts of the s-variables.

The Cauchy residue formula allows us to express pﬁ}f }% as a sum of the shifted s-integral (termed

the shifted pgrn )R term and denoted pg? ) (y; —a)) and many residue terms. The description of the
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shifted pgfl 32 and residue terms is given in Section In order to bound pg,? L(y; —a) it is convenient

to introduce the function 7y g(—a) := pgfg%(l; —a).

The next step is to use a result of Ishii-Stade (see Theore which allows us to write the
Mellin transform Wma(s) as an integral transformation of W, _; g(2) against certain additional
Gamma-factors. It is important to note that 8 = (B, ..., Bn_1) € C*"! can be expressed in terms
of @ = (ai,...,a,). By carefullly teasing apart the portion of o which determines § and that
which doesn’t, we are able to separate out the Gamma-factors that don’t depend on 8 and bound
I(TT’LR(—CL) by the product of a power of T and Iggl)(—b) for a certain b = (b1,...,b, 1) € R" 2.

This gives an inductive procedure, therefore, for bounding the shifted pgpn }% term.

In Section we set notation for describing the (r — 1)-fold shifted residue terms. This requires
generalizing a result of Stade (see Theorem on the first set of residues of Wn,a(s) (i.e., those
that occur at Re(s;) = 0) to, first, higher order residues (i.e., taking the residue with respect to
multiple values s;), and second, to residues which occur along the lines Re(s;) = —k for k € Z>.
This result, together with a teasing out of the variables similar to that described above, allows
us to bound an (r — 1)-fold residue term as the product of certain powers of 7" and the variables
Y1, ..., Yn—1 times

,
sz(ﬂ";%)(_a(j))j wheren:n1+...+nr'
j=1

Applying the bounds on I;njé) that we inductively established for bounding the shifted pgl }% term,

and keeping careful track of all of the exponents and terms a(), we eventually show that the bound
for the shifted main term is in fact valid for every residue term as well.

Remark 1.6.2. In comparison to the results of [GK13] and [GSW21], we are using a slightly
different normalization of the Gamma-functions and the auxiliary polynomial F }(%n) in the definition

of the test functions pg’ﬁ and hgb 32 (see Definition [1.4.4)). Adjusting for this difference the results

obtained here when applied to n = 3 and n = 4 recover the previously proven asymptotic formulas.

2. Preliminaries
2.1. Notational conventions.

Definition 2.1.1 (Hat notation for summation). Suppose that m € Z; and z = (x1,...,2m) €
C™. For any 0 < k < m, define

Tp i =x1+ -+ T
Note that empty sums are assumed to be zero.
Definition 2.1.2 (Integration notation). Let n > 2. We will often be working with n- and
(n — 1)-tuples of real or complex numbers. We will denote such tuples without a subscript and
use subscripts to refer to the components. For example, we set y = (y1,...,Yn—1) € Rgal, s =
(51,5 8n-1) €C" 1 and a = (a,...,a,) € C" such that

a1 +---+a, =0.

In such cases, we denote integration over all such variables = (z1,. .., xx) subject to a condition(s)

C=(C,...,Ck) via
/F(x)d:n ::/--~/F(x1,...,:nk) dzy dzg - - - dxy.
c Ci
11
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For example, given 3 = (Bq,...,Bn_1) € C*~! with Bn,l = 0, we denote integration over all such
B with Re(5;) = bj for each j =1,...,n — 2 via

[ rwas= [ o [ PGB s dbs,

Bn—1=0 Re(B1)=b1 Re(Bn—2)=bn_2

We extend this notation liberally to integrals over s, z and « and apply it also to integrals over the
imaginary parts in the sequel.

Definition 2.1.3 (Polynomial notation). Our analysis will often require us to bound certain
polynomials in a trivial way. Namely, for complex variables z; with j = 1,2,..., k, if |z;| < T1*¢
for each j and P(x1,22,...,2) is a polynomial, then |P(zy,s,...,2%)] < T°T48F So, the
relevant information about P is its degree. This being the case, we will use the notation Py(x)
(with = (z1,...,x)) to represent an unspecified polynomial of degree less than or equal to d in
the variable(s) x. Note that this notation agrees with the commonly employed practice (also used
throughout these notes) of using ¢ to represent an unspecified positive real number whose precise
value is not specified and may differ from one usage to another in separate contexts.

Definition 2.1.4 (Vector or matrix notation depending on context). Given a vector a =
(a1,...,an_1) € R"! we shall define the diagonal matrix

t(a) := diag(aiaz - - - ap_1,a1a2 - an—2,...,a1,1).

2.2. Structure of GL(n). Suppose n is a positive integer. Let U,(R) C GL(n,R) denote the set
of upper triangular unipotent matrices.

Definition 2.2.1 (Character of U,(R)). Let M = (m1,...,m,_1) € Z""!. For an element
x € Up(R) of the form

lxzy2 21,3 Ti,n
1 xzo3 - T2.n
(2.2.2) T = .. : )
1 xn—.l,n
1
we define the character
(2.2.3) 1/)]\/[(1‘) =mixy12 +Mmex23 + -+ Mp—1Tn—1n-

Definition 2.2.4 (Generalized upper half plane). We denote the set of (real) orthogonal
matrices O(n,R) C GL(n,R), and we set

b" := GL(n,R)/ (O(n,R) - R*).

Every element (via the Iwasawa decomposition of GL(n) [Gol06]) of h™ has a coset representative
of the form g = xy, with = as above and

Y1y2--Yn—1
Y1y2:--Yn—2

(2.2.5) Y= )

Y1
1

where y; > 0 for each 1 < i <n — 1. The group GL(n,R) acts as a group of transformations on "
by left multiplication.

Definition 2.2.6 (Weyl group and relevant elements). Let W,, = S,, denote the Weyl group
of GL(n,R). We consider it as the subgroup of GL(n,R) consisting of permutation matrices, i.e.,
12



matrices that have exactly one 1 in each row/column and all zeros otherwise. An element w € W,

is called relevant if
In,
W = W(ny ng,...,np) "= . J
In,

where I,,, is the identity matrix of size n; xn; and n = nj+- - -+n, is a composition (a way of writing

Definition 2.2.7 (Other subgroups of GL(n,R)). We define
Uy = (w—1 UL (R) - w) N U (R),

and
Py i= (0™ Ua(Z) - w) NU(Z) = SL(n, 2) N T,

where 'U,, denotes the transpose of U,, i.e., the set of lower triangular unipotent matrices.
2.3. Basic functions on the generalized upper half plane h”.

Definition 2.3.1 (Power function). Let a = (ay,...,a,) € C" with a, = 0. Let p =
(p1,...,pn), where p; = %"1 —14 for i = 1,2,...,n. We define a power function on xy € h"
by

n n—1
(2.3.2) I(wy,a) = [Jdietr = [y oot

i=1 i=1
where d; = [] y; is the j-th diagonal entry of the matrix g = xy as above.

j<n—i

Definition 2.3.3 (Jacquet’s Whittaker function). Let ¢ € GL(n,R) with n > 2. Let
a = (a1,a, ..., a,) € C" with @, = 0. We define the completed Whittaker function W :
GL(n,R)/ (O(n,R) - R*) — C by the integral

F(1+o¢j—ak)

Wa) = 1l —wa / I(wiongug, o) Y1,...1,+1(u) du,
1<j<k<n T 2 Ui®)

which converges absolutely if Re(a; — aj41) > 0 for 1 < ¢ < n —1 (cf. |[GMWZ2I]), and has
meromorphic continuation to all a € C" satisfying &, = 0.

Remark 2.3.4. With the additional Gamma factors included in this definition (which can be
considered as a “completed” Whittaker function) there are n! functional equations which is equiv-
alent to the fact that the Whittaker function is invariant under all permutations of a1, s, ..., ay.
Moreover, even though the integral (without the normalizing factor) often vanishes identically as a
function of «, this normalization never does.

If g is a diagonal matrix in GL(n,R) then the value of W7, (g) is independent of sign, so we
drop the +. We also drop the + if the sign is +1.

Definition 2.3.5 (Whittaker transform and its inverse). Assumen > 2. Let a = (aq, 9, ..., ay) €
C™ with @, = 0. Set y := (y1,y2,...Yyn—1) and t(y) as in Definition m Let f : Ri‘l — C

be an integrable function. Then we define the Whittaker transform f# : H" — C (where

H" :={a e C"|a, =0}) by

oo

(2.3.6) )= | - / F(y) Wa ((9)

y1=0 Yn—1=0
13



provided the above integral converges absolutely and uniformly on compact subsets of R’}r_l. The
inverse Whittaker transform is

1 FH@W_o(t(y))
f(y) - 7rn—1 H T (akgaﬁ) dOJ?
An=0 1<k#l<n

Re(a)=0

provided the above integral converges absolutely and uniformly on compact subsets of (iR)"™.

Definition 2.3.7 (Normalized Poincaré series). Let M = (mi,ma,...,m,_1) € Z"! with
m; # 0 foreach i =1,...,n— 1. As with y, we may think of M as a matrix. Let g € h”. Then we
define

(238)  PM(ga): Hmkkw S pulhg) Bh(Mrg)  T(rg,a),

YEUR(Z)\ SL(n,Z)

where ¢, is the (nonzero) constant given in Proposition We extend the definition of 1y, and

Pi'%, to all of b™ by setting vas(zy) = ar(x) and piy (zy) == pYh(y).

n—1

Remark 2.3.9. This definition, up to the normalizing factor /c, H mk(n k)2 , of the Poincaré se-

ries agrees with that used in [GSW21] with the minor caveat that pT7 r takes on a slightly different
n)

normalization in terms of the polynomial F }(% and in the Gamma factors appearing in Defini-
tion The normalizing factor is inserted so that in the Kuznetsov trace formula the cuspidal
term is precisely the orthogonality relation in Theorem [1.5.1

2.4. Fourier expansion of the Poincaré series.

Definition 2.4.1 (Twisted Character). Let

v1
V2
Vo = {v: ( . >

Let M = (mq,...,mpu_1) € Z" 1, and consider v, the additive character (see (2.2.3))) of U, (R).
Then for v € V;,, we define the twisted character ¢3, : U, (R) — C by ¥3},(9) := ¥um vilgv) .

vi,- .U € {£1, ”1"'0":1}.

Definition 2.4.2 (Kloosterman Sum). Fix L = (¢1,...,4, 1), M = (my,...,my,_1) € Z" L.
Let 91, ¢¥ar be characters of U, (R). Let w € W,, where W), is the Weyl group of GL(n). Let

1/cn-1
Cn—l/cn—Q

C =
ca/c1
1
with ¢; € N. Then the Kloosterman sum is defined as
Suw(Wr, s, c) = > DL (Br) ¥ar(Ba),
Y=Un(Z)\I'NGw /Tw

y=PF1cwfB2

with notation as in Definition 11.2.2 of [Gol06]. The Kloosterman sum Sy, (¢, ¢, ¢) is well defined

and not equal to zero if and only if it satisfies the compatibility condition ¥ (cwuw™1) = 9’ (u).
14



Proposition 2.4.3 (M Fourier coefficient of the Poincaré series PX). Let L = (¢1,..., 4, 1)
n—1 n—1

and M = (mq,...,mp_1) € Z" 1 satisfy T[] €; # 0 and [[ m; # 0. If for each k = 1,...,n —1,
i=1 i=1

Re(a — ag41) > 1, then

¢7w?)(77w7,¢)7)
PL (g, )iy du= 30 Y Yy Sl tinddulgio v, v

k(n—k B ’
Un(Z\Un (R) weWy, veV, c1=1 cpn—1=1 \/akljl <€k 2 Czk Oék+1+1>
where
Jw(g; o, r, iy, c) = / Yr(wug) piip (Lewug) I(wug, a) 93, () du,

Uu(@\Uw(R) T, (R)

Up(R) = (uf1 Un(R) - w) AULR), TUw(R) = (url U (R) - w) AU, (R),
and 'm denotes the transpose of a matriz m.

Proof. See Theorem 11.5.4 of [Gol06]. O

3. Spectral decomposition of £?(SL(n,Z)\bh™)
3.1. Hecke-Maass cusp forms for SL(n,Z).

Definition 3.1.1 (Langlands parameters). Let n > 2. A vector a = (aq,...,q,) € C" is
termed a Langlands parameter if &, = 0.

Definition 3.1.2 (Hecke-Maass cusp forms). Fix n > 2. A Hecke-Maass cusp form with
Langlands parameter o € C™ for SL(n,Z) is a smooth function ¢ : h” — C which satisfies ¢(vg) =
¢(g) for all v € SL(n,Z), g € h™. In addition ¢ is square integrable, is an eigenfunction of the
algebra of Hecke operators on h”, and is an eigenfunction of the algebra of GL(n,R) invariant
differential operators on h™, with the same eigenvalues under this action as the power function
I(%, ). The Laplace eigenvalue of ¢ is given by
nd—n at+ad+-+a?
24 2

See Section 6 in [Mil02]. The Hecke-Maass cusp form ¢ is said to be tempered at co if the Langlands
parameters ag, ..., a, are all pure imaginary.

Proposition 3.1.3 (Fourier expansion of Hecke-Maass cusp forms). Assume n > 2. Let
¢ : h" — C be a Hecke-Maass cusp form for SL(n,Z) with Langlands parameters o € C™. Then for
g € b™, we have the following Fourier- Whittaker expansion:

= TS Sy A e (g 9)).

YEU—1(Z)\SLy—1(Z) m1=1  mp_2=1 my_17#0 H ‘ ‘

where M = (my,ma, ..., mu_1), t(M) is the toric matriz in Definition and Ay(M) is the
M*™ Fourier coefficient of ¢.
Proof. See Section 9.1 of [Goll5]. O
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Definition 3.1.4 (L-function associated to a Hecke-Maass form ¢). Let s € C where
Re(s) > 1. Then the L-function associated to a Hecke-Maass cusp form ¢ is defined as

o0

A
Ls, )= 30 Al
m=1

and has holomorphic continuation to all s € C and satisfies a functional equation s — 1 — s. If
¢ is a simultaneous eigenfunction of all the Hecke operators then L(s, ¢) has the following Euler
product:

L(S’gb):H(l_A(p,l,...,l)+A(1,P,1,...,1) AL, 1,p,...1)

. ps p25 p3s

+ ... +(_1)n71A(1,,...,1’p) (_1)n>_

p(nfl)s pns

3.2. Langlands Eisenstein series for SL(n,Z).

Definition 3.2.1 (Parabolic Subgroup). For n > 2 and 1 < r < n, consider a partition of n

given by n = ny + --- + n, with positive integers ni,--- ,n,.. We define the standard parabolic
subgroup
GL(n1) * - *
0 GL(’I’LQ) cee *
P = Pn17n27“'anr = : : . :
0 0 -+ GL(n;)
Letting I, denote the r x r identity matrix, the subgroup
Iy, * - *
NP 0 I,
0 0 I,
is the unipotent radical of P. The subgroup
GL(n1) 0 e 0
VP 0 GL(ng) --- 0
0 0 -+ GL(n,)

is the standard choice of Levi subgroup of P.

Definition 3.2.2 (Hecke-Maass form & associated to a parabolic P). Let n > 2. Consider
a partition n =mn; +--- +n, with 1 <r <n. Let P := Py, ny,...n, C GL(n,R). Fori=1,2,...,r,
let ¢; : GL(n;,R) — C be either the constant function 1 (if n; = 1) or a Hecke-Maass cusp form
for SL(n;,Z) (if n; > 1). The form ® := ¢ ® --- @ ¢, is defined on GL(n,R) = P(R) (where
K = 0O(n,R)) by the formula

O (nmk) ::Hqﬁi(mi), (ne NP, me MP k € K)
i=1

mi 0 -~ 0
0 mo - 0

where m € MP has the formm = [ . . .. |, with m; € GL(n;,R). In fact, this construction
0 0 -« m,

works equally well if some or all of the ¢; are Eisenstein series.
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Definition 3.2.3 (Character of a parabolic subgroup). Let n > 2. Fix a partition n =
ni +ng + - - - +n, with associated parabolic subgroup P := Py, p,,..n,. Define

3.2.4 ) = 27
,
Let s = (s1,82,...,8,) € C" satisfy > n;s; = 0. Consider the function
i=1
|15 =1( )
on GL(n,R), where
n1 terms
a=(s1—pp(1) + 152, 51— pp (1) + 2355, 0 51— pp (1) + 25,
no terms
§2 — pP(Q) + 1_2n2’ 52 — pP(Q) + 3_%7 cee 852 7 pP(2) + n22_1’
n, terms
Sp — pp(r) + 1—2717»’ Sp — pp(r) + 3_%7 cee 5 Sp — PP(T) + an_l)

The conditions Z n;s; = 0 and Z nip, (i) = 0 guarantee that a’s entries sum to zero. When

g € P, with dlagonal block entrles ml € GL(nZ, R), one has
917 = H |det(mq)[*,
i=1

so that | - |7 restricts to a character of P which is trivial on N P,

Definition 3.2.5 (Langlands Eisenstein series twisted by Hecke-Maass forms of lower
rank). Let I' = SL(n, Z) with n > 2. Consider a parabolic subgroup P = Py, . p, of GL(n,R) and
functions ® and | - |3 as given in Definitions and respectively. Let

-
s=1(s1,82,...,8) € C", where Znisi =0.
i=1
The Langlands Eisenstein series determined by this data is defined by
+
(3.2.6) Bpalg,s)= Y, @9l "
e (PND\I'
as an absolutely convergent sum for Re(s;) sufficiently large, and extends to all s € C" by mero-

morphic continuation.

Fork=1,2,....r let a®) := (o1, .., 0y, ) denote the Langlands parameters of ¢5. We adopt
the convention that if n;, = 1 then oy, 1 = 0. Then the Langlands parameters of Ep (g, s) (denoted

Up g (s)) are

(3.2.7)

ni1 terms ng terms n, terms

<05171—|—81, cee Q1 81, Q21+ 82, ... 020, F82, ... ,Qp1+ Sp, ... 7ar,nr+3r)-
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3.3. Langlands spectral decomposition for SL(n,Z).

Definition 3.3.1 (Petersson inner product). Let n > 2. For F,G € £?(SL(n,Z)\b") we define
the Petersson inner product to be

(F,G) = / F(9)G(g) dg.

