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This senior thesis, advised by Professor Dennis Gaitsgory and presented in the Spring of 2021, consists
of two parts. In Part I, we give an exposition on the classical proof due to Bernstein-Gelfand-Gelfand [2]
of the BGG resolution. In Part II, we give an exposition on a “modern” categorical viewpoint/proof of
the BGG resolution. As I understand it, the mathematics presented in Part II is far from novel — it is
considered common knowledge in the field. This story was communicated to me by Professor Gaitsgory,
Charles Fu, and Kevin Lin; I am incredibly grateful for their help and patience. In particular, I was entirely
a listener. However, I could not find a reference where this story was committed to paper, and so I decided
to write it down. My role is only that of a scribe.

Part I presents the classical proof of the BGG resolution, which is a categorification of the celebrated
Weyl character formula. In this section, we assume of the reader basic familiarity with the representation
theory of Lie algebras, for example to the extent of one who has read a dense subset of Kirillov’s book [6].

Part II presents a modern categorical approach to the BGG resolution. In this section, we assume of the
reader slightly more familiarity with the representation theory of Lie algebras than in Part I. For example,
we assume the reader knows what category O is. We also assume basic familiarity with the theory of
triangulated categories and category theory at large; a working knowledge of stable co-categories would be
ideal, but not crucial.

The two parts are more-or-less independent of one another, and the reader can choose to read whichever
part they like, be it the former, the latter, both, or neither. We expect that a reader who is equipped to
read Part I will be able to read Part II after reading Part 1.
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“With thee a song I sing, pray thee lend thine ears for me!”

— Li Bai, Ode to Wine
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Part 1
The Classical BGG Resolution

1. A SHORT INTRODUCTION TO PART I

1.1. Foreword to Part I. In this expository section we will give’ the classical proof of the Bernstein-
Gelfand-Gelfand (BGG) resolution, following the original paper of BGG [2], and use it to prove the cele-
brated Weyl character formula (in some sense the BGG resolution is a categorification of the Weyl character
formula). I have tried my best to flesh out details which BGG omitted in their original paper, as well as
organize the proof and the flow of logic in a manner which I find most motivated and easily understood.

Structurally we will tend to assume facts and prove goals, proving the facts later, i.e., logically this
exposition should be read backwards; for example we will begin by proving Weyl assuming BGG. We do
this for the sake of clarity and motivation. More specifically, we will prove BGG in this order: we will first
show how Three Lemmas imply BGG; then we will show how Weak BGG® implies Three Lemmas; then we
will prove Weak BGG. Along the way we will assume some theorems not to be proven in this exposition;
these facts are enumerated in Section 1.

Some notes about labelling: we will label theorems by their names when appropriate, and we will label
statements from BGG by just their number, e.g. writing [10.5] rather than [BGG10.5]. When we need to
refer to facts from e.g. Kirillov [6] or Humphreys' [5], we will for example say [K8.27] or [H4.2].

1.2. Notations/Conventions. Some notations/conventions: We will work over C throughout. Unless
otherwise stated, g = n~ @ h @ nT will be a semisimple Lie algebra. We will write ¥ for the set of simple
roots; if a; is a simple root, it will be said that «; € ¥, and otherwise «; denotes any indexed set of roots.
In this spirit, we will denote by I(X) the index set of the simple roots, i.e. i € [(¥) <= «; € 3. Let w;
be the fundamental weights. The Verma module is denoted M). An irreducible representation of highest
weight A is commonly called Ly, and sometimes to emphasize that it is finite-dimensional we may write 11,
instead. Let A = Z{w;}s, be the weight lattice, and let Q@ = Z{«;}s be the root lattice; similarly denote
AL = N{w;}y and Q4+ = N{a;}» (our convention is that N contains 0). Recall the notion, for A\, u € A, of

p<A <<= A—pue@;.
We will write W for the Weyl group and
Wi ={we W {(W) = k}.
We will let
wo=w(A+0)—o0
define the affine action of the Weyl group W on h*, where recall g :== %qu a =) s, where ¥ C &
denotes the set of simple roots. We will also write

A~ <= Jw: A=w(p),

2Though we will blackbox some facts in the interest of length, e.g. the conditions for embeddings to exist between Verma
modules.
3This is Theorem 9.9 in BGG’s paper, and they did not call it this; but this seems an appropriate name, as BGG appears
to strictly improve upon it.
4Unfortunately Humphreys does not label his theorems/propositions/lemmas, instead relying on the fact that there is a
unique theorem/proposition/lemma per section; we will rely on context to tell what we mean.
5



and
AR = Jw:A=wop.
In line with the notation of g<, we will also write

MF ={ve M:bhv=puhv}

for the p-weight space of M; for example for Verma modules this would be written My* with staggered
indices.

Full disclosure: here are the facts we will be blackboxing (in addition to some standard homological
algebra facts/constructions, such as the Jordan-Holder theorem, which is for example covered in the first
two pages of Benson’s Representations and Cohomology I) in the interest of length:

(1) Verma modules admit finite Jordan-Holder composition series; in fact, the category O consists of
Artinian objects.

(2) Moreover, for A € Ay, the Jordan-Holder decomposition of a Verma module M,y contains irre-
ducibles of form

Loy € ‘]H(Mwo)\)v w’ > w.

In fact there are more precise conditions (which we won’t need), which we will give later.
(3) Maps between Verma modules have

0

Homg(My, M) = {(C :

moreover, for A € Ay,
Homg(Mwlo/\,Mon)\) =C < w1 > Wo

where w; > wy refers to the Bruhat order (more on this later). In fact there are more precise
conditions for these homs, too long to be appropriate for this preamble, which we will state later.

(4) The Harish-Chandra theorem, which states that central characters’ 9, = v, are equal iff A = wopu
for some w, i.e. iff A+ o0~ pu+ 0.

(5) Various facts about central characters, such as the exactness of the functor (7.

(6) Various purely combinatorial facts about Weyl groups, e.g. the existence of squares and the exis-
tence of a choice of signs attached to arrows so that the product of signs in each square is —1.

(1) is proved in chapter 1 of Humphreys’s O book, whereas (3) is proved in chapter 4. (6) is proved in
section 11 of BGG, but as it is purely combinatorial we omit it for the sake of length here.

Interestingly I could not find any classical (non-generalization) sources on the BGG resolution aside
from the original BGG paper, which we (try to) follow here. The original BGG paper was surprisingly
difficult to obtain, and in it BGG uses some conventions/notations which are different from those most use
(as noted in Humphreys’s book on the category O). Moreover, there were some points in BGG’s proofs
which I found rather difficult to follow (for example due to omitted details). In this exposition I will try to
flesh out these details to the best of my ability and organize the material in a way which is most motivated
and easily understood, as well as switch the conventions/notations of BGG to something more familiar.
Any errors are, of course, entirely my own.

Among the odd notations of BGG, the most notable is that BGG writes M), where we would write My
for Verma modules. Though changing BGG’s M), , notation to M) is nothing more than an index shift,
I can only hope I'’ve made no errors. Here are some others: it seems to be common for central characters
to be denoted y, whereas BGG uses 1J; this is a convention I will keep. BGG also writes

My = Ker™ Ker ¢
for the eventual kernel of Kerd C Z(Ug), which I will instead denote by
Mﬂ

5More of this later.



since in some sense M admits a “weight decomposition” in this way (more later). Interestingly BGG also
writes w; > wy implies £(w1) < ¢(ws), so that instead of a unique maximal element in the Weyl group
there is a unique minimal element. We will stick to the unique maximal element convention.

2. THE SETTING: CATEGORY O

For completeness let us describe the setting we work in. We will only be story-telling and won’t prove
any of the details in this section. This is described in section 8 of BGG, where BGG mostly describes and
cites things, and also elaborated upon in chapter 1 of Humphreys, where he proves e.g. O is Artinian.

Let us first define O:

Definition. Let O be the full subcategory of the category Modyy of left Ug-modules, whose objects are
all M such that:

(1) M is Ug-finitely-generated.

(2) M is b-semisimple (i.e. M = Dy M has a weight basis).

(3) M is locally Un™-finite, i.e.

dim Spang,+(v) < oo Vv e M.

Recall that Verma modules lie in this category.
Before going on to give more facts about O, let us describe the notion of central characters:

Definition. For any M € Repg, if v € M is an eigenvector with respect to all of Z(Ug), then we can find
a
S HOIIlNg(C (Z(Ug), (C)
such that
z2v=9=z)v VzeZUyg).
These ¢ are called “central characters”; more generally we may refer to any such homomorphism as a
central character.
Let us also write
O(M) = {such v}
for the set of central characters of a module.

That this is a homomorphism of algebras is clear since for example (z1 + 2z2)v = z1v + 220 S0 ¥ respects
addition, and similarly for multiplication.
For completeness let us cite some facts about O (see Humphreys):
7



[ Proposition. Let M € O.
(1) All weight spaces of M are finite-dimensional:

dim M < co.

Moreover, the set of weights of M is contained in a finite union of cones \; — Q, \; € h*:

weM C o | (M- Qy).
ifnt:\; €h*

(2) O is both Noetherian and Artinian, i.e. every M € O is both Noetherian and Artinian as a
Ug-module. In particular this means every M € O admits a finite Jordan-Holder decomposition
series.

(3) O is closed under taking submodules, quotients, and finite direct sums.

(4) O is abelian.

(5) For M € O and dimV < oo,

M®VeO.
In particular
exact

dimV <oco = O V: 0 — O.
(6) M is Un~-finitely-generated.
(7) M is Z(Ug)-finite:
dim Span g4y (v) < oo Vv e M.
(8) Every irreducible module in O is of form L), the quotient of M) by the maximal submodule
(A eb).
Next some facts regarding the central characters:
(9) For A € h* and a Verma module M), there is exactly one central character, which we will call 9,:

O(My) = {Ux}-
(10) For any M € O,
|©(M)| < 0.
(11) For any ¥ € Hom(Z(Uyg),C), its kernel is an ideal Ker? C Z(Ug) which has stabilizing eventual

kernel:
M D {ve M: (Kerd)"v =0} stabilizes for large n.
This will be denoted
M? = Ker™ Ker ¢ Rép M,
which is a subrepresentation of M.
(12) Moreover,

o(M’) = {v}
and
M= M
9EO(M)
and
0%: 02 o
is exact.

I think the proof® of most of these are not too difficult and can in fact be found in chapter 1.1 of Humphreys,
except maybe for showing O is Artinian (requires citing Harish-Chandra), which is in chapter 1.11 of
Humphreys.

There is another theorem about these central characters which we will need to cite:

6A note to myself: as Humphreys remarks, it is very easy to for example see M? is a subrep of M, since Kerd C Z(Ug)
and so (Kerd)"v =0 = (Ker?)"gv = g(Ker¢)"v = 0.
8



[ Theorem (Harish-Chandra). For A, u € b*,
=19, = A~ pu
— Ato~p+to,

_Where the second line is the definition of ~.

Interestingly Harish-Chandra is a single person and not the last name of two authors.

