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We exhibit elementary kernels Pé which produce sums of integral moments for cuspforms f on GL, by

F
/ Pé-|f|? = / 5@ )| M(s)ds + (continuous part)
ZaGL,(K)\GL(A) Fon GL Re (s)= (F, F)

over number fields k, with certain weights M(s). Here F' runs over an orthogonal basis for cuspforms
on GL,_1. There are further continuous-spectrum terms analogous to the discrete-spectrum sum over
cuspforms. The kernel (Poincaré series) Pé admits a spectral decomposition, surprisingly consisting of only
three parts: a leading term, a sum arising from cuspforms on G L5, and a continuous part from GLs. That
is, no cuspforms on GL, with 2 < ¢ < r contribute. This spectral decomposition makes possible the
meromorphic continuation of Pé in auxiliary parameters.

Moments of level-one holomorphic elliptic modular forms were treated in [Good 1983] and [Good 1986], the
latter using an idea that is a precursor of part of the present approach. Level-one waveforms over QQ appear in
[Diaconu-Goldfeld 2006a], over Q (i) in [Diaconu-Goldfeld 2006b]. Arbitrary level, groundfield, and oo-type
for GLy are in [Diaconu-Garrett 2006] and [Diaconu-Garrett 2008].

We do have in mind application not only to cuspforms, but also to truncated Eisenstein series (with cuspidal
data) or wave packets of Eisenstein series, giving a non-trivial application of harmonic analysis on larger
groups GL, to L-functions attached to smaller groups, for example, on GL1, giving high integral moments

of Ck(s).

For context, we review the [Diaconu-Goldfeld 2006a] treatment of spherical waveforms f for GLy(Q). In
that case, the sum of moments is a single term

1 _
/ Pé(g) 1(0) dg = 5 L(s + 5. 1) L5, ) - T(s. ", fo) ds
ZpnGL2(Q)\GL2(A) T JRe (5):l

where I'(s, ', 8", foo) is a ratios of products of gammas, with arguments depending upon the archimedean
data attached to f. Here the Poincaré series Pé(g) = Pé(g, s’, s”) has a spectral expansion

ﬂl_TSNF(S” L) L(L + ¢, F)
Pé(s’7 3//) = Ey o + % Z 2 T g(% —itp, SI, s//) F
7‘(‘771—‘(52 ) F on GLo <F’ F>
1 C(s’+s)<(5’+l—s) .
i 1-— -Egd for Re(s’ 1 Re(s” 0
i Re (s)= £(2 —2s) G —s,5',57) s (for Re(s’) > 5, Re(s”) > 0)
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where £(s) = 77%/2I'(5/2)((s), where G is essentially a product of gamma function values!!]

s'+l1—s s'+s s'—s+s” s'+s—14s"
G(s, ") = w- ¢+ LRI NG TE ) DR )
(s + %)

and F' is summed over (an orthogonal basis for) spherical (at finite primes) cuspforms on G Ls with Laplacian
eigenvalues i + 12, and Fj is the usual spherical Eisenstein series

E, (g ?) =yl + “;;j* [y

It is not obvious, but the continuous part (the integral of Eisenstein series) cancels the pole at s’ = 1 of the
leading term, and when evaluated at s’ = 0 is[?]
1 L F
Pé(g,0,s”) = (holomorphic at s'=0) + 3 i 0;,% <(F?,F>) -G(5 —itp,0,5") - F

L OIS
41 Re(s)= 1 5(2 — 28)

2

G(1—s,0,5")- Esds

In this spectral expansion, the coefficient in front of a cuspform F includes G evaluated at s’ = 0 and
s = % + it p, namely

1 . 1, . no 1 n_ 1.
5 —itF 5t+ite s'—5—itp s —5+itp
o ) T ()T (—3—) I (—%—)
g(% - itF,O,SN) =n 2z 2 2 7" 2 2
(%)
The gamma function has poles at 0,—1,—2,. .., so this coefficient has poles at s” = % +itp, —% +itp, ...

Over Q, among spherical cuspforms (or for any fixed level) these values have no accumulation point. Bl The
continuous part of the spectral side at s’ = 0 is

"

1 £(s)€(1 — s) D(552) D(5k)

Ami Jre(s)=1  &(2—2s) r(%)

- F, ds

with gamma factors grouped with corresponding zeta functions, to form the completed L-functions &.
Thus, the evident pole of the leading term at s” = 1 can be exploited, using the obvious continuation
to Re(s”) > 1/2.

Further, a subtle contour-shifting argument[* shows that the continuous part of this spectral decomposition
has a meromorphic continuation to € with poles at p/2 for zeros p of {, in addition to the obvious poles
from the gamma functions.

(11 This from [Diaconu-Goldfeld 2006a], the result of a direct computation with the simplest useful choice of
archimedean data in the Poincaré series.

[l This evaluation of the meromorphic continuation, from [Diaconu-Goldfeld 2006a], is not trivial. Note that the
leading term (after continuation) is reminiscent of the Kronecker limit formula. See [Asai 1977].

8] The discreteness of the parameters tp as F' ranges over cuspforms of a fixed level follows from the compactness
of test-function operators on cuspforms, from [Gelfand-PS 1963]. In particular, at this point we do not need any sort
of Weyl’s law, and, thus, do not need trace formula computations yet.

4l See [Diaconu-Goldfeld 2006a]. A contour shifting argument is also necessary to meromorphically continue the
continuous part of the spectral decomposition to s’ = 0 in the first place.
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Already for GLs, over general groundfields k, infinitely many Hecke characters enter®] both the spectral
decomposition of the Poincaré series and the moment expression. This naturally complicates isolation of
literal moments, and complicates analysis of poles via the spectral expansion. Suppressing constants, the
moment expansion is a sum of twists by x’s

/ Pé~|f\2=Z/ L(s' -5, ®x) - L(L— 5, F @) - My(s) ds
ZAGLy(k)\GLa(A) < /Re(s)=1

And, suppressing constants, the spectral expansion is

L(z+5.F)
Pé = (oco—part) - E11e + Z (0o —part) - —2—T—~ .
F on GLo <F7 F>
L(S/ + 57%) L(S/ + 1- Sax)
+ Z/ _ L(2 o 28,?2) gX(S) : E&X ds

In the simplest case beyond GLo, take f a spherical cuspform!®l on GL3 overm Q. We construct a weight
function I'(s, s', 8", foo, Fixo) depending upon complex parameters s, s', and s”, and upon the archimedean
data for both f and cuspforms F' on GLs, such that I'(s,s’, s, foo, o) has exphclt asymptotic behavior,
and such that the moment expansion is

®F)|
P/ / AN 2 — / f 1—\ 1 o Foo
CHERU D SR = L N0 ) s

/Z/AGLS(Q)\GLLS(A) F on GLo

11 [L(s1, f @ B2, )| (+)
+— / / 0 -I'(s1,0, ", foor E —s oo) dsy dsg
47i 27 I;Z Re(s1)=% Re(52)=% |€(1 — 2lt2)|2 1—s2,

where F' runs over (an orthogonal basis for) all level-one cuspforms on GLy, with no restriction on the

right K-type, and Egk) is the usual level-one Eisenstein series of K..-type k. Here and throughout, for
Re(s) = 1/2, write 1 — s in place of S, to maintain holomorphy in complex-conjugated parameters. In this
vein, over @), it is reasonable to put

L(si+ 5 —s2,f) - L(s1 — 5 + 52, f)
C(2—2s2)

L(sy, f ®E$)) =L(s1,f® EYC)SQ) = (finite-prime parts only)

since the natural normalization of the Eisenstein series Eg’;) on GLy contributes the denominator (2 — 2s3).
Meromorphic continuation in s’ and evaluation at s’ = 0 gives the desired specialization of the moment
ezpansion. There is also a meromorphic continuation in the parameter s” in the archimedean data.

More generally, for a cuspform f on GL, with » > 3, whether over Q or over a numberfield, the moment
expansion includes an infinite sum (81 of |L(s, f @ F)[>/(F, F) over an orthogonal basis for cuspforms F

BBl See [Sarnak 1985], [Diaconu-Goldfeld 2006b] for Q(i), and [Diaconu-Garrett 2006] for number fields.

6 For our purposes, a cuspform generates an irreducible unitary representation of the adele group, so has a central
character, and the representation factors over primes. This factorization follows from the admissibility of irreducible
unitaries of reductive groups over archimedean and non-archimedean local fields (the former due to Harish-Chandra
in the 1950s, the latter reduced to the supercuspidal case by Harish-Chandra, and completed by J. Bernstein in 1972).

[l The assumption of groundfield @ achieves the minor simplification that for GL2(Q) there is a single (family of)
Eisenstein series participating in the spectral decomposition.

8] In fact, it is non-trivial to prove (after Selberg) that there are infinitely-many spherical waveforms for SLs(Z).
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on GL,_q, as well as integrals of products of L-functions L(s, f ® F') for F' ranging over cuspforms on
GL,, X ... x GL,, for all partitions (r1,...,7r¢) of r. Correspondingly, the natural normalization of the
cuspidal-data Eisenstein series gives products of convolution L-functions L(*, F; ® F;) in the denominators
of these terms, as well as factors (Fy, F;)'/2 . (F;, F;)1/2. 19

Generally, the spectral expansion for GL, is an induced-up version of that for GLs. Suppressing constants,
using groundfield @ to skirt Hecke characters,

L(rs +2r72 + %,F)

Pé = (oco—part)-E, N + oo — part) - BT 22
s'+1 . 0;;L2 <F, F> +1 F
e SR ), i
Re(s)=3% C(Q - 25) s'+1, S_S/%’ _S_S,%

where the Eisenstein series are normalized naively. The continuous part has a pole that cancels the obvious
pole of the leading term at s’ = 0.