SL(n,Z)\h"
For g = 2y € h™, with
Lz 13 Tin Y1y2 - Yn—1
1 xz23 - Ton Y1y2--Yn—2
T = : ) Yy = . )
1 n—1,n Y1
T 11, L
the measure dg is given by dzx dy, with
n—1
d J dyk
H Tijo y= YRR+
1<i<j<n k=1

The Langlands spectral decomposition for SL(n,Z) states that

L%(SL(n,Z)\bh"™) = (Cuspidal spectrum) @ (Residual spectrum) @ (Continuous spectrum) |.

We shall be applying the Langlands spectral decomposition to Poincaré series which are orthogonal
to the residual spectrum.

Theorem 3.3.2 (Langlands spectral decomposition for SL(n,Z)). Let ¢1,d2,ds,. ..
denote an orthogonal basis of Hecke-Maass forms for SL(n,Z). Assume that F,G € L£L?(SL(n,Z)\b")
are orthogonal to the residual spectrum. Then for g € GL(n,R) we have

Fl) = 3 (Fop 2 I | (FEpat.9)Eraly.s) ds

j=1 n181+-+n,s-=0
Re(s)=0
S
(F,
Z ¢] ¢J’ 4 Z cp / F EP(I) * 3)><E77,¢’(*78)7 G> d87
= ¢ja¢] &
n181+-+nrsr=0

Re(s)=0
T
where the sum over P ranges over parabolics associated to partitions n = Y ny, while the sum over
k=1
O (see Definition ranges over an orthonormal basis of Hecke-Maass forms associated to P.

Furthermore, cp is a fized non-zero constant.

Proof. For proofs see [Art79], [Lan76], [MW95]. O

4. Kuznetsov trace formula

The Kuznetsov trace formula is derived by computing the inner product of two Poincaré series
in two different ways. More precisely, let L = (¢1,...,0m_1),M = (mq,...,my_1) € Z" ! with
n—1 n—1
[] mi #0and [] ¢; # 0, and consider the Petersson inner product <PL , pM >
i=1 i=1

In particular since P*, PM ¢ £2(SL(n,Z)\h"), the inner product can be computed with the
spectral expansion of the Poincaré series. The geometric approach utilizes the Fourier Whittaker
expansion of the Poincaré series which involve Kloosterman sums.

18



The trace formula takes the following form.

(4.0.1) C+& = M+ K.
—— ——
spectral side geometric side

Here C is the cuspidal contribution and £ is the Eisenstein contribution. See Theorem for
their precise definitions. The geometric side consists of terms corresponding to elements of the
Weyl group. The identity element gives the main term M, and the Kloosterman contribution K is
the sum of the remaining terms. See Theorem for their precise definitions. The Kloosterman
term X and the Eisenstein contribution £ will be small with the special choice of the test function
pr,R, and they constitute the error term in the main theorem.

4.1. Spectral side of the Kuznetsov trace formula. The first way to compute the inner
product of the Poincaré series uses the spectral decomposition of the Poincaré series.

Recall also the definition of the adjoint L-function: L(s, Ad ¢) := L(s, ¢ x ¢)/((s) where L(s, ¢ x
¢) is the Rankin-Selberg convolution L-function as in §12.1 of [Gol15].

Theorem 4.1.1 (Spectral decomposition for the inner product of Poincaré series). Fiz
n>2and L = ({1, ... 4p1), M = (mq1, ... ,myu_1) € Z" 1 . Then For o := (— ”T_1+j—
1)j—1 ., we have

=1,...,

<PL(*, ap), PM(*,ao)> =C+¢.

With the notation of the Spectral Decomposition Theorem[3.3.4, the cuspidal contribution to the
Kuznetsov trace formula is

. 2
pT’,ﬁ (a®)
NOING)

=1 L(1,Adg¢;)- J[ T <1+2k)

and the Fisenstein contribution to the Kuznetsov trace formula is

I [ AL Ty 005

n1s1+-- +nr5r 0
Re(s;)=0

#(a(P @)(8)) ’2 ds,

Pr R

for constants cg,cp > 0.

Proof. The proof follows from the Langlands Spectral Decomposition Theorem |3.3.2] with the
choices F' = PL and G = PM. We have

(Pt pMy = Z <PL,g<i>jbj ;:j, +ZZ cp / F Ep o (x S)><E’p’q>(*,5), G> ds.

']:1 n1s1+-+nrs,=0
Re(s;)=0

We then insert the inner products given in Proposition below. Doing so, we see that the
cuspidal spectrum is

(P, 1) (i PM) = Ag, (M) Ay, (L)
Z ¢za ¢z B ; Cn - <¢z7 ¢z>
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From Proposition we see that

tn - (s @) - Ag(M)Ag(L)

L(1,Ad ¢) ] T(Ho=on)
1<j#k<n

Ag(M)Ag(L) = |Ag(1)*As (M)Ag(L) =

The cuspidal part is now immediate. The contributions from the Eisenstein series are computed in
like manner using Proposition O

Proposition 4.1.2 (The inner product of P with an Eisenstein series or Hecke-Maass
form). Let M = (my,ma,...,mp—1). Consider the Fisenstein series Ep ¢(*,s), with associated
Langlands parameters o, . (s). Let ¢ denote a Hecke-Maass cusp form for SL(n,Z) with Langlands
parameter o and M™ Fourier coefficient Ay(M). Then for og := ( — ”T_l +j— 1)

j=1,...n’

Jim (000, PY(e,a)) = A i)

. 1
Jim (Epate.n), Pne)) = 2

where ¢, is the nonzero constant (depending only on n) from Proposition |4.1.4).

AEP#P (M’ 8) ) p%:#R(aP,é (S))’

Proof. We outline the case of the Hecke-Maass forms. The series definition of the Poincaré series
converges absolutely for Re(a; — of ;) > 1 (1 <i < n —1). It follows that we may unravel the
Poincaré series PM (%, ') in the inner product (¢, PM) with the Rankin-Selberg Method. The inner
product picks out the M Fourier coefficient of ¢ multiplied by a certain Whittaker transform of

pgfgz(My) -I(y, ). Note that I(y,ap) = 1. Letting o/ — ay, it follows from (2.3.8)) that
(4.1.3)

. Ag(M r T n ot dyk
Jm (9, PY(x,a/)) = nfsl( : " / / prr(My) - Wa(My) T] w0
Ve 11 mk(ni )y1=0 Yn—1=0 k=1 Yk
k=1
1 i
The proof for Ep ¢ is the same. (Il

For n > 2, consider a Hecke-Maass cusp form ¢ for SL(n,Z) with Fourier Whittaker expansion
given by Proposition Assume ¢ is a Hecke eigenform. Let Ay(1) := Ay(1,1,...,1) denote
the first Fourier-Whittaker coefficient of ¢. Then we have

Ap(M) = Ag(1) - Ag(M)
where Ay (M) is the Hecke eigenvalue (see Section 9.3 in [Goll5]), and Ag(1) = 1.

Proposition 4.1.4 (First Fourier-Whittaker coefficient of a Hecke-Maass cusp form).
Assume n > 2. Let ¢ be a Hecke-Maass cusp form for SL(n,Z) with Langlands parameters a =
(01, ...,00). Then the first coefficient Ag(1) is given by

cn- (¢, )

L(1,Ad¢) T[] TI(F=%)
1<j#k<n

A5 (D) =

where ¢, # 0 is a constant depending on n only.

Proof. See [GMW21]. O
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Proposition 4.1.5 (The M Fourier coefficient of Eps). Let s = (s1,52,...,5,) € C7,

,
where ) nys; = 0. Consider Ep ¢(x, s) with associated Langlands parameters o, . (s) as defined in

i=1
. Assume that each Hecke-Maass form ¢y (with 1 < k < r) occurring in ® has Langlands
parameters ak) = (k15 -+, Q) with the convention that if ny, = 1 then oy ; = 0. We also

assume that each ¢y is normalized to have Petersson norm (pi, ¢r) = 1.
Let L*(1 + s; — sg, ¢j X ¢y) denote the completed Rankin-Selberg L-function if nj # 1 # ny;
otherwise define
L*(14sj —s¢, ¢5) ifng=1andn; # 1,
L*(l + S5 — 8¢, qu X qbg) = L*(l —+ 8j — S¢, ¢g) z'fnj =1 andnz 75 1,
g*(l—i-Sj—Sg) ifnj =ny =1,

where (*(w) = a2l (%) C(w) is the completed Riemann (-function. Also define

1 R .
L1, Adgy) = L(L, Ad ) [ T (M) ,
1<ij<ny,
with the convention that L*(1, Ad 1) = 1.
Let M = (my,ma,...,my_1) € Z’}r_l. Per our convention (Definition , we may think of
M as a vector or a diagonal matriz. Then the M™ term in the Fourier-Whittaker expansion of
Ep’(p 18

Ap (M7 3)
/ E7D7<I><Ug, S) ¢M(U) du = ML WaP q)(s) (Mg),
k(n—k)/2 :
Un(Z)\Un (R) 1}:{1 my,

where Ap, (M, s) = Ap, . ((1,...,1),8) - App o (M, s),

(4.1.6) Aepg (M1, 1),8) = ) g (ea) - Ag,(cr) - €]ty
ClyeesCn€ZL4
c1C2-Cpn=m

is the (m,1,...,1)"" (or more informally the m*"*) Hecke eigenvalue of Ep g, and

Appo (oo 1)) =do [T L7 (LAd @) 2 [ L*(1+s5— 50, &5 x 60)

k=1 1<j<t<r
nE#l
for some constant dy # 0 depending only on n.
Proof. See [GSW]. O

4.2. Geometric side of the Kuznetsov trace formula. In this section, we obtain explicit
descriptions of the terms M and K appearing on the geometric side of the Kuznetsov trace formula.
In order to do this, we introduce Kloosterman sums for SL(n,Z), which appear in the Fourier
expansion of the Poincaré series. In the inner product <PL, pM >, we replace PL with its Fourier
expansion and unravel PM following the Rankin-Selberg method.

Theorem 4.2.1 (Geometric side of the trace formula). Fiz L = ({1,...,0,—1) and
M = (mq,...,mp_1) € Z" % (¢, is a nonzero constant; see Proposition . 1t follows that
for ag := (—"gl—i—j—l)

7j=1,...,n’°

<PL(>»<7a0), PM(*,a0)> =M + K.
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For wy the trivial element in the Weyl group W, we define
M =1, and K= Z T,

wEWn
wFw1
where
o0 oo % i
Sw(q/)Lv Q;Z)})\47 C)
4.2.2) 1T, :=
R D R =y R R B |
vEV, c1=1 cn—1=1 ¢, - H (mily) y1=0  yn—1=0 Uy (Z)\Uw(R

k=1

. _ dyy - diyy,_
o (wuy) T35 (0) Ty (Lewuy) piop(My) d*u yl—y

k=1
Proof. We compute the inner product
: L M _ L . PM (4 o)
alggo (P" (x, a), P" (%, ) ) = alggo / P~ (g,a) - PM(g,«) dg
SL(n,Z)\h™
1
e dn [ PRe.) o) iR 1g.0) dy
a—ap
x/G H my Un(Z)\b"
1 (5 A L (n)
== (IIm =) pim, [ P we) Tarta) du | (00 I(y.) dy
k=l yeR™=1 \Un(2)\Un(R)
y>0
Note that, as a — «pg, the function I(g,a) — 1 (for any g € h") and H A N ("
k=
follows from this and Proposition [2.4.3] above that
n—1
) k(n—k)/2 1 L M
Cn H(mkﬁk) alggo <P (%, ), P™ (%, a)>
k=1
Su(tbr, V. c) [
N alggo Z Z Z Z n-t i(n—i) n_l Qp—o +1 / / / /
weWp veVp c1=1  cn1=1¢,, . kH (mil;)” 2 kH Gl T 20 g 120 U (2)\Uw(R) T (R)
1 =1
. —~——— . dyr - dyn
P (wuy) ¥y, (u) p(T}a(Lcwuy) p(T w(My) I(wuy, ) I(y,a) d*u yllyk)ll
(n +
Ty Yk
k=1
S Y Yy el / [
n—1 k(n k)
wEWn ’UEVn 61:1 cn,1:1 CTL . H mk’ k‘ 2 : Yn—1= =0 Uw Z)\Uw R) Uw R)
k=1
v (n) (n) dyl T dynfl
- (wuy) Vi (u) pr p(Lewuy) prp(My) du ————
k(n—k)+1
Y.
k=1
= Z va
weWn,
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as claimed. O

5. Asymptotic formula for the main term
Proposition 5. O 1 (Main term in the trace formula). Let L = (¢1,...,lp—1), M = (my,...,mp_1) €
71 satisfy H l; # 0 and H m; # 0. There exist fized constants ¢1,...,¢p—1 > 0 (depending

=1 =1
only on R and n) such that the main term M in the Kuznetsov trace formula (4 s given by

n—1
M =L <<Z ¢ - TR(2~D(n)+n(n—1))+n—i> +0 (TR(2-D(n)+n(n—1)))> :
i=1

where D(n) =
and 6,1, =1).

D=

(277:) - @ — 271 gnd dr,m 1is the Kronecker symbol (i.e., éppr =0 if L # M

Proof. Tt follows from the definition M = T, , making the change of variables y — M1y, and
noting that Uy, (Z) = Uy,(Z) and Uy, (R) = U,(R), that

17 7 oy dyn
=— / / / 1/JL (u) d*u | pr.rR(LM ™! )pT,R(y)%
n i(n—i)+1
=0 ya1=0 \Un(Z)\Un(R IT v,
d dyn,
=0r.Mm Op / / (y)|? % =6, - 0 (PT,R, PT,R)
i(n—i)+1
Yn—1= =0 yz
=1
n,# 2
«
= 5L,M . Dn / ‘pT’R( )| do

Lo I (a5

Re(a)=0 1Si#k<n
= 0n.1 0 - (PR PTR),
where the representation in terms of the norm of pTTl’ﬁ follows from the Plancherel formula in

Corollary 1.9 of [GKI12|] and 0,, is a nonzero constant depending only on n. Hence the main term
for GL(n) is thus

a%+...+a% (n) 2R+1+40— 2
e mm o A(g) I T (M a)]
M =0p M0y, - / 19#? = do.
) — Ok
[T r(e5™)
Re(a;)=0 1<j#k<n

Let a; = im; with 7; € R. It then follows from Stirling’s asymptotic formula that

- ) 2
M ~0p, 0y, - / e T (Fgl)(%)) H (1+ | — TkI)QR dr.

20 1<j<k<n

If we now make the change of variables 7;

— 7,1 for each j = 1,...,n, and we use the fact that
the degree of .7-"1(”) is D(n) (see Definition it follows that, if L = M, as T — oo we have
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M ~ TR (2D(n)+n(n71))+n717 where

. 2
(=0, / i FS 210 ) R ) (RO ) ki

20 1<j<k<n

and otherwise, the main term is zero. This gives the i = 1 term in the statement of the proposition.
The method of proof can be extended by using additional terms in Stirling’s asymptotic expansion
for the Gamma function to obtain the additional terms. O

Remark 5.0.2. Note that this doesn’t agree with [GSW21] in the case of n = 4 because we
have used a different normalization. Namely, the linear factors of F ](%n) agree with those defined

previously, but we take a different power of each. Also, the Gamma-factors which appear in pg’ﬁ

have a different R: namely, what was 24+ R in each Gamma-factor previously has been replaced by
2R + 1 here.

6. Bounding the geometric side

The goal of this section is to use the bound given in Theorem [I0.0.1] to prove the following, i.e.,
to bound K the geometric side of the Kuznetsov trace formula.
Proposition 6.0.1. Let Z,, be as above. Let M = (m1,...,mu_1), L = ({1,...,0n_1) € (Z=g)" L.
Let p € % + Z. Then for R sufficiently large and any € > 0, we have

n—1
|Zo| <e.r 7o R(2D() nn—1) + =D | 121 | pn—b(w) | (&-mi)2p+"24+1

)

i=1
where if w =Wy, . p.) Withr > 2,
1 r—1
O(w) = (1, ,ny) = 5 ;(nk + nps1) (0 — i) i
Remark 6.0.2. Assuming the lower bound conjecture for Rankin-Selberg L-functions, the resulting
bound for the Eisenstein series contribution to the Kuznetsov trace formula (see Theorem (7.1.1)

is of the magnitude T to the power R(2D(n) + n(n — 1)) + €. Therefore, given Proposition

and Lemma |[A.13| (which says that ®(w) > &(1,n —1) = n(";l)), in order for the bound from the

geometric side of the trace formula to be less than the Eisenstein series contribution, it suffices that
-1 4 -1 -1
ot no) L, nh

2 2

which simplifies to give

33  ifnisodd
> 2 2n ’
PZYs 1" o

5= if n is even.

Since we require that p € % + Z, we find that it suffices to take p = % universally, meaning that the
exponent of each term ¢;m; can be taken to be %. In particular, for the case of n = 4, we see
that this exponent is 28 which is an improvement on the bound of 12 obtained in [GSW21].

As remarked above, the main result that we will need is Theorem [10.0.1| which states that for any

0<e< %, and for a = (a1, a9, ...,a,—1) satisfying |a;|+¢€ < aj < [aj]—eforeachj=1,...,n—1,
that
(n+4)(n—1) n(n—1) n=l
B 0y e+ CENO=D 4R (D(n) 4 2) S B(ay)
(6.0.3) PR <63 () - |yl T =1
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(The terms 57%(34) and ||y||?® will be defined below. The function B is defined in Theorem M)

This bound for p(Trg%(y) is obtained via an integral representation denoted pgff}{(y; b) (see (8.1.4))
over variables s = (s1,...,s,) valid for any b = (b1,...,b,) with b; > 0 for each j =1,...,n — 1.
The integral is taken over the lines Re(s;) = b;. Essentially, the bound is then obtained by moving
the lines of integration to Re(s;) = —a; for some a = (a1,...,an,) € (R>0)n71.