3. THE BGG RESOLUTION AND THE WEYL CHARACTER FORMULA

In this section we will state the main results of this exposition: the BGG resolution and the Weyl
character formula. We will use the former to prove the latter.

3.1. The BGG Setup. Unfortunately the full statement of the BGG resolution takes a bit of setup.
Rather than state a partial result now and use it to prove Weyl, only to give a full statement later, we will
begin with this setup and give the full statement right away. Most of the proofs implicit in this setup will
be omitted in the interest of length.

Recall that Verma modules were defined as the “universal” highest weight modules,

M)y, = Ug ®yp C*,

where A € h*. One may ask what homs between such spaces look like, and there is a theorem of Verma and
BGG which characterizes this (I will give the statement as it appears in BGG, adjusting for index shifts):

[ Theorem (Verma). For \, i € b*,

0
Homg(M,,, M) = { ,
C
and any nonzero map between two Verma modules is an injection.

Moreover,
Homg(M,,, M) =C

!

Jay, - ,ap € Py
S+ 0= Say Sy (A 0),
Sai_y Sar(A+0) = 8o, Say (A + 0) € Zoya.
In the case that A € A4, these conditions simplify to
Homg(Mw1o/\7 MwQO)\) =C

!

wy > Wa.

The proof of this theorem is a long journey through chapter 4 of Humphreys; as one might expect, it it
much easier to prove that dim Homg (M, M) < 1 and is injective when nonzero than it is to prove the full
criterion.
For our purposes the wy > wy will be the relevant condition. As noted earlier, w; > wy refers to the
Bruhat order on the Weyl group: i.e. meaning there exists a chain
Siq Si Sip_1 Sin
Wy — Uy —= 7 Up-1 — W2
9



such that

Uk = Sipyq Uk+1,
E(uk) = £<Uk+1) + 1,

where we set ug = wy and u, = wy. We may sometimes suppress the arrow labels s in this notation and
instead just write e.g.

wp, — Uq.

In view of this theorem, since all nonzero maps are injective, when appropriate, there is a Verma
submodule M,, inside M. Hence, for wi > ws let us write

bwy—ws © Muyox = Muyson

for the canonical embedding.

There are two other combinatorial facts about the Weyl group which we will quote; proofs may be found
in section 11 of BGG. Here we will refer to them by their numbers in BGG.

Consider the (finite) directed graph I'(W) whose vertices are elements of W and whose arrows are

precisely those such that w; —— wy. We will call (w1, ws, ws, wy) a “square” if

’wl/ w2 \fw4 .
N

[ Lemma (10.3,10.4). For wy,wq € W with £(wy) = £(wy) + 2, there are either zero or two vertices that fit
in arrows between:

0
2

Moreover, to each arrow w; — wsy of T'(W) we may assign a sign

#{w:w1—>w—>w4}:{

sgn(wy, we) = +1
such that, for all squares (wy,ws, w3, wy),

H sgn(w,w’) = —1.

4 arrows in square

3.2. The BGG Resolution. Now we are in a position to set up the BGG resolution. This resolution will
be constructed as follows for A € A : grade the graph I'(W) by length ¢(w); place a Verma module M0y
at each vertex w of I'(W); define maps in the resolution by putting a map sgn(wi, w2)tw, —w, between
My,ox and M,y for each arrow w; — wa (recall that maps between these two is C since w; — wa, so
any map is given by a multiple of the canonical embedding); and lastly direct sum all modules in the same
grading (i.e. of same length ¢(w)), appropriately combining the maps sgn(wi, w2 )iy, —w, to obtain d. Note
well that, since each ¢ is a map of representations, d so defined is also a map of representations.
10



[ Theorem (BGG). For II, € irRepyy g a finite-dimensional irrep of highest weight A € Ay, there is a
resolution by g-modules of ITj:

d@-@-l dy, dy do
0 — Mygor —> -+ — P Myor — -+ — @) Myor =5 My <11 — 0.
weEWy, i€l(2)

Note that each term of the complex is given by (|®4| > k > 0)
Cr= B Muon,
weWy,
out of which di (k > 1) is defined as
dk‘MwoA = (Sgn(wu w/)Lw_)w/)w’EWk,l;
dg is defined as
do =T M)\ — H)\

the projection.

Note also that, as ¢(wp) = |P4| = dimn™, M,,0x belongs to the (|®4| = dimn™)-th term of the sequence
(where we take II) to be the —1-th term).

3.3. The Weyl Character Formula. We will now prove the Weyl character formula. First some back-
ground: recall we had defined

Definition.
C[P] =C(e}: X e A, eret =eMH 0 =1),
in which lives a character (for V' € Repyy g finite-dimensional)

Xy = Z dim(V?)e.
AEWLV

This character enjoys some basic properties, e.g.

[ Fact.
xc =1,
Xvew = XV + Xw,
XVeWw = XVXW,
Xv* = Xy,
where [J is defined by

For finite-dimensional representations we know that the above sum must be finite (since there are only
finitely many weights of a finite-dimensional V'), so there are no issues. In the case of an infinite-dimensional
representation, however, we must be more careful; to this end define

Definition.

C[P] = ZCAB/\ {Aiey#0} C U (N —Q4)

AEA i fnt
AN EA

where we allow infinite sums as long as all nonzero terms lie in a finite union of cones of form A\; — Q.
11



Since highest weight representations (those generated by a single v € Kernt) have weights A — @, a char-
acter Xy, for a highest weight representation V) of highest weight A will live in @3 in fact, the nonzero
terms lie in a single cone A — Q4.

Since xvew = Xv + xXw, one may wonder what the characters of finite-dimensional irreducibles are.

This is the theorem of Weyl:

[ Theorem (Weyl Character). For ITy € irRepgy g the finite-dimensional irreducible of highest weight A € A,

the character of II, is given by
1
oA
an, = D sa(w)e” [ ———

weWw OZE(I’+
where
sgn(w) = (—1)8(“])
and ?},a represents a formal series
1
= l4e e ...,
= + + +

This will follow directly from computing the characters of Verma modules and applying the BGG resolution.
Indeed, the Verma modules have character:

[ Proposition. For \ € h*, the Verma module M, has character

1
_ A
XM, =€ || 1o’
acd

1

1—.— represents a formal series

where

1

el e

Proof. Recall that the M) has weights u € A — @, each of which is finite-dimensional. Recall moreover

_ Vec
Un™ = M)\
via

Tr = JZU)\.

Recall also from a computation’ on pset 10 that, for o« € &, f, brings a vector in the p-weight space
to the pu — a-weight space, for example
fa?}/\ S M)\/\fa. (*)
Then, since the Verma module is the free Un™ module generated on one vector, if linearly independent
z #y € Un~ both have zv?, yv* € My\*~9, then zv?, yv* are linearly independent. Therefore, to compute
the dimensional of each weight space, it suffices to enumerate the number of linearly independent elements
of Un~ which bring v to the right weight space. By the PBW theorem, since n~ has an additive basis
{fatacr+, we know Un~ has a basis given by {[], f4},; therefore, for 6 € Q4 the dimension of each
weight space is given by

dim]\ﬁ’\_‘S =# Z N Znaa =9
Dy

acd

"For completeness, this is saying

hfav™ = (B, fa]v™ + fabv™ = —a(h) far + fad(H)0Y = (A — @)(h) far™.

12



By elementary combinatorics this is the coefficient
dim MM =[] J] L +e @ +e?+---).
acd

Then we have
XMy, = Z dim(My*)et

HEA—Q+
= Z dim M,\)‘*‘;e/\*‘s
d€Q+
=) 0k ] A+e+e @40
0€Q+ acd
1
A —61,,—90
=t > e ]I =
(SEQ+ a€<I>+
1
A
—° H 1—e o’
CMG‘I)+

where in the last line we recall () is precisely the set of all nonnegative spans of positive roots. This is as
advertised. |

We are now in a position to prove Weyl.

Proof of Weyl Character. Recall from linear algebra that the alternating sum of dimensions in an exact
sequence of vector spaces is zero. In fact, for ¢: M — N a map of representations, we have

ho(v?) = b (1Y) = pA(H)(07) = A(h)p(v),
so that
p(M*) € N (*)
maps of representations preserve weight spaces. Therefore, in an exact sequence of representations we may
restrict attention to each weight space and find that, for
0—Vi— - —V, —0,

the alternating sum of the dimensions of each weight spaces is also zero:

n

Y (1) dim(V;) = 0; (*)
i=1
applying this for each weight space gives

Apply this now to the BGG resolution
O—>ngo)\_>"'—>@Mwo)\_>"'—>®Msio)\—>M)\—>Hx\—>ov
weWp, 1(%)

whereupon we obtain

| D
XHA:Z(_l)k Z X Myox
k=1 wl(w)=k
= D sen(w)Xar,o
weWw
1
— WO -
-3 e [T
weW acd

13



as desired. [ |

In some sense, BGG, being a resolution which turns this alternating sum of formal things into an exact
sequence of actual representations, is a “categorification” of the Weyl character formula.

4. PROVING BGG FROM WEAK BGG: THREE STEPS

Now comes the daunting task of proving the BGG resolution. First, some brief words on how we will do
this: we will first prove BGG assuming three key lemmas (the three main chunks of the proof), 10.5, 10.6,
and 10.7 in the paper. We will then prove these three lemmas, assuming (which we will prove in a later
section) two statements from section 9 of BGG (Theorem 9.9 and its Corollary (unnumbered)), which may
be thought of as a weaker version of the full BGG theorem.

Along the way we will need to assume some facts (e.g. Harish-Chandra) which will not be proven; we
will try to make it clear when we do so, and give precise statements of what the claims are.

As mentioned in the beginning, we will prove BGG in a way which is logically backwards, assuming
facts and proving them later, for the sake of clarity and motivation.

4.1. Lemmas imply BGG. We will prove BGG assuming Lemmas 10.5, 10.6, and 10.7 of BGG. Other
facts along the way, being easier to see, will be appropriately proved. For ease of reading let us reproduce
a statement of BGG here:

[ Theorem (BGG). For II € irRepgq g with A € Ay, there is a resolution by g-modules of IIy:
d
00— Mygor — -+ — ) Myor =+ — P My 5 My 5 1 — 0,
weWy iel()
where di, (k > 1) is defined as
dk‘MwoA = (Sgn(w’w/)bwﬂw/)w’ewkfl

and dg is defined as

doI:ﬂ':MA—»H)\.

Proof of BGG. Step 1: Complex: Let us first see BGG is a complex. We have already described in the
last section the “geometry” of the BGG resolution as well as what the maps are. From the way we have
defined the maps, it is immediate that BGG gives a complex, i.e. dd = 0: indeed, by the combinatorial
lemmas, given two terms in BGG which are two apart, i.e. (w;) = ¢(w4) + 2, either there are is no path
in I'(W) from w; to wy, in which case dz‘w = 0 trivially, or we can write a square with attached signs

1—wq

w2
Sgn(’U)l,’[V ﬁ:(wzﬂm)
w1 W4
sgn(wi ,m sgn(ws,wy)
w3

such that the product of the four signs is —1; for this to happen, either three are +1 and one is —1 or three
are —1 and one is +1. It’s then pretty clear that in any case either the top path is +1 and the bottom
path is —1 or vice versa, in which case the sum (which is how d is defined) is zero, so that dd = 0 still.
Step 2: Exact Beginning: Next let us see why this sequence is exact™ at M, (position 0) and at IIy
(position —1).
First some facts:

8BGG claims that this follows from Harish-Chandra’s theorem on ideals, but I could not quite understand this or locate
precisely what statement they were referring to; instead we will give here an alternate and no doubt clumsier (though hopefully
not incorrect) argument.
14



Fact (K8.27). For v* € M/,
ntok =0 = M, 2 Spang,(v") = Spang,- (v") = M,

is a Verma module.