Again over QQ, the most-continuous part of the moment expansion for GL,, is of the form

/’ t/ f®le“)FAﬁ dsdt =
Re(s)= teA

A={teR"" . t;+...+t, 1 =0}

and where M is a weight function depending upon f and F. More generally, let n — 1 = m - b. For F on
GL,,, let

Mi<o<n—1 L(s +ity, f)
H1<]<Z<n (1 - Zt] + Zt@)

My (s) dsdt

where

FA=F®...QF

on GL,, X ... X GLy,. Inside the moment expansion we have (recall Langlands-Shahidi)

Ihi<i<p L(s+ity, fQF) 2
L(s Eoa 1 M, ) dsdt = M dsdt
/RC /| @ Epa, +zt)| o S //‘H1<j<f<b L —it, + ite, F  FY) s

If we replace the cuspform f on GL,(Q) by a (truncated) minimal-parabolic Eisenstein series E, with
a € C* 1, the most-continuous part of the moment expansion contains a term

HlSuSm 1<e<n—1 C(ay + s +ity) | ds dt
Micjcocn IC(1 — ity + ity)
Taking a = 0 € C"~ ! gives
I . m 12
1<t<n—1 C(s flte)- A ds dt
Al Th<jcran C(1 —itj +ity)
For example, for GL3, where A = {(t, —t)} = R,
)3 ¢(s—it)3|?
//CS“ S Gl VA
1 — 2it)
and for GL4 ,
. 4. . 4 . 4
C(s+itq) C(S-.f—’étg? C(S-’-.Ztg) . M ds dt
() (1—ity +ite) C(1—ity+it3) C(1—ito+its)

] The identification of these denominators in the natural normalization of the Eisenstein series is part of the
refinement in [Shahidi 1978] and [Shahidi 1983] of [Langlands 1976]’s treatment of L-functions arising in constant
terms of these Eisenstein series. Here we need to keep track of constants, due to the average over F.
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1. The moment expansion

Let G = GL, over a number field k. Let P be the standard maximal proper parabolic

P {<<r OB D . >}

oo ) mg(COeD Y,

and
N = {upper triangular unipotent elements in H}

= (unipotent radical of standard minimal parabolic in H)

Let Z be the center of G. Let K, be the standard maximal compact in the k,-valued points G, of G. Thus,
for v < 00, Ky = GLy(0,). For v = R, take K, = O,(R). For v = C take K, = U(r).

The standard choice of non-degenerate character on NyUi\NaUp is

Y(n-u) =1vo(niz +nas+ ... +nr_2r-1) - Yo(Ur_1,)

where 1) is a fixed non-trivial character on A/k. A cuspform (101 # has a Fourier expansion? along NU
flo)= Y Ws(ég) where Wy(g) = / ¥(nu) f(nug) dn du
fENk\Hk NkUk\N/AU/A

The (Whittaker) function W(g) factors over primes. (3]

[1.1] Poincaré series For s’ € T, let
v =@
where for v finite

’(det A)/dr_llz/ (for g = mk with m = (A 0

0 d) in Z,H, and k € K,)

©olg) =

0 (otherwise)

(10 A cuspform f satisfies the Gelfand-Fomin-Graev condition (1] ka\NA f(ng)dn = 0 for all unipotent radicals
N of (proper, rational) parabolics, generates an irreducible representation locally everywhere (hence, has a central
character w), and is in LQ(ZAGk\GA,w),

(2] Fourier-Whittaker expansions for GL(n) with n > 2 are due to [Shalika 1974] and [Piatetski-Shapiro 1975),
independently.

[13] Uniqueness of Whittaker models, by [Shalika 1974] at archimedean places, [Gelfand-Kazhdan 1975] at non-
archimedean, implies the factorization over primes. The local factors are ambiguous up to constants, naturally.
For cuspforms f at primes v where f is spherical, the spherical Whittaker function W, with the same local data as
f, normalized by Wy (1) = 1, is the standard choice. However, even at good primes, for natural normalization in
construction of Eisenstein series presents us most naturally with a local Whittaker function which is an image under
the intertwining operator from principal series to the Whittaker model. This contributes an extra factor which is
a product of L-functions, as studied at length in [Langlands 1971], [Shahidi 1978], [Shahidi 1983], and elsehwere.
Luckily, our subsequent convolution L-functions will lack archimedean factors, so avoid the most acute concern about
choices of data at archimedean places, thus skirting issues addressed in [Jacquet-Shalika 1990], [Cogdell-PS 2003].
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and for v archimedean require right K,-invariance and left equivariance

’
S

det A
dr—l

A 0

wu(mg) = < ou(g) (for g € G, for m = <0 d) € Z,H,)

v
Thus, for v|co, the further data determining (, consists of its values on U,. The simplest useful choice is
[14]
Ty
Do <1T—1 x) =+ |z P+ .. |z P2 (where x = : ,and s” € C)

0 1
Tr—1

and where the norm |z1|> + ... + |z,_1|? is normalized to be invariant under K,. [!¥  Thus, ¢ is left
Zp Hi-invariant. We attach to ¢ a Poincaré series

Pé(g)= Y.  ¢(r9)

"/EZka\Gk

[1.2] Two obvious unwindings Integrate the norm-squared |f|? of a cuspform f against Pé. The typical
first unwinding is

/ Pé(g) | ()| dg = / o(9) |£(9)* dg
ZaGr\Ga

ZnHi\Ga
Next, express f in its Fourier-Whittaker expansion, and unwind further:

/z,AHk\G,A plo) 2. Wilt)Tle)dy = / (9) Wr(g) F(g) dg

£ENK\Hy ZaNi\Ga

[1.3] lwasawa decomposition, simplification of integral ~Suppose for simplicity that f is right Ka-
invariant, so we can use an Iwasawa decomposition G = (HZ)UK (everywhere locally) to rewrite the whole
integral as

/ o(hu) Wy(hu) f(hu) dhdu
Ni\Ha xUn

[1.4] Spectral decomposition on G'L,_; Use a spectral decomposition 1®1 for F € L?(Hy\Ha),
inexplicitly

F=/ (F,n) -ndn
(m)

[14] Over @ and Q(i), in effect this is the choice of archimedean data in [Good 1983], [Diaconu-Goldfeld 2006a],
[Diaconu-Goldfeld 2006b].

[15] Thus, for this purpose, to be Ky-invariant at real places v, we use the standard norm. At complex places we also
use the standard norm, not the norm compatible with the product formula. That is, for this purpose, for v ~ C the
norm is not |zly = z-Z, but is |z| = Vz - Z.

(] Let H' = {h € Hp : |deth| = 1}. Then H\Hp = Hi\H' x (0,+0c0) is the relevant decomposition. The
most obvious continuous part coming from (0, +oc) will eventually give integrals over vertical lines. Still L?(Hy\H?')
has both continuous and discrete parts in its decomposition. Since some of the necessary functions 7 for such a
spectral decomposition are not literally in L? (both Eisenstein series and ordinary exponentials in Fourier transforms
and Fourier inversion), the inner integral is not at all symmetric. Further, that integral, (as well as the outer)
only make literal sense for F' in a suitable (dense) subspace (e.g., pseudo-Fisenstein series and Schwartz functions
in the corresponding circumstances), and the mappings indicated must be defined by isometric extension. See
[Langlands 1976] and [Moeglin-Waldspurger 1995].
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where each 7 generates an irreducible representation of Hp .

[1.5] Expand 7(hu) Since f is left Hy-invariant, it decomposes along Hy\Hp as

f(hu) / nh/ f(mu) dmdn
() Hk\HA

Unwind the Fourier-Whittaker expansion of f

F(hu) = /(n) n(h) /H ) ST T e dmy

EENL\Hy

/ / m) W ¢(mu) dm dn
(n) Nk\H/A

/ Pé(g) |£(9)P dg
ZpnGr\Ga

:/)/N\H . ap(hu)n(h)wf(hu)/N\H W ¢ (mu) 7j(m) dm dh du dn

Then the whole integral is

[1.6] Decoupling at finite primes The part of the integrand that depends upon u € U is

/U () W (ha) Ty (mas) du = p(h) Wy (h) W 5 (m) - / () (huh ™) G(mum™") du

Un
The latter integrand visibly factors over primes.

[1.6.1] Lemma: Let v be a finite prime. For h,m € H,, such that Wy, (h) # 0 and Wy, (m) # 0,

/ oo(h) lﬁu(huh_l)@u(mum_l)du:/ 1 du
U UyNK,

Proof: At a finite place v, p,(u) # 0 if and only if u € U, N K, and for such u
Yo (huh™b) - Wy, (h) = Wy, (huh™ - h) = Wy o (hu) = Wy, (h) - 1

by the right K,-invariance. Thus, for Wy, (h) # 0, ¢, (huh™') = 1, and similarly for 1, (mum™"). Thus,
the finite-prime part of the integral over U, is just the integral of 1 over U, N K, as indicated. ///

[1.7] Archimedean kernel The archimedean part of the integral does not necessarily decouple. Thus,
with subscripts co denoting the infinite-adele part of various objects, for h,m € H.,, define

) = [ o) i (™) B ™)
U
The whole integral is

/Z o Pé(g) |f(9)I* dg = /(n) /N o /N o K(h,m) ¢(h) (Wf(h)n(h))(Wf(m)ﬁ(m)) dm dh dn

7
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[1.8] Fourier expansion of 7 Normalize the volume of Ni\Na to 1. Thus, for a left Nj-invariant function

Fon Hp
/ F(h)dh = / / F(nh)dn dh
N \Ha Na\Ha J Np\Na

Using the left Np-equivariance of W by v, and the left Na-invariance of ¢,

/ () n(nk) Wy (nh) dn = o(h) W;(h) / () nnh) dn = p(h) W (h) Wi(h)
Ni\Na Ni\Na

where

Wo(h) = /N o, V) dn

(The integral is not against 1(n), but ¥(n).) That is, the integral over Ni\ Ha is equal to an integral against
(up to an alteration of the character) the Whittaker function W, of n, which factors 71 over primes. The
whole integral is

/ZAGk\GA Pé(g) |1 (9)I* dg = /(m /NA\HA Ky m) @ (h) (W () Woy (1)) (T m) W7, (m) ) i

Na\Hp

And the n'* part is a product of two Euler products. It is evident that for f right Kg,-invariant only
right (Kgn N Hgy)-invariant n’s will appear, due to the decoupling. However, at archimedean places v right
K,-invariance of f does not allows us to restrict our attention to right (K, N H,)-invariant 7.

[1.9] Appearance of the parameter s In fact, as usual,
H\Hp ~ GL,_1(k)\GL,_1(A) ~ R* x H;\H*'

where RT is positive real numbers, and

Hl—{<8 (1)) :a€GL,—1(A), |detal =1}

The quotient Hy\H*® has finite volume. Thus, the spectral decomposition uses functions

n(g (1)) = |detal®- F(a) with F € L*(Hy\H"), s < iR

The real part of the parameter s will necessarily be shifted in the subsequent discussion. Thus, the functions
71 above are of the form |det |* ® F, and the Whittaker function W, of n = |det|* ® F is

Wy, <a 1) = |detal® - Wg(a)

where Wy is the Whittaker function of F', normalized here by

Wr(g) = /N Bl Plag)dn

(171 When 7 is either a cuspform (in a strong sense) or is an Eisenstein series attached to suitable (e.g., cuspidal,
in a strong sense) data, this Whittaker function W factors over primes. The usual normalization for the spherical
Whittaker function Wy at finite places v is Wy (1) = 1. This is the normalization we take for cuspforms, but this
is incompatible with a standard normalization of Eisenstein series E(g) = ZW »(vg) by requiring ¢(1) = 1. This
produces a normalizing denominator which (as in simple cases of Langlands-Shahidi) is a product of convolution
L-functions.
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where N is the unipotent radical of the standard minimal parabolic in GL,_1.