The strategy for proving Proposition will be to, first, introduce notation to rewrite Z,, in a
simplified form. We do this in Section [6.1] Then, in Section [6.2] we give bounds for Z,, obtained by
applying (6.0.3) to |pr r(Lcwuy)| (with a parameter a = (a1, ...,an,—1)) and to |pr r(My)| (with
a parameter b = (by,...,b,_1)) for general a,b € (Rs¢)"~!. In particular, we establish ,
bounding |Z,| in terms of the product of three independent quantities K (c,w;a), X (u,w;a) and
Y (y,w;a,b). In Section we will show that K (c,w;a) will converge provided that a satisfies
certain conditions (independent of w), and that for this choice of a, X (u,w;a) also converges. We
then determine b (dependent on by w and a) for which Y (y, w;a,b) is also convergent. Finally, in
Section [6.4] we complete the proof of Proposition by simplifying the expression for the given
choices of a and b.

6.1. Rewriting Z,,. Let T,,(R) and U,(R) be the subgroups of GL,(R) consisting of diagonal
matrices (with positive terms) and upper triangular unipotent matrices, respectively. Recall that
if t = diag(ty,...,tn) € Th(R) and u € U,(R), the modular character ¢ : T,,(R) — R is defined to
satisfy d(t~ut) = §(t) du. Explicitly, it is given by

o) =[]t
i=1
More generally, if a = (ay,...,a,_1) € R*7!, for

y= 1, Yn-1) = diag(y1 - Yn—29n—1,- - - Y192, y1, 1)
with y1,...,9yn—1 > 0 we define

n—1
Iyl =TT we*-
k=1

One checks that in the special case of a; = @ forj=1,...,n—1,

(6.1.1) 572 (y) = yll°.

Similarly, if *U,,(R) is the subgroup of GL,(R) consisting of lower triangular unipotent matrices
and

Uy = (wil 'UL(R) w) NU,(R),

then we can consider the character d,, on T),(R) which satisfies d(tut™') = 6, (t)du upon restricting
the measure on U, (R) to U,. It can be checked that

(6.1.2) Buly) = 62 (y) - 073 (wyw ™),
Recall from Theorem m that for L = (¢1,...,4n—1), M = (mq,...,mu_1) € (Z+)" ! and
1/Cn71

Cn—l/cn—2

ca/c1
C1
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where ¢; € Zy fori =1,...,n — 1, the Kloosterman contribution to the Kuznetsov trace formula

is given by
> T

’LUGWTL
wH#w1
where, using the notation defined above and letting dy* denote the measure H dy’“,
k=1
o o0
(6.13) Zu= ;" D > -+ > Sulyr,vhy.c) / / /
veVnar=l  en—1=1 =1, Yn—1) Uw(Z)\Uw(R) T, (R)

YlseeyYn—1>0
'5%(LM) -0(y) - Yr(wuy) ¢}’V[(U) (. ) r(Lcwuy) pr (n ) r(My) d*u dy*.

We recall that by Friedberg [Fri8T], Z,, is identically zero unless w is relevant (see Definition [2.2.6]).
6.2. Bounds for 7, in terms of a and b. Since pg?z%(g) is determined by the Iwasawa decom-
position of g, we first make the change of variables u + y~!uy. Then (6.1.3)) implies that

(6.21) |Zu|< Y i i [Sw (e, ¥ €)] / / /

=1 _1=1
veVy a1 Cn—1 y=1,-sYn—1) Uw(Z \Uw

Yi,eYn—1>0

(M) -63(L) - 6u(y) - 8(y) - \p%(Lcwyu)y |p<T’fL<My>| d*u dy”.

NI

-0
Recall that if g = utk is the Iwasawa decomposition of an element g € GL,(R), then pgff 1)12(9) =

pgfb %%(t). With this in mind, consider the Iwasawa decomposition wu = ugtk, where uy € U,(R),

t € T,,(R) and k£ € O(n,R). Then
Lewyu = Le(wyw ™ uotk = uy Le(wyw ™tk (up = (Lcwywil)fluo (Lewyw™))
(n) (n)

is the Iwasawa form of Lcwyu, hence py p(Lecwyu) = py R(Lcwyw_lt). Recall that the Iwasawa

form of wu is assumed to be ugtk, meaning wu = ugtk where ug € U,(R), t € T,(R) and k €
O(n,R). It can be shown [Jac67| that

1/577.—1
€n1/En—
(6.2.2) = e ;
&2/61

&1

where & = & (wu) > 1 for any u € U,,. For example, in the case n = 4 and w = Wiong = W(1,1,1,1)»
we find that U = U4(R) and, for

Wiong

1 z12 713 714

u— 0 1 x93 724
0 0 1 T34 ’
0 O 0 1
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that
&1 (Wiongt) = 1+ %y + o3 + 24,
Eo(Wiongtt) = 1 + 235 + 23, + (212724 — $14)2 + (w12w23 — 9613)2 + (w13w24 — 1’145623)2,
£3(wiongu) = 1+ z3, + (37233334 - 3624)2 + (56123?233634 — T13T34 — T12%24 + 5614)2~

In general, the values &; are always of the form 1 plus a sum of squares of functions consisting of

the entries of u.
From (6.0.3)), replacing a with b, we see that ’ pgfl }Z(M y)‘ is bounded by

n—1
TR (D)4 27 - 5 By

_1 _1 2
<o)z - | M- 577 - [y =
To similarly bound |pT R(Lcwyw_lt)|, we first remark that since
didz-dn—1
B dida-+dn—2 B e ten
c=oc . =:c1d where d; = =z,
” :
1
setting cp = ¢, ;=1 (and ag = ay, := 0 as usual), we see that
-1 -1
6—% 2a 5 _1 3 Ci—1Ci41 2ai _ - —142a;_1— 4a1+2a1+1
(@) llel** =d(e) 2 I] ===) =1l
i=1 k=1

Therefore, it follows that

S(L)~2 - | L|** - 6(t) " - ||¢)*

_ 11
‘péi%(Lcwyw 115)‘ < — S(wyw )2
H C’1€*2a¢71+4a¢*2a¢+1
k=1

(n+4)(n—1) n(n-1)) "=t
et =) | B (D(n)+ 222D ) S B(ay)
e RO Bl

Recall that if ¢ = ¢(u) is as in (6.2.2)), if we define

K= 30 Y fStitil

vEVnC1 1 Cno1= 1 1—[ 1 20,1 1+4CL1 2(11_»'_1

X (4, w: ) : / (/5 )7h ]2 du,

w(Z)\Uw(R) T, (R)

Y (y,wsa,b) = / Iyl - o2 dy*,

y=(Y1,Yn—1)
yla---vyn71>0

then the bound on |Z,| given in (6.2.1]) can be replaced by

e+ @O b (9D () tn(n—1)) = S (B(a)+B(b;)
(6.2.3) |T,] < T ’ ( )= £, (B +50:)

K (c,wia) - X (8 w;a) - Y (e, wia,b) - || L] - (| M.
We remark that in simplifying/finding Y (y, w), we have used (6.1.2]). The basic strategy to prove

Proposition is now clear: we first find a such that both K(c,w;a) and X (¢, w;a) converges;
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then given this choice of a, we determine a particular value of b for which Y (¢, w;a, b) converges as

n—1
well; finally, we work out the corresponding bounds on ||L||?*, || M||* and Y~ (B(a;) + B(b))).
j=1

6.3. Restrictions on the parameters a¢ and b. The trivial bound for the Kloosterman sum is
given by

S(1,1,0) < 5%(0) =c1co - Cp_1.
Hence K (c,w;a) is convergent whenever a is chosen such that

n—1
2a __ 2ap—1—4ap+2a,41 —1—e
- )
lel** =] e < 67175(¢)
k=1

From , this holds if we set a; = M(1 + €), since in this case 6 17¢(c) = ||¢||**. More
generally, K (c w; a) converges in the following case:

2
That this choice of a makes K (c,w;a) converge is a consequence of the easily verifiable fact that
el = (eren—1)"" - 671 7%(0).

We assume henceforth that a satisfies (6.3.1).
We next consider the convergence of X (u,w;a). Recall that the Iwasawa form of wu is assumed
to be uptk, meaning wu = ugtk where ug € Up(R), t € T,(R) and k£ € O(n,R). Indeed, ¢ is given

by (6.2.2). Then

X (4, w; a) = / /5 %-||ﬂ|2ad*u<< / /5——5 d*u.

Uw(Z)\Uw(R) Uw(R) Z)\Uw (R

(6.3.1) aj::p—f— l1+¢), peR, j=1,...,n—1.

The fact that the right hand side converges is a consequence of Jacquet [J a067].
We now turn to the convergence of Y (y,w;a,b). To this end, we define

Iy := (0,1], I = (1,00).
For 7 = (71,...,Tn—1) € {0,1}"~, define

Iy =1 x--xI. |,

[ -z

Yy=(Y1,---,Yn—1) refo, 1}t
YlseesYn—1>0

Applying Lemma (which describes [Jwyw™!||?*), we see that

hence

TTT . 20 )=2(an,_, —a +as,;)
n—n;+j an,; ¢ n;_1+Jj n; X
Y(y,w) = Z / HH Yn—7i+j 1 dy
refonyn-1y \is1i=1
S (7
= Z H H Yn—ﬁ,--‘rj (y7 w, T)a
re{0,1}n—1i=1j=1
where J
2bn_ﬁ.+]'72(aﬁ._17&@._1+j+a;i.) Yn—ni+j
Ynfﬁﬁr]’(va:’r) = / ynfﬁiij ' ' Z ,\1 C
Yn—ni;+j
I- —ni+J
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Hence, in order to bound Y (y,w) (and thereby show that Z,, converges), we must choose b(7,w) =
b= (b1,...,b,_1) such that Y,,_5.4;(y, w, ) converges. Clearly

L& .
(6.3.2) bn—s,4j = An,_, — Gs, 45 + an, — (1) "*"z‘ﬂi (t=1,...,8, j=1,...,mn)

suffices, since making this choice implies that, for each K =1,...,n — 1,

1
d
/y‘sy ifm, =0
0 Yy

o0
d
/ ys—y if i, =1,
1 Y

which converges (and gives the same value 1) in either case.

Yk(yv w, 7—) =

6.4. Proof of Proposition We have now shown that if w = w,, . ,,) and we choose a

as in (6.3.1) and b via (6.3.2) accordingly, the right hand side of (6.2.3) converges, hence gives a
bound for |Z,,|. Therefore, in order to complete the proof of Proposition we need to first

show that

n—1 2
2 n<+1
Ly - M2 < T (eima)™ 5
=1

and second that the given choice of @ and b gives the claimed bound for the power of T" appearing

in ({23,

To complete the first of these tasks, let us set § = % and

j(n—j) on? n?+1
- 7 7< R
3 g SPTTR

5 14+0)<p+

aj:p—i-

forany 1<j<n—1landany 0 <e < % Defining b to satisfy (6.3.2)), since b,,_5,; is bounded
with respect to p unless j = n;, we see that
n?+1

8 )

bn-sirj Sbnm, <ap + 3 <pt
as well. The second task is accomplished using Lemma

Proof of Proposition[6.0.1. Recall that equation (/6.2.3) establishes that

e+ (0D LR (2D () tn(n-1)) - 3 (Bla)+B(by)
Zo| < T =

K (c,wia) - X(t,wia) Y (e, wia,b) - || L] - || M.

Choosing a = (a1,...,a,—1) € R" ! as in (6.3.1) guarantees that both K(c,w;a) and X (t,w;a)
converge. Moreover, the choice of b = (by,...,b, 1) € R" ! given in (6.3.2)) means that Y (c,w;a, b)
converges as well. As worked out above, the bound on HLHQa- HM H2b then follows. Finally, applying

Lemma, completes the proof. O
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7. Bounding the Eisenstein spectrum &€

n—1
Recall that if L = (¢1,...,0,-1), M = (mq,...,myu_1) € Z" ! with [] £im; # 0, then, by
i=1
Theorem the Eisenstein contribution to the Kuznetsov trace formula is given by

5222579,@,
P @

where
e 2
Epo =cp App o (L, 8) App o (M, 5) - ‘pT,R (a(P,@)(S))‘ ds.
n181+-+nrs,=0
Re(s;)=0

In this section we give bounds for £ in the case that L = (¢,1,...,1) and M = (m,1,...,1) with
£,m # 0.

7.1. The Eisenstein contribution £ to the Kuznetsov trace formula. The main result of
this section is the following.

Theorem 7.1.1 (Bounding the Eisenstein contribution ). Fixn > 2 and a sufficiently large
integer R > 0. Let L= (£,1,...,1), M = (m,1,...,1) € Z" ' with £,m # 0. Then, assuming the
Lower bound conjecture for Rankin-Selberg L-functions (see (1.3.1)), for T — oo we have the bound

S S pal < (em) e RGN T2,
P @

7.2. Proof of Theorem 7.1.1.

Proof. We proceed by induction on n, beginning with the case n = 2. In this case, the only
parabolic subgroup is the minimum parabolic, or Borel, subgroup B = P 1, and the only function ®
corresponding to B (see Deﬁnition is the constant function ® = 1. The Eisenstein contribution
in this case, then, is simply the quantity €5 1.

By Theorem in the case n = 2, we have

- 2
gB,l = CB / AEB,l (67 S) AEB,l (mv S) ’ ‘p%jzé (a(B,l) (S)) ’ dsi,
Res1=0

where s = (s1,—s1). Now note that, by (3.2.7), o, (s) = s. Moreover, by Definition we
have ]-'g) = 1, so by Definition we have

p%ﬁ? (a(B,l) (3)) = /7T (2R+}1+281) r (2R+};251) .

Furthermore, we see from Proposition that

‘AEB’1 (E, s)’ < |C*(1 + 231)|_1 Z lefteq?| < m® ‘F(71+2251)<(1 + 251) ’_1.
€1,c2€7Z+
c1co=/

Then

2R+1+2s1 2R+1—2s1 ) |2
4 ) I ( 4 - )‘ |d51‘.
[D(H3) ¢ (1 + 2s1) |

‘58,1’ < (gm)s / 68%/T2 |F (
Re(s1)=0
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We may restrict our integration to the domain |Im(s)| < 7', since est/T* decays exponentially
otherwise. On this domain, we use Stirling’s bound (9.2.1)) for the Gamma function, as well as the
Vinogradov bound

IC(1+it)| 71 < (1 4+ [t])E, (t € R).

We get

Es1| < (bm)® / 11+ 51’2R_1+€ |ds1],

Re(s1)=0
Im(s1)<T

from which it follows immediately that }5371‘ < T?*Pte So our desired result holds in the case
n=2.

We now proceed to the general case. For n > 2, in order to establish bounds for £p ¢, we need
to know that our main theorem is true for all £k < n. The reason this is needed is because we
have to bound Rankin-Selberg L-functions L(s, ¢ X ¢p) with 2 < k. k' < n. This will require
knowing the Weyl law with harmonic weights (Theorem for 2 < k, k' < n. We may assume
by induction, however, that this is indeed the case, i.e., the Weyl law with harmonic weights holds
for all 2 < k < n.

Now recall that, for the parabolic P associated to a partition n = nq + - - - + n,., we have

2
n?#
Epe = / AEP,@ (L, s) AEP,@ (M, s) - ‘pT,R (a(’P,@) (8)) ‘ ds
n181+-+nrsr=0
Re(s;)=0
where a,, ,(s) is given by (see (3.2.7))
n1 terms no terms n, terms
(am + 81, .. Q1 +S1, Q21 +82, ... 020, FS2. ... ,Qp1 T+ Sp, o ,Qpp, —}—sr),

ng T Nk T Nk
Since Y ay; =0 for all 1 < k <7 we see that Y > (ag; +sp)2= > > (af, + si).

i=1 k=1i=1 k=1i=1

Now, for any 8= (Bi,...,B) € (iR)" where 3, = 0 we have

2 2 o .. 2
P;’#{(ﬁ) = exp <ﬁ1 + 55 + +ﬁn> . én)(g) H ‘1_‘ (2R+1Zﬁrﬁj> ’2'

2772 Y
1<i<j<n

It follows that

3
=

T
> (O‘%i + 5%) (®)
H _ k=1i=1 7 (n) [ Yp,o)\®
p;,R(a(P,@)(S)) = exp : T2 ‘FRn ( (Pg) >

T 2 ng N/ 9
2R+14ay ;—ay j 2RA-148—5 1+ s —oyy j
SN NCI O 1 (HEEE
k=1 1<i<j <ng 1<k<k'<r 1=1 j=1
nE#1l
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By Proposition the mt" coefficient of Ep s is given by

T
Appo((m,1,...,1),8) = J] L* (1. Ad &) 3 [T L +si—s5 ¢ixo)
= 1<i<j<r
nE#l

Z )‘¢1 (Cl) T )\¢7. (CT) . c‘il e Cir

1<ci,c2,.er €Z
c1C2-:Cr=m

up to a non-zero constant factor with absolute value depending only on n. To bound the divisor sum
above we will use the bound of Luo-Rudnick-Sarnak [LRS99] for the m!* Hecke Fourier coefficient
of a GL(k) (for k > 2) Hecke-Maass cusp form ¢ given by

1

1__1
Ag(m,1,...,1)| <m? «Z+1,
We immediately obtain the following bound for the divisor sum

LT oo te
Z |)‘¢1 (Cl) )‘¢r(cr) & C, | Km? no+1

1<c1,c2,..c,crr €7
ci1Co--Cr=m

It follows that

ro ng 9
1 kzl Zlak ) “par @ |
5= -3 .7 =1li= n
[Epal < (ml)> 3T -exp [ =03 / ‘FR <<P§) >‘
n1s1+-+nrsr=0
Re(s;)=0, Im(s;)<T
f[ H 2R+1+ 4 H ﬁ ﬁ QR+ 148 —s+api—a 4
()| (e
k=1 1<i<j <ny 1<k<k/<r i=1 j=1
nk;él
d 1 2
[T1ze(ade)| |- | TI 1270+ sk — sy o x dw)| " |ds]
k=1 1<k<k'<r

nk;él

k=1
nE#l

2R+1+O{k’ifakyj ) ‘4

8 T
/ ’f@(m”)‘ H\LAldcsz)l L1 E(”Ll)r

n181+-+nrs-=0 751 1§l<‘7 Snk 2
Re(s;)=0, Im(s;)<T Tk

H 1

1<k<k/<r |L(1+ s — sy O X dpr)

4

2 Itsp—sg+ag i—ag -\ |2
i=1 j=1 ‘F( BT T Tk k"])‘

T (2R+1+3k78k’+a/&iiak/,]’ ) ‘4

|ds|.