Proof of K8.27. If n™ acts by zero, then clearly instead of acting by all of Ug it suffices to act on by Un~
(h will of course act by a character), so that Span;, v* = Spang,- v*.

nTo# = 0 implies the submodule generated’ by vH, Spang;g v¥, is a highest weight representation of
highest weight p, so that it is a quotient of M,. Since Un~ = M, as vector spaces via action, to show
Spang v = M, is suffices to show the map

Un™ —— Spangg v"
T — xot
is injective (it is automatically surjective since nTv# = 0). AFSOC zv* = 0 for some x; since v* € M,

there is some y € Un~ such that yv* = v*, so this is saying zyv® = 0, which can only happen if zy = 0
since M = Un~; but by PBW

Theorem (PBW). Any Lie algebra g with ordered basis

g= C(€17' 7571)
has that U”g has basis
Urg=C{&}" - & by b

we have Un~ has no zero divisors, so this implies x = 0 (since v* # 0, so that y # 0), which implies the
map is injective and therefore surjective. |

Recall that, for a; € ¥ and A € Ay,

(]

In fact this can be made more precise:

Lemma (K8.28a). For A € A} and «; € ¥, the submodule inside M), generated by fi)‘(hi)ﬂv/\

My, 2 Spang (£ 10*) = Spang, ([0 0*) = My on

is isomorphic to a Verma module Mg, oy.

Proof of K8.28a. We saw earlier that
fozv)\ € M)\Aiav

so in particular

PN M}\A—(A(hi)+1)ai = My,

(3
where
sioA=8(A+0)—0=8iA+s0—0=8\N—a;=\— (a;‘()\)—i—l)ai,
where we recall that o — s;0 = «;, and more generally
o—wle)= >  a. ()
€l wlacd_
Since

A(hi)+1, A i0A
i vt € My® ° )

)

Mt feels like U g-v" would refer to the free module generated by v*, so to emphasize that this is a submodule generated by
vt we will write Span?f; v*, or just Span, v* for short.
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to show the desired by Fact K8.27 it suffices to show n™ brings this to zero. Recalling still that n™ is
generated by e; for i € I(X), it suffices to show this is killed by all e; for j € I(X). For j # ¢ this is easy,
as [ej, fi] = 0 and so

o . f)\(hi)"rlv/\ _ ff\(hi)+1

A
3 Ji i ejv” =0

since, being a highest weight vector, ntv* = 0. For i = j we must'’ embark on a slightly lengthier
computation:

eif; "N = ([es, i) + fied) £
:hifi M fieif‘
= hif? " fz([ez,fmfzez)f ()=t
= hif? P g AT p2e, g2

:hiff( o +f1hf LA -~+f?(hi)hivk 4 f;\(hi)-s-lf/ﬂ))(

= B f} " 4 fih TR g R
=\ - A(h«)a-)(hi)f;‘(hi)v/\
+ = () ) = o) (hi) ;0
+
A(hi)
Z k)%’)(hi) . f{\(hi)v)‘
k=0

1) Z A(hi) = A(hi)ei(hi) + ke (hs)
o Z A(hi) — 2X(h;) + 2k

= 0 (—A(hw(h» + 1)+ 20 AR + 1))

completing our check that n™ f’\(h LA, Hence, by Fact K8.27, the submodule generated by this vector is

a Verma module of the form advertised. [ |

Recall that Ly is a quotient of a Verma module by a maximal submodule not containing the highest
weight vector; in fact, this can also be “refined” to

[ Lemma (K8.28b). For A € A,
II, = M)\/ Z MS,L-OA’
i€1(x)
« 9 A(hi)+1 /\
where by “Mj,.\” we mean the submodule Spang;, - (f; )
which is isomorphic to My, ..

C M) constructed in the previous lemma

Proof of K8.28b. We will show the RHS is a finite-dimensional representation and then appeal to complete
reducibility.

10Probably I am missing some easier way to do this, but this certainly works.
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To see that
dime My/ S M 0n < 0,
icl(s)

note
Vec

MA/ > Mgon = U“_/Un_(f?(hiHl%eI(z)
icI(®)

where we have used M) = Un~ again, as well as using that M,y C M) is generated by fi)‘(hi)ﬂv)‘. But
<f-)\(hi)+1>
(2

recall that an ideal of form Un~ ic1(z) has finite codimension

codimgy,— Utl_<f')\(hi)+1>iel(2) < oo,

)

which shows finite-dimensionality.
Then, by complete reducibility, we may write

MA/ > MsioA%@muHm
iel(%) p<A

where we know g < A since the left hand side is a quotient of a Verma module and so its weights
must be of form A — Q4. Moreover, by looking at the dimension of the A-space, since the LHS has
dim(My/ >, Ms,00)* = 1 (the quotient not containing the highest weight vector), we force my = 1:

M/\/ > Mgon =& @munw
iel(%) <A

In particular, this means the highest weight vector o* of M)y /> Ms,ox lies inside the factor IIy, so that the

submodule inside generated by o must be IT (by irreducibility of ITy). On the other hand, as v* generates
M), we have 7* generates all of M)/ > i Mg,on. Hence we have My /", Mg,o\ =11, as claimed. |

Indeed, the failure of the ), (») to be a direct sum is why the rest of the terms in BGG are necessary.
That is, K8.28b allows us to describe 11y as a cokernel

D Moor — My — T — 0,
iel(T)

but says nothing about what the kernel is. BGG will do this for us. Note well that the map P, (=) Mg,on —

M, is given by the canonical embeddings' M;,on C My, as prescribed by Verma (Section 2 above); this
agrees with the differential maps we described in the statement of BGG.

Step 3: Exact Everywhere: Now that we know this is a complex which is exact at degrees 0 and —1, we
will cite three key lemmas (to be proved later this section) to show BGG is exact everywhere. The proof
will be by induction:

by induction, assume BGG is exact at degrees — 1,0,1,---,k — 1.

We wish to show exactness at degree k also. Since this is a complex, we already have djy1(Cky1) C
Kerd; C Cf; we wish only to show

?
dk+1: Ck-i—l —» Ker dk

is surjective, i.e. Imgdg41 = Kerdy.
In the below, by Un~-free, we mean free as a Un~-module.

HHere we have chosen sgn(s;,id) = +1 for all i € I(X), which might seem to be an issue given that in our statement of
Lemma 10.4 we do not have any choice on what the signs are; however, by looking at the proof of Lemma 10.4 in section 11
of BGG, one sees that the proof goes by induction on £(w), where at the base case (i.e. in the case of sgn(s;,id)) we are free
to choose whatever signs we fancy; so in particular we may take them all to be positive signs, as we do here.

17



[ Lemma (10.5). For M, N € O such that M is Un"-free with generators vy, - -, vy,

M = Spang,—{v1, -, vn}
and

Un~
p: M — N

a map of Un~-modules such that

©(v;) is a weight vector,
we have

p: M — N surj < p: M/n—M—»N/n—N surj.

In particular we will be interested in applying 10.5 for M = Ci11 = @ M,0on and N = Kerdy.

weW 11

Lemma (10.6). N
A1 Ck+1/n_0k+1 — Kerdk/n_ Kerd; inj
is injective.

In fact, since we are inducting on k (i.e. to get to the k-th step we have proved this lemma for every i < k),
this will be true of all d; for i < k+ 1 (sort of like strong induction).

Lemma (10.7).
dim¢ Ck+1/n_Ck+1 = dimc Ker dk/n_ Kerd;, < oo.

Assuming these lemmas, it is clear we can now show exactness at k, completing induction. Indeed, 10.6
gives an injection

dgt1: Ck+1/n*0k+1 —— Ker dk/n* Kerdy
which by 10.7 is an injection between two finite-dimensional vector spaces of the same dimension; therefore
dg1 is also surjective

dgt1: Ck:+1/n_C’k+1 — Ker dk:/u_ Kerdy;
which by 10.5 implies

diy1: Cry1 — Kerdy

is also surjective, completing the proof of exactness. This concludes the proof of BGG (Lemmas to be
proved later). [

4.2. Weak BGG implies Lemmas. In this subsection we will prove the Lemmas 10.5, 10.6, 10.7 cited
above. The title is slightly misleading; 10.5 does not require Weak BGG, 10.6 does, and 10.7 requires
Bott’s Theorem, a corollary of Weak BGG.

We will restate the Lemmas each time so the viewer does not have to scroll up.

4.2.1. Lemma 10.5. First let us show 10.5.

[ Lemma (10.5). For M, N € O such that M is Un"-free with generators vy, - - -, vy,
M = Spang,—{v1, -, vn}
and
Un~
p: M — N
a map of Un~-modules such that
©(v;) is a weight vector,

we have
p: M —» N surj < p: M/n—M—»N/n—N surj.

18



Proof of 10.5. = Tt is clear that ¢ surjective implies ¢ surjective (since ¢ commutes with n—, it is not
possible for a nonzero person in N/n~ N to have preimage in n~ M; indeed, the image of n~ M lies inside
n~N).
<= Now let us see that ¢ surjective implies ¢ surjective. We will show that any weight vector in N is
actually in the image of ¢, which implies the desired'?; that is, we claim
u€ Nt — uelmgoy Y u.

The idea is to proceed by induction/infinite descent (not sure what to call this) on the weights of N.
That is, since N € O, we know the set of weights of N lie in a finite union of cones (see Section 2):

WtNC | (- Qy).

i fnt: \;€h*
We will start by showing N* C Img ¢ and work our way downwards. In fact, the base case of the highest
weights )\; is a formal consequence of the inductive step, as we will highlight below.

Hence, for the inductive step let us pick a weight u so that all weights above p are contained in Img ¢:
— pick u € N*: N7 C Img .
Under projection by n™ this goes to
m: N — N/u" N

U — U.

Then
¢ surj = @(v1), -+, p(v,) generate N/n~ N

= U= Zci[ﬁ(vi)

for some coefficients ¢;. Note'? that b acts on N/n~ N, with"*
m(u) =u € (N/n” N)¥,

i.e.