[1.10] Non-archimedean local factors

In terms of s and F, the non-archimedean local factors are (18

, Ls+s+1,f®F
/ |det al+* Wy, (“ 1) Wr.o(a)da = (s +<; ;;/j@ ) (for Re(s + 5') > 0)
NU\HU )

The second Euler product is the complex conjugate of this, but lacking the shift by s’, namely, the complex
conjugate of

/118 Cl/ / /7L1)(S+%7f®F) !
/NU\HU |deta'|®* Wy, ( 1> We(a')da' = F )12 (for Re(s + s’) > 0 and Re(s) > 0)
When 1 = |det |* ® F is not cuspidal, but, instead, is an Eisenstein series with cuspidal data, it still does

generate an irreducible representation of Gp. At a place v where 7 generates a spherical representation, the
Euler product expansion of degree r - (r — 1) falls apart into smaller factors, and has a denominator arising
from the (natural) normalization of the cuspidal-data Eisenstein series entering. Discussion of these terms
and their normalizations is postponed.

[1.11] Replace 5 by 1 — s on Re(s) =1/2

The global integrals for the L-functions L(s'+s+3%, f®F) and L(s+1, f®F) only converge for Re (s’ +s) > 0
and Re(s) > 0, so we will need to meromorphically continue. To this end, it is most convenient for the
whole integral to be holomorphic in s, rather than having both s and s appear.

To these ends, first absorb the 1/2 into s by replacing s by s + 1, so we have
L(s'+s, f@F) L(s, f@ F)

and want to eventually move to the line Re(s) = 1/2. To avoid the anti-holomorphy in the second factor,
since 3 = 1 — s on the line Re(s) = 1/2, we can rewrite this as

L(s"+5,foF) - L(1—s,f®F) (for Re(1 — s) > 0 and Re(s’ + s) > 0)

[1.12] The vertical integral(s) Keep in mind that we have absorbed a 1/2 into s, and have replaced 3
by 1 — s. The archimedean part of the whole integral is the function I'y,__ (s, s', f, F) defined by

F@oo(s7s/7f7F) =

[ Rt detar e e (Wi () Wrn (@)
Noo\Hoo J Noo\ Hoo 1

y (Wf)m(a' 1) W roo(@) ) dada (with h = (a 1) andm:(a/ 1>)

(18] The L-functions L(s, f ® F) attached to cuspforms f and F by these zeta integrals are Euler products with local
factor equal to that of the L-functions L(s, s X ) attached to the corresponding (irreducible cuspidal automorphic)
representations at all finite primes at which f and F are spherical. At other finite places the local factors of L(s, fQF)

may be polynomial (in ¢, * and ¢;) multiples of the corresponding local factor of L(s, 7y X mp). At archimedean
places, Ly(s, f ® F)/Ly(s,my x mF) is entire, etc. Last, but not least, there are global constant factors sometimes
denoted py(1) which for newforms f for GL(2) are the ratios of the first Fourier coefficient of f to the Petersson norm
squared of f. See [Hoffstein-Lockhart 1994], [Bernstein-Reznikoff 1999], and [Sarnak 1985], [Sarnak 1992]. Here the
latter global normalizing constant is accommodated by a division by (F, F)'/2, to make F/(F, F}l/ 2 run through an
orthonormal basis when F' runs through an orthogonal basis.
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since @oo(h) = |det a\s/. Note that this depends only upon the archimedean data attached to f and F.
Thus, so far, the whole is

/ Pé(g) |1 (g)? dg
ZpGr\Ga

L(s+s,f@F)L(1—s,f®F)

= Ly (s, f,F) dt
F on GZL(T—l) /Re(s)=1 <F7 F>

2

+ (continuous part) (with Re(s") > 0)

Again, we want to meromorphically continue to s’ = 0.

[1.12.1] Remark: With or without detailed knowledge of the residual part of L? (meaning that consisting
of square-integrable iterated residues of cuspidal-data Eisenstein series), automorphic forms in the residual
spectrum not admitting Whittaker models do not enter in this expansion.

2. Spectral expansion: reduction to GG L,

The Poincaré series admits a spectral expansion in terms of Eisenstein series, cuspforms, and L-functions,
preparing for its meromorphic continuation. This section reduces the general spectral expansion to the case
r=2.

[2.1] Poisson summation  Form the Poincaré series in two stages to allow application of Poisson
summation, namely

Pé(g)= D> el = > D eBrg= > > B

Zy Hp\Gy ZH,Up\Gy  BEUk ZyHyUpg\Gr  e(Up\Un )~

where
Go() = | (u)p(ug)du (for g € Gp)

[2.2] The leading term  The inner summand for 1) = 1 gives a vector from which an extremely degenerate
Eisenstein series*]  for the (r — 1,1) parabolic P"~"! = ZHU is formed by the outer sum. That is,

g— o(ug) du
Un

is left equivariant by a character on Pzg_l’l, and is left invariant by P, —Ll namely,

/ ¢(upg) du:/ o(p-ptup-g) du:épr—lvl(mf/ @(m-u-g)du
Un Un Un

det A
dr—l

s'+1
/ o(ug) du (where p = (61 2), AeGL,_1,de GLy)
Un

(191 These degenerate (spherical) Eisenstein series E‘:*l’l are readily understood via Poisson summation, imitating
Riemann et alia. There is a simple pole at s = 1, with constant residue, and no other poles in Re(s) > 1/r. That
first pole will be cancelled (when s’ goes to 0) by the continuous part of the spectral decomposition.

10
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The normalization?®! s explicated by setting g = 1:

Un Uso Utin U,

A natural normalization would have been that this value be 1, so the Eisenstein series here implicitly includes
the archimedean integral and finite-prime measure constant as factors:

/U Bl ELN9) = ) < /U X o(uyg) dU)

yeP "V I\Gy

Yoo - meas (Ugsy N Kgy) = / Poo
Uso

oo

As advance warning: the pole at s’ = 0 of this leading term will be cancelled by a contribution from the
continuous part of the spectral decomposition, below.

[2.3] Main terms: appearance of 9 from GLs The group Hy is transitive on non-trivial characters
on Up\Upa. As usual, for fixed non-trivial character 1y on k\ A, let

8 () = Yo (€ - ur-1r) (for € € k)
The spectral expansion of Pé with the obvious leading term removed, is
2 > | X )
veP TV IN\G, aePlTHI\H), \§€k*
where P"~21 is the parabolic subgroup of H ~ GL,_;. Let
1r—2 * 1,9

U/:{ 1 } U”:{ 1*}

Let

Then the expansion of the Poincaré series with leading term removed is

Z Z Jf(u//)/ go(u'u”’yg) du’ du
yeP[TPIING,  \E€RX UK Ua

= Z Z Z @5(1//) ‘/U/ QD(U/’LLHCV’}/Q) du’ du”

"
HEPIT22\G, a€PL\O, \gekx “ U

Letting

@(g) = /U plu'g)du

[20] Recall an integration-theory trick. Given a unimodular topological group G, use a topological group decomposition

G = PK with K compact open as follows. To integrate a right K-invariant function f on G, with the total mass of
K normalized to 1, we have fG f= fP f with a left Haar measure on P normalized so that the measure (in P) of
KNnPisl.

11
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the expansion becomes

3 S % /U T ) Bl aryg) du”

YEP]TP\G, a€PTI\Ok £k

We claim the equivariance

A x %
B(pg) = |det A|* T - |af*" - |d|~ D=2 5(g) (for p = a € Gp, with A € GL,_,)
d

This is verified by changing variables in the defining integral: let € A"~! and compute

1,_2 T A b ¢ A b c+ad A b c 1,_2 A lzd
1 a = a = a 1

1 d d d 1

Thus, |det A|*" - |a|*" - |d|="~D" comes out of the definition of ¢, and another |det A| - |d|>~" from the
change-of-measure in the change of variables replacing « by Axz/d in the integral defining @ from . Note
that

‘a|s' . ‘dlf(rfl)s’f(’rf@ — |det <a d) |*(T;2)~(8'+1) . |a/d‘7rs tr=)

Thus, letting

®(g) = Z Z / o(u"ag) du”

acPl\O, €K

we can write

Pé(g) — /U p(uyg) d > 30

yeEP]™ 1 G »yeP,:*2=2\Gk

This is not an Eisenstein series for P*~22 in the strictest sense. An expression in terms of genuine Eisenstein
series is helpful in understanding meromorphic continuations.

Define a G Ly kernel () for a Poincaré series as follows. We require right invariance by the maximal compact
subgroups locally everywhere, and left equivariance

d2((" ) D) = laja P o)

Then the the archimedean data cpg,) is completely specified by

17"72
0@ (1 915> = 1 =z (with @ as above)
1

Then put

0 (5,0, D Z / 0@ (s,uD) du (with U now the unipotent radical of P! in GLs)
Ua
£ekx

The corresponding G'L, Poincaré series with leading term removed is

(s, D) = Z ©*(s,aD)

a€P " \GLa(k)

12
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Thus, for
g - (A * > (with A € GL, 5(A) and D € GLy(A))

the inner integral

g— | ") e(u"g)du"
Ui

is expressible in terms of the kernel ¢* for 2, namely,

. - ’ r— Y ! —2
E / wg(u”) o(u"g)du” = |det A]* T -|det D|_< (D) " (TS tr 7D)
U//
gekx UK

Thus,
— ~ ’ — ’ ! —2

> % [ T aagan = faeeal - ge pp T g (2 p)

acPlM\6y tekx " UR

Thus, to obtain a (not necessarily L?) spectral decomposition of the Poincaré series Pé (with main term
removed) we first determine the (L?) spectral decomposition of Q for r» = 2, and then form P"~2:? Eisenstein
series from the spectral fragments.

3. Spectral expansion for G L,

The spectral expansion of the Poincaré series for G L is easy, because the Poincaré series (with leading term
removed) is essentially a kernel for the linear map f — L(s' + 3, f).

[3.1] Recall the set-up Take r = 2 and G = GLs, and ¢ = @, ¢, with ¢, constructed above. Namely,
at a finite prime v

m(“ ;) -0) = |a/d|* (for 0 € K.,)

and at infinite v we have at least the left equivariance

el("5) 0 =lofdt] - oulo

a7 v=i(t iy =7 )

Form a Pg-invariant function

Let

and the Poincaré series

Q)= >, @(v9)

For GLs, the L?(G\G"') decomposition 21 has a cuspidal part, a continuous part, and a residual part.
Since 9 is right Kp-invariant and has trivial central character, all the spectral components will have these
attributes.