2
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Lemma 7.2.1. Assume |si| < T and |oy, ;| < TV for 1 <k <r and 1 < j < ny. Then for
a:=a,  (s) and o) defined as in Deﬁm’tion we have

(P,®)

) ®ep, <1>) ))}2 < (l}i[ ‘}-j(znk)(a(k))r) . TR-B(n)+e
=1

nEp#l
'
where B(n) =2D(n) —2 > D(ng).
k=1
'I’Lk751
Proof. This follows immediately from Lemma O

It follows from Lemma [7.2.1] that for |a*)|? = a? 4 +ai o We have

F<2R+1+ak,rak,j>‘4

o) e (497, P

Ttay j—ag ; 2
1<i<j <ng |F(7§ ])|

|g73,<1>| < (mf)%_ﬁ"‘a TR»B(n)_A,_E

pale |L(1, Ad ¢y)]
np#l
1 e M F (2R+1+sk75k/+akﬂ;fak/’j>‘4
4
H H H 5 |ds].
n151+“"!’n7«5r—0 1<k<k/<r ‘L(]. + Sk — Sk, d)k X ¢k’ i=1 j=1 ‘1—\ (1+Sk*5klzak,i*ak/d‘)‘
Re(s;)=0, |Im(s;)|<T
B (@ ®)]
1 1 T,R
< (mf)2 " m2m e pR-B(n)+e ‘7
np#l
1 ne Mg <2R+l+skfsk/+ak’i7ak,yj)’4
4
H H H 5 |ds].
/ r<iewr<r | L(1+ 8k — spr, o1 X dir) =1

. T 1+sK— 6k/+(xk¢ i/
nisi+4n.s,.=0 i=1

Re(s;)=0, |Im(s;)|<T

where
QR+ 1+ap —ay 2
(k) |2 P (e
) [ () _ [t (n2) [ a®) |2 4
th% ( ( )) eXp( T2 )J—"R k (ag ) H r (1+ak.7,-—ozk’j)
1<i#j <ny 2
Next

ng N’/

F (2R+1+skfsk/+ak,¢fak,‘j ) ‘4

(2R-1) > npny

4
1<k<k!'<r
IR e m—T
1<k<k'<r =1 j=1 ) - >
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We obtain the bound

. (k) ( (k)

o R-B(n)+e+(2R—1) - ¥ ngny )hTR (a )‘
Epal < (MO)2 2ot 1sh<kisr Al g
|Ep.a| < (ml) Pt |L(1, Ad ¢)]

/I e

n181+-+nrsr=0 1<k<k'<r ‘L(l + Sk — Sk, ¢k X ¢k')
Re(s;)=0, |Im(s;)|<T

Next, we bound the s-integral above. It follows from Langlands conjecture (see|l.3.1]) that if ¢x X ¢xs
is automorphic for SL(ny - ngs, Z) then for |Im(sg)|, |Im(sy)| < T" we have the bound

’L(l + Sp. — S, Pp X ¢k’) -2 < T¢.
This together with the bound
ds| < T,
n181+-+nyrsr=0
Re(s;)=0, |Im(s;)|<T
implies that
(ne) ¢ (k

(7.22)  |Epo| < (me)2 @t g PR RRED 2 et e ‘hTkaf (of ))‘

. . P,@ n = = . .

P |L(1, Ad ¢y)]
Since each ng < n (for k =1,2,...,r), we can apply our inductive procedure together with the

following theorem to bound ) 4 |Ep o] -

Theorem 7.2.3 (Weyl law with harmonic weights for GL(ng) with ng < n). Suppose
ng € Z with 2 < nx < n. Let {¢1,¢a,...} be an orthogonal basis of Hecke-Maass cusp forms for
GL(ny) ordered by eigenvalue. If a) are the Langlands parameters of ¢, then

oo pmk) (G
(7.2.4) ZhRﬁ(a]) <, T2R-(D(k)+%k_l))+nk_l.
j=1 J

Proof. In [GSW21], all that was needed to prove this statement for n = 4 was to have it be true for
ng = 2 and ny = 3, which was already known. A similar induction argument works in general. [J

It immediately follows from the bound (7.2.2) and (7.2.4)) that

T

R-B(n)+ (2R—-1) > ngny +(r—1)+¢ 2R (D) +2e=D ) L )
S Epal < (mO)F @ T e 2 (R (PR i)

P

Recall that B(n) = 2D(n) —2 > D(ny), which implies that
k=1

T T
1 1 2RvD(n)+2R< > ngng+ Y W +> ng — >, ngpny —l+e
Sl < praph- st PO e B e e
P
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r T
Next, > ng-ngy + >, n’“(nffl) = n(n;l) by Lemma [A.22(and ) nj = n. It follows that
1<k<k'<r k=1 k=1

1 1 2R~<D(n) + Ln;l) >+n71 — > ngpmny+te
Z Epo| < (mg)i_"QH%T 1<k<k/<r
P

To complete the proof, we need to sum over all parabolics P # B. It suffices, therefore, to consider
the “worst case scenario” among the possible partitions n = ny + - - - + n, for which the expression

E nEn
1<k<k'<r

is minimized. It is easy to see that this occurs when r = 2 and {n;,ns} = {n — 1,1}, giving the
bound n — 1. It follows that

Z Z Epa| < (mﬁ)%f’ﬂ#Jr1+£ T2R'<D(n)+n(nT71)> te
PEB @
Using (|1.4.2)), this immediately implies the desired result. O

8. An integral representation of pg,l]){(y)

Recall (see (1.4.4)) that
n,# M (n) /o 14+2R+a;—ay,
o = ) [T p (e
1< j#k<n
Using the formula for the inverse Lebedev-Whittaker transform given in [GK12], it follows that
w1 / PR () Wia(y)
I

ap=0 ‘
Re(a)=0 1SJ#k<n

1 oftadt-tap (n) Qj—ap\ T
- [ SR T te(E) W) da
an=0 1< j#k <n
Re(a)=0

1
r §+R+z
where I'p(2) := (F(z))
(n)

The strategy in this section for giving a representation of p; (y) follows the same general
outline as was used to obtain the results for GL(3) and GL(4) given in the papers [GK13] and
[GSW21], respectively. As in the prior works, we express the Whittaker function as the inverse
Mellin transform of its Mellin transform. (See Section ) Plugging this into the above formula
gives an integral representation of pgff }z(y) in terms of an additional variable s = (s1,...,8p—1).
8.1. Normalized Mellin transform of Whittaker function. We introduce (as in [IS07]) the
following Mellin transform and its inverse.

Definition 8.1.1 (Normalized Mellin transform of Whittaker function). Let n € Z and
a=(a1,...,a,) € C"such that &, = 0. Let W, o(y) be the Whittaker function of Deﬁnitionm
The Mellin transform is

n—1
. B 9] e ] ' dy
. o9n—1 \2s J
(8.1.2) Wh.a(s) =2 /0 /0 Wih.2a(y) | | (my;) 3714_“”2_].) .
j=1 .
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and the inverse Mellin transform is given by

1 Ji(n—j) N\ ~
(8.1.3) Waa(y) = 5 / (Hyj > (myy) SJ>Wn,‘;(;)ds'

5=(S1,-ySn—1)
Re(s)=2b

As a consequence of this definition, we have

(8.1.4) PR(y) = (275”_1 / T ;g>(a)< I1 FR(aj—ak)>

where b = (b1,...,b,—1) with each b; > 0.
We use the following theorem to make (8.1.4)) explicit and to begin setting up an inductive
method to bound pﬁﬁ}%(y) for all n > 2.

Theorem 8.1.5 (Ishii-Stade). Let m > 2 and ¢ > 0. Fiz Langlands parameter o € C™. Let
s € C™ 1 with Re(s) > ¢e. Then

(8.1.6)

—~ (m—j)a ja Win—1,8(2)
Wina(s) = / HF(Sj_Zj_1+ m—1m>r<sj_zj_m—m1> . QZi)m_Q 4z,
Z—(Zl,A..,meg) J:1
Re(z)=¢
where 0 )
20 = —0 + 'am:()’ mel_am_mzo,
-1 m—1

and

(6 o
/3: (517"'7/3771—1) = | o+ o ; "7am—1+ Ui .
m—1 m—1

8.2. Shifted p\"), term and Ishii-Stade Conjecture. Our goal is to insert (8.1.6) into (8.1.4)

and then shift the lines of integration in s to Re(s) = —a, to the left of some of the poles of W,W(s),
which (see Theorem |10.1.1]) occur at Re(s;) = —d for every 1 < i <n—1and § € Z>(. By Cauchy’s
(n)

residue formula, this allows us to describe pg,Zj’ %(y) in terms of a the sum of a shifted prp term and
finitely many shifted residue terms.
Definition 8.2.1 (shifted pgrngz term). Let n > 2 be an integer and a = (ay,...,a, 1) € R* L
The shifted p&? 3% term is given by the same formula as (8.1.4) but with b replaced by —a:
(n) 1 a%+m+an (n
. R 2
(822)  pryly;—a) = am / e 7 . FY < H Lr(oy — ak)>

G = 1<j#k<n

Ji(n=3) —~
/ (Hy] > (myy) QSJ')WTL,OC(S) ds do.




One might be tempted to insert (8.1.6) into (8.2.2)), but this is invalid if n > 3, because Theo-
rem requires that Re(s;) > ¢ for each i = 1,...,n—1. To overcome this difficulty, we use shift
equations as given in the following conjecture. This allows us to evaluate W), o(s) for Re(s) < 0.
Conjecture 8.2.3 (Ishii-Stade). Let m,n € Z with 1 < m < n—1; let § € Z>g. Let (x), =
% =x(x+1)--- (x+n—1). Then there exists a positive integer r and, for each i with1 < i <r,
a polynomial P;(s,a) and an (n — 1)-tuple X; € (Z>0)" ", such that

1 r
824) Woal=|  T[  Gntantantotan)] X RETals+ ),
1<j1<j2<...<jm<n i=1

where the mth coordinate of each 3; is at least §. Moreover, for each i, we have

deg(Pi(s, @) +2|%] = 5(77;)

Proof of conjecture for 2 < n < 5. Note that the case 6 = 0 of the conjecture is trivial. Moreover,
for a given m and n with 1 < m <n — 1, it’s enough to prove the conjecture for § = 1. The case
0 > 1 then follows by applying the case § = 1 to itself iteratively.
For § =1 and n = 2 or n = 3, the conjecture follows immediately from the explicit formulae
Wg,a(s) =T(s+ a)l'(s — a);
—~ . F(Sl + al)I‘(sl —+ Ozg)F(Sl + Oég)F(SQ — Oél)F(SQ — OéQ)F(SQ — a3)
W3,Oz(3) - )
I'(s1 + s2)
respectively, together with the functional equation I'(s + 1) = sI'(s). The case 6 =1 and n =4 is
a consequence of [ST21], equations (21), (29), and (31)].
We now consider the case d = 1 and n = 5. Note that it suffices to derive the appropriate
recurrence relations for m = 1 and m = 2 (that is, for the variables s; and sg); the cases m = 3

and m = 4 then follow from the invariance of Wj 4 (s) under the involution
(817 52,83, 84, 01, x2, 3, 04, 065) — (547 S3, 52,81, —01, —Qx2, —(d3, —04, —065).

We follow an approach developed by Taku Ishii (personal correspondence). First, consider the
case m = 1: we wish to show that

(8.2.5) Lﬁl(ﬁ + ai)} Ws.a(s)

equals a finite sum of terms P;(s, @)W, o (s + X;), where the first coordinate of each ¥; € (Z>¢)* is
at least one, and deg(P;(s,)) + 2|%;| =5 for each i. To this end, let
(8.2.6) o = (01,02,03,04,05) = (—51,81 — 52,52 — 53,53 — 54,54);

note that ), o; = 0. Since s; + o1 = 0, we have

5 5 5
(8.2.7) [H(sl + ai)} Ws.a(s) = [H(sl +oi) = [[(s1+ ai)] Ws.a(s).

=1 =1 =1
But for indeterminates T', x1, x3, 3, x4, x5, we have

5
(8.2.8) [I(T + @) = T° + T*Pi(z) + T Po(x) + T* P3(x) + TPa(x) + Ps (),
=1
37



where Py (z) is the elementary symmetric polynomial of degree k in x1, 9, 3, 4, 5. So by equation

(8.2.7) above, we have

(8.2.9) [H(sl + ai)} W&a(s) = [sl + s1P1 () + s3Py(a) + s2P3(a) + sPy(a) + Ps(a)] W&a(s)

— [} + 51Pi(0) + $3Ps(0) + 53P3(0) + sPs(0) + Ps(0)] Ws a(s)
= [s}{P2(a) — Pa(0)} + sT{Ps(a) — P3(0)}
+ s1{Pu(@) = Pa(0)} + {Ps(e) = P5(0)}] W5 a(s),

since Py (a) = Pi(0) = 0.
Now let e, for 1 < k < 4, be the four-tuple with a one in the kth place and zeroes elsewhere.
By [IO14, Proposition 3.6], we have

Pi(a) = Pi(o) = Zy, — Ck,

(as operators acting on functions in the variable s = (s, s2, $3, 54)), where the “Capelli elements”
C, annihilate W5 4(s), and

Zaf(s) = f(s+e1) + f(s+ea) + f(s+e3)+ f(s+ea);
Zsf(s) = Pi(03,04,05)f(s+ e1) + Pi(01,04,05)f(s + e2) + Pi(01,02,05) (s + e3)
+ Pi(01,02,03) f(s + eq);
Zyf(s) = Pa(03,04,05)f(s + e1) + Pa(01,04,05) f(s + e2) + Pa(01,02,05) f(s + e3)
+ Py(01,02,03)f(s+es) + f(s+e1+e3)+ f(s+er+eq) + f(s+ex+es)
Z5f(s) = P3(03,04,05)f(s + e1) + P3(01,04,05) f(s + e2) + P3(01,02,05) f(s + e3)
+ P3(01,09,03)f(s+eq) + Pi(os)f(s+e1+e3) + Pi(o3)f(s+ e+ eq)
+ Pi(o1) f(s + €2 + e4);
So by ,
(8.2.10)

5
[H(sl + ai)] Wsa(s) = [s325 + s323 + 5124 + Z5| W5 a(s)
=1

I
"o
—=w
+
V)
—
5
Q
o
Q
=
Q
Z
_l_
L
F
Q
@
Q
L
Q
N
+
3
Q
o
Q
=
Q
Ul

Ik )
5)+P3(0 04,05)]| W )
5) + P3(01,02,05)]Ws.a(s + €3)
) JWs o )

+ [ (01,04,05) + s1Ps(01,04,0

+ [s + sTPy(01,09,05) + s1 P (01, 09,0

+ [8 + 52Py (01, 09,03) + s1Py (01,02, 03) + P3(01, 09, 03)
+ [s14 Pi( 05)}W5,a(5 +e1+e3)

+ [s1 + Pi(o3)] Ws.o(s + €1 + e4)

+] ) )

51+ Pi(01)]|Wsa(s + e + e4).
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Recalling that the Py’s are the elementary symmetric polynomials of degree k in their arguments,
we see that

s34 s2P1(a,b, ¢) + s1Ps(a, b, ¢) + Ps(a,b,¢) = (s1 + a)(s1 + b)(s1 + ¢),

for indeterminates a, b, c. So (8.2.10]) gives

{5 (s1+ Oéi)] Ws.0(s)

51+ 04)(51+ 05)Ws.als +e1) + (s1+01) (51 + 0a) (51 + 05) Ws a(s + €2)
s1+09)(s1 + %)Wg,,a(s + e3)
s1402)(s1+ Ug)W&a(S +eyq)

—~

W4,a(5 +er+e3)+ (s1+ ag)Ws,a(s +er+eq)+ (s1+ Ul)WE),a(S +e9+ey)
= (s1+ s2 — s3)(s1 + s3 — s4)(s1 + 84)W57a(8 +e1)
+ (s1+ 34)W5,a(5 +e1+e3)+ (s1+ 52— 83)f475,a(s +e1+eq),

the last step by the definition of the o;’s. This is our desired shift equation in si.

The shift equation in so is derived analogously. A fundamental difference in this derivation is
that, in place of , we use the following expression involving Schur polynomials s,, (see [MacT9)
§1.3], especially Exercise 10 of that section):

7\ 10=(u1tpzt-tus)
H (T + 2 + zj) = Z <2> dysu(x1,x2,...,25).
1<i<j<5 p=(p1,12,0515) €S

Here,

S ={(p1, 2y p5) € (Z0)® : s <5—i (1 <i<5)and pg > po > > ps},

and d,, is the determinant of the matrix

<<Mj(i ;i‘)j>>1<i7j<5‘

The Schur polynomials are symmetric polynomials in the x;’s, and are therefore expressible in
terms of the elementary symmetric polynomials in the x;’s. Techniques like those employed above,
in the case m = 1, therefore apply. We omit the details. ]

Remark 8.2.11. The above proof, in the case m = 1 (that is, for the variable s;—and therefore
also for the variable s,_1), generalizes to the case of GL(n,R), for any n > 2. For 2 <m <n — 2,
we do not yet have a proof that works for all n > 2, though we expect that the above ideas and
techniques should prove relevant. Indeed, using the above methods, and applying Mathematica
to help with the more arduous calculations, we have been able to verify Conjecture in full
generality for n < 7.

8.3. pgz,ll)%(y) is a sum of a shifted term and residues. Besides the shifted p(T" 3% term (because

we cross poles of Wma(s) upon shifting the lines of integration) there are also many residue terms.
The residue terms will be parameterized by compositions of n. Recall that a composition of length
r of a positive integer n is a way of writing n = n; + -+ - + n, as a sum of strictly positive integers.
Two sums that differ in the order define different compositions. Compare this, on the other hand
with partitions which are compositions of n for which the order doesn’t matter.
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Definition 8.3.1. (a-admissible compositions) Let a = (a1,...,a,_1) € R""!. A composition
n=mni+---+n, is termed a-admissible if

ap, >0foralli=1,...,r -1
The set of a-admissible compositions of length greater than one is

C compositions 2<r<n
|l n=m+--+n | az, >0foralli=1,...,r—1 [~

Remark 8.3.2. At times we may also notate a composition n = nq + --- + n, as an ordered list
C=(ny,...,n.).