Z cip(vi) € (N/n" N

However, from linear algebra we know the sum of eigenvectors with differing eigenvalues is not an eigen-
vector'”, which forces
6 #0 = WHEw)) = p.
Consider u — ), ¢;p(v;). We've noted in an earlier footnote that quotienting (which a priori commutes
with n™) commutes with b, so that

Wi(@(vi)) = p = Wi(p(vi)) =
and therefore
u— Z cip(v;) € N#
since each v and ¢(v;) is in N*. Since w(u — ), c;p(v;)) = 0, we also have

u—Y cip(vi) €n N,
A

126ince weight vectors form an eigenbasis with respect to b, by definition.
13 This is since
bn N=[h,n ]N+n hNCn N+n N =n" N,
so that h acts on n” N (i.e. n” N is closed under h), so that h acts on N/n” N.
1We know b (u) = w(bu) since h: n” N — n~ N; then

br(u) = w(hu) = p(B)r(u) = w(u) € (N/n~ N)".

151y other words, eigenvectors of differing eigevalues are linearly independent.
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S0
= u-— Zciap(vi) e NFNnn™N.

Hence we can write u — . c;o(v;) as

u=Yeplv) = Y cafartt

7 OZG‘I)+

for some weight vectors wH™® € NHTY and constants c,. Here we know we have factors of f, since
u— >, cp(v;) € n” N, and we know the weights on w must be p + o since u — ), ¢;p(v;) € N* and f,
drops the weight by a.

But

wht® € N”F C Img o,
which is a submodule of N, so f,w#**t® € Img ¢, and

— u— Y cipv) = Y cafawt €lmgp

i acd

= u € Imgy,

completing the proof.

Note well that, in the above argument, if 4 = \; is a maximal weight, then w#™® = 0 and we immediately
have u — >, cip(vi)) =0 = u = >, ¢cip(v;) € Imgy, so that indeed the base case is subsumed by the
inductive step. [

4.2.2. Lemma 10.6. Next let us do 10.6. This lemma will be broken up into two parts, 10.6a and 10.6b
(as they are named in BGG). To prove this lemma we will need to cite Weak BGG as well as some facts
about the Jordan-Holder decomposition of Verma modules. First let me recall what Jordan-Holder is:

Definition. A “decomposition series” (or composition series) of M € Modp, is a filtration
0=MyC-CM,=M
such that
M;/M;_; is simple.
We will denote the set of such simple quotients by
JH(M) = {M;/M;—1}:,

which we will call the “Jordan-Holder factors”.

It is a theorem that this JH(M) is well-defined. Concretely one can think about this in two ways: to get
a decomposition series, one may either keep taking maximal submodules'® to obtain the desired filtration,
or one may do the following process: take a maximal simple submodule of M, II;, and pass to M/II;;
then take a maximal simple submodule ITy of V/II;, and pass to (M/II;)/Ils; etc.. The filtration is then
Fy =0, Fy =0y, Fy = 7y (1), etc..

There are three key things we must cite for this subsubsection. The first is the Jordan-Holder Theorem
(a standard fact from homological algebra which takes about a page and a half to prove), the second is the
Jordan-Holder factors of a Verma module, and the third is Weak BGG. The former two will not be proved
in this exposition, while the third will be proved in a later section.

First, the Jordan-Holder Theorem says'’

161f N is a maximal submodule of M, then M/N is simple since the existence of a nontrivial submodule of M/N contradicts
the maximality of N.
1TThis statement is taken from the second page of Benson.
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[ Theorem (Jordan-Holder). Given two filtrations of M of possibly different length
0=MyC---CM,=M,
0=M,C---C M, =M,

we may refine them (i.e. stick in extra terms) to obtain two filtrations of equal length
0=NoC---CNp=M,
0=NyC---CN, =M
such that
{Ni/Ni-1}i = {Nj/Nj_1};,
where by ~ we mean the N;/N;_; are a permutation of the ]\7J’~/]\7]’A_1 up to isomorphism.
Moreover, the following are equivalent:

e M admits a decomposition series;
e Every filtration of M can be refined to a decomposition series;
e M is both Noetherian and Artinian.

Here recall from commutative algebra that Noetherian is “ascending chains terminate” and Artinian is
“descending chains terminate”. Some additional easy facts about JH factors:

[ Fact. For M ,N € Modg which admit decomposition series,
JH(M & N) = JH(M) U JH(N),
(M) =JH(M/N)UJH(N),
(M) 2 JH(N C M),
JH(M) = UJH(Mi/Mifl%
where in the middle two N C M is a submodule and in the last fact
0=MyC---CM,=M

is any filtration (not necessarily a decomposition series).

JH(M
JH(M

These facts are pretty easy to exhibit'®.
Second, we must also cite another fact about the Jordan-Holder factors of Verma modules:

18The first fact follows by taking as filtration

0=Mo®NoC---CMo®ON,=MoONC---CM,®N=M®SN,
JHN JH M

the second follows by taking

0=NoC---CN,=N=MyC---C M, =M,
N————— N——— —
JH N JH(M/N)

the third follows formally from the second, and the fourth follows by using
0=NoC---CN,=M/M_,
to refine
0=MyC---CMy=M
to

CMi1=NoC---CNy,=M; C---.
—_————

JH(M; /M;_1)
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[ Theorem (Jordan-Holder of Verma, 8.12). For A, u € h*,
LH S JH(M)\)

!

dag,--,ap € O
S 0= Syt Sar (A 0),
Soy_1 Say (A +0) — Sa; - Say (A + 0) € Zoyav.
For A € A4,
L € JHMyoy) = L = Lyox, u>w,
with L.\ appearing exactly once.

Lastly, we must also cite Weak BGG, to be proved in a later section. To set up Weak BGG we must
first define the notion of “type”:

Definition. For M € O and ¥ = {¢;} a finite set of weights (with multiplicity, i.e. possibly with
repetition), we say M is of type ¥,
TypM =V,
if there exists a filtration of M
0=MyC---CM,=M
such that the factors
M;/M; 1 = My,

precisely exhibit all of V.

Now we may state Weak BGG:

Theorem (Weak BGG, 9.9). For A € A, and II, € irRepy, g, there is a resolution of g-modules
O—>B‘¢>+| — - — By — By — 1, — 0

such that
Typ By ={wo X:w € Wy}.

Let us remark that the BGG resolution (as one might expect, being stronger than Weak BGG) satis-
fies this, having terms Cj = @wEWk Moy, so that we may take a filtration consisting e.g. of M, o) C
My on ® Mypyor € Myyon © Mygor ® Myon C -+ - realizing Typ C = {w o A}yew, -

In the spirit of working backwards, we will state two lemmas, 10.6a and 10.6b in BGG, and show how
they imply 10.6, and prove the two smaller lemmas later this section.

Lemma (10.6a).
L € JH(Kerdy) = L = Lyox, {(w) > k.

[ Lemma (10.6b). Let wg € W, M € O be such that
L(w) > l(wy) Y Lyox € JH(M).
Then, for
01 Mygor 25 M

a map of representations, we have

—~—

P(UW0°N) £ 0 = @(vwoA) £ 0 € M/n" M.
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Note that the statement in 10.6b can also be written
p(0 ) £0 = p(v"°?) gn M.

Let us see how this implies Lemma 10.6:

Lemma (10.6).
dgt1: Ck+1/n*C'k+1 — Kerdk/n’ Kerd; inj
is injective.
Proof of 10.6, assuming 10.6a/b. Since each term Cjyq is Cyq = @wGWk+1
over Un~ by v™°* the highest weight vector of weight w o A\, we can write
Cri1=Un" {Uwo’\}wewk+1

where by not writing Span we are indicating that this is the free'” module generated over Un~. Then,

Myyoxn with Moy generated

modding out by the ideal n~ C Un™ gives

Y\e/C ~wo\
- Ck+1/n_0k+1 > C{v }WGWk+1

is isomorphic to a vector space with basis {0%°*}yew,, ;-
The claim is that, to show Kerdg,; = 0, it suffices to show dg(0%°*) # 0; that is,

dp1 (0N 40 Vw e Wiyr = dps1(3) #0 VT #£0.

To see this, note”” that a;ﬁq commutes with b, and that the basis of the domain of a,m, {2w°}, consists
of eigenvectors of different”’ weights; then, since dy,; commutes with b, the nonzero vectors {&kﬂ(awok)}
are still eigenvectors in Ker d;/n~ Ker d;, of differing eigenvalues.

AFSOC some nonzero v = Y., ¢,0%°* # 0 had dj41(9) = 0; then

djs1 () =0
dit1 <Z Cw'ﬁwo’\> =
> cudppr (77) =

w

i.e. a nontrivial linear combination of ak+1(5w°>‘) vanishes, contradicting that eigenvectors of differing

eigenvalues are linearly independent. Hence we see that dj1(2%*) # 0 = dy_1(# 0) # 0, so it suffices
to show Ekﬂ does not vanish on weight vectors.
Now let us appeal to 10.6a and 10.6b. Take M = Ker dy, with any wg € Wy41 in the setup of 10.6b; this
satisfies the problem conditions by 10.6a. To be more explicit, by 10.6a, Loy € JH(Kerdy) = f(w) >
By our work at the beginning of this proof, it suffices to show that EHI(WOM) # 0 for any wg € Wy, 1.

Since Cj11 = ®w0€Wk+1 Myp0n, it suffices to show the differential restricted to each summand

ety * Mugor — Kerdy

19The different Verma modules don’t talk to each other.
20Indeed7 more generally for a map
o: M N
which commutes with h, we have
@o: M/n" M — N/n” N

also commutes with b since h3(0) = h((e(v) + 1~ N) = ho(v) + hn™ N = o(hv) + hn™ N C ¢(hv) + n~ N = $(hv), where we
recall from an earlier footnote (I think it’s footnote 11) that hn™ N C n™ N.

In this case di41 is certainly a map of representations and so commutes with b, and therefore so does HkH.

lpor=w oA = w=w.
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has
dk+1(vw00)\) Zn~ Kerdy.

But this follows from 10.6b, since by construction dj1(v*°°*) # 0, as recall dg 1|, is defined by the
direct sum of the canonical embeddings of Verma modules.
This concludes 10.6. u

And now we must prove 10.6a and 10.6b. For these two we shall require the Jordan-Holder stuff, and
for 10.6a we shall moreover need Weak

Proof of 10.6a. Since C; = @W wox, the JH factors of C; is

JHC; = JH @ Moy = |_| JH Mo
weW; weW,;

By Weak BGG, we get a resolution
0<—H)\<—BU<—---<—B|¢+|<—O,

where since Typ By, = {w o A}yew,, there exists a filtration of By whose quotients are M.y, so by a
previously noted fact about JH factors we have

JHB; = | |JH(B//B/™") = | | JHMyon,
j weW;

whereupon
— JHC; = JHB,.

The idea is sort of like DNA/RNA??, where we only know C, is exact in degrees < k — 1, whereas B. is
exact everywhere. Let us begin:

Il = By/ Kerd¥ = Cy/Kerdy = JH(By/Kerd¥) = JH(Cy/ Ker dy)
(JHBy = JHCy) = JH(KerdF) = JH(Ker dy)
(exact at 0) = JH(Imgd?) = JH(Imgd;)
— JH(B:/Kerd?) = JH(C,/Kerd;)
(JHB, = JHC,) = JH(KerdP) = JH(Kerd,)
(exact at 1) = JH(ImgdZ) = JH(Imgdy)
— JH(By/ Kerd?) = JH(Cy/ Ker dy)
(JHBy = JHCy) —
(exact at k — 1) = JH(Imgd?) = JH(Imgdy)
— JH(B}/Kerd?) = JH(C}/ Ker dy)
(JHBy = JHC)) = JH(Kerd?) = JH(Kerdy).

