
CHINESE REMAINDER THEOREM

Let n1, n2, . . . , nr be relatively prime positive integers. Let a1, a2, . . . , ar
be integers. The Chinese remainder theorem is a method to find an
integer x (mod n1n2 · · ·nr) such that

x ≡ a1 (mod n1)

x ≡ a2 (mod n2)

...

x ≡ ar (mod nr).

Method to find xxx: Let N := n1n2 · · ·nr. A solution is always given
by

x ≡ a1w1 + a2w2 + · · · + arwr (mod N)

as long as

wi ≡

{
1 (mod nj) if i = j,

0 (mod nj) if i 6= j,

for all 1 ≤ i, j ≤ r. We may choose wi =
N

ni

((
N

ni

)−1

(mod ni)

)
.

Example: Solve for x:

x ≡ 2 (mod 3), x ≡ 3 (mod 5), x ≡ 5 (mod 7).

Solution We want to find w1, w2, w3 such that x = 2w1 + 3w2 + 5w3

and where

w1 ≡ 1 (mod 3), w1 ≡ 0 (mod 5), w1 ≡ 0 (mod 7),

w2 ≡ 0 (mod 3), w2 ≡ 1 (mod 5), w2 ≡ 0 (mod 7),

w3 ≡ 0 (mod 3), w3 ≡ 0 (mod 5), w3 ≡ 1 (mod 7).

We may choose

w1 = 5 · 7 ·
(
35−1 (mod 3)

)
= 70,

w2 = 3 · 7 ·
(
21−1 (mod 5)

)
= 21,

w3 = 3 · 5 ·
(
15−1 (mod 7)

)
= 15.

We obtain:

x = 2·70+3·21+5·15 = 140+63+75 ≡ 278 (mod 3·5·7) ≡ 278 (mod 105) = 68.

So x = 68 is the solution.
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