1] we grant that suitable parameter choices put Pé (with a leading term, an Eisenstein series, removed) in L2,
allowing such a decomposition, which persists by analytic continuation even when 9 is not in L2. See estimates over
@ and Q(7) for GLg, but with arbitrary level, in [Zhang 2005] and [Zhang 2006]. The general ideas of the spectral
decomposition for GLg, at least over @, have been understood for a long time. See [Selberg 1956], [Roelcke 1956],
[Godement 1966a], [Godement 1966b].
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[3.2] Cuspidal part Computation of (Pé, F) for F a cuspform can be done directly. This pairing can also
be computed as for the pairing against Eisenstein series below, but the cuspform case allows an illuminating
direct computation. Let F be a spherical cuspform[??l with trivial central character, and Fourier-Whittaker
expansion

= Z We(vg) (where Wg(g ka\UA Y(u) F(ug) du)
yEH),

Unwinding the Poincaré series gives [23]
(Pé,F):/ Pé-Fz/ Q-F:/ o T
ZnGr\Ga ZpnGr\Ga ZpaH\Ga

Since F is a cuspform on GLs, its Fourier-Whittaker expansion is F'(g) = > ver, WF (vg). Substituting the
Fourier expansion of F' into the integral unwinds further to

/ZA\G,A ©(9) Wr(g)dg = H/ 9) Wrw(g)dg - H/ Wr(g) dg

<00

th

At finite primes v, the right K,-invariance implies (via an Iwasawa decomposition) that the v*" integral is

H,xU, H, X

since ¢, is supported on H,K,. We can adjust F by a scalar (without changing F/(F, F)*/? so that the
non-archimedean Whittaker functions for the cuspform F' give non-archimedean integrals over H, which are
exactly the local L-factors L, (s’ + 1, F). The archimedean integrals are not the usual gamma factors, but
still do depend only upon the local data of F'. Thus,

(Pé, F) = (/ » Yoo * Wf,oo) -L(s'+ L, F) (F a suitable cuspform)

[3.3] Poisson summation  To isolate the leading term of the Poincaré series, as well as to determine the
continuous part of the spectral decomposition, recall the rewritten form of the Poincaré series via Poisson
summation:

Pé(g)= Y. olyg)= >, S elbrg = > S Gy

YEZ Hi \Gy, V€ZrH U \Gy BEUL YE€EZRHU\Gr Y€(Ur\Un)~

where

Bg(0) = [ ¥(u)p(ug) du (for g € Ga)

Un

[3.4] The leading term  The inner summand for trivial ¢ gives a vector from which an Eisenstein series
is formed by the outer sum. That is,

g— o(ug) du
Un

[22] Aq earlier, for us a cuspform generates an irreducible unitary representation of Gp .

(23] 1p this context, the pairing {,) can be taken to be an integral over Zp G\Gp, since the integrand has trivial
central character.
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is left equivariant by a character on Pp, and is left invariant by Py, namely,

/Umw(upg)dUZ/UA@(p-p_lup-g)du:ép(m)-/(JA¢(m.u.g)du

= Ia/ds/“/UA ¢ (ug) du (where p = (8 2))

The normalization is understood by setting g = 1:

/ ¢(u) du = / Poo - / Pfin = / Poo
Un Us Utin U

oo

The natural normalization would have been that this value be 1, so this Eisenstein series includes the
archimedean integral and finite-prime measure constant as factors:

(leading term of Pé) = (/ <poo) - Eg4q
Uso

[3.5] Continuous part First, let
9 = Pé — (leading term) = Pé — (factor) - By 41 = Z Z Prg(¥)
YEZRHUp\Gr ¢#1

be the Poincaré series with its leading term removed. Let
x = meas (J'/k™)

The residue of the zeta function of k at z =1 is

K

Res.—1 (k(2) = W

(where Dy, is the discriminant of k)

The continuous part of the Poincaré series is[?4!

1
E -E, . d
ATik XX: /Re (8)=3 W Boox) + Borc ds

Computation of the pairing of 9 against Eisenstein series is best approached indirectly, unlike the pairings
against cuspforms. 2l For GL,, the simple transitivity of Hj on non-trivial characters allows Q to be
rewritten, with any fixed choice of non-trivial 1, as

Q(g) = Z Z Ppyg (V) = Z Prg(¥)

YEZRHUp\Gy BEH YEZLUR\Grg

[24] This is the usual spectral inversion formula, as in many sources. For example, see [Godement 1966a] for ground
field @. The volume constant x necessary in the general case is inconspicuous when k = @, because in that case its
value is 1. The 4mi is really 2 - 27wi, where the extra factor of 2 reflects the fact that we indicate an integral over the
entire vertical line, rather than half.

[25] To evaluate the integral of the Poinaré series (with leading term removed) against an Eisenstein series, the
computation here is more efficient than the approach which would unwind the Eisenstein series and then compute a
Mellin transform of the constant term of the Poincaré series.
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Integrate £ against an Eisenstein series 2] E,, with x an unramified Hecke character .

In the latter integral, unwind £ to obtain

/ By(1) Fax(g) dg = / B(w) o(ug) By (g) dudg
ZpUk\Ga

ZaUr\Gna JUn

- / D) p(ug) W (g) dudg = / / o(ug) W, (ug) dudg
ZpaUp\Ga JUA U

ZAU/A\GA

= / 2(9) W (9) dg (where W (9) = [y,\0a () Esx(ug) du)
Zp\Ga

The Whittaker function of the Eisenstein series does factor over primes, into local factors depending only

upon the local data at v
E E
Wiy = ®Ws,x,v
v

Thus,
E

<D7ES,X> = H/Z \@ @v(g) Ws,x,v(g) dg

At finite v, using an Iwasawa decomposition and the vanishing of ¢, off H,U,, as in the integration against

cuspforms, the local factor is
' —F a
[ W () da
k)(

v

However, for Eisenstein series, the natural normalization of the Whittaker functions differs from that used
for cuspforms, instead presenting the local Whittaker functions as images under intertwining operators.
Specifically, define the normalized spherical vector for data s, x,

©°(p9) = |a/d|? - xu(a/d) (for p = (“ 2) in P, and 6 in K,)

The corresponding (spherical) local Whittaker function for Eisenstein series is the integral [*7]

WE ., (g) = / ¥ (u) g (woug) du
U,

where w, is the longest Weyl element. The Mellin transform of the Eisenstein-series normalization W[
compares to the Mellin transform of the usual normalization W of the Whittaker function (with the same
data s, x,) as follows. Let o} be the local inverse different at v, and let d,, € kX be such that

(02)71 =10y 0y

[26] A5 with the pairing against cuspforms, because the integrand has trivial central character, we can take the pairing
integral to be an integral over Zp Gx\Ga .

[27] This integral only converges nicely for Re(s) > 0, but admits a meromorphic continuation in s by various
means. For example, the relatively elementary algebraic form of Bernstein’s continuation principle applies, since the
dimension of the space of intertwining operators from the principal series to the Whittaker space is one-dimensional.
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Let 0 be the idele with v component 0, at finite places v and component 1 at archimedean places. Let
v(x) = |z|. Then for finite v the v** local integral is[?®]

s il a 0 _ ~1/2 . LU(S/—F%anyv) -Lv<s/+%’y1_ng> . —(s'+1-5) —
[ w5 7) do=p e 2 3

_ \0|1/2 . L,(s +§,yi) ~Ly(s'+1—=3,x) o |_(8,+1_§) (o)
Ly(25,%x2) v X\ Gv

v

Then

=E L(s"+3,X) - L(s' +1 -3, (515
<Q’ES~,X> = </Z \@ @m‘Ws,x,oo> '|D‘1/2‘ ( ) ( )|0| (s'+1 )X(D)

[3.6] Maintaining holomorphy  The integral of (9, E; ) - E, along the vertical line Re(s) = 1/2 is
anti-holomorphic in the first s and holomorphic in the second s, inconvenient when we want to move the line
of integration. To maintain holomorphy, as earlier, since s =1 — s on Re(s) = 1, we rewrite

<QaE3,X> :/ pé - El—s.y
ZanGr\Ga

The latter expression is holomorphic in s and has the expected Euler product expansion for Re(1 — s) > 0.
With this adjustment,

L(s+1—s,%)-L(s 4+ s,%) (e
E, = o WE _ L ol/2. ’ YA =8 (o
<D7 7X> (/ZOC\GO:D 1—s,X,oc) | | L(2 - 25,?2) | ‘ X( )

Thus, with the contour at Re(s) = Re(1 — s) = 1/2 and with Re(s’) > 0,

— F
e = / oo+ Esrp1 + (/ Sﬁw'me)'L(S/JrlaF)'
Uso ZF: Zoo\Goo F’ ’ (F,F)
0 L(s'+1—s,%)L(s + s, (s
n Z X() / (/ ‘Poo'W1E—s,y,oo) ( X) 7(2 X) Y (s'+s5—1/2) B, ds
X Amik Re(s)=%2 "V Zo\Goo L(2_257X)

4. Continuation and holomorphy at s' = 0 for G L,

The meromorphic continuation and non-obvious cancellation 2 in the spectral decomposition of the
Poincaré series for GLy are reviewed in detail here, over an arbitrary number field, proving that the spectral
expression for the Poincaré series is holomorphic at s’ = 0.

To obtain the desired expression for integral moments, we must set s’ = 0, which on the spectral side
requires that the meromorphically continued Poincaré series be holomorphic at s’ = 0. The (obvious)
leading Eisenstein series Fy 11 (without the archimedean factor) has a pole at s’ + 1 = 1, that is, at s’ = 0,
but we will see now that this is cancelled by part of the continuous spectrum of the Poincaré series. This
cancellation is independent of the choice of archimedean data ..

(28] This elementary comparison is reproduced in an appendix.