221 don’t remember any high school biology, but I think I remember the word “polymerase” or something...
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At this point we cannot proceed any further since we do not know C, is exact at k. However, B, is exact
at k, so we get

JH(Kerdy,) = JH(Ker d?)
= JH(Img df}, )
= JH(By11/ Kerdf,,)
C JH By41

= || JHMy,

weWy 11
i.e.
= JH(Kerdy) € | | JH Myon.
weW 11
By theorem 8.12, we know that JH M,,,) contains things of form L.y, where u > w; hence

L e JH(Kerdy) = L = Lyoy, u > w for some w € Wiy,
which in particular means
L e JH(Kerdy) = L = Lyoyx, f(u) > k+1,
which is the statement of 10.6a. |
10.6b, while also involving Jordan-Holder, will not involve Weak BGG.

Proof of 10.6b. We will prove this by induction on the number of JH factors, i.e. induction on [JH(M)].
Since M € O, the set of weights of M is contained in some finite union of cones A\; — @4, so we may
pick a vector of maximal weight:
pick ve M*:nTv=0.
Denote by N the submodule inside M generated by v:
N = Spang4(v) € M;

as this is a submodule generated by a single highest weight vector, this is a highest weight representation
which must therefore be a quotient of a Verma module

= N = M, /smth.

In particular
JHN C JHM,,.

Since v € M* is a*’ highest weight vector, it (or rather, its image under an appropriate quotient) also
generates an irreducible L, “inside” N; that is, we can quotient N = M, /smth by something else to get
to the quotient by the maximal submodule not containing the highest weight vector, which is L,. Hence

— L, €JHN.

We will break into two cases, the second of which is induction/reduction. Consider
woo)\),

o(v ;
either this is contained in N or it isn’t.
Case 1: Suppose it is
(v € N.

Since ¢ is a map of representations, it preserves weights so that we have ¢(v*0°") € M™0°}; moreover, it
commutes with n, so that n*p(v0°") = p(nte®0°?) = 0. Therefore p(v™0°") generates a submodule in
N which is a highest weight module and therefore isomorphic to a quotient of M,,.x. This quotient of
M,0x can be further quotiented to obtain L0y, so that

Lugor € JHN C JH M,,.

23Not the, but a.
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By Theorem 8.12 of BGG (JH factors of Verma), this implies
= pu=woA\ forsome w < wy.
But we saw earlier that L.y = L, € JHN C JH M. By the conditions of 10.6b, this implies
= L(w) > L(wo).
Combined with w < wyg, this forces
= w = wp, and u = wgo A.
Then
(V0N € MwooX — ppH
is a vector inside a weight space of maximal weight, which implies
— (") & n M.

This concludes Case 1.
Case 2: We will reduce to a smaller JH size. Suppose

(10 & N.
Then

—_—

p(vor) #£0 € M/N

where the tilda refers to the equivalence class under quotient 7: M — M /N. Since JH(M/N) C JH(M)
(clearly N is a nontrivial submodule), we have

= |[JH(M/N)| < [JH(M)],
so by applying the inductive hypothesis to
70t Mygor —% M/N
we have 7 o p(v*0°) £ 0 € M/N implies
= mp(u"?) ¢n” (M/N)
— (") & n" M.
This completes the induction and therefore the lemma. |

Having paid off our debts to 10.6a and 10.6b, we may continue to the third lemma in our path.

4.2.3. Lemma 10.7. The proof of this lemma will not directly involve Weak BGG, but will require Bott’s
Theorem (unnamed Corollary of Theorem 9.9 in BGG) on cohomology, which is a corollary of Weak BGG.
First let us state this corollary:

Theorem (Bott). For II € irRepgy g a finite-dimensional irrep,
dim H*(n™ : 1) = |Wy).

Here recall that, for any g € LieAlg, Lie algebra cohomology was secretly the same as Ext, i.e.
H"(g: M) = Extp,(C, M) (%)

are canonically isomorphic. We will show how this follows from Weak BGG later.
We are now in a position to prove

Lemma (10.7).
[ dimc Ck—l—l/n_ Clrp1 = dimg Ker dk/n— Kerd; < oo.
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Proof of 10.7. We noted in the beginning of the proof of 10.6 that

YSC ~woA

so that Cgi1/n" Ciyq is in particular finite-dimensional. Similarly, Kerdy, C C = @wewk Moy is a

submodule of a finitely-generated module over Un~, which is a Noetherian ring; therefore”*””, Kerdy, is
also finitely-generated over Un~, which implies

Kerdg/n~ Kerdy is a finite-dimensional vector space;

let us take weight vector generators vy, - - -, v, € Kerdj so that

Vec _ _
Ker dk/n_ Ker dk = C{Ula e ,’Un}.
In summary this gives
= dimg C41/n~Cy o, dime Ker dg /n= Ker dj, < oo
Now we will show these dimensions are moreover equal by passing through dim Tor,gﬁi (C,II,) and using
Bott’s Theorem. Define
Dk-‘rl = Un_{gla e agn}
the free module generated over Un~ with a map
Ok+1: Diy1 — Kerdy,
gi — ;.

Then, since

Vec . .
Dk+1/l‘l_Dk+1 = (C{gh e agn}

has the same dimension as Ker d;/n~ Ker di, we have
gk—&-l: Dk+1/n_Dk+1 — Ker dk/n_ Kerdy
is in particular surjective. By 10.5°" this implies
= Ogty1: Dpyr1 — Kerdy surj,

so that the sequence

Opt1
D1 —5C — - — Cy — I, — 0

is exact”’.
The idea is to extend this exact sequence even further. Now let us take a free resolution (in the category
of n"-modules, i.e. the terms are free over Un™) of Ker 5 1:

3
- — Djy3 — Dyyo — Ker dj1 — 0
so that we may extend

1 o
'—>Dk+2k—+2>Dk+1k—H>Ck—>-~—>CQ—>H)\—>O exact.
Note well that this resolution has terms which are Un~-free modules: the D, are Un"-free by construction,
and the C, are Un"-free since they are direct sums of Vermas, which are Un~-free.

24Being a submodule of a Noetherian module; recall Noetherian module is equivalent to all submodules being finitely-
generated.

2‘r’Alternautively, C), € O since it is a direct sum of modules in O, and Ker dg, being a submodule of an object in O, is also
in O, which implies it is Ug-finitely-generated; moreover it is locally Un™-finite, so that when we mod out by the ideal action
by n™, we obtain a finite-dimensional space.

26T his clearly satisfies the conditions of 10.5, as D41 is a free Un™-module with the image of each generator dx4+1(g:) = vs
a weight vector.

2TRecall it is exact from —1 to k — 1 by induction.
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Recall that in general M @ R/I = M/IM; in particular, since C = Un~ /(n"Un~) as n~-modules, we

have
C Qpn- M = M/n—M.
Let us compute
TOl"kUiI (Ca H)\)
by resolving the second term like we did above. Then by definition Tor is the homology of the complex
c— C®y- Dyyo — C®y- Dy — CRy-Cfp — -+ — C®y- Cp — 0,

which is

5 5

Hence
—> Tor!; (C,11)) = Hyy1(— C @y Dyy1 —)

= Hyy1(— Dpy1/n Dy —)

= Ker 5k+1/1mg gk—|—2
We claim that B B
Og41 = Op42 = 0.
To see the second one, apply C ® [J to the exact sequence

042 Ok+1
Do = Di4q 2 Kerd, — 0 exact

HC@VD

gk+2 gIH—l
Dita/n=Dyyo = Devi/a=Dyyy — Kerde/n=Kerd, — 0 exact,
where we know the result is still exact since in general tensor products are right-exact. But we saw earlier
that 11 is an isomorphism, which forces

- gk_t,_g =0.
To see the first one, similarly apply C ®,- O to

Opt1 d
Dy —= C, — Kerdy_; — 0 exact

ﬂ@@n—D

Dk+1/l‘l_Dk+1 6’9‘“’ Ck/n_Ck & Ker dk—l/n_ Kerdp_1 — 0 exact.
Strong induction (that is, to get to the point where we know exactness at —1,---, k—1, we must have along
the way shown Lemma 10.6°°, that HM is injective, for all ¢ < k) on Lemma 10.6 tells us Hk is injective,
which also forces _
- (5k+1 =0.

That 641 = Opr2 = 0 implies
Tor{™, (C,1I,) = Ker 0/ Img 0 = Dk+1/n—Dk+1,
which, since (recall from the beginning of this proof) Dyy1/n™ Dyy1 = Kerdyg/n™ Kerdy, implies
— Ker dk/n_ Kerd,, = Torj,}; (C,II,).
Now we need to cite’” a fact from homological algebra:

28And 10.5 and 10.7 as well, but 10.6 is the relevant one here.
291 think the most satisfying way to see this is to use that Tor and Ext, being derived functors, are universal delta functors;
it then suffices to check these natural isomorphisms in degree 0, where it is very easy.
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Fact. For any Lie algebra g and M, N left Ug-modules, let MT be the right Ug-module defined by v - & :=
—¢ - v (for € € g, extended to Ug appropriately) and M* = Hom(M, C) be the right Ug-module which is
the dual representation. Then

Extiry (M, N) = Tor$(N*, M)* = Tor{9(MT, NT*)*.

In particular, let us apply this to M = C and N = II. Since C is the trivial representation, we have
C = C* = CI. Meanwhile, since IT} is the representation on which & acts by —pr(€), we have T = I1* as
vector spaces is also irreducible (that IIj is irreducible requires complete reducibility, so that End(II}) =
C = IIj € irRepg). Then we have

Tor{™ (C,1I,) = ExtF ! (C, I} 1)

>~ gEH (n~ Ity
whereupon by Bott’s Theorem
— dim Tor}, (C, 1) = dim H*"' (0™ : T}") = Wi | = dim Crt1/n=Cpyy
which combined with the previous Kerdy/n~ Kerdy = Torgjg (C,II,) implies
—> dim Ker dk/n_ Ker d = dim Tor{}; (C,T0) = [Wj41| = dim Ck'+1/n_Ck+17

precisely as claimed by 10.7. This concludes. |

At last, having proved 10.5, 10.6, and 10.7, we have shown how Weak BGG implies the full BGG. It
lastly remains to show Weak BGG.

5. PrRovING WEAK BGG

In this section we shall prove Weak BGG and also derive its corollary, Bott’s Theorem (stated and used
in the last section).
Recall that the Weak BGG theorem claimed the existence of a resolution of form

0—>B|¢+‘—>---—>Bl—>Bo—>H/\—>O
such that
Typ By = {wo\:w e W}

We will first exhibit this resolution for IIy = C the trivial (irreducible) representation, then use this
exhibition to obtain this resolution for all other irreps.