Definition 8.3.3 ((r —1)-fold residue term). Suppose that » > 2 and C € C, is given by
n=niy+---+n,. Let

dc == (01,02,...,0,—1) € (ZZO)Til

with 0 < 6; < |ag,] for each ¢ =1,...,r — 1. If C has length two, we write c = §. We define the
(r — 1)-fold residue term

(n) aftton ()
(83.4)  prgly;—a,dc) = / e TR Fp < II T&(e —ak))

e 1<j#k<n

(o) [ (I )

R‘e(sj):*aj jg{ﬁlv"wﬁr—l}
j%{ﬁlvn'yﬁr—l}

: Res ( Res ( . < Res WN/na(s)> . )) ds do.
Sﬁlzfaﬁl —01 Sﬁzzfaﬁz —09 Sﬁ’rilzfaﬁrilf(sr_1

Remark 8.3.5. In the shifted integral (8.3.4), if —a; > 0 for some i, there will be no residues

coming from the integral in s; because we are not shifting past any poles. For this reason, one only

obtains residue terms pgf" k(y; —a, d¢) in the case that C is a-admissible. That said, equation (8.3.4)
(n)

makes perfect sense even if C' is not a-admissible. In this case, py (y; —a, dc) is identically zero.

Proposition 8.3.6. Suppose that a = (ay,...,a,_1) € R*7L. Then there exists constants r(C)
such that

pgﬂ%(y) ZP%(y; —a) + Z k(C) Z pg,fg%(y; —a,d¢).
CceC, (502((51,...,57«_1)
0<6,<[az, |

Before giving the proof, we make some preliminary remarks and observations.

Remark 8.3.7. Notice that an element o of the symmetric group S, (i.e., the group of permutations
of a set of n elements) acts on a = (aq,...,a,) and, by extension, on &y, via

0 - Q) 1= Qg(1) T Qg2) + 7+ + Qi)
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We can consider the analog to (8.3.4) obtained by replacing each instance of &,, with o - a,,:

of+taf ) 1) L 2(0-@i+67)
/ e T -f}{‘(a)-( 1T FR(%‘—%)X II v )

P 1<j#k<n ie{n1,....,r—1}

i) g, =
H Y; Res Res . Res Wi.a(s)
Sll S

R = iy =—0Qji; —0i; ig=—0"0jg—0is sik:—maik—&ik
Re(s;)=—a; JF{1mmiir-1}
JE{Rrmi1}

-dsdo

We make two observations:

e As (C varies over all compositions of length r and o varies over all possible permutations
and ¢ varies over all (ZZO)T_l, one obtains all possible (r — 1)-fold residues coming from
shifting the lines of integration in p(TTf ;(y) This is a consequence of Theorem [10.1.1| below.

e The action of S, on ordered subsets of {a1,a9,...,a,} given by permuting the indices is

trivial on Wma(s), ie., Wn’g(a)(s) = Wy «(s), and on the function

o24tad
S A (T vl o)
1<j#k<n
This implies that relabeling the variables ai,az,...an by ag-1(1), Qg-102);- -, Qp-1(5) €V-

erywhere (1) doesn’t change the value of the integral, and (2) recovers the original integral
given in .
Remark 8.3.8. The constant x(C') is the size of the (generic) orbit of the action of S,, on the set
A=A{ag,,...,a5,_,}.
Hence, defining the stabilizer of A to be
Stab(A) :={o € S, | 0 - an, = ay,, for each m =n1,..., 0,1},
we see that

#5Sn n!

T #Stab(A) rﬁl (ni!)'

i=1

k(C)

Since the exact value of (C) is irrelevant to our application, we omit its proof below and leave it
instead to the interested reader.

Proof of Proposition [8.3.6. Beginning with (8.1.4), we see that pgpng%(y) = pﬁﬁ}%(y;b) for any b =

(bi,...,bp—1) with b; > 0 for each ¢ = 1,...,n — 1. In order to compare this with pg,zfz%(y; —a),

we successively shift the lines of integration in the variables s for each k such that —a; < 0 (in
descending order). If —a; > 0 then shifting the line of integration from Re(s) = by to Re(si) = —ag
doesn’t change the value of the integral in si. In other words, there is a residue term if and only if
the composition C is admissible.

Beginning with the fact that

p&?}_—i(y) = pé?}%(y; b) for any b= (b1,...,b,—1) for which b; > 0 for all j,
we may shift the line of integration in s,_; to Re(sp,—1) = —ap—1. In doing so, provided that
an—1 > 0, we pass poles at s,_1 = —o - @1 — d; for each 0 < ¢ < |a;|. Hence, taking into account
41



Remark and considering n = (n — 1) + 1 (denoted (n — 1,1)), it follows that

(8.3.9) PYR(Y) = P R(y; (br,bo, b, ., —an 1>>
+K’ TL—]. ]- Z pTR Y; blabQ""7_an*1)’5(n—1,1))7
S(n-1,1)

where k((n — 1,1)) is a constant (which can be verified to agree with the description given in

Remark [8.3.8 -

We now shift the line of integration in s,—2 to Re(s,—2) = —an—2. As before, provided that
an—o > 0, the Cauchy residue theorem and Remark [8.3.7] give

(8.3.10) P h(y) = DRy (b1, bz, —an—2, —an_1))
+ £((n —2,2)) Z p%(y; (b15+ s b3, —ap—2, —an—1), 5(n—2,2))

d(n—2,2)
+r((n—1,1)) Z Prg(; (b1, by, —an—2, —an-1), (—1,1))
O(n—1)
+K‘((n_ 27171)) Z pg*}:g(yv (blv" : 7bn73a_an727_anfl)ad(n—ll,l))a
d(n-2,1,1)

for constants k(C') for each of C' = (n—1,1),(n —2,2),(n —2,1,1) as claimed.

We next repeat this process shifting the integrals in s,_3 for each of the terms on the right of
, and then again for s,_4 and so forth (skipping those s, for which a,, < 0) until all of the
lines of integration have been moved to Re(s,,) = —a,, for every possible integral. The claimed
formula is now evident. g

8.4. Example: GL(4). We now consider the special case of Wy q(s) where
a = (a1, a2,a3,04) € (iR)4, a4 = 0.

Fix ¢ > 0. Recall that p(4) (y) = p%)R(y; (e,e,¢)). If we now shift the lines of integration to
Re(s) = (—a) where a = (al,ag,ag) € R3, then we get additional residue terms corresponding to
each composition 4 =ni + - -- + n, and each d¢ € (Zzo)r as follows.

In general the composition n = ny + --- + n, (by abuse of notation, we also think of this as
a vector (ni,...,n,) so that ny = ny + --- 4+ ng) corresponds to taking an (r — 1)-fold residue

in the variables sg,, S7,,.-.,57,_,. Here is a table of the residues corresponding to the different
compositions.
composition C residues in s-variables oc
1+3 S1 =—041—51 ((51)
242 S9 = —r1 — Qig — 09 ((52)
3+1 $3 = —1 — Q9 — g — 03 ((53)
1+1+2 s1=—a1 — 01, S9=—a1 — ag — O (51,52)
1+2+1 81 = —a1 — 01, 83 = —ap — g — g — 03 (51,(53)
24+1+1 89 = —ap — g — 09, 83 = —Q] — Qg — Qg — 03 (52,(53)

In each case 0 < 0; < |a;]. Not included in the table are the triple residues in s; = —a; — 9; for
each i = 1,2,3. These correspond to the composition 4 =1+ 1+ 1+ 1 and éc = (41, d2, d3).
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8.5. The integral I,}R( a) in terms of an explicit recursive formula for Wi als). At

(n)

first glance, the following definition appears to be relevant only for the shifted p; R—term, as it is

essentially equal to p(") ((1,...,1); —a), and not for the shifted residue terms. However, it will turn
out to be pivotal to bounding the residue terms as well.

Definition 8.5.1 (The integral IQ(I’T;Z)) Let m > 2 be an integer and a = (ay, ..., ay,_1) € R™L.
Then we define

aj+-tad, —~
(8.5.2) Z;ig( a) == / o T3 .}‘}({n) (a)< H Tr(0j—ay > / ‘Wma(s)’ ds da.
Qm=0 1=j#k<m 5=(81,.-sSm—1)
Re(a)zO Re(s):—

As alluded to above, inserting the result of Theorem into , we find that

n—1

i(n=3) _9, n
kol < (T 2])1;,;<—a>.
7=1

Hence, giving a bound for pgrn k(y) requires only that we bound Ig'g(—a) in the case of m = n.

However, much more is true: we will show that if C' is the composition n = ny + - -+ 4+ n,., then
(n)

pr r(y; —a,0c) can be bounded by the same product of y;’s as above times a certain power of T
and a product of the form
H I ”i) f)
(0

for certain values a(¥) = (agg), ..., a, 1) which depend on the value of a = (a1, ...,an-1) € R L

The significance of this fact should not be understated. Without it, we would be required to
treat nearly every possible composition C' (hence each possible residue term) individually. Indeed,
returning to the case of n = 4, as noted in Section above, there were seven residue terms. The
only symmetries that we were able to exploit in [GSW2I] to help were that the (1,3) and (3,1)
residues were equivalent, and the (1,1,2) and (2,1,1) residues were equivalent as well. This left
five individual distinct cases, each of which required several pages of work to bound. So, although
the method of this paper does require dealing with some tricky notation and combinatorics, it

eliminates the need to treat each residue on its own terms.
9. Bounding Igfg

Recall that for a = (aq, ..., an) € C™ satisfying @, = 0 and a = (ay,az,...,a, 1) € R* 71,

m oyt toim, m —~
(9.01) I (—a) = l/ e 2 Fa) T[ |Trlag —aw) /ﬁ ﬁvm@(@‘dsda.
Om=0 1=j#k<m Re(s)=—a
Re(a)=0

Theorem 9.0.2. Let I%}%(—a) be as above and set D(m) = deg(fl(m)(a)). Then for any 0 < & < %,

e+ (M=) | . ()4 1)) z B(ay)
i (—a) < T :

where
0 ifc<0
B(c) =1 le] +2(c—lc]) if0<|c]+e<e<|c]+3,
[c] ifi<lel—i<e<e]—¢
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The implicit constant depends on €, R and m.

Theorem allows us to write Wma(s) in terms of an integral of the product of several
Gamma-functions and the lower rank Mellin transform W;,_; g(z) where

B= (B Bm-1) = <a1+ ey Oy + >

m—1"" m—1

Using this, we are able siphon off the contribution to the integrand of that is independent of
the variable 8. This in turn allows us to relate I;m) to Ig’gl) and prove the result inductively.

9.1. Symmetry of integration in a. Since the integrand of (9.0.1)) is invariant under the action

of o € S, acting on o = (ay, ..., q;,), we may restrict the integration to a fundamental domain.
A choice of such a fundamental domain is
(9.1.1) Im(aq) > Im(ag) > -+ > Im(ap,).

Hence, (9.0.1]) is equal, up to a constant, to the same integral but restricted to « satisfying (9.1.1)).
In the sequel we will always assume that (9.1.1)) holds.

9.2. Extended exponential zero set. Recall that Stirling’s asymptotic formula (for o € R fixed
and t € R with |t| — 00) is given by

(9.2.1) T(o +it) ~ V27 - [t]7 "2 e 5l

Definition 9.2.2 (Exponential and Polynomial Factors of a Ratio of Gamma Functions).
We call \t!"fé the polynomial factor of I'(c + it), and e 2t is called the ezponential factor. For
a ratio of Gamma-functions, the polynomial (respectively, exponential) factor is the product of the
polynomial (respectively, exponential) factors of each individual Gamma function.

Lemma 9.2.3 (Extended Exponential Zero Set). Assume that o € C™ is a Langlands param-
eter satisfying
Im(aq) > Im(a) > ... > Im(ap,).

Then the integrand of I}"}% (as a function of s) has exponential decay outside of the set I =
Iy x Is x - -+ X I,_1, where

I; = {sj

Remark 9.2.4. See |[GSW21| for the definition of the ezponential zero set of an integral. The

extended exponential zero set given in Lemma [9.2.3| contains the exponential zero set for Iq(frg.

- Zlm(ak) <Im(s;) < — Zlm(am_k+1) } .

k=1 k=1

Proof. We first prove Lemma [9.2.3|in the case that m = 2. In the formula for Z:(Frg%, replace
Wg,a(sl) with I'(s1 +a1)T'(s1 + a2). Then assuming , the exponential factor is e2¢(59) where
E(s,a) = [Im(s1) + Im(on)| + | Im(s1) + Im(az)| — 2Im(cvy).

We see, therefore, that the exponential factor £(s, ) is negative unless

Im(s1) +Im(a;) >0 and Im(s;) +Im(az) <0 <= —Im(ag) <Im(s;) < —Im(az),

as claimed.
Let us suppose that m > 3 and ¢ = (¢, ¢2,...,¢m—1) With ¢; >0 (j=1,2,...,m —1). In order
to prove Lemma [9.2.3] using induction on m, we make use of the change of variables
Bj = a5+ m—1’
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Observe that ;1 ---+ Bn—1 = 0. By Lemma in the case that k =m — 1,

m
of+ o top =B+ B+ —— o

Then in the integrand for I;nz (¢) we may substitute the formula for Wm,a (s) given in Theorem|8.1.5

We also use the fact (see Lemma [A.26)) that

H F(aj—ak): H ( <HF _Oéz (i_am)>a

1<j#k<m 1<j#k<m—1

and, via Stirling,

m—1
H T(am — )T — ag) < e mlam),
i=1

Note that (9.1.1)) implies that Im(a,,) < 0, hence,

2

m_ %, B+ +Bmm_1
I’}T}%(C)<< / em 1T / e T2 Ppum)-Dm-1)r(0m, 5|

Re(am)=0 Brm—1=0
Re(8)=0
L FD () IT TwB -8 / )qu,g(z)‘
1<jAkSm—1 Re(<,)=b,
1<j<m—2
R N R R P Y P
I= Re(s))=c;

ds;dzda.

By the induction hypothesis, the second row of this expression has exponential decay outside of
the set

(9.2.5) z=(21,...,2m—2) Zﬂk<lm zj) Zﬁm Iy

for each k =1,2,...,m — 2. (Recall that zp = z,,—1 = 0.)
The assumption Im(c;) > Im(c,) and the definition of 8; above imply that

Im(aj—am)zlm(ﬁj—&—%an) >0 (j=12,....,m—1).

Thus, the exponential factor coming from the final line in the expression above is e 2(5#8:9m) where
n—1 ) )
E(s.2,B,00) = D ([ 1m(sy = 21 + I an) [+ | Imsy — 25 — Lyen)| — Im (32700 + 5y) )
j=1

n
:ZOIm( —zji1+ 5 lan )| + | Im( ]—zj—ni_‘lan)})—nlm(an).
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It must be the case that £(s, z, 5, ;) < 0. In order to find where £ = 0, i.e., where there is not

exponential decay, we seek for values €1 1,€21,...,€1,m—1,€,m—1 € {£1} for which
m_l . .
(9.2.6) 3 (q,j Im(s; — 21 + "“L,) + €, Im(s; — 2, — ﬁam» = mIm(om).
j=1
In order for the s-variables to cancel it is clear that for each j = 1,2,...,m — 1 it need be true that

€ 1= €1; = —€z ;. With this assumption, equation simplifies:

m—1
(ej Im —zj_1+ %am)) =mIm(ay,).

7j=1
In order for this to hold true, it is necessary that e; = 1 for all j, since otherwise, the coefficients of
oy, on each side of the inequality wouldn’t match. On the other hand, €; = 1 for all j is sufficient
as well since
-1

Im(zj—1 — zj) = Im(20 — 2m—1) = 0.

1

3

J
This unique solution to 6) implies, therefore, that there is exponential decay in the integrand
m—j

of I;E)’, above unless Im(zj,l o 1ozm) < Im(s;) < Im(z; + m%

1
(19.2.5) implies that

ay). The inductive assumption

—1

J
Im(zj_1 — "= om) > (ﬁk — —m) Q= — Zozj,
k=1

1

<
|

b
Il

and

J

Im(zj + wlgom) < = > (B — 2= Zaka
k=1

thus yielding the desired bounds on Im(s;).

To complete the proof, we remark that if —a < 0, in order to use the result of Theorem [8.1.5]
we need to first apply the shift equations given in Corollary below. This will allow us to
rewrite I}n}%(—a) as a sum over terms all of which have the same basic form as that for I}ng(c)
with ¢ > 0. Each of these terms has precisely the same exponential factor since this depends’only

on the imaginary parts of the arguments of the Gamma functions, hence the same exponential zero

set is determined in general. O
For each j =1,...,n, we define
(9.2.7) Bj(Sj, a) = H (Sj + Z Oék).
KC{1,...n} keK
#K=]

Using this, the following corollary is easily deduced. (See [GSW21] for the case of n = 4.)
Corollary 9.2.8. Letr = (r1,...,mp—1) € Z%, L. There exists a sequence of shifts 0 = (01,...,0n_1) €
Zgal and polynomials Qu.r(s, ) such that

)Wn’a(s)‘ <<Zn \1Qar(8 )] Woals+7+0),
Hl\Bj(Sj,a)\”
=
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where

n—1
Qor(s,a) = H Py, 1 (s,), deg(Py, r; (5, 0)) = 1; <<?> - 2> — 20;.
j=1

9.3. Proof of Theorem [9.0.2] in the case m = 2.

Proof. As in the proof of Lemma we can replace /V[727(a7_a)(s) with T'(s + a)'(s — «) and
estimate using Stirling’s bound. We may, moreover, restrict s to the exponential zero set — Im(a) <
Im(s) < Im(a) to see that

0(2 o~
7P(~a) = / ¢ [P p(20)T p(~20)| / W .- ()] dis do

an=0 S=(51,-+ySn—
Re(a)=0 F(tel(s):—al)
o2 R+1 —_a—1L
< / er? - (1+ [2Im(a)] )2 / (1+ Im(s) — Im(a)[) 2
ap=0 Re(s)=—a
Re(a)=0 Im(e)<Im(s)<Im(«)

(14 Im(s) + Im(a)|)_a_% ds da.

o2
Due to the presence of the term e7?, we may assume moreover that Im(a) < T'*+¢. Thus, we have
the bound

1 1 1
I}%}%(—a) < / (1+2]al)™2 / (I1+a—s) " 2(1+a—s) " 2dsda
Re(a)=0 Re(s)=—a
0<Im(a)<Te+1! — Im(a)<Im(s)<Im(a)
< / (1+ 2|a|)R+%*min {otg2a} 5 o petRES—min {o+320}
Re(a)=0
0<Im(a)<TeH!