[29] This cancellation argument was given in detail over @ in [Diaconu-Goldfeld 2006a].
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[4.1] The leading term  From above, the leading term Eisenstein series, including the extra leading
archimedean factor (and measure constant from finite primes) is

(/UO:DDO> “Egi1(9) = Z /UA p(uyg) du

YEPL\G

[4.2] Two residues of the continuous part The only fragment of the continuous part of the spectral
decomposition of 9 with poles to the right of the line Re(s) = 1/2 is that with ¢rivial Hecke character
x. Replacing (as above) 5 by 1 — s to maintain holomorphy in the integral 3% for (Q, E,), the term with
relevant poles is [31]

! / (Q, ) - B, ds

1 "+ 1—5)-Cu(s ,
N / (/ o - Wimm) (s +1—5) - G(s' + ) o~ +1/2) B s
ATk JRe (s)=1 ) Z\Coo k(2 —2s)

Aiming to analytically continue to s’ = 0, in the integral first take Re(s’) = 1/2 + £, and move the contour
from Re(s) = 1/2 to Re(s) = 1/2—2¢. This picks up the residue of the integrand due to the pole of {x (s’ +s)
at s’ +s =1, that is, at s = 1 — s’. This contributes

1 : Cr(28") - Res—1Cr(2) 4
Qi o WE . o7V B
dmi (/ZM\GO:P ° ’OO> Cr(25) ol -

1 _ 1
T2 / Yoo WE | - PIM2 IV By =5 / Yoo W | By
2 Z\Goo 2 Zo\Coo

The vertical integral on Re(s) = 1/2 — 2¢ is holomorphic in s’ in (at least) the strip

1—e<Re(s)<i+e (while Re(s) = L — 2¢)
Move s’ to Re(s’) = 1/2 — ¢, and then move the vertical integral from the contour o = 1/2 — 2¢ back to the

contour ¢ = 1/2. This picks up (—1) times the residue at the pole of (;(s' + 1 — s) at 1, that is, at s = &,
with another sign due to the sign on s inside this zeta function. Thus, we pick up the residue, namely

1 , Res,—1(k(2) - Cx(25) og'4l
2 . 00~W—s/oo . - [0 s 'E— —s’
Trin e (/ZOO\GO:,O 1-s, ) Co(2 — 25) | 2obi-(-)

1 Ck(2s") —2s'+1
= — . oo'Wfs’oo '7'0 é+'Es’
2 (/Zx\cf o ) G2

[4.3] Use of functional equation of F The latter expression can be simplified by using the functional
equation of Ey . Specifically, letting (o, be the gamma factor for (j,

Coo(28") - Cu(28") - By = 0271 (o2 — 26') - C1(2 — 26') - By

[30] The pairing (,) can be taken to be an integration over Zp G;\Gp, since the central character is trivial.

[31] Again, k is the natural volume of J]l/kx, and is invisible in the case of k = Q because in that case k = 1. And

/ﬁ/D,i/2 is the residue of (i at 1, again invisible for groundfield Q.
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In the situation at hand, this gives

2s’ ,
Ck( 5) "By = |0|2S -1,

Ck(Q — 28/)

Coo(2 —2¢")

Coo (28/) ' El_s,

Thus, the powers of 0| cancel, and the second residue can be rewritten as

1 Coo(2 — 28)
. o Wiwa | 2222 g,
2 </Zw\gf Wi ) T

These two contributions from the continuous part are
(oo(2— 28
: / Poo * |:Ws’,oo + (7,) : Wl—s’,oo 'El—s’
Z 5o \G o Coo(23 )

[4.4] Use of functional equation of archimedean Whittaker functions The archimedean-place
(and finite-prime) Whittaker functions are normalized by presenting the Whittaker functions by the usual
intertwining integral (and analytically continuing), as follows. Let

[N

ns(umd) = |a/d|; (forue U, m= <a d),HeKv)
The normalization of the Whittaker function is
va (9) = /U () ns(woug) du (for Re(s) > 0, fixed non-trivial 1)
Further, for v archimedean

wE () = [ ot

by replacing x by ax, where ¢ is complex conjugation for v = C and is the identity map for v ~ R. The
usual computation shows that

S

1

a
—dx
1+ ]}

— | dx=lall"® ¥, (ax
| =t [ Tofa

1/2 0o dt 1
WE a — L/ 77r(t+%)|a| tsfl “@r . iant d 1_
s R < 1> (s J e 2 ; o 29) X (invariant under s « s)
and, similarly, [3?]
> dt 1
WE a — L/ —27(t+1)|al t2571 o . iant d 1_
5,0 ( 1) (21) 2T(2s) J, e L o) x (invariant under s < s)
Thus, in both cases,
2—2
@2(28)8) ) WlE—s,v (a 1) = Wfq, (a 1) (for v archimedean)

132 1y the displayed identity for v ~ C, an unadorned absolute value is not |z|¢s = zz*, but, rather, the standard
|| = Vazt. The appropriate measure is double the usual.
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and

B _  Soo(29) e
SRR

Thus, in fact, the second of the two residues from the continuous part is identical to the first. Thus, these

two residues combine to give
(/ Poo * Ws/,oo> : El—s/
Z 5o \G oo

Thus, to prove that the leading term’s pole at s’ = 0 is cancelled by the poles of these residues at s’ = 0, we
must show that

</ gooo) By + / Yoo - Wy oo | - E1—s = (holomorphic at s' = 0)
Uso Zoo\G oo

[4.5] Invocation of Fourier inversion Thus, to prove cancellation of poles at s’ = 0 it suffices to prove
a local fact, namely, that

/ 0y = ( / 0y - WEH U) (for all archimedean v)
Uy Z,\G, 7/ 1s'=0

The Whittaker function va can be presented in terms of a Fourier transform

va <a 1) = |a]*7* - \/I\/Sﬂ,(a) (where ¥(z) = Uy(z) = |1 + xz*|, ®, v archimedean)

<I><x>=sou(1 j”)

Using the right K,-invariance and an Iwasawa decomposition, and noting that ® and ¥ are even,

Let

[ eowbo= [ [ 1 0@ ja #a) vlao) do da
Z,\Gy ’ kX Jk,

= /’fX ®(a) ¥(a)l|a|da = /X ®(a)¥(a)|a|da

v

by Fourier inversion, since |a|da is an additive Haar measure. Writing the latter expression out, it is

/ 1 a .#Mda
WO\ 1) T aarfy

1 a 1
o WE :/ v - ——————|al da
/ZU\GUSD o kiw < 1> |1+ aa*l; la

holds at first only for Re(s’) > 0, but then extends by analytic continuation for ¢, sufficiently integrable
on N,. Thus, we can evaluate the latter integral at s’ = 0, obtaining

1 a
/ ‘PU'W(fv:/ “Pv( 1>|a|da
Zu\Gy kS
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At archimedean places v, the normalization |a| da for an additive Haar measure, in terms of a multiplicative
Haar measure da, is correct. This proves that, indeed,

(/ Po - Wﬁ,v)
Zu\Gy

which yields the desired cancellation.

= / Dy (for all archimedean v)
s'=0 U,

5. Spectral expansion for G L,

The spectral decomposition of the Poincaré series for r = 2 yields that for » > 2 by inducing. For r > 2,
nothing remains after all the non-L? terms are removed. The non-L? terms are induced from the genuinely
L? spectral expansion of the Poincaré series on GLo.

Before carrying out the spectral expansion for r = 2, we had found that
Pitg) = ([ on) BN + Y e0g)
Uso

where

’ s/41 ! —2 ~
o (A ;) = |det A|¥'+1 - |det D|~ =255 .Q(%,%D) (with A € GL,_o and D € GLo)

with Q from GL,, and
Plg) = / p(u'g) du’
Up\Uj

Thus, formation of Pé (with its leading term removed) amounts to forming an Eisenstein series from &, with
analytical properties explicated by expressing ® as a superposition of vectors generating irreducibles.

[5.1] Decomposition into irreducibles

From the decomposition of Q on GLs for Re(s") > 0

s'+1 s'+1 ! -2
@(’3 l*)) = |det A2 - |det D|” ("2 .Q(%’%D)

EIE3Y s ~ "y —2 — F
= [det AP 5" - [det D]~ (DY / Poo Wi | L2240 )
| | | | — PGLQ(]COC) F,00 ( 2 2 ) <F F>

EES (). 0)
det A2 . |det DI~ =25 x(@)
+ [ det AT | det D] ’ ;ZMZR

L rs’+r—2 1-5.%) L rs’+r—2 ’ e
/ / Foo WE 200 |- = +1-5%) 7(2 P 9 Jo|m(=FE -2 B (D) ds
PG Ly (koo) e L(2 - 25,%°)

Re(s):%

[5.2] Least continuous part of Poincaré series

Let
s’ 41

+ F(D) (for § € Ka)

<1>S/;1,F((§ z*)) -0) = |det A2 "2 - |det D|~ (=2
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and define a half-degenerate Eisenstein series[33]

r—2,2 _
B 0= ) ®un p0g)
YEP) I\ Gy

Then the most-cuspidal (or least continuous) part of the Poincaré series is

L(rstr=2 4 1 F
(/PGL * )95' WF,oo) : ( ?F 7 b ) -E@QF (cuspforms F on GLs)
F 2(Roo ) >

The summands of this expression have relatively well understood meromorphic continuations. As discussed
in an appendix, the half-degenerate Eisenstein series EST’}2’2 has no polesin Re(s) > 1/2. With s = (s'+1)/2
this assures absence of poles in Re(s") > 0.

[5.3] Continuous part of the Poincare series The Eisenstein series integral part of Q on GLy gives
degenerate Eisenstein series attached to the (r — 2,1,1)-parabolic in GL,. This arises from a similar
consideration as for GLy cuspforms, but for GLy Eisenstein series, as follows.

Let E , be the usual Eisenstein series for GLj, and let

A x 841 (9. & H1
@S/;{ES,X((O D)-9)2|detA|2 > .|det D|” "= B, (D) (for 6 € Kp)
and define an Eisenstein series
BV, (9= Y Pua, (1)

T2 s,
YEP] T2 P\Ghe

[34]

For given s € C, an easy variant of Godement’s criterion proves convergence for sufficiently large Re(s').

Then, ignoring the issue of interchange of sums and integrals, the Poincaré series has most continuous part

ATk JRe(s)=1 PGLa(koo) T

L(%T—? +1- S,Y) . L(%T—? + SaX) ) |D|7(%+571/2) ) ET72’2

, d
L2~ 25,%7) 2, P

X

That is, it is the analytically continued Es on the line Re(s) = % that enters. However, as usual, for
Re(s) > 0 and Re(s’) > 0 this iterated formation of Eisenstein series is equal to a single-step Eisenstein
series. The equality persists after analytic continuation.

Thus, let
A x *
(1)317827830(( 0 my * ’ 0)
0 0 ms
= |det A|** - |m2|*2x(m2) - Im3|**X(ms3) (for 0 € Kp and A € GL,_3)

[33] Visibly, this Eisenstein series is a P"~22 Eisenstein series degenerate on the (upper-left) Levi component GL,_2
for r > 3, while cuspidal on the (lower-right) Levi component G L. Basic analytic properties of such Eisenstein series
are accessible by relatively elementary methods, as noted in the appendix on half-degenerate Eisenstein series.