5.1. General Lemmas. First some generalities for arbitrary g. Recall the construction of a resolution of
C by
C, =Ug®g"".

There is a variant of this which says

[ Theorem (9.1). For any Lie algebra g and a C g a subalgebra, there is a resolution of the trivial repre-
sentation
B0 ey —C—0

whose terms are
C, =Ug ®uq (g/a)""
and whose differentials are
dp: Ug ®ua (9/0)"" — Ug ®ua (g/a)"

n

a® NE— S (Do N+ Y (—DMHav g, g A &

i=1 \i 1<i<j<n \d,J
| Part of the theorem is that this is well-defined.
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The well-defined-ness of the differential is an immediate check, and the proof of exactness is also standard,
so we skip it here.

The idea is that we will use this resolution of C to build the weak BGG resolution of C. First let us
note

Fact (9.3).

exact

Ug®ppd: Repb — Repg
is an exact functor. If V € Rep b moreover has dimV =1, hv = Av, and n*v = 0, then

Ug®UbV:M)\.

This is pretty obvious since Ug is Ub-free (recall PBW), and the second bit is definitional (we include it for
completeness since BGG did). Next let us establish some facts about types in moving to construct weak
BGG for C.

Lemma (9.5). For N € Rep b such that dim N < co and N is h-semisimple, we have
Typ(Ug ®up N) = Wt N.

Proof. Since b is solvable, by Lie’s theorem there exists a filtration of b-modules
J0=NpC---C N, =N
such that
dim N;/N;—; = 1.
To exhibit Typ(Ug ®yp N) = Wt N, let us give a filtration
0=Ug®us No C--- CUg®us Nn =Ug Quyp N,
where the quotients are
d Ug@UhNi/U9®U5Ni—1 =Ug®uy Ni/Ni—1
since Ug®yy is exact and therefore preserves quotients:

0— Ni,1 — N,L — Ni/Ni—l — 0

ﬂUg@UbD

0 — Ug®ue Ni-1 — Ug Qup Ni — Ug Qe Ni/Ni_l —0

which forces the last term of the second sequence to be (Ug ®@yp N;)/(Ug @up Ni—1).
Recall the way Lie was proved was by induction’ on dim V' and using

Jv:bv=x(b)

(where it is a formal consequence that x| gj—n+ = 0), so that N;/N;_1 is a 1-dimensional space on which
b acts by a character and on which n™ acts by zero. Therefore

= U9®U6Ni/N¢_1§MH uwe Wt N,

where 1 = x € Wt N is a weight of NV since there was a vector © € N; C N on whom h (through which
the character must pass since it vanishes on [b, b] = n™) acts by a character . It is clear that, as we run
across i, the weights will precisely run across and exhaust all of Wt IV, exhibiting the desired claim. |

Next, we will establish a fact about the type of MY (recall the bit about central characters earlier in
Section 2).

3OI.e., we exhibited a desired filtration by using this fact.
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Lemma (9.7). For ¥ a central character of M,
Typ M? = {3 € Typ M : 9, = 9} :== Typ” M,
where the second equality sign is a definition of the third object and by v, we mean the central character
of the Verma M.
Proof. Let us take a filtration®! exhibiting Typ M:
0=MyC- CM,=M

such that
M;/M; 1 = My, Y e Typ M.

Recall that the functor [1V is exact. Let us then apply it to
0— M;—y — M; — M;/M;—; — 0

I’

9
0— M;—1" — M;" — (Mi/M'—l) —0
whereupon we obtain a filtration
0=M"C---C M, =M’
with quotients
0

However, recall from Section 2 that

O(My) = {1y},
so that Md,ﬁ is either all of My, if ¥ = 9y, or 0 if ¥ # ¥y
My 9=9
— M /p, =M =Y i
¢ /M’L—l w {O 79#191/}

Note that in the case of 0, we have M;Y = Mi_lﬁ, so there is sort of a redundant term.
Then we can appropriately delete all such redundant terms in the filtration

0=M"C-.-C M, =M’
to obtain a filtration exhibiting the claimed Typ MY = Typ? M, as desired. |
Lastly, let us compute the type of the tensor product of a finite-dimensional representation and a Verma

module. Note in particular by taking V' = C the trivial representation we obtain the type of a Verma
module (not that this is needed for us).

Lemma (9.10). For V € Repyy g, ¥ € b*, we have
Typ(My @c V) = {A+¢Yhewtv =¥ + Wt V.

Proof. Let us take a weight basis of V'
V =C{vy, --,vn}
ordered so that their corresponding weights are ordered

Let v¥ be the highest weight vector of My,
Consider then the set of vectors

{v¥ ®@vi}s.

31Unfortuna‘cely our index for the notation here will collide with the place where the highest weight of a Verma module
would be; but hopefully it is clear upon context whether we refer to a filtration index or a highest weight. I guess this collision
was more or less unavoidable, since highest weights are labelled below and central characters are placed on top.
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The claim is that these guys are weight vectors. Indeed, compute
hv? @ v;) = ho? @ v; + v¥ @ b,
= P(b)v” ® v; + Ni(h)o” @ v,
= (¥ +2)(0) (0¥ @ vi),

so that in fact
— W eu e (M, V)V

Moreover,
w®vl M®Uz+vw®nv
® ﬂ Vi,
where ntv; € Span{vy,---,v;_1} since n' raises the eigenvalue.

To exhibited the claimed type, consider now the filtration
0=NoC---CNy=MyaV
where
N, = SpanUg{vw Qur,- 0¥ @ v,
which is clearly a filtration. It is not yet obvious that
N, = Mw QR V;
we will show this. We will also claim that
Ni/Ni—1 = My,
It is obvious that
Nk/Nk—l = SpanUg{v¢ ® Uk}
is generated by a single vector (here we really mean the equivalence class). Moreover, by the above
computations of the action of h and n*, we have
P4k
¥ ® v € (Nk/Nk—l)
which is sent under nt to”?
nt ¥ Qu, — 0 € Nk/Nk_l.
Therefore
—> Nj, = Spang,— {v¥ @ vy, -, 0¥ @ v }.

We claim that this is moreover free over Un~. To see this, let > [[¢ € Un~ denote any arbitrary

element in the universal enveloping algebra and suppose there was a linear dependence relation:

ZEIR ®vi) =0

Then, exchanging the sums out and dlstrlbutlng according to Leibniz, we obtain

k
0=> > ((J]ow") ©w
=1
k k
+ZZ( H HY ® ( H &g +-"+ZZU¢® (Hf)vz

i=1 smaller smaller =1 N——r
—— absorb into Span{v;41,,vn}
absorb into Span{vit1,,vn}
But now, after converting each instance of an element of Un™ acting on v; to a linear combination of v;’s,
the second line in the above is a sum of pure tensors where the second factor is some v; and the first factor

is some element of Un~ acting on v¥, where the element is of filtration degree strictly less than that of

32This is since n*(vw ® vk) € R Span{vi,- -, vk—1} C Ng_1.
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the element in the first line. Hence the first line cannot be cancelled out (recall that v¥ € M, belongs to
a module which is Un™-free), and we have contradiction. Hence N is moreover Un™-free,
= Ny =Un{WW®@up, 0¥ @ v}
But then this implies Ny /Ni_1 is free also,
= Nk/Nk;—l = Un_{vw R vk} = Myt

where we recall the weight of this vector is Wt(v¥ ® v3,) = ¥ + g
Moreover, at k = n, this gives N,, = Un"{v¥ @ vy, ---,v¥ @ v, }, i.e. (since Un~ acting on v¥ generates
all of M)
— N, = MdJ ® V.
This completes showing that the filtration we constructed exhibits the claimed type, so we are done. W

5.2. Base Case of Weak BGG. In particular, let us apply these facts (9.10 is not necessary) to the
resolution of C given in 9.1.

Lemma. Weak BGG holds for IIj = C, i.e. there is a resolution of C with terms in O

Bi(C) = (Ug ®ue (g/b)/\k)ﬂo
of type
Typ Bi(C) = {w o O} wew, -

Proof. Recall the resolution of C given at the beginning of this section. In particular, we will take g to be
semisimple and a = b to be the Borel subalgebra. This is a resolution of form

B Ny —C—0

where
Cn = Ug®us (9/0)""
This is by construction finitely-generated over Ug (since (g/b)"" is finite-dimensional), h-semisimple by
the Cartan root decomposition (g/b = n~ has b acts by roots), and is locally Un™-finite since we can pass
Un* across the tensor @pp to act on (g/b)\", which is finite-dimensional. Hence C,, € O, and applying
the functor (07 keeps it in @. This checks that the terms are indeed in O.
The claim is that Weak BGG is realized by the resolution

= G — P — G — C — 0.
Let us compute the type of these terms:
Typ Cy, = Typ (Ug @ (8/06)"")
= Wt(g/b)"*

Y

QESCH_ SCao_,
|S|=k

where in the last line we have recalled that g/b = n~, so that Wt(g/b) = Wt(n™) = ®_; then it is a purely
linear algebraic fact to see that, with the action of h defined by Leibniz™’, the eigenvalues of the k-th wedge
space are the set of sums of k distinct eigenvalues of the 1-st wedge space. In summary

= Typ(Ck:{—Za} .
€S SCoy,
|S|=k

Since 07 is exact, applying this functor gives a resolution
= — Y — G —C—0

3Be. T(wAw)=TvAw+vATw.
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where C = C? since it is a one-dimensional space. Then, by Lemma 9.7,

— TypC;” = {¢ € TypCy, : ¥y = 9} = {vp € Wt(g/b)"* : 9, = ¥}.

In particular, let us take ¥ = ¥ the central character of the Verma module of weight 0. Then Typ C;,7 =

{¢» € Wt(g/b)"* : 9, = ¥p}. By the Harish-Chandra theorem (see end of Section 2),
Yy =109 <= Y =wo0 for some w.

Now recall that
wol=wp—p=— Z «

a€<I>+:w*1a€<I>,
and also that”'
w)=#{acd :w@)ed }=#{acd, :w Ha)c d_} =L(w™).

Combining all this with our description of Typ C;” and Typ Cj, we have

— TypC,% = —Za:SQ‘IM, |S|:k,—2a:— Z !

aesS aeS a€dwlaed_
At this point, let us cite some combinatorial lemmas.

[ Fact (9.8).

> a=>Ya

acPwlacd_ aEes

!

S={acd :wlacd_}.