In the statement of Theorem [9.0.2, the claimed bound is I:(Fz) (—a) < TetRt5-B (@) where

0 if 0
B(a) =1 |a] +2(a—|a]) if0<|a] +e<a<|a]+1,
[a] if L <fa]—-Li<a<[a]—e.

We have in fact proved that I:ﬂ%(—a) < TeHRH3-B'(0) where

2a ifs<a§%,

B'(a) = max {a + 3,2a} =
(a) { 2 } a—l—% ifaZ%.

If, a < 0, then we may shift the integral over Re(s) = —a to be as close to Re(s) = 0 as desired;
indeed, we may make the shift to the point that the error can be absorbed into the £ term in the
power of T'. Therefore, since B(a) < B'(a) for all a > 0, the Theorem follows. O
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9.4. Proof of Theorem for general m.

Proof. Let m > 3 and assume that Theorem has been shown to be true for all integers
2 < k < m. It follows from Corollary with r; = [a;] that

af+-+ad, m
Ig}%(—a) < Z / e T2 .]:}(% )(a) H ‘I‘R(aj —Ozk)‘
T am=0 1<j#k<m
Re(a)=0
7) m)—2|o ) 117
/ n|1_d( )=20o] (5, @) Wm@(s—l—r%—a)‘ ds do

1
5:(317~--,3m71) H ‘BJ(S‘W(X)U(IJ—'
Re(s)=—a J=1

By Theorem [8:1.5

(m) % (m) ‘,Pd(m)f2|a| (37 O‘)’
w0 <Y [ S 0w ] e —an] [
7 & -0 1<j#k<m Re(s)=—a 11 |Bj(sj,a)|(“ﬂ
Re(a)=0 J=1

m—1

[ (1

J=1

F(Sj + faﬂ +oj—2zj1+

: ‘Wm_lﬁ ()| dzdsdao.

m—1

F(s]- +[aj] + 05—z — J0tm ))

Next, we use the functional equation for the Gamma-function to rewrite

m— j)o o
F(Sj + [aﬂ +O'j — Zj_l + (mj)lm)F<sj + [aﬂ +Uj — Zj — ﬂifml)

m—j (6770 jam
= P2o.j(S’Z’Oé)F<Sj + |Va/]-| - Z‘jfl + (/rn_)l)l—‘<8j + [a]—| - Zj - m — 1)

Additionally, we use the fact that the integrand has exponential decay unless |a1|, . .., |am| < T,
and by Lemma each of the variables s; are bounded in terms of o. This means that we may
replace the polynomials Pa,; with the bound Te+295. Note that in doing so, the dependence on o
is removed:

m—1
. e+ 3 [ag1( (7)) -2 of +-top, m
I%R)(—a) <T = ( ’ ) / T '.7:1(% )(a) H ITr(a; — ay)| /

Am=0 1<j#ksm s=(81,-,8m—1)
Re(a)=0 Re(s)=—a
/ ot |05+ a1 = 21 + 2 )0 (55 4 o] — 2 — )
j=1 |Bj(8j7a)|’—aﬂ

. ’Wmflﬁ (z)‘ dz ds da.

Notice that the conclusion of Proposition [9.4.2]follows from the last several steps by simply replacing
s by s+ L in the integrand (or, equivalently, replace Re(s) = —a by Re(s) = —a + L in the domain
of integration), and then at the step where the functional equation of Gamma is used to remove o
from the Gamma-functions, we remove L in the exact same fashion.
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We deduce that

m—1
. e a1 ()2 st
I:(m%(—a) <T = ( ! ) . / e T2 -]-"}(12 )(oz) H ITr(aj — ap)| /
Q=0 1<j#k<m—1 2=(21,..,2m—2)
Re(a)=0 Re(z)=b

. o, (m—j)a — 2+ 2
[ Mo -

T Re(s;)=a;]-a

. ’Wm,l,g (z)‘ dsjdz da.

Note that we have also made the change of variable s — s; — [a;] for each j = 1,2,...,m — 1,
and we are using the notation & := —a,,. (Using the terminology of Lemma in the case of
k =m — 1, we have & = @),—1.) As in the case of n = 2, due to the presence of the exponential
terms, we see that the integral has exponential decay unless || < T,

Lemma 9.4.1. Let o = (v, ..., ) and Bj = oj — % be as above. In particular, they are purely
imaginary with |By|, |a;| < T'T. Suppose, moreover, that o is in j-general position. Then

. (m=ja R
y { | ‘F<31 Zj—1 ’B;(szl’ a))l’—‘[gjj zj + m*1> ’ ‘PR(mTIa - Bj)FR(ﬁj _ mm a)‘ ds,
Re(s;)=[a;]—a;

—[a;]
< T5+R+%+max{0a2([aﬂ*aj)*l} Z H (1 + ‘ Z Qp — Z O‘k‘) . .

LC{1,...m} KC{1,....m} leL keK
#L=j #K=j
K+L

Proof. Let I; denote the integral we are seeking to bound.
The polynomial part (see Definition [9.2.2)) of the Gamma functions in Z; is

1 1—a,— N_1
|Qj(8, Z, Oé)‘ < (1 + Im(ﬂj — %a))€+R+2 (1 + ’Im(sj _ Z])’) [aj]—a;—Re(z)—3
T — . 1
(1 [Ty — 25 [) 91T
and the exponential factor (when taking all Z; in unison) is negative for any s; outside of the interval

I defined in Lemma That lemma together with the presence of the other exponential terms
in our integral allow us to take trivial bounds for the polynomial part, namely that Q;(s, z,a) <

TR+ tmax{02([ej1-aj)=1}  (Recall that 0 < Re(zj).) Thus we see that

Ij < T€+R+%+max{0,2(faﬂ—aj)—l} H ‘Sj " Z ak‘f[aﬂ dsj’
Re(s;)=[a;]—a; Jg{l,...,'n} keJ
elsé(sj)aéfj Y=
The desired result now follows easily from this and the statement of Lemma [A.3] O

Combining Lemma 9.4.1| with the bound for I:(Fn) (—a) given immediately before the statement of

the lemma, and applying Lemma |A.19, Lemma and Lemma (in the case that k=n —1
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and y; = 0), we now have the bound

m—1
Igrg(—a) - Z Ta+(R+§)(w~b—1)+j;1 (max{o,z((aj]—aj)—l}ﬂaj]((?)—2)) . / e%%
L%égllzzﬁm} Re(a@)=0
BI++82 4
/ e T2 'Pg(m)—D(m—l)(aa B) - fz(zm_l)(ﬂ) H ’FR(ﬁj - 5k)‘

B1=0 1<j#k<m—1

Re(B8)=0

m—1 —[ay] N

. H H <1+‘Zag— ZakD / ‘Wm_lﬂ ()| dzdpda.

j=1 KC{1,..,m} el keK = (et m2)

#;([;ZLJ Re(z)=b

To be more explicit, the polynomial Pg(m)f D(mfl)(&, B) is the portion of F ](%m)(a) which involves
the terms ay,.
At this point, we combine each of the terms in the final row with the corresponding term in

F ém) (). Strictly speaking, what is actually happening here is that this has the effect of reducing
the power of each factor of F. gn) («) by at most

max{[ai|,..., [am—1]}

Since each of the corresponding exponents remains positive, the net result is to reduce the overall

power of T by
m—1
e+ Y a5 <<m> = 1>.
— J

J

Using this, and accounting for the integration in & (which may be assumed to take place only for
[Im(a@)| < T'*¢), we now may write

() (B 5) =D+ RD(m)~D(m-1)+1+ S (max{02([a;]-a,)~1}[a;])
Irgp(—a) < T i=1 /

18an1:0

RE(3)=0
BE++B2,_4 . N
T ) T Tat - ) / W15 ()] dzdp.

1<j#ksm—1 2=(21,--,2m—2)

Re(z)=b
Obviously, at this point we want to apply the inductive hypothesis. Since at this point we only
need to do so in the case that b; > 0 (i.e., —a; < 0) for all j =1,...,m — 2, the reduction in the

powers of the exponents of any one of the factors of F }(%m)(oz), as occurred above, leaves the overall
power positive. Therefore, there is no issue, and we can assert (additionally applying Lemma |A.5))
the bound

)4 m=Dm=2)) "= p
I(ng(_a)<<Ts+(R+é)(m—1)+R(D(m)—D(m—1>)+1+A(m—1).TR(D( D 2 ) j; Bles)

e+R(D(m)+mm=1)) +"T+1Jr,ax(n%nfnil B(a;)
=T =
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Taking A(m) = ™+ + A(m — 1) gives the claimed bound. Since A(2) = 2, it follows that
AB) =4+ A(2) = 5(4+3),...,A(m) = L(m+1) + m 4 -~ + 3) = lEm=]),
as claimed. O

In the course of proving Theorem [9.0.2| we also established the following result that we record
here since it will be useful in its own right.

Proposition 9.4.2. Suppose that L = (¢1,02,...,lpm_1) € (Zzo)mfl. Then

aZhotal, .
/ e% ‘]:ém)(a) H ‘PR(OZJ‘ —Oék)‘ / ‘Wm’a(s—i—L)‘ dsda

am=0 1<j#k<m $=(81,s8m—1)
Re(a)=0 Re(s)=—a
oL af+otady (m) o~
< T2 / e 22 - Fp(a) H ’FR(aj — )| / ‘Wma(s)‘ dsdo.
Q=0 1<j#ksm 5=(81,.-,8m—1)
Re(a)=0 Re(s)=—a

As a shorthand for this result, we write I:(;Z%)(—a + L) < T+ -Ig;%(—a).

10. Bounding pgfl)g (y)

In this section we prove the following.

Theorem 10.0.1. Letn > 2 ande € (0, 1). Suppose that a = (ay,as, ..., an—1) satisfies |a;|+e <
aj < [aj] —€ for each j =1,...,n—1. Let C be the set of compositions n = ny + --- + n, with
r > 2. Then, for

A(C) = {502(51,...,5,_1)EZ7’_1 ‘ 0 <5 < as, (jzl,...,r—l)},

we have
(10.0.2) ‘p%(y)‘ < (p%(y; —a)( +> 0> ‘p%(y; —a,8c)|,
CEC §c€AL(C)

where

L S S = DTS I (G0 B S S =10

j=1
and
(10.0.4)

=1 e NG | R (20) o) NS By 1S (s ) (an. —
T | B e s Lt e
9 ) ’ ‘7

j=1

The implicit constant depends on both € and n.
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10.1. Explicit single residue formula. In order to bound the terms pgfl L(y; —a,dc) we need an

explicit formula for the residues of the Mellin transform of the GL(n) Whittaker function. The
following result establishes this for the case of single residues (i.e., when the composition C' has
length 2) as a corollary of Conjecture combined with a theorem of Stade [Sta0l] for the “first”
residues, i.e., for those residues corresponding, in the notation of the theorem, to 6 = 0.

Theorem 10.1.1. Let Wm,a(s) be the Mellin transform of the Whittaker function on GL(n,R)
with purely imaginary parameters o = (o, ..., o) in general position. Let o € Sy, act on « via

g-a = (aa(l)a Qg(2)s - - 7aa(n))'
The poles of W,W(s) occur, for each 1 <m <n-—1, at
sm€{—0-Qm—0|0o€ S d¢eZx,}.

The residue at Sy, = —aiy, — 0 is equal to a sum over shifts L = (1,0a,...,0n_1) of terms of the
form

I1 ((Zai)—am—(s)_l ﬁ f[ T(a; — a; — 0)

KC{1,2,...,n} €K s \i=lj=m+1
#(KN{1,2,....,m})#m—1
=m
P(()=2)0-2i) (5 O Wi 5 (5" + L) Wiy (" + L),
where
10.1.2 ’:<. ig )‘ ,,:( L nemeja )‘
( ) ’ 55 mm 1<j<m’ 5 Smtj T = Om 1<j<n—-m’

with L' = (01, ..., 0m—1) and L" = (byy11,...,0n—1) being the portion of L corresponding to s’ and
s" respectively. It is the case that ly—1 = bymr1 = 0. Note that we take as definition that Wy := 1.
The same formula holds for the residue at s, = —0 - Gy, — 0 by replacing each instance of o with
o (j)-

Remark 10.1.3. Another way of writing the above expression for the residue would be to take the
product over all K C {1,...,n} with #K = m and replace I'(ay(j) — ag(;) —6) With I'(aq(;) — as))-
The two versions are equivalent because if K \ {1,...,m} = {j}, then {1,...,m}\ K = {k} and

((Zai) — Qm —(5>_ (o — ag) = T(aj — ag — ).

€K Ey
Sketch of proof. In the case that § = 0, this result (for L = (0,...,0) € C"!) agrees with the
theorem from Stade (add reference-including the theorem number). If 6 > 0, we need to first apply
Conjecture to rewrite the expression for Wma(s) around $,, = —a,;, — 0 as a sum over shifts
L=(l1,....0n1) € (Z>o)" ! (with £, > § for each L) of terms Wn@(s—i—L). Of all of these terms,

the only ones for which there is a pole at s, = —a,, — d are those for which ¢, = §, in which case
we can use the above referenced theorem of Stade to write down the residue. Doing so, we obtain
the alternate expression referenced to in Remark [10.1.3 ]

10.2. Explicit higher residue formulae. In order to generalize Theorem|[10.1.1] we first establish
notation related to the (r — 1)-fold residue of W, o(s) at

— 07y (=1,....,r—1
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To this end, let s\9) := (sgj), cel s(j,)fl) where s,(j) = S, ,+k- By abuse of notation, we write

nj
— (D (D) (1) 2 (2 2) (k) (k) (k) -
§i= (17585 sy Sy s S] 58y yeees Sy e s 8] Sy ,...,snk_l) eC T,
(D) —5 —a®)
which agrees with the original s = (s1,..., sp,—1) but removes sz,,...,s5,_,-
Similarly, if & = (a1, ..., a,), we define
¢ ¢ ¢ ~ ~
al) = (ozg ), .. .,aé )) e Cn, ag- )= Ry 4j — n%(am — am_l),

and
12 ) 2 ) 2 M 2
a0 = (@) + (@) oo+ (o)
If a € R"! then by Re(s) = —a we mean that Re(s;) = —a; for each j # fig,...,My_1.

With this notation in place, we can now state a generalization of Theorem [10.1.1
4

Corollary 10.2.1. Let n = ny + --- +n, (r > 2), and set ny := ), n; as above. For each
j=1

0=1,..r =1, et 0O = (67,657, 0y with
b;z) =0, , + n%(&m — aﬁH) for each 1 < j<mny—1.
Let 6; € Z>o for j = 1,...,r — 1. There exist positive shifts L = (LW, ..., LMY with LO =
(ng), o ,L;i)_l) € (Zs0)" such that the iterated residue of Whols) at
Shp_1 — 762?%,1 - 57‘*1 I 76[\%1 - 61?

is equal to a sum over all such shifts of

(H a0 (8 (s +b® 4 ¢ >H H ((Z%)—aﬁj—éj)
=1 KC{1,2,..7;41} ieK

F#(KN{L,.. ”7 H#n;—
#K=n;

g Nm
[T TTTTr (o~ o+ 2 n ~ G, ) = ok (G, —in ) 0 ).

1<k<m<ri=1j=1

oo [0 () 9]

Proof. This follows easily by induction with the base case being Theorem [10.1.1 O

where

Remark 10.2.2. Although it is possible to rewrite each of the terms ( > ai) —a, — 0 appearing
€K
in the statement of Corollary |1 in terms of the variables o) and a(] ) for various j and m, the
exact description is unnecessary for our purposes.
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10.3. Proof of Theorem [10.0.1]

Proof. As a first step, note that Proposition implies that (10.0.2)) follows from (10.0.3|) and
(10.0.4).
As shown in Section the shifted p; % term satisfies

[t OIS
k-0l < (Lo = )2h-a)
j=1
Combined with the bound from Theorem [0.0.2] this gives (10.0.3)).
To complete the proof, we need to show that (10.0.4) holds. We do this in Section Although
this proof is valid for any r > 2, as a warmup, we first prove the special case r = 2 (i.e., the case
of single residues) in Section [10.4] 0

10.4. Bounds for single residue terms. In this sectio we bound p%(y; —a,dc) in the case

that of the composition C' = (m,n —m). Since C is a composition of length two, we may take (see

Definition |8.3.3)) ¢ = 6 € Z>o.
Proof of (10.0.4) when r = 2. Using Lemmas [A.19] |A.26 and |A.28] we can rewrite

a%+~-~a%
e T2/2 J—"I(%n)(a) H Ir(a; —ag)
1<jAk<n
in terms of 38, v and «;,. Thus, together with Theorem [10.1.1] we see that Definition [8.3.3]in the

case of a single residue term (i.e., r = 2) satisfies the bound

m(n—m) | ~ n a%n \E\Z |"/|2
mO) L Gt S
Pk (y; —a, 60) < / Ym 2 e T2 / eT?/? / eT?/?