(341 A neo-classical version of Godement’s criterion is in [Borel 1966].

22



Diaconu-Garrett-Goldfeld: Moments for L-functions for GL, X GL._1

and

r—21,1 _
E817527,83,X - E : (I)81782783;X(’yg)
,YGPI:—Z,I,I\Gk

Then, ignoring the issue of interchange of sums and integrals, the Poincaré series has most continuous part

x(®) / / Poo  WE 5
- S —8,X,00
Ak Re(s):% PGL>(kso) v

rs'+r—2 _ <) . rs’+r—2 ,
% L(™5=—=+1-sX) L(™5=—=+5s,%) .|D‘,(%+s,1/2) CET2L1 ds

L(2 — 25,%?) 22 s (r—2)- 2, —s—(r—2)- 25 x

[5.4] Comment It is remarkable that there are no further terms in the spectral expansion of Pé, beyond
the main term, the cuspidal GLs part induced up to GL,, and the continuous G Ly part induced up to GL,..

6. Continuation and cancellation for GL,

Take r > 2. In meromorphically continuing the Poincaré series to s’ = 0 the leading term

( /U %) - ELEN N (g)

seems to create an obstruction, having a pole at s’ = 0 (coming from the pole of the Eisenstein series). As
with G Lo, it is not obvious, but this pole is cancelled by poles coming from the trivial-y integral of Eisenstein

series
1 s +r—2
TK  JRe(s)=13 PGL3(koo)

rs’ +r—2 o . rs’ +r—2 ,
X (=41 -8) (= +9) .|a|—(” Hr=2+4s-1/2)  pr—2,1,1 ds

((2—-2s) 284 s (r—2) L o (r2) 2

Unlike the G L5 case, for r > 2 the relevant poles of this integral are due to the Eisenstein series, not to the
zeta functions.

[6.1] Residue of leading term  First, recall from the appendix that the leading term has residue at s’ = 0
given explicitly by the residue of the Eisenstein series, namely [3°]

Resoco [ o) B 0) = ([ o) Resuma ) = ([ o) - S0

oo

[6.2] The initial situation The spectral decomposition initially holds for Re(s’) 3> 0 while the integral

(351 As usual, the function £(s) is the zeta function of the underlying number field with gamma factors added, but
not attempting to compensate for the conductor or epsilon factor (the latter being absent here). Thus, the functional
equation is

£(s) =Y o717 g(1 —s) = ]I - £(1 — )

where 0 is a finite idele generating the local different everywhere. The first |0|1/ 2 is the product of standard measures
of local integers at ramified primes, and |0|_(1_S) arises because the Fourier transform of the characteristic function
of the local integers is the characteristic function of the local inverse different.
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is along Re(s) = 1/2. For brevity, let the three complex arguments to the Eisenstein series be denoted

s+1 s +1 s +1
5 so=s5—(r—2) 5 s3=—-s—(r—2) 5

For Re(s’) > 0, certainly Re(s; — s2) > r — 1 and Re(sy — s3) > r, although Re(sy — s3) = 1, since

Re(s) = 1/2. Thus, for convergence, the Eisenstein series E7 2! must be understood as formed by inducing

up along P"~%?2 the meromorphic continuation of EL!, . Godement’s criterion®*l yields convergence.

81:2'

[6.3] Move s’ to the left edge Aiming to move s’ toward 0, first move s’ as far to the left as possible
without violating either of the two conditions

Re(s1 —s2) >r—1 (first condition)

Re(sy —s3) >r (second condition)

Let 0 = Re(s) and ¢’ = Re(s’). Expanded, the first condition is

‘41 41
2-0; (0(r2)~0+ >>r1

which simplifies to

/
1
7+ >o+r—1
2
and then 1 )
o+ o
241z
9 +
and finally
2(1 —
o >1- -9 (first condition, simplified)
T
Similarly, the second condition becomes
, 20 . . .
o>1—-— (second condition, simplified)
r

For 0 = Re(s) = 1/2, which is where we start, these two conditions are equivalent, namely
/ 1 . oy 1
o'>1— - (either condition, at o = 3)
T

Thus, move s’ close to the left edge of the region defined by these conditions: for small e > 0 move o/ = Re(s')
too' =1—1 4e.
T

[6.4] First contour shift and residue Now solve the two inequalities for ¢ in terms of ¢’. These are

/ r—2

o < -0’ — 5= (first condition, rearranged)

NI

o > —5-0'+ 5 (second condition, rearranged)

With 0/ =1— 1 + ¢, move o to the left, from % to 3+ — “Fle. This causes the second condition (but not the
first) to be violated:

il < I4r.c = L. (1-2+¢)— 252 (first condition holds)

N3

t-mle ¥4 1-Z.e = —Z.(1-14e)+% (second condition fails)

[l

[36] A neo-classical version of Godement’s criterion appears in [Borel 1966].
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Thus, we pick up 27i times the residue of the pole of the Eisenstein series at

s=—_ s’—i—r—
- 5=

; (1)

N =3

The corresponding residue of the P"~%1! Eisenstein series is (from the appendix)

r—1

K- |0‘ o 5(52 — 83 — 1) 1
E(r—1) €(s2 — s3) s1—1,85—1

r—1

CRPITTOEr(l=8) 1) gy

B E(r—1) . E(r(1—49") s, —(r—1)s’

With s = (1 — s’)/2, the zeta functions in the integral of Eisenstein series become

(=2 1 5(1 =) C(H2 +5(1 =) _ ((rs) - (r— 1)
C2-r(1-19)) C2—r+rs)

That is, apart from the 277 and archimedean factor, we have picked up

) =) m T E(-s) 1)
@) ) S sy O

From the appendix,
_ K
Rew—o &(rs’) - EL M == =
r
The only other finite-prime zeta which misbehaves at s’ = 0 is the {(2 — r + rs’) in the denominator. From

the functional equation
&) _ prioga-s)

&= )

we have

1 _ |0|%—(2—r+rs/) . (o2 =7 +1s") _ |D|%—2+r—rs’ . COO(2 —r+ TS/)
C(2—r+rs) El1—-(2—-r+rs)) E(r—1—rs)

Thus, the iterated residue at s’ = 0 of this residue (without 27i and without the archimedean factor) is

Coo2—1+78)\ Cr—1)-k-0]F2-£(r—1) K
R( o (rs') ) Er—1)-£r—1)-&(r) (=7)

”
COO(Q—T—H"S’)) ke[0T 2 (K/)

Coo(7s") Ce(r=1)-&(r) \r

= — Resg—¢ (

[6.5] The archimedean factor Take

SZ%'(l—S/)

and use the functional equation for the GLs archimedean Whittaker function, namely

e _ Go(2s) wE
Wlfs_coo(Qizs) Ws

Then the archimedean integral is

. rs+r—2 Coo(r- (1 =5")) B
Jo%S) . 'Wl —s") .00
/pGLz(km#’ T ey e,
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Continuing this discussion shows that the continuous-spectrum part of the spectral decomposition cancels
the pole of the singular term, giving the meromorphic continuation to s’ = 0.

7. Appendix: half-degenerate Eisenstein series

Take ¢ > 1, and let f be a cuspform on GL,(A), in the strong sense that f is in L?(GL,(k)\GL,(A)'), and
f meets the Gelfand-Fomin-Graev conditions

/ f(ng)dn =0 (for almost all g)
Ni\Na

and f generates an irreducible representation of GL4(k, ) locally at all places v of k. For a Schwartz function
® on A?*" and Hecke character y, let

©(9) = ox.5,0(9) = x(det g)q/GL " (W) x(det )" ®(h - [0g (r—q) 14] - 9) dh

This function ¢ has the same central character as f. It is left invariant by the adele points of the unipotent
radical

N = {(hq 1*T )} (unipotent radical of P = P"~%9)

The function ¢ is left invariant under the k-rational points M}, of the standard Levi component of P,
M= {(“ d) :a€GL,_q, deGL,}
To understand the normalization, observe that
EX5 1, @(0,%) = (1) = /GLq(A) F(W™1) x(det h)" @ (- [0gx (r—q) 1q]) dh

is a zeta integral as in [Godement-Jacquet 1972] for the standard L-function attached to the cuspform f (or
perhaps a contragredient). Thus, the Eisenstein series formed from ¢ includes this zeta integral as a factor,
So write

EX 1 200,0) - EYrale) = Y v(v9) (convergent for Re (x) >> 0)
YEP\G L (K)

Now prove the meromorphic continuation via Poisson summation:

f(XT7 f7 ®(07 *)) ' Ef,f,tb(g)

= x(det g)* / f(h) x(deth)™" > @(h~'-[0a] g)dh
YEPNGL, (k) * GLa(RN\GLa(B) a€CLy(k)
zx(detg)q/ f)xdesny S B0y g)dh
GLg(K)\GLq(A)

yekaxr full rank

The Gelfand-Fomin-Graev condition on f will compensate for the otherwise-irksome full-rank constraint.
Anticipating that we can drop the rank condition suggests that we define

Os(h,g)= > @(h-y-g)

yekaxr
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As in [Godement-Jacquet 1972], the non-full-rank terms integrate to 0: [37]

[7.0.1] Proposition: For f a cuspform, less-than-full-rank terms integrate to 0, that is,

fh)x(eth)™ > ®(h ' y-g)dh=0

y€kI*XT rank <q

/G'Lq(k)\GLq(/A)

Proof: Since this is asserted for arbitrary Schwartz functions ®, we can take g = 1. By linear algebra, given
yo € k9°" of rank ¢, there is a € GLy(k) such that

- yo = ( Yoxr ) (with £-by-r block yex, of rank £)
O(g—0)xr

Thus, without loss of generality fix yo of the latter shape. Let Y be the orbit of yy under left multiplication
by the rational points of the parabolic

Lq—f é—by—é *
r {( 0 (q@-by—(qe))}CGLq

This is some set of matrices of the same shape as yo. Then the subsum over GLy(k) - yo is

J(h) x(det h)™" ®(ht - y)dh = / f(h) x(det h)~ d(h
/Ganc)\GLq(A) Z PUTTI\GLy(A) () Z

yEGLy(k)-yo yey

Let N and M be the unipotent radical and standard Levi component of P%%~¢,

N= (106 1q*_e> M= (E_%y_g (q— 4)—1?3'-(61 - f))