In fact, Exercise 7.7 of Kirillov gives much more precise answers (though we won’t need this here):

1

Fact. For w™" = s;, - -- 55, a reduced expression,

k

{ac®, cwtae® )} ={ay, siaiy, Si8iQig, =+ 5 Siy " Sip_, iy -
9.8 then tells us that

Typ CpP0 = { — Z a:weWy,,
aed L wlacd_
i.e.
— TypCp% = {wo 0}wew, -
This shows that the resolution

s G Y — G — C—0

has terms of the type claimed, as desired. |

34From the reduced simple word description we can see £(w) = £(w™").
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5.3. Proving Weak BGG. Now we are finally in a position to prove Weak BGG. Let me reproduce the
statement for convenience:

[ Theorem (Weak BGG, 9.9). For A\ € A, and II € irRepyy g, there is a resolution of g-modules
0— Bjg,|—+—B1— By— 1y —0
with terms in O
Ak Yo Ux
By = ((Ug ®ue (9/6)")"" © HA)
such that

Typ B = {w o Afuwew,-
Proof. We already have the theorem proved for the base case of IIp = C. Now we will construct a new
resolution of Iy as follows: take the weak BGG resolution for C and apply to it first [ ®c IT then [J>:
0 — Bjp,|(C) — -+ — B1(C) — By(C) — C — 0

HD ®@c 1y
0— B|q>+|((C) @cly — -+ — B1(C) @c II, — By(C) @c IIy — Iy — 0

(R
0 — (Bjg,|(C) ®c )™ — -+ — (Bi(C) @c Iy) ™ — (Bo(C) @c )™ — Iy — 0,

where since Il is a finite-dimensional vector space we know [ ®c II, is qxact%, so the composition of two
exact functors™ (0”* and [0 ®c IT, is exact. Note that by construction®” these terms live in the category
38

0. We have also noted C ®¢ I, = II,, as well as H’i* = II, since II) is irreducible’®.
Having constructed a resolution, it remains to see each term has the desired type. To exhibit

Typ (Bk((C) Q¢ H)\)l9A = {w o Awew,,

let us first compute Typ(B(C) ® II) by exhibiting a filtration. Recall
Typ B(C) = {w o 0}yew,, == 30 = By(C)o C --- C Bx(C),, = Bx(C)
: Bi(C)i/By,(C)i—1 = Muyeo
for w; € Wy; then the filtration of By(C) ®c Il given by
0= By(C)o®c Ly C -~ C By(C)p @ Iy = By(C) @ I
has each quotient
= Bi(C)i®cllr/By(C);_1®cIly = Br(C)i/ By, (C)i—1 ®c I = My, @c I,

where we have passed the tensor product outside the quotient since [0 ®c II, is exact (as IIy is a vector
space).

. . 2(
For a similar reason’’

as in the JH case,

Fact. If
0=NgC---CN,=M,
then
Typ M = |_| Typ(Ni/Ni-1).
K3

35Recall the huge block proposition in Section 2, where we noted that the tensor product with a finite-dimensional space
is exact and in particular stays in O.

36Since the tensor product stayed in O, we are allowed to use that (0% is an exact functor from O to O.

3TWe saw that By (C) € O, so applying these functors to it keeps things in O.

38Recall M is a subrep of M.

39Just refine the filtration; see the earlier footnote about JH (I think it’s footnote 17 though of course this changes as I

edit unfortunately).
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For this reason, the above filtration of By(C) ® II buys us
Typ(By(C)@cIly) = |_| Typ Br(C)i®cIlx /By (C);_1®cIly = || Typ(Muc0®cTly) = | [{ptwio0}uewi,,

where we have appealed to Lemma 9.10 in the last equality. Hence

= Typ (Bk((C) ®c H/\) = {u+wol} ewt,,
weWy,

Now let us pass to (0Y*. By Lemma 9.7,
9
Typ (Br(C) @c 1)) = {¢ € Typ(Bi(C) @ IIy) : ¥y = In} = {pn + w0 0 : Vprwo0 = Un}uewr iy, -
weWy,

By Harish-Chandra again, we have
Vyqwoo =V <= p+wol0=uo for some u.

Now we cite another combinatorial fact about Weyl groups:

Fact (K8.22b). For any u € A, the Weyl group orbit (not under the shifted action) of y contains exactly
one element of A .

Hence, for any p+wo0 € Typ (Bk((C) ® H)\)m, since we know
p+wol=wuol
pH+wo—o=uN+uo—o
wHp+ wo — up) = A,

where p1 +wo —up € A and A € A, we know that v ! is the only element of W which turns p + wo — up
into A, so that there is a one-to-one correspondence between p + w o 0 and such u.
Moreover, since the set of weights of a finite-dimensional representation are closed under W*’, we have

u_l,u, e Wtill, — u_lu <A\

: —1,,0
Since 0 — U WO =} 1ep, w—luaco_ @ We also have

uilwg < o.

Together these two give
w4+ utwe < X+ .
But as we saw in the last paragraph, this inequality is actually an equality, which forces
up=X ulwe=y,
which means
w=w".

In particular this means ¢(u) = ¢(w) = k, which gives

= Typ (Bk(C) ®¢ HA)19A = {uo Auew,-

This is precisely as claimed.
We have, at last, shown Weak BGG. |

401y fact, the full statement is this: for any V € Repgy g and any w € W,

w(XV) =XV,

where we define

w(e) =™,
In particular the weights and the dimensions of their weight subspaces are invariant under W. This is Theorem K8.8. Its
proof is very short and can be summarized by “reduce to sl»”, like many other proofs in Kirillov.
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5.4. A Corollary of Weak BGG. As mentioned (and used!) earlier, Bott’s Theorem"' on Lie algebra
cohomology can be derived as a corollary of Weak BGG;

Theorem (Bott). For II € irRepg, g,
dim H*(n™ : T01) = |Wy|.

Proof. Recall

H*(n™ : 1) = Exty, _(C,II) = Tor]™ (II*,C)* = Tor{™ (C,TI"*)*,
Let us compute the latter by resolving the second variable

0 — By, |(T"*) — -+ — By(IT"*) — By(T"*) — I — 0;
then Tor is the homology of (here we suppress the II)

0—C®-Bjg, | — —C®;- B — C®,;- By — 0,

which is the same thing as writing

0 — Blo /aBig, — ++ — Bifu-Br — Bofu=By — 0

As remarked in a footnote earlier, h acts naturally on this sequence.
By Weak BGG, since By € O, we have By is Un™ -finitely-generated, so that

dim Bk/n_ By, < 0.

In particular, By, /n~ By, admits a weight space decomposition, where the weight vectors are precisely’” the
quotient images of the highest weight vectors of By, which may be obtained by looking in a filtration

0= (Bkr)o C - C (Bk)n = By,

where (Bg):/(Bg)i—1 = My,ox, and taking the highest weight vector e.g. v"i°* € (By);/(Bg)i—1. Lifting
this to a 9:°* € (By); C By, and then projecting down to a t%°* € By, /n~ B}, we obtain a nonzero weight
vector (nonzero since v™°* was taken to be highest weight and so cannot be in the image of n~). Hence
the weights of By /n™ By, are
= Wt Bk/n_Bk = {’LU o )\}wGWka
and in particular
— di]ank/n—B,~€ = |Wg|.

But the maps in the resolution B./n~ B., which commute with h (see a previous footnote), must preserve
weight spaces; since w o A # u o A for w # u, we have these maps must actually all be zero, so that its
homology is simply

— Tor]™ (C,11") = B(II"*) /n= B, (111*),
and in particular
dim H*(n™ : 1) = dim Tor)™ (C,1I™*) = dim Bk /n= B, = Wi/,

i.e.
— dim H*(n™ : II) = |W}],
as is stated. [ |

With this we have finally cleared all of our debts; at last we have done what we set out to do. What a
journey!

411nterestingly I can’t quite find this online under this name. I thought at first BGG might be using out-of-date terminology,
but Humphreys uses this name also. I'm probably just bad at using the Internet.
421¢ is clear that the process we describe below gives weight vectors, and moreover all weight vectors must arise this way
since the following: for By € O, recall Wt By, lies in a finite union of cones. Then, since n~ drops the weights, n™ By, has all
the weights of By except for the highest ones in each cone, so that By /n~ By has weights precisely the highest ones.
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Part 11
The Functorial BGG Resolution

6. A SHORT INTRODUCTION TO PART II

6.1. Foreword to Part II. In this half, we give an exposition on a “modern” categorical viewpoint
towards the BGG resolution. As I understand it, the mathematics presented here is considered common
knowledge in the field. This story was communicated to me by Professor Gaitsgory, Charles Fu, and Kevin
Lin; I am incredibly grateful for their help and patience. In particular, I was entirely a listener. However,
I could not find a reference where this story was committed to paper, and so I decided to write it down.
My role is only that of a scribe.

In the interest of length, we will assume familiarity with triangulated categories, t-structures™, and
derived categories/functors. Of course, we also assume moderate familiarity with the representation theory
of Lie algebras, beyond that assumed in Part I, for example to the extent of one who has read some of the
book on category O by Humphreys [5]. It would be helpful to keep stable co-categories in the back of one’s
mind, but here we try to avoid this language as much as possible (due in no small part to the author’s lack
of familiarity with this language).

6.2. A Refresher on Notations/Conventions. In an effort to make the two parts more self-contained,
we will here briefly recall some conventions/notations.

6.2.1. Representation Theory. We will work over C throughout. Unless otherwise stated, g=n~" @ hdn*
will be a semisimple Lie algebra. We will write 3 for the set of simple roots; if «; is a simple root, it will
be said that a; € X, and otherwise «; denotes any indexed set of roots. In this spirit, we will denote by
I(X) the index set of the simple roots, i.e. i € I(¥) <= a; € X. Let w; be the fundamental weights. The
Verma module is denoted M). An irreducible representation of highest weight A is commonly called Ly,
and sometimes to emphasize that it is finite-dimensional we may write IT instead. Let A = Z{w;}s, be the
weight lattice, and let @ = Z{«;}» be the root lattice; similarly denote A1 = N{w;}» and Q1 = N{a;}»
(our convention is that N contains 0). Recall the notion, for A, u € A, of

p<A = A—p€ Q4.
We will write W for the Weyl group and
Wi ={weW {(W) = k}.
We will let
wol:=w(A+p)—0

define the affine action of the Weyl group W on h*, where recall g := %an a =Y v, where ¥ C &
denotes the set of simple roots. We will also write
A <= Jw:A=w(p),
and
AR <= Jw:A=wop.
43Pm under the impression that the ‘¢’ in ‘t-structures’ should be in text font and not math font, because it’s not a

mathematical symbol.
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In line with the notation of g, we will also write
MF ={ve M:bhv=upuhv}

for the p-weight space of M; for example for Verma modules this would be written My* with staggered
indices.

For M a representation of g, we denote by M™ the linear dual equipped with the usual representation
structure, and we denote by MT the contragredient dual. We write Homgy when perhaps we should write
Home; this is not a big issue until we write RHomg, which we consider to be right derived over O as
opposed to all of Mod Ug; that is, by RHomy we mean the complex whose cohomology is Exte.

6.2.2. Category Theory/Homological Algebra. When performing homological algebra, we will try to stick
to cohomological indexing. A typical complex might be denoted X°; if the context is clear we may drop
the bullet. In order to accommodate the case of complexes of g-modules, where we use the superscript to
denote weight spaces, we will put the complex index in parentheses: namely, the k-th object of M* is given
by M*%) . However, since no such conflict exists for maps, we will keep the degrees of maps unadorned; for
example, a differential might be written dk.

We write F 4 G for F being left adjoint to G. We consider the shift functor, denoted either ¥ or just [1]
where appropriate, in a triangulated category to be defined as an autoequivalence. We denote the category
of chain complexes by Ch(.A), and we denote the category of chain complexes up to homotopy by K(A).