Re(am)zﬂ B\m:() In—m=
Re()=0 Re(v)=0

U@ T teG-8) | (A ™ @ I Tete-)

1<i#j<m 1<i#j<n—m

<FR (/B’L — + m?f;a\:nm))FR (7] - BZ - m?r?\:nm))F(fYJ - BZ - mzlr;dlnm) - 6))

j(n—yj)
=g
. (H / yj 2 >PR(D(N)—D(m)—D(n—m))—6((”)—m(n_m)_1)(3’a)
J?émRe(sézzfaj
JFEmM

P25y (5 @) W o'+ LYWy (5" + L) ds dy dB i,

In order to have the correct power of y,, we need to shift the line of integration in @, to Re(ay,) =
am — 6. Note that by Lemma no poles are crossed in doing so, and by Lemma taking
B = B —~; and z = —%m—~_ we may replace the third to last line by

m(n—m)’

’Pm(nfm)an(amfzS)fm(nfm)(s(37 amv B, '7)

INote that this section will be superseded by Section which will prove the bound for any admissible P with
length(P) > 2. This section treats the case length(P) = 2.
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Let |82 := 82 + -+ + (2, and define |y|? similarly. Replacing the integral over @,, by T and

mo
factoring out the powers of y;, we see that

n—1 .. .
P (s —a, 50)‘ < (H y;(z’)Jraj) e+ ((2)=2)5+R(D(n)=D(m)—D(n—m) ) —5(( 1) ~m(n—m)—1)

j=1

. T—2\L|+m(n—m)R—n(am—5)—m(n—m)(5+1 . eT?/2 eT2/2

VSR | EREICEH ) N VA CORN | (R VTR

1<i i<k 1<ij<n—k
/ )Wmﬂ(sl + L')|- ’/I/Iv/nfmﬁ(s” + L")|ds dvy dp.
Re(sj)=—a;
1<j<n—1
j#m

Note that by Proposition [9.4.2] we may remove the dependence on the shift L. Hence

n—1 . i
pgf}%(y' . 50)‘ - (H y7< - a>+aj> . pe+R(D(n)=D(m)=D(n-m)+m(n-m)) +6(n-1)
, ? ’ J

7=1
BE+-+B V2
. nam+l / e TZ/2 / e T2/2
B\m:() /'yn—m:()
Re(8)=0 Re(7)=0

- T te-s0 | (7@ TT Tt —)

Lsizj<k 1<iAj<n—k
/ ‘Wmﬁ(sl)‘ : ‘anm,'y(su) ds dry dp.
Re(s;j)=—a;
1<j<n—1
j#m
By (10.1.9),
=5 = (@ —0), and 8 = sy = "0 (G - 0).

Thus the integrals in 8 and 7 above are essentially the product of I:(Fir}b%(—a’ ) and I:(;E ™ (—a"). The
only issue is that because, as seen in the fact that the variables s’ and s” are shifted, we have

a; =aj — L(ay —3), and al = Qg — DT (G — ).

Therefore, we can rewrite the previous formula as

n—1

o) (s 50)‘ - (H yg<n2j>+aj) _ e+ R(D(n)=D(m)=D(n—m)+m(n—m))
k) ’ ) .j
i=1
. T&(nfl)fnaerl . I(m)(—a’) . I(n—m)(_a//)
TR TR .
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By Theorem [9.0.2) we have

i(n=g)

n—1
‘P%)R(% _a750)‘ < <H g +aj> 'T5+R(D(n)fD(m)fD(nfm)er(nfm))
=1

A D)L mm=1Y "= g
b1 O (DO 2E) 5 ()

e+C(n—m)+R- (D(n—m)+ 2=mz=m=1) S B(a))
T j=1 ,
Recall that C(k) = W. Hence, using the elementary identity
C(m) + C(n—m) :C(n)—m(n;m)—l
together with Lemma
n_l j(n—3) . m(m— n—m)(n—m—
‘P%%(y; —a, 50)‘ < (H 3/72”%) e R(D(n)4mi(n—m) M=l (omGom 1))
j=1

m—1
§(n—1)4+C(n) "= g — 3 Blag)+ 52 (am—6+1)+B(am)
j=1

e+C(n)+R(D(n)+ 1) =S Blay)

el g _
< I]v ® ]>-T =

=2 (5 +1)— 2= (5 )+B(am)—8
T2 2

This gives the desired bound provided that the exponent of the final T is negative. Using the facts
that —w is maximized when m =1 or m =n — 1 and B(an) < am + %, we see that the final
exponent is

(10.4.1) —=(am —0) + - < —=(am —9),
as claimed. 0

10.5. Bounds for (r — 1)-fold residues. We consider a composition C' of n of length r > 2 given
4
by n =nq +--- +n,. We may also write C' = (n1,...,n,). Let ny = > n; as usual.
j=1
As a final piece of notation, let 5 = (81,..., ) be defined via

ﬁ’i = aﬁz - aﬁi,1
r ~ m ~
Note that > f; = 0 and more generally, defining 5, = Bi, @n, = B;. Since (assuming that

i=1 =1
&, = 0) the Jacobians of the change of variables

a— (@M a5, 0@ as,, ..., a5, o)
and
(ah\la ey aﬁr_l) = (/817 ey ﬂT—l)
are trivial, we see that (for 51 +---+ 5, =0)
(10.5.1) do = dB daWda® - .. dal"),
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Proof of (10.0.4) when r > 2. Note that
0~ P~ ~ > j .
bg- ) — am, |, + n%(ozm — Oéﬁe_l) = fo-1 + n%ﬂz foreach 1 <j <ny,—1.

Recall that by Definition [8.3.3

( a1+u.+a%
quf}%(y;—a,éc):z/ e T2 ]-'(” < H T'g(a —ak)>

Re(a)=0
=1 fn-my) |~ o
‘ H %-‘raﬁiﬁ‘éi . H %_Sj
Y5, v
=1 Re(Sj):—a]- j%{ﬁlz'-wﬁrfl}

Jj¢{n1,....nr—1}

: Res ( Res < . ( Res Wna(s)> )) dsdo.
sp,=—0n, =01 \ Sa,=—0n,—02 Sf,_1=—0n,_;—0r—1

Using Remark [A.29| and Corollary |10.2.1} we can bound ‘ pT R (y; —a,déc) ‘ )| by a sum over certain

shifts L each of the form
-7y = ’a(j)’2
+B;+0; / o T )

[ (11w

Br=0 ) =0
Re(8)=0 Re(a())=0

Py -2z (@) - / ( 11 y;(n;j) _Sj) * Pay (s, )

Re(s):—a jé{ﬁla--vﬁr—l}

I TTTTr(o o e -a) T (oo =l 2))
1<k<m<ri=1j=1 i

r

‘}—;%ne)(a(é))< I rr(? _ag))>w (59 4+ b0 4 L)
=1 1<j#k<n,

ds daWda® ... da™) dg,

where

-2 (%))
o o) B o)

are the degrees coming from Remark m and Corollary [10.2.1] respectively, and b is as in
Corollary |10.2.1] Note that, in addition to using the change of variables (|10.5.1f), we have used

Lemma and Lemma to break up e2l”/T* and rewrite the product of I'(aj — o) in terms
of a®, ... ol and 8.
The next step is to shift the lines of integration in the variables g; for j = 1,...,7 — 1 (or

and

equivalently, Bj for j = 1,...,7 — 1) such that the real part of the exponent of each term Yn, 1s
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M + a;. In particular, the implies that we must shift the line of integration of Bj to
(10.5.2) Re(B)) = an, — 0; <= Re(B;) = Re(B; — Bj—1) = (an, — &) — (an,_, — §;-1)-

Provided that R is sufficiently large, Lemma [A.T4] implies that this shift can be made without
passing any poles. Moreover, Lemma [A.15] implies that

(1053 ] ﬂﬁp<a§m —al™ 4 B 5m) I T (6<a2(k) ol 4 e 52))

1<k<m<ri=1j=1
Nk Nm

= ]I HH(lJr\Im )+Bk QZ)})RRG(WM

1<k<m<ri=1j=1
Note that the presence of the term e("lJr +”T)W implies that there is exponential decay for
Im(B;)| > T'*¢. As we will see momentarily, besides the polynomial terms Py, (), Pa, (s, ) and

(110.5.3]), we just get a product of I;njg(—c(j)) for some (to be determined) values —c(®). The upshot

is that all of these polynomials can be bounded by T to the degree of the polynomial plus €. Hence,
we can bound the expression above by

r |2
_ - J)+a ’0‘7 n
(10.5.4) Tetr—1+d=2ILl H yj 11 < / e T2 FI (ol0)
=1 a,(fz):() Re(s®)=—a®
Re(a(®)=0
: ( [T re@? —af )‘ o (8O + 00 + L“>)‘ ds'® da@),
1<j#k<n,
where d = dy + ds + d3 with dy and dy are as above and
r—1
=R ZWW Z ( nk + ny1)(aq, — 0k) + 5knk+1ﬁk)
k=1

is the bound coming from the terms described in (10.5.3]), simplified using Lemma Combining
everything, we find that d equals

-1

R- (D(n) — Z;D(ng) + Z nknm> — rz: ((5k + (g + nis1)(an, — (5k))

1<k<m<r k=1

Recall that the bound on p?}z(y; —a,dc) is a sum of expressions of the form given in ((10.5.4) for
various shifts L. However, using Proposition we can remove the dependence on the shifts.
Hence,

Ut T W r 2O
(10.5.5) |p(T’f}%(y; —a,dc)| < TEHrTL H y; ta; H / e T2z
3=1 =1\ _)_
anﬁo
Re(a(®)=0
'fl(%nl) (a(e)) / H FR(ay _ O‘k )‘ a0 (8 6 4 plt ))’ ds® daw)),
1<j#k<n,

Re(s(0)=—a(®
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Hence, setting D =al® —Re (b(g)), where

b(é) = (bgg)v s 7b(f]))7 by) = Eﬁfl + 77%/8@7

n

we find that

n J)+a . T ¢
[Py —a,5¢)| < H 8 RO | EEHACTE)
j=1 =1

Let C(m) := W. We now now apply Theorem [9.0.2| to each I:(Fn]‘%) to obtain

" ctrtsar 5 (R0 450 ) oo 5 B
‘pgﬂ}%(y; —-a, 50)‘ LT =1

) ”l:[ d(n— J)Jraj

Now we generalize the proof of Lemma keeping in mind that a < B(a) < a + %, to simplify
the expression

r mg—1 r ng—1
> > Bl ) ) > > (an+j — Re( (Be—1) — £ Re(By))
=1 j=1 =1 j=1

[(ne = 1) Re(Ber) + 252 Re(39)]

I
M
2

/—\
g
5
el

~—
<

j=1 =1
> ”z_:l (B(aj) — %) — gank — ; [(W —1)Re <3€ - %5@) ]
j=1 k=1 =1

n—1 r—1
= —”T—l + ZB(aj) — Zaﬁk — [(ne —1) (Az - %(Aé - Aﬁfl)}
j=1 k=1 =1

T

[(W — 1) (Ag + Ap_y) ]
/=1

N | —

n—1 r—1
——e 4 S B - Son, -
j=1 k=1

Next, we write the sum over £ as
T

>0 =1) (Aot A1) | = D (me — 1A+ i(w — 1A
/=1

~
s |l b
=

=1
r—1
(ng—1)Ag+ ) (nesr — 1) A,
/=1 /=0
r—1
= (n1 —1)Ao + (n, — 1) A, + Z(W +npp1 —2) Ay
=1
r—1
= ) _(nk + npq1 — 2)(am, — Ok)
k=1
We plug this back in to get
r ng—1l é n—1 r—1 1 r—1
_ZZB (©) §Tl ‘ B(ag)—l-Zaﬁk+§Z(nk+nk+1—2)(aﬁk—5k),
=1 j=1 j=1 k=1 k=1



from which it follows that the exponent of T in the bound for ‘ pT R (y; —a, 50)‘ above is

ng—1
e+r—1+d+ Z (R(D(e) + "04=1) 4+ Cng)) = > B(e)
=1 k=1
n—1
—etd + R(D(n) + "<"2—1>) +C(n) - Y Blay),
j=1
where
1 — T
d=r—1+d"+5 + 52(% + g1 = 2)(am, —0) —C(n)+ Y Cln) + ) as,
k=1 (=1
1 r—1 r—1
=d" + % + B (ng + N1 — 2)(an, — 0x) + Z ag, — % Z N Nam
k=1 k=1 1<k<m<r
and
r r—1
d'=d-—R- <D( ) D(ng) + Z nknm> = — Z (5k + (nk + nk+1)(aﬁk — 5k))
/=1 1<k<m<r k=1
Hence
n—1 r—1
d = 5 — Z <5k + (nk + ’I’lk_;,_l)(aﬁk — 5k))+
k=1
1 r—1
+ B (ng + ngy1 — ank o) + Z ap, — = Z NENm
k=1 k=1 1<k<m§r
n—1 r—1 1 r—1 1
= 5 — Z(nk + nkﬂ)(aﬁk — 5k) + B (nk + nkﬂ)(aﬁk — 5k) — B Z NENm
—1 k=1 1<k<m<r
1 r—1
=5 |n—1- > (ke +men)(am, — k) — D ngnm
k=1 1<k<m<r

Note that if r =2 and nqy = m and 6; = J, then this expression becomes

n—1 n m(n —m)
5 T plem ) -
which agrees with .
Therefore, to complete the proof, we need only show that n —1— >~ ngn,, < 0. Indeed,
1<k<m<r
r—1 r r—1
n—1-— Z NNy = n—l—z Z NpMyn, = n—l—an(n—ﬁk) <n—-1-ni(n—n1) <0,
1<k<m<r k=1 m=k+1 k=1
(with the final inequality being equality if and only if ny =1 or n; = n — 1), as desired. O

Remark 10.5.6. A critical step in the proof of (10.0.4]) (either in the case of single residues, as is

proved in Section or higher order residues, as in Section [10.5) is to shift the lines of integration

in the variables &, or Ej A feature of this work that is quite different from the case of GL(4)

as proved in [GSW2I], is that no poles are crossed when making these shifts. This represents a

major simplification. Recall from the discussion of Section that in the case of n = 4 there are
60




two fundamentally different types of single residues, two different types of double residues and a
triple residue. As it turned out, when making the additional shift for each of the single and double
residues, one ends up with five additional residue terms. Taken all together, it was necessary to
complete the analysis of writing down explicitly what the residues are in terms of Gamma-function,
finding the exponential zero set, applying Stirling’s formula and then obtaining a bound for ten(!)
separate residues integrals. All of this was in addition to performing these steps for the shifted pgif )R
term.

APPENDIX A. AUXILIARY RESULTS

In an effort to avoid obstructing the flow of the argument in the main body of this paper, we
will include here the many technical results that are used throughout.

Lemma A.1. Suppose that w = Wy, n,,..n,) for some composition n =ny + -+ ng with r > 2.

Then, if y = (y1,-..,Yn-1), wyw ' is equal to
—1
n—1
(yn—ﬁl-H y Yn—n1425 -+ 5 Yn—1, H Yk y e e
n1 — 1 terms k=n—n2
nfﬁi_zfl -1 nfﬁi_lfl -1
) H Yk y Un—m+1 5 Yn—m;425 -+ 5 Yn—m;_1—1> H Yk PRI
k=n—n; k‘znfﬁﬁul

n; — 1 terms

n—ms_o—1 -1

) H Yk y Yn—m1+15 UYn—n1425 -+ yn1>
k=1

ny — 1 terms

In particular,

—1||ak T —On,_y TR,y 45 70,
[y [[* = T[T T wn-is :
i=1j=1

Proof. Let w = W(y, ny,...n,) as above. In order to carefully analyze Yy = wyw™!, we define

K2
x; := [[ y;. This notation implies that y = diag(xy—1,2n—2,...,21,1). Now, let us think of the

matrbz yl as a block diagonal of the form y = diag(A1, Ao, ..., A,) where
A; = diag(@p 7, -1 Tn-m;_1-2r- > Tn—s,_1—n;) € GL(n;, R).
Thus,
Yy =wyw ' = diag(A,, Ar_1,...,A)) = Tp—n, diag(By, By_1,...,B1).
Let 1<i<rand 0 <j <n;—1 and set
Fii1ti = M
Ln—ny

Then (yi, 5, ..., Y,_1), the Iwasawa y-variables of y/, satisfy y, = z;/z;_1. For j # 0, therefore, we
see that

n—n;+j
Yk
y/ _ Tp-mty k=1 s
ni—1+7 T fitj1 n—rti—1 n—n;+j>
Ye
=1
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and for j =0,

n—";41 1
R R H Yk ni+n;p1—1 -
r_ xn*niﬂ o ‘/En*niJrl o k=1 o H R
yni - - - n—f;_1—1 - yn—ni_H—i-k )

xn—ﬁiJrl—l wn—/ﬁi—i-ni—l k=1
I w

(=1
from which the statement of the lemma follows directly. O

Definition A.2. We say that o = (a1,...,a,) € C" is in j-general position if the set

{Zak

keJ

consists of (J) distinct elements. We say that « is in general position if it is in j-general position
foreach j=1,...,n— 1.

Lemma A.3. Suppose that there exists € > 0 such that for each j = 1,...,n — 1, the real part of
s; is bounded by at least € from any integer. Assume that o is in j-general position and Re(a;) =0
foreachi=1,...,n—1. Assume that

Im(ap) > Im(ag) > -+ > Im(aw,),
and let I; = [-Im(oq + - - + o), —Im(ap, + - - + an—j1)]. If r; > 2, then
v
s
0o Se e ¥ 11 <1+\Zag_zak\> .
Re(s))=or; I AL} keJ LC{1,..n} KC{1,...n} teL keK
Im(sj)el; L= = #I;L
If r; = 1 there is an extra power of ¢ in the exponent (in which case the implicit constant will

depend on €), and if r; = 0, the integral is bounded by

J J
(1 + Z ag — Z Oén+1—z)-
k=1 =1

Remark A.4. The implicit <-constant depends on o;, but in applications this will always be
bounded.

Proof. The bound in the case of r; = 0 is obvious, so we may assume henceforth that r; > 1.

Consider the set
Aj = { Z oy

keJ
For a fixed choice a in j-general position, let A; be the element of A; that has the greatest
imaginary part, As the next greatest imaginary part and so on. Hence —Im(A;) < —Im(A4s) <
< — IIH(A(n))
J
Write s; = o; +itj. Note that [; = [—Im(A4;), —Im(A(
[GSW21], one obtains the bound

))] Upon applying Lemma A.3 from

J

-1

(
/ H SJJFZOék‘ ds; < (14 Im(41) — Im(4(n))°

JC{1,.. keJ k
#L J

<. 3
— T

-7;

(1 + Im(Ay — Ak—H))

Il
i
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This is one of the possible summands on the right hand side of the statement of the lemma. Hence,
regardless of the specific ordering which may arise for the given choice of «, the claim follows. [

Lemma A.5. Let a € R. Then

—[al ifa€lfa] - 3,a]
—la] =2(a~la]) ifae(lal,|a] +3).