Then the integral can be rewritten as an iterated integral

F(h) x(det k)™ d(h
/Nk Mi\GLy(A) Z

yey

_ / 3 / F(nh) x(det nk) ™" ((nh)~" - y) dn dh
N/A]VI)C\GLq(A) er Nk\NA

:/ > x(deth) ™" ®(h7 - y) / f(nh)ydn | dh
NaMg\GLq(D) oy Ni\Na

[37] There are issues of convergence. First, for Re(x) sufficiently large, the integral

gt [ F(h) x(det h) ™" ©(h, g) dh

YEPNGL, (k) ! GLa(NGLa(A)

is absolutely convergent. Also, we have the integrals analogous to integrals over k*\JT. That is, let
GL;' ={h € GL4(A) : |deth| > 1}. Then, for arbitrary x, using the fact that cuspforms f are of rapid decay
in Siegel sets,

x(det g)" /G iy TR TS ey g)dn

'yGP;C\GL (k) y€kaxr, full rank

is absolutely convergent.
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since all fragments but f(nh) in the integrand are left invariant by Np. But the inner integral of f(nh) is
0, by the Gelfand-Fomin-Graev condition, so the whole is 0. ///

Let ¢ denote the transpose-inverse involution(s). Poisson summation gives

Os(h,g)= Y ®(h~"-y-g)
yekaxr
= [det(h 1" [detg"[? Y B((h) 7ty g) = |det(hY) " [ det g7 ©5(R", g)
yequr

As with ©¢, the not-full-rank summands in O integrate to 0 against cuspforms. Thus, letting

GLS ={h € GLy(A) : |deth| > 1} GL; ={h € GLy(A) : |deth| <1}

(X, £,0(0,%)) - EE 1 4(9) = x(det g) /G s o, T O g)

— (det g)? / F(h) x(det )" O (h, g) dh + x(det g)? / F(h) x(det h) ™" @ (h, g) dh
GLy(k)\GLF GLq(k)\GLg

—  x(detg)? / F(h) x(det h) " O (h, g) dh
GL,(\GL]

1 X(det g)? / | det(h=1)"|" | det g'[¢ f (1) x(det b) " O (k' g") dh
GL,(k\GLy

By replacing h by h* in the second integral, convert it to an integral over GLq(k)\GLq*, and the whole is

0, £,9(0,%) - B pa(g) = x(det g)? / F(h) x(det h) " ©a(h, g) dh
GLq(k)\GL§
+ ux_l(detg‘)q/ f(h*) vx~!(deth*) " Oz (h,g") dh
GLg(k)\GLF

Since f ot is a cuspform, the second integral is entire in x. Thus, we have proven

g(XTa fa (I)(Oa *)) ) Eiﬁ(p iS entire

[7.1] Remark Except for the extreme case ¢ = r — 1, these Eisenstein series are degenerate, so occur only
as (iterated) residues of cuspidal-data Eisenstein series. Assessing poles of residues is less effective in the
present special circumstances than the above argument.

8. Appendix: Eisenstein series for G L,

We compute Mellin transforms of the Whittaker functions attached to Eisenstein series for GLy (with trivial
central character, spherical, over a number field k). The natural normalization of Eisenstein series adds a
further local L-factor to the Mellin transform (as well as a measure constant at ramified primes), by contrast
to the usual Mellin transform of the usual normalization W of the spherical Whittaker function. And at
the end we give a precise function equation.

[8.1] The standard Eisenstein series Let G = GL, and

O LS (RS IERTE GO
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and let Z be the center. An absolutely unramified Hecke character can be decomposed as x(a) - |a|®

corresponding to the usual decomposition
J/E* = Ik x (0, +00)

The standard normalization of the spherical function (in the tensor product of principal series) is ¢ = &), ¥
with

<pv(<g T) -0) = |a/d|; - xu(a/d) (0 in the standard maximal compact of GLa(k,))

Thus, ¢,(1) = 1 for all v. The standard Eisenstein series attached to data s, x is

E(g9) = Eix(9) = Y ¢(vg)

Pk\Gk

[8.2] The Eisenstein Whittaker functions Let ¢ be the standard non-trivial character on A /k. Let o,
be the local integers at a finite place v, let p be the rational prime lying under v. The dual lattice to o, with
respect to trace is

oy ={a€k, : trg’p(aﬁ) €Z, : forall §€o,}

This dual lattice o is exactly the kernel of the standard . Let

WE(g) = [ ) Elng) dn
Ni\Na
where the measure is normalized so that the total measure of Np\Na is 1. As usual, this unwinds to

/ D) p(ng)dn+ | B(n) p(wong) dn
Ni\Na Np

As 1) is non-trivial, the first of the two integrals is 0. The second integral has an Euler product, with v*"
factor

WE(g) = /N () @y (wong) dn

[8.3] Archimedean local computations

At archimedean places, for present application we do not need the Mellin transform of the Whittaker
functions. Instead, we need to present the archimedean-place Eisenstein-Whittaker functions in a form
that emphasizes local functional equations. As above, let

<pv(<g T) -0) = |a/d|; - xu(a/d) (0 in the standard maximal compact of GLa(k,))

and

WvE (9) = E(n) Pu(wong) dn
N,

By the right K, invariance, Z,-invariance, and left N,, equivariance, to understand W it suffices to take g

of the form
(Y
=(" 1)
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For v complex and x € k,, let 27 = Z, and for v real let ¢ be the identity map. For archimedean v, the
standard Iwasawa decomposition is

<(1) é)(l 313><y 1)_(—3(/)/7" a:"r/r>.(x;//rr —Z/r) (where 7 = v/557F 757)

Thus,
w0 o) (D)) (8 )

The Fourier-Whittaker transform is
s JR—
do =yl [ Baw)
v ky

— y o — y
/ ) s = bl [ G \

xz +yy° |, yy? (2 + 1)
For v real, the following computation is familiar, but the normalizations are important, so we recall it. Using
the identity

_ vy
zx? +yy° |,

S

1

— d
zx? + 1|, .

—s 1 > —tu sdt
u‘:F() e t? (for u > 0 and Re(s) > 0)
s)Jo

rewrite the Fourier-Whittaker transform as

"~ /00/7 ) g g @ _ WV T [ VT et ey g O
P(zy) e FE) s dop — = / / zy—)e e ™ t° T2 dr —
rs) Jo Jr () t I(s) Jo R¢( y\ﬁ) ¢

1-s [e%}
BT [ g e &

- (Fourier transform after replacing x by x -

6

Replacing t by t - my turns the whole into

1—s e <] [e'e]
() - M/ o=t byl ps—3 A _ i/ o=t byl s—3 (0 real)
F(S) 0 t W_SF(S) 0 t

For v complex, the computation is less familiar, but follows the same course. Keep in mind that the complex
norm fitting into the product formula is the square of the usual:

lyle = lyglr = |y|?
The character is
Yo (ry) = Yr(tr o/r(zy))

In particular, for x,y € C, the trace tr ¢ /g (zy) is double the standard R-valued pairing on C =~ R2. This
2 appears explicitly in the Gaussian after a Fourier transform. And the measure on C is twice the usual
Lebesgue measure on R2. We write this factor explicitly from the outset. The same trick with the gamma
function rewrites the Fourier-Whittaker transform as

2 dt 2y|> =27 - dt
|y| / / w my —t(14zz? )tsd |y| / / w 372/ et e maa’ 4251 dl‘?

= M /oo e te YT T 4251 @ (Fourier transform after replacing x by x - ﬁ)
r2s) J, t Vi

Again, the 4 = 22 in 4yy® appears because of the normalization of the pairing. Replacing t by t - 27y turns
the whole into

2P [ s L dt ly| o s L dt
2s—1 27 t+t 2 2s—1 2" 27 t+t 1 2s—1 2%
(27my) @) /0 e~ 2t o)lyl g A O e / e 2t lvl ¢ ; (v complex)
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In both cases, we have

Co(2s) - WE, = (invariant under s — 1 — s)

[8.4] The Mellin transform  The global Mellin transform of W¥ factors

/|a|S/WfX(a 0) da—H/ |a|s va<a O> da
,]] X

To compute this, we cannot simply change the order of integration, since this would produce a divergent
integral along the way. Instead, we present 38 the vectors ¢, in a different form. Let ®, be any Schwartz
function on k2 invariant under K, (under the obvious right action of GLy), and put [3°]

Fule) = xldetg)ldetgl* | (WP - Bt ez g)de

v

where e is the second basis element in k2. This ¢/ has the same left P,-equivariance as ¢,, namely
/ a * _ / d s d
oll g g ) 9 =%u(9)-la/d” x(a/d)

For @ invariant under the standard maximal compact K, of GLy(k,), this function ¢/, is right K, -invariant.
By the Iwasawa decomposition, up to constant multiples there is only one such function, so

@ (9) = ¢, (1) - u(9) (since ¢, (1) = 1)

and

o (1) = / X2 [t - (L - e2) dt = (25, X2, (0, %)) (a Tate-Iwasawa zeta integral)
kX

v

Thus, it suffices to compute the local Mellin transform of

A0 WEm) = [T lwonm) dn = x@lal* [ ) [ O 00t e - wnm) dvn

= x@)al® [ @) [ 300 atia ta)ded ithm = (5 1))

v v

At finite primes v, we may as well take ® to be
®(t,x) = chy, (t) - chy, (2) (chx = characteristic function of set X)

Then ¢/, (1) is exactly an L-factor

9021(1) = CU(QS’ XQa Chﬂu) = LU(257X2)

[38] This variant presentation of the vector used to form the Eisenstein series is essentially a globally split theta
correspondence. At a more elementary level, this trick is a non-archimedean analogue of classical computations
involving Bessel functions.