Our convention on the category induced by a poset is that arrows g — A correspond to u < A, so
that the final object is the maximal element of the poset, and the initial object is the minimal element.
Whenever we write something like A U {Ax} (respectively A U {A_}), we mean for the new symbol to
replace/merge with the final (respectively initial) object if it exists already.

Typically, objects with a bullet in the superscript are written in cohomological indexing, and objects
with a bullet in the subscript are written in homological indexing. The single major exception to this (for
which we profusely apologize) is the Lie algebra chain complex (as well as its (co)homology), Ce(g : O),
which is taken to have cohomological indexing despite having a bullet in the subscript.

6.2.3. Logic/Foundations. We assume ZFC and WP (Weak Vopénka).

7. CATEGORICAL CONSIDERATIONS

7.1. Filtered Triangulated Categories. We consider a filtered triangulated category. (For us, the shift
functor in a triangulated category is defined as an autoequivalence.)

Definition. For C € TriCat a triangulated category and A a poset with a unique final object (our convention
on arrows is that final means maximal), a “filtration on C” is a functor

F: A — TriCat

such that all arrows go to fully faithful embeddings and the final object goes to C.
For A € A, we denote
C=* = F(\)
and
C<)\

We also define

:= the smallest thick triangulated subcategory containing all F(u) for p < A.

c=csM e

to be the Verdier quotient.

The idea is to later apply this to representation theory by considering a filtration on the derived category
of O given by considering objects with weights less than a given weight.

We assume the reader is familiar with basic facts/constructions in triangulated categories; for example,
to see more on Verdier quotients, reference Chapter 2 of [11]. In particular, Theorem 2.1.8 and Remark
2.1.10 there tell us that, in the above setting, the Verdier quotient functor

[ 3% s =
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has

Kerpy = C.

Here are some names of situations when inclusions/projections admit left adjoints:

Definition. The inclusion of a full subcategory is called “reflective” if it admits a left adjoint.
The quotient functor of a Verdier quotient is called a “colocalization” if it admits a left adjoint.

For our purposes, we will make two key assumptions on our filtered triangulated category C:
very iy: C="* — C is reflective.
(1) Every iy: CS* — C is reflecti
(2) Every py: CS* — C= is a colocalization.
We denote the left adjoint of i) and py by zj‘ and pi‘, respectively.
Given these assumptions, one can deduce some basic facts about the functors

ja: €N — =

and

Ty CSH CSA,
where the latter functor is obtained from the filtration F applied to the arrow 1 — A (meaning p < A). In
particular, they both admit left adjoints.

[ Lemma. iy = F(u— A): CSH — C=* admits a left adjoint

1
Uy = Gy U

Ga: CN — C= also admits a left adjoint j:\L which satisfies

jaix = Cofib(pypa — Idgea).

Proof. The first is easy to see. Indeed, Homg<, (ij‘i)\X, Y) = Home(ixX,i,Y) = Home<x (X, i,-2Y) is
obvious from the fully faithfulness of the inclusion functors.

The second statement is given in Theorem 4.9.1 of [8], and the explicit form is in the proof. Indeed, C<*
is thick by assumption, and the Verdier localization quotient functor and its adjoint are both triangulated
functors (adjoints of triangulated functors are triangulated; see Lemma 5.3.6 of [11]). There is a subtlety
that Krause deals with categories where the Verdier quotient is a localization as opposed to a colocalization,
but this is easily fixed: indeed, note that in general 7 - G if and only if F°P F G°P, and the opposite
category of a triangulated category is still triangulated. |

We should maybe also remark that, since C<* is a triangulated subcategory, it is baked into the defi-
nitions already that j, is fully faithful. Similarly by definition ¢ is fully faithful. Hence we have natural
isomorphisms

et iyviy — Idp<n
and

£ ia = Idpen .
In Propositions 2.3.1 and 2.4.1 of [8], it is also shown that (again, to apply to our case, consider the opposite
category) pf\‘ is fully faithful, so that there is a natural isomorphism

~ 1
n: Ide=x — paApy -
Letting j, . denote the inclusion of C=H into C<* for pu < A, it is also easy to see the following:
Lemma. j,_: CS* — C<* admits a left adjoint given by

],u—n\ _/Ly, IAIN-

40



Proof. This is straightforward to see. For X € C<* and Y € C=*, note

Homg <, (j, 2 X, Y) = Homex<, (i7,7ixj X, Y)
= Home (ixjnX,4,Y)
= Home (ixja X, ixjaju—rY)
= Home<x (X, j,—0Y),

where the last line is by fully faithfulness of the inclusion functors. |

To summarize, we have the following diagram:

C:)\

/\

P b py

T

N

VNI

A

o e i A
T Ju—
C<H

7.2. Filtered Objects. We may also consider the notion of an object filtered by a poset A.

Definition. In a category C, a “A-filtered object” is a functor
X € Fun(A,C).
If C is moreover triangulated, letting A? be A with all arrows removed, consider the “associated graded”
Gr: Fun(A,C) — Fun(A°%,C)
X+— GrX
defined by

(GrX)(\) = Fib <X()\) — )\lim X(,u))
—u
assuming such limits exists. We might also denote this by Gr* X.
An object X € C is said to have a A-filtration if after adding a initial/minimal element A_. to A there
exists a functor
X:AU{_} —C
such that

X(A_oo) = X.

The following theorem grants us the explicit form of a filtration and its associated graded in the case of
an identity functor on a filtered triangulated category. We will later apply this to the setting of category
O to obtain “approximations” of a Ly, which will be our functorial BGG resolution.
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Theorem. Under our hypotheses on C, the functor Id¢: C — C admits an A °P-filtration with terms
Td(N) = ixiy

and associated graded
(GrZd)(\) = iApy paix -

Proof. So in the definition above we see that to endow Id¢ with a filtration is to define a functor Zd: A°PU
{A_} — Fun(C,C); as A has a unique maximal element A\, by assumption, it is not necessary to union
this {A\_o}. We will use the same symbol A to denote the unique minimal element of A°P. We may well

define Zd: A°® — Fun(C,C) by Zd(\) = z')\z'i‘ and Zd(Aso) = Id. Given A 2 pin AP ie. g — Ain A,
we should also construct an arrow ¢ ,\if\‘ — zuzf[ This is given by the map

i1y € Homg <, (i3 X, 75 X) = Home (X, iy X)

> Home (X, ixi iy X)
2 Homgx (i3 X, iyniy X)
> Home (ixiy X, i, X).

It is straightforward to check that the map so defined is a natural transformation of functors. Similarly,

we define the arrow out of the initial object A 2\ to give rise to a morphism Id — 4 ,\ii‘ given by the
unit of the adjunction.
Now the claim is that Gr* Zd = Fib(ixiy — limy_, iyi-) = ixpypaiy. Recall that
A Ae—p bty APy DAy -
1 .. |
papx — Id — jajy — Xpipa

is exact. As both 7, and zf\‘ are triangulated functors, it suffices to show that )75y jj‘zf\‘ = limy, zuzj‘ As
i, Jx are just fully faithful inclusion functors, it suffices to just show (z'Aj,\)J‘ = lim,, .\ j“_,AifL‘ (here we
remark 7, = iyjxj,—x). But this is almost tautological: for each A « p, we have a map ]j‘zf\‘ — ju—v\ii_

given by Zd, namely by taking the morphism Zd(u — \): 4 ,\ij‘ — iuif[ and applying jj_li_ to both sides
(also using the natural isomorphism if\‘i,\ = Id) to obtain jj_li_l ,\if\‘ = jj‘zi‘ — jj‘zj‘zuzj‘ = ju_,,\ij‘.
en the limit of this over all u < X is precisely object corresponding to the smallest poset element above
Then the limit of thi 11 Ad isely object ding to th llest t el t ab
all the u, namely A. |

7.3. t-structures and Hearts. We did not present a brief overview of triangulated categories because
there is, for the most part (as far as we are aware), no major variations in definitions across the literature.
However, in the case of t-structures, there is an issue of cohomological versus homological indexing. The
author tends to prefer cohomological indexing’!. Here we briefly recall conventions.

Definition. A “t-structure” on a triangulated category C is the information of a pair (C (=0) ¢ (20)) of full
subcategories which are stable under isomorphism. This pair is required to satisfy the following:
(1) Home(C(=0) c(=0[—1]) = 0.
(2) ¢E0[1] € (=0 and cZY[—1] C ¢,
(3) For any A € C, there exists an exact triangle X — A — Y[—1] — X[1] such that X e (=0
and Y e C(20),

Then define the “heart” (or “core”) of the t-structure to be the full subcategory
c¥ .= c(£0) A (20).
We denote C(=™) and C(Z™ to be full subcategories defined by
cEM = =[], M = cED[p).

441 am told that algebraic geometers tend to prefer the former, whereas algebraic topologists tend to prefer the latter. I
am personally not a big fan of algebraic topology (I am not a big Fan in general), so even if just as a matter of principle I will

adhere to the former.
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If the inclusion functors
JL(En)elsn) e G ez e

admit right and left adjoints respectively (i.e. are coreflective and reflective respectively), let their adjoints
be the “truncation functors” 7(=™ and 7(2"):

FEm () ) g, ),

As it turns out, if C is an enhanced triangulated category (i.e. arises as the homotopy category of a
stable oco-category), then automatically C (27) is stable under limits and C(<™) is stable under colimits (see
Corollary 1.2.1.6 of [10]"°); then, by Vopénka’s Principle (see Theorem 6.22 [1]), the inclusion functors do
indeed admit the desired adjoints.

These truncation functors have many properties and related constructions which we will not delve into
here. For example, it turns out the counit and unit of the adjunctions give an exact triangle

FSOx — x — 7Gx — S0 X,

where the last map is uniquely determined. For more properties, we refer the reader to either Wikipedia
or [9].

There is also a variant of t-structures for stable oo-categories; for example, see [9] or the Wikipedia*®
article on t-structures. Here a t-structure is defined on the homotopy category and then extended to
the stable co-category by taking the full subcategory spanned. Truncation functors are defined as before
as functors on the stable versions of the pair, and the heart on this stable version of the t-structure is
equivalent to the nerve of the heart of the homotopy category.

Warning: different people take different views to a t-structure. Others might define a t-structure as only
one of the full subcategories in the pair we described and denote the right adjoint of its inclusion as some
further information in the definition of a t-structure.

Of course, in the case of a derived category D(A) (similar definitions for D*,D~, D), we define the
natural t-structure to be

D(A)=Y = {X : H*9(X) =0}, D(A)EY = {X: H'(X) =0}.
This has
D(A)= = {X : H”"(X) =0}, D(A)E" = {X: H"(X) =0}
and
D(A)Y = A.
The truncation functors can be described explicitly as
FS0xe = (o XD L XD S Kerd? — 0 —0— 1),
rEUX =(  —0—0— XO/Kerd® — XV — x@ ...,
whereupon it is clear we have
0— r7=0x* — x* — 7Gx 0.

7.4. A Dold-Kan-