Proof. First, let us assume that a € [[a] — 3, [a]). Then [a] —a < 3, hence

max{0,2([a] —a) =1} - [a] = —[a].
|

max{0,2([a] —a) ~ 1} ~ [a] < {

On the other hand, assuming that a € (|a], |a] + 3], we see that
max{0,2([a] —a) — 1} — [a] = [a] —2a — 1 = |a] — 2a = —|a) — 2(a — |a]),
as claimed. O

Lemma A.6. Suppose that aq,...,a, € Rsg. Let

0 ifa<0
B(a):={ |a] +2(a—la]) if0<|a]+e<a<|a]+1,
[a] ifi<fal—1<a<Ta] -

Then for any 6m € Z>o with 0 < am — Om,

m—1 . n—m—1 '
B (aj — %(am — (5m)> + Z B (am+j _ n;:nﬂ:ﬂ (am — 5m)>
j=1 j=1
> Blay) | — %52 (am = 6m + 1) — Blam).
Proof. We consider first the case of r — % <aj<rforall j=1,2,...,n—1. For any a € R, note
that
(A7) a<B(a) <a+3,
hence
m—1 ‘ m—1 m—1
B(aj — L(am — 6m)) > aj B(a % mT_l(am — Om)
7j=1 7=1 7j=1
m—1
= B(a DL (@, — 6y + 1).

—_

j:

Combining this with the other terms (which is easily shown to satisfy the analogous bound), the
desired result is immediate. u

Remark A.8. The function B(x) appears prominently in Theorem [10.0.1{and is critical in bound-
ing the geometric side of the Kuznetsov trace formmula. Its graph is shown in Figure[l|in compar-
ison to two other functions B4 and Bs.
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F1cure 1. Comparing graph of B(x) (thick black) to By(x) (dotted red) and Bs(x)
(dotted blue) bounds.

In the case of GL(4), the function By appears [GSW21] (see Theorem 4.0.1) as a bound for the
pr,r function. Indeed, making necessary adjustments due to a different choice of normalization
factors (see Remark [1.6.2)), the result of [GSW21] is that

3
e4+27R+12— 3" Ba(a;
{p%)R(l; —a)| < T PR Bl ).

Theorem establishes the same result but with By replaced by B. Although the improvement
is slight, we remark that it is essential in Lemma and evidently allows the inductive method of
the present paper to lead to the same asymptotic orthogonality relation as was established directly

in [GSW21].
With a bit of work, one can show that the function Bj, also graphed in Figure [1} appeared in
[GK13] as a bound for

2
e+6R+7—3" Bs(a;)
PP p(1;—a)| < T = .

Although this looks to be an improvement on our result here, the method of [GK13|] contained an
error which the present method (and the method of [GSW2I]) corrects.

Lemma A.9. Let ¢ > 0. Then for any p € % + 7Z there exists 0 < &' < % sufficiently small such
that, setting 6 = i%/, if a = (a1,...,an—1) where

jln—=1)
0= p+ B

and, for w = w(, . ), bla,w) =0b=(b1,...,by—1) where

1+9),

bpn—fii+j = Gy — GRy_y 45 T 08, £ 9’

(meaning that a and b satisfy (6.3.1) and (6.3.2)), respectively), then, letting B be the function
defined in Theorem[9.0.2,

n—1
-1
> (B(a) + B1) = | "5 | 4o+ 2, in) -,
j=1
where
— (n— )
d(ny,...,ny) = ];(nk‘f‘nk—‘rl);k



Proof. We first note that although the bound B(z) > z holds for any x € R, for any ¢ > 0,
B(z) > 2+ % — ¢ provided that z is sufficiently close to a half integer. Lemma (as justified in
Remark asserts that if n is even then n — 1 elements from the set of all the possible values
of ar and b are indeed within € of a half integer, and if n is odd then n — 2 of values have this
property. Hence,

n—1 n—1
(A.10) (Blaw) + Bb) > ™54+ 3w+ by) — =
k=1 k=1

Since by,_s,45 = A, — G5, ,+5 T ap, = g, we see that

nq

Z (bn—ﬁi+j + aﬁz‘—1+j) ~ T (aﬁi—1 + aﬁz‘)'
=1

Therefore, summing over i, we see (making use of the fact that ag = a,, = 0) that

n—1 r r—1
Z (bk + ak) - an (aﬁi—l + aﬁi) = Z(nl + ni+1)aﬁi
k=1 i=1 i=1
— (n —7ig)7a
— NE)TE
:Ejmk+nmﬂ<p+i2+5>
k=1
= (n —7)A
— Nk )N
~ p(2n —ny —ny,) —I—Z(nk—i—nkﬂ)f
k=1
=:®(n1,...,nr)
Combining this with (A.10), the desired result is now immediate. O

Lemma A.11. Let C = (nq,...,n,;) be a composition of n with r > 2. Suppose that p € % + 7.
Set ag := 0, ap := 0 and for each 1 < k <n —1 we have ai ::p—l—w and for each 1 < i <r
and 1 < j <n; welet b;j :=ap, | — an, ,+; + an,.

Then

2n—n1 —n, — 1 if n is odd,

klap, ¢ Z} + ,7) | b @2} = =l .
HEL BB DT B2 = sy )1 )4 S 18] s cven
1=
Remark A.12. Note that the quantity given in Lemma[A T1]in the case of n odd is 2n—ny—n,—1 >
n — 1 for any composition C' (with equality precisely when r» = 2). If n is even then

r—1 r—1
-1 3]+ 5+ (3] 25+ 3+ 5 -2+ g -n-2
=2 1=2

Equality in this case occurs precisely when n; and n, are both odd and all other n; are even.

Proof. For notational purposes, set
Aln) =#{1<k<n-1|a ¢ Z},
B(C):=#{(i,j), 1<i<r, 1<j<n; | bij ¢ Z}.

We first consider the case of n odd, for which w € Z for all integers k. Therefore, A(n) =

n — 1. As for B(C), note that b;; is equal to p plus an integer as long as ¢ # 1,r. Otherwise,
b1,j,bj € Z. Hence B(C) =n —ny — n,.
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In the case of n even, w € Z only if k is even. Hence A(n) = § — 1. To the end of finding
B(C), we introduce the notation

Bi(C) =#{1<j <n; | bj ¢ Z},
™
for which it is clear that B(C) = Y B;(C).
i=1
The cardinality of B;(C') depends, obviously, on the integrality of b; ;. To determine this, we
first assume that ¢ = 1. Then
jn—j)  ni(n—ni)
2 * 2 ’
Therefore (since n is even), b; ; € Z if and only if j = ny (mod 2). This implies that

bij=~—

m=lif pny is odd,

Bl(C) = {n12

. . )
R if nq is even.

or more concisely, #B1(C) = |%5]. The determination of B,.(C) is similar: #B,.(C) = |7 ].
For 1 < i < r, we see that (setting k = n;_1)
by = p+ k(n—k) (k+j)(n—k—j) n (k+n;)(n—k—mny)
2 2 2
(k+j)(n—k—j) N ni(n —n;)
2 2
1 (k+j)(n—k—37) nin—mny)
_1 7).
> + 5 + 5 (mod Z)
We see again that the integrality of b; ; depends on the parity of n;. If n; is odd,
(Mi—1 +j)(7”; ni-1— j) ¢ Z} 7

= pt+k(n—k—n;)—

Bi(C):#{léjém

and if n; is even,

Bi(C) =#{1 < j < ny| Pt E A0 =Rz =) eZ}.

2

One can check, arguing case by case as above, that in any event, the answer is B;(C) = [%]. O

Lemma A.13. Suppose that (ny,...,n,) € C". The function

r—1
ny A+ ) (s 4 4
®(n1,...,ny) = Z(nk+nk+1)( )(2 + )
k=1
is invariant under permutations, i.e., for any o € Sy, we have ®(n1,...,n;) = P(Ng1), -+, Np(r))-

In particular, if P = nq + -+ + n, is a partition of n then ®(P) := ®(nq,...,n,) is well defined.
Moreover, among all partitions P of n (with r > 2),
-1
B(P)>d(n—1,1)=d(1,n—1) = ”(”2)

Proof. Suppose that n =ny +---+n, =mq +--- + m, where
nj if £k k+1,
mj = ifj =k,
Nng ifj:k:+1.

Then one can show by an elementary (albeit tedious) computation that ®(ny,...,n,) = ®(m,...,m,).

In other words, ® is invariant under any transposition 7 € S,., hence invariant under all of S,.
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Suppose that n = ny + -+ 4+ n,. If ny = nj + nj for some 1 < k < r, then one show via a

straightforward computation that ®(ni,...,ng_1,n;, 1}, Mkt1,...nr—1) — ®(n1,...,np) = m.
If n=n1 4+ n, with r > 2, it then follows, setting ng := min{ny, ng,...,n,}, that
nno(n —no
®(ny,...,n) > P(no,n —ng) = (2)
Among all 1 < ng < 7, the right hand side is minimized when ng = 1. ]

Lemma A.14. If§ € Z and B € iR are fized, then the function Tr(S+ 2)Tr(—8—2)['(—=F—2—10)
is holomorphic for all z with |Re(2)| < R.

Proof. The fact that |z| < R implies that I'r(£2) is holomorphic is immediate, so the only question
is what happens at the (simple) poles of I'(—3 — z — §). But these occur at z = —f + k for some
integer k which correspond to zeros of I'r(8 + z) or I'r(—p — 2). O

Lemma A.15. For 6 € Z fized and z, 8 € C and |Re(z + 8) + 6| < R, we have the bound
Tr(B + 2)TR(=B — 2)0(=f — 2 = §) < (1+ [Im(8 + 2)[) 97

Proof. This follows immediately from the Stirling bound |I'(o + it)| ~ v/ 27r|t|"7%e”|t|/2. O
Definition A.16. Let o = (aq,...,a,) € C" be Langlands parameters satisfying a,, = 0. Let
n =n1 + ---+ n, be a partition of n with ny,...,n, € Z,. Then for each £ = 1,...,r we define
al®) .= (age), . ,a,(fe)) € C™ where
nyg
0 ._ 1 (A ~ 012 ._ (02
Q7 = Oy 45 — Fg(aﬁe - aﬁ271)7 ’O‘( )’ = Z (aj ) :
j=1

ny
Remark A.17. Note that > ay) = 0 for each ¢. In particular ny, = 1 implies ozge) = 0.
j=1

Lemma A.18. We have |a|? = Za = T (‘Oz ‘24- 1 (aﬁg_aﬁg_1)2)‘

ng
=1 ¢

Ty
Proof. Computing directly, and using the fact that ) a§£) =0, we find that

j=1
r T Ty
Za _Zzanz 1+ ZZ(QE‘@_‘_%(&%@_&W—J)Q

=1 j=1 ¢=1 j=1

- Z Z ((ay)f g a;e) (aW aﬁe—1) + n%% (&ﬁz - &ﬁz—1)2>
=1 j=1

=3 (IO + & @n, - aa,_.)%)
=1

as claimed. ]

Lemma A.19. Suppose that n > 2 and a1,ao,...,a, € C satisfies a1 + as + -+ -, = 0. Set

k
ap = > o for fized k € {1,2,...,n}, and define B; := oj — %&k, V= Qg+ kak Then
=1

n—k

n k —
mn
St St gt
=1 =1 =1
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Proof. This is easily deduced as a special case of Lemma in the case that r = 2, ny = k
ng=n—k, B=a® and y = a®. O

Lemma A.20. We continue the notation of Lemma|A.18 Then

I rotec—n =TT TT rutel? o)

1<i#j<n (=1 \1<i,j<n,
Ng N
(k) (m) 1 (~ ~ 1 (A~ ~
H HH H Lx <6<ai —Q +E(ank_ank—1) _H(a”m_a"m—l) '
1<k<m<ri=1j=1ec{+1}

Proof. Note that if k # m, then for any 1 < ¢ < ny and 1 < j < n,y,

k 1 ([~ ~ 1 [/~ ~
Qg rti = Oy = o — o™ + (@5, — @) = 7 (@5, — @),
and for any 1 <i # j < ny we have a5, 4 — an, ,+j = O‘Z@ — ay). This immediately implies the
desired formula. I

N k
Lemma A.21. Suppose that (f1,...,53,) satisfies 1 +---+ B, = 0. Let B, = > B;. Suppose that

j=1

~ k N Nm ﬁ r—1 Y

n=mni+-+nand set iy = 3 . Then 37 ZZ< 7’L>:E(”j+nj+1)5j-
J=1 1<k<m<ri=1j=1 j=1

Proof. We calculate

3 S () S () = S
- ng

1<k<m<r i=1 j=1 m=2 k=1 i=1 m=2 k=1
r R r R
= Z (nmﬁmfl - ﬁmflﬁm) = (nmﬁm 1= N 1(5 Bm 1))
m=2 m=2
r r

((nm + ﬁmfl)gmfl - ﬁmflgm) = Z (ﬁmgmfl - ﬁmflgm)-
m=2

3
||
— N

ﬁ
I

This final sum telescopes to give (ﬁj+1 — ﬁj,l)Bj. Since Nj41 — Nj—1 = nj + njy1, this implies
J
the claimed result. g

Il
—_

The following result can be interpreted as a consequence—by counting (half) the number of
Gamma-factors on each side of the equality—of Lemma[A.20] Alternatively, proving it independent
of Lemma gives further evidence that the product decomposition is correct.

Lemma A.22. Letn=mni;+---+n,. We have > ng-ngp + Z il nk D - n(nzil)-
1<k<k/'<r k=1

Proof. We use induction on r. If » = 1, the formula obviously holds. Let n = m 4+ n, where
m =mn1 + -+ nr—1. Then, by induction,

nn—1) (m+n)m+n,—1) m(m—-1) mn.+(m—1)n, n?

2 2 I 2 i)
r—1
n( nk —1) np(ng, —1
—y D S g o, 0
k=1 1<k<k’§r—1
Since mn, = nin, + non, + - - - Nyp_1n,, it is evident that the desired formula holds. O
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Lemma A.23. Suppose n =nq +---+n,. Then n® + Z (w WW) n(n1) 71)
=

Proof. If r = 1 the result is obviously true. Suppose that the result holds for » = k. Write
n:n1+~-'+nk—|—nk+1 =Nk + ngr1. Then

k
ng(ne — 1) 2 ng(ne — 1) ng+1 (N1 — 1)
n? + EE 1 (f — ngng) =n"+ E (f — nmg) + 5 — Nk1N

~ ~ ng(ne — 1 ~ n Ng+1 — 1
:nz—n%—i-(nk—i-z:(f(é)—nmg)%- 1 (41 )—nk+1n>

2 2
=1
o np(ng+1 -1

—n? 72 ng(Mp +1) | ngpr(nge —1) S

2 2

ne(me + 1 n—n)n—ng—1 N

. kA +1) | ( k) ( k )_(n_nk)7

2 2

which can easily be shown now to simplify to n(n;l), as claimed. (|

Remark A.24. Note that Lemma and Lemma are equivalent provided that

T
(A.25) n? — Z ngMy = Z NENE -
(=1

1<k<k/<r

This can be verified by expanding the left hand side as follows:

T
n2 — Z ngﬁ@ = (n1 + -+ nr r Z ngng Z ng(n — ﬁg) — n[ﬁg) = Z ng(n — ng).
/=1

=1 =1
That is final expression is equal to right hand side of is clear.

k
Lemma A.26. Let a1, ,...,a, € C satisfy a1 + as +---a,, = 0. Set &, := ) «j, and let §;
j=1

(1<i<k)andvy; (1 <j<n—Ek)beasin the previous lemma. We have

I[I Talei—ap)=|( J] TrB-5) IT Trei-)

1<i#j<n 1<i#j<k 1<i#j<n—k
k n—k n n
) T e AT g " =
]_;[1]1;[1 R <5z v+ K — k)ak> R <% Bi R — k)ak>
Proof. This is easily deduced as a special case of Lemma, when r =2, ny =k, ng = n — k,
B=al and v = a®. O

Lemma A.27. Letn = ny+---+n,, o, and o9 be as in Deﬁm’tz’on. Set D(n) = deg(]—"l(n) ().
Then

.7:;%”) = Pir(a H Fr W) oDy where d=d(ny,...,n,) =D(n)— ZD(W).

nﬁfl ng#1l
Proof. This follows from the fact that if I, J C {1,2,...,ny} with #I = #J then

(Z O‘z('£)> - Z O‘y) = <Z aﬁél+i) - Z Qfyp_1+j
el JjeJ el jeJ
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Therefore, each F g”)(a(@) constitutes a unique factor of ]-"I(gn) (o) foreach £ =1,...,r

Lemma A.28. Suppose that § € Z>o and R > 6. Then

-1
Fala) 1 } ((Zai>—@m—5) < Fg(8)- Fir () - Pale),

KC{12,..., ieK

=m

where d = R(D(n) — D(m) — D(n —m)) = 6((") —m(n—m) — 1).
Proof. Let M :={1,2,...,m}. Then

)

#{K C{1,2,....n} |#K =m, #(KNM) #0,1} = (:1) —m(n—m) — 1.

From the definition of ]—'gb) (o) given in Definition we see that for each such K there are

factors
R/2 R/2

1+Zai—2aj 1—20@4-204]-

ieK JEM €K jeM

of }—1(%”) (a)/[fém) (5).7:](;_7”) (7)] for which

R/2
(1+Zai— Zaj> <1—Zai+ >

i€eK jeEM

Zai_ Zaj_5 €K JEM
€K 5

JEM

R/2
ST
(1S:¢ JjeM < 1-(2%‘- ZOZJ')

R—6

2
2

This bound holds because the degree of the Pochhammer symbol in the denominator is ¢, and by
assumption, the degree of the numerator is R > §. Combining all such terms with the remaining

factors of .F}%n) (a)/[fl(%m) (5).7:1(;_”1) (7)], gives a polynomial of degree d. O
5
Remark A.29. Let n = ny +ng + -+ +n, and ny = > n;. The result of Lemma |A.28| clearly
i=1
generalizes to the case of taking multiple residues at s;, = —a5, — 0, for each £ =1,...,7 =1 (in

reverse order). In this case, taking the product on the left hand side over all of the terms we obtain

r—1
- I1
=1  KC{1,2,...,fig41}

#(Kﬂ{l,,ﬁ{\});ﬁﬁ[—l
#K=ny

€K 50

where

T r—1
d=R- (D(n) — ZD(W)> -
(=1

(=1

Mgt N
1) — —11].
g (( “ ) Rt 1 )]
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