[39] The leadin x(det g)| det g|® in this integral maintains the triviality of the central character.
g g
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and [*0]

- wh. (o 1) =xtial [ ) ch, (1) | O ch, (1) i da

v

= x(a)|al® meas (0,) /X choﬁ(1/t))<2(t)|t|2571 ch,, (ta) dt

v

= [0, 3/2~x(a)\als/ cho; (1/)X* (1)[/** ™ cho, (ta) dt

v

where 0, € kX is such that (0})~! =0, - 0,. We can compute the Mellin transform
/ af" - (X(a)a|s/ chgs (1/0)X2 (D)2~ chy, (1) dt) da

Replace a by a/t, and then ¢t by 1/t to obtain a product of two zeta integrals

(/kx lal*” - x(a)|al® cho, (a) da) . (/kX Cha;(l/t)x(t)|t|"'—1_s/ dt)

v v

= C’U(S/ + s, X7Ch0v) ' CU(SI +1- 5% Ch0271>

= Ly(s' +5,%) - Lo(s' +1 = 5,%) - [0,/ 7179 x(2,)

Thus, dividing through by ¢! (1) and putting back the measure constant, the Mellin transform of W, is

E
s 1
s 11 E a 0 . 1/2 Lv(5/+57X)'LU(5/+1757y) —(s'+1—s
/ " W (0 1> da = [o.[./* Lo(25,x2) RO X0

Let 0 be the idele whose v** component is 0, for finite v and whose archimedean components are all 1. The
product over all finite primes v of these local factors is

Swe (a0 2, L' +5,X) L' +1=5%) | (441-9)
da = . .
/Jﬁn lal™ W <O 1) a=| L(2s,x?) o x(0)

In our application, we will replace s by 1 — s and x by X, giving

’ 0 L(s'+1—s,%)-L(s 4+ s,%) C(ee)
swE ([ a d :01/2. ’ ) 1o (s"+s) ?
[l wE (G ) da=p o P+ x()

In particular, with  trivial,

s i E a 0 1/2 Ck(sl +1-— 3) ’ Ck(s/ + S) —(s'+s)
da = . .
/inn |CL‘ Wl—s <0 1> a |D| Ck(Q _ 25) |D|

[8.5] Functional equation  With y trivial, Poisson summation gives the functional equation for the
spherical Eisenstein series:

£(25,0(0, %)) - Ey(g) = £(2 — 25, 8(0, %)) - E1_4(g")

[40] The Fourier transform of the characteristic function chg, of oy is |DU|1/ 2 times the characteristic function of 0.
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where g* is g-transpose-inverse. Peculiar to GLs is that

wg'w !t = (detg)"!-g (where w = ((1) é))

Since w lies in the standard maximal compact locally everywhere, and is in GLy(k), and since the Eisenstein
series is spherical everywhere and has trivial central character,

(25, (0, %)) - By = £(2 — 25,8(0,%)) - By_,

Take ® to be K-invariant locally everywhere, Taking ® to be the standard Gaussian at archimedean places,
and the characteristic function of 02 at finite places, this gives

£(25) By =] - [o|**72-€(2—25)- By = 0|1 - £(2 - 25) - By
where the first factor |0| is the product of the measures of the 02. Recall the functional equation of &
o1
E(s) = o7z - £(1 =)

Then
£(28) - Es=€(2s—1)- E1_,

9. Appendix: residues of degenerate Eisenstein series for P"~ "'

We prove meromorphic continuation and determine some residues of some very degenerate Eisenstein series
(sometimes called Epstein zeta functions). We need to recall some specifics about these well-known examples.

- (n— 1)-by-(n 1)
_ pn—1,1 _ TL*].—by—’I”L*]. *
p=r _{< 0 1—by—1>}
View A™ and k™ as row vectors. Let ey, ..., e, the standard basis for k. The parabolic P is the stabilizer

in GL,, of the line ke,,. Given a Hecke character of the form y(«) = |a|® and a Schwartz function ® on A",
let

w(g) = | det g|5/J [t]™ ®(t- e, -g)dt

The factor |¢|™ in the integrand and the leading factor | det g|* combine to give the invariance ¢(zg) = ¢(g)
for z in the center Zp of G = GL,. By changing variables in the integral observe the left equivariance

S ns S —(n—1)s A *
otog) = detpgl* [ 1000 po)at = et APl olg)  (torp= (4 5] e pa)
3
The normalization is not ¢(1) = 1 but
o(1) = / [t]™° ®(t - e,)dt (Tate-Iwasawa zeta integral at ns)
J

Denote this zeta integral by & = £(ns, ®(0, %)), indicating that it only depends upon the values of ® along the
last coordinate axis. Thus, by comparison to the standard spherical Eisenstein series E;(g) corresponding
to this st degenerate principal series, the Eisenstein series associated to ¢ has a factor of &(ns, ®(0, %))
included, namely

(ns, @(0,%)) - Es(g9) = Z ©(79)

YEPL\Gr

33



Diaconu-Garrett-Goldfeld: Moments for L-functions for GL, X GL._1

Poisson summation proves the meromorphic continuation of this Eisenstein series, as follows. Let
Jt={tel : |t|>1} J-={ted : |t <1}

and g* = (g")~" (transpose inverse)

E(ns,®(0,) - Eo(g) = 3 w(rg) = |det g EZ‘Awmwrxwmw

YEP\Gy YEPL\Gr

= |detg]* > /k\J |t Zq)(t-)\en-'yg)dt:metg\s/k . " Y B(tw-g)dt

YEPL\Gy AEEX z€k™—0

Let
O(g)= Y d(t-z-g)

zekn
Then

am@&w»&@=|®mh/

X\

It [©(g) — ®(0)] dt + \detgls/ 1" [©(g) — ®(0)] dt
I+ EX\J—

The usual estimate shows that the integral over k*\J* converges absolutely for all s € C. Rewrite the
second part of the integral as an analogous integral over k*\JT. Poisson summation gives

o B(t-a-g)+B(0) =[t| "detg[Tt D B -a-g)+ [ " det g| ' D(0)
z€k™—0 zek™—0

Let R
O'(g)= > d(t-z-g")

xz€kn

Removing the ®(0) and ®(0) terms and replacing ¢ by ¢~ in the integral over k*\J~ turns this integral into

et [ P00 B0

- |det9|s‘1’(0)/ [t dt + \detg|5‘1<f>(o)/ D g
kX\J- AT

The integral over k*\J* is entire. Thus, the non-elementary part of the integral is converted into two entire
integrals over k*\JT together with two elementary integrals that give the only possible poles:

& Es(g) = (entire) — | det g|s<b(0)/ [t|™ dt + | det g|s_1<f>(0)/ [t~ gt
kX \J~ k

X\J]f
ﬁ:/ 1dt
EX\J1

the relatively elementary integrals can be evaluated

1
/ |t dt = / 1dt ] - (/ g dt) =
EX\J- kX \J1 0 ns

K
[t dt = ———
/kX\J n(s—1)
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That is,

€On00.9) - o = (i) — S RO

Thus, the residue at s = 1 of Ej is R
K ®(0)

Let 0 be an idele such that 0, generates the local different at a finite place v, and is trivial at archimedean
places. Let ® be the standard Gaussian at archimedean places (so its integral is 1), and the characteristic
function of o} at finite places v. With the standard measure on A we have

Res;—1 Es =

®(0) = [o|"/? §(n, ®(0, %)) = £(n)

where £ is the usual zeta function with standard gamma factors, but without any epsilon factor or accounting
for conductors. The residue at s =1 is

At s = 0, the relevant residue is

Res._o€(ns, (0, %)) - By = —

10. Appendix: degenerate Eisenstein series for P>

Let P = P—2L1 and

A *
Os1 52,55 a * | =|det A]°* - |al®? - |d|*? (with A € GL,_2, a,d € GLy)
d

and extend ¢ to a function on G(A) = GL,.(A) by requiring right Ka-equivariance. Define an Eisenstein
series on G = GL, by

E81,82’53 (g) = Z Ps1,52,53 (Pyg)
yeP; T2 INGy,

[10.1] Symmetry in so and s3  This can be rewritten as an interated sum

Booss(@ = D ¢ emr (19)

59,8
r—2,2 2
’YEPk_ \C-?;C

where
PooEll., (A ;) = |det A|** - E};', (D) (with A € GL,_5 and D € GL»)

and E}!  is the GL; Eisenstein series

. a s s
B @= X vunbe) i (0 5) = ldela

YEP\GLa (k)
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Since gt s
la|*[d[** = |ad| ™= - |a/d| ™

this GLy Eisenstein series can be expressed in terms of an Eisenstein series with trivial central character,

namely
sgtsg

B! (9) = |detg| = Ew%(g)

82,83

where
. a s
Eg)= Y. ¢ilvg)  with sos< d>=la/d
YEP;\GLa (k)

From the functional equation
£(28) - Es=€2s—1)- E1_,

the P! Eisenstein series E;!, has a functional equation under

(s2,83) = (3, —3)+(s2— 4,83+ 4) = (5, —4) + (ss+ 5,52 —3) =(s3+ 1,52 1)

given by
1 _&s2—s—1) o
§2,83 5(82 _ 83) s3+1,52—1

Thus,
r—2,1,1 _ §(s2—s3—1) r—2,1,1

81,582,583 5(52 _ 83) " sy ,s34+1,80—1

[10.2] Pole at s; — s = — 1 There is another iterated sum expression

EGan@= Y @pr2es,(0)
yeP VNG
where
A x . .
(pE;;g,zl@Sg ( d) = Esl,il (A) (Wlth Ac GL,_1 and d € GLl)

and E;"ffgl is the GL,_; Eisenstein series

T— A * 3 A * S S
i1 G D DI (Y (it oy (4 5) = 111

YEP, TP INGL_1 (k)

Since
51 —89
arpgee — |dEtA| T =251 +5p
AP d === et A-d|
we call express E;’;i’l in terms of an Eisenstein series with trivial central character, as
r— (r=2)sy+sg
B (0) = |deth] 2 By ()
where
Eh)= " > )
PIT3N\GLr_1 (k)
with e
det A|
s (A jl) (9) = di—z (for Ac GL,_3 and d € GL)

36



Diaconu-Garrett-Goldfeld: Moments for L-functions for GL, X GL._1

From the previous appendix, the Eisenstein series E, for P"~2! has a pole at s = 1 with constant residue

k-0 2
Ressm1 By = ——c———
(r—1)-&(r—1)
Thus, at #=32 =1, that is, at s; — sy = r — 1, E; 2! (h) has residue
(r=2)s1 +(s1 = (r=1)) | = |
r—2)sy1+(s1 —(r— K - ) K - 5
Ress ayr 1 E7"2Y(R) = |det h = LM ettt MR T
€8s —so=r—1 51,32() | € | (T—l)-g(’l‘—l) | € | (r—l)-f(r—l)
Thus, since
det A|"
|det AP** - |al** =D = | det (A a) | S22 (for A€ GL,_5 and a € GL,)
a"~
the residue is .
=211 _ Kol

X Erfl,l

ReSs1*S2:r71Esl,52,53 - m s1—1,s3

[10.3] Residue at s; — s3 = r  The functional equation in sy and s3 (from GLs) is

r—2,1,1 _ §(s2 —s3—1) r—2,1,1
51,82,83 6(52 _ 53) " sy,834+1,50—1

r—2,1,1
$1,82,83

r—2,1,1

at s — 1 — sy = — 1 give a pole of B[~ 21,1

f(s2—s3—1) 2Ll )

5(82 _33) s1,53+1,52—1

This functional equation and the pole of E
with residue

at s —s3=r

r—2,1,1 _
Resg, —sg=rE = Ress, —sy=r (

51,52,53

—s3—1
.5(52 s3 —1) gLt

T (r—1)-&(r—1)  &(ss—sg) lel

k- [o] _5(82_(81_T)_1).E7‘71,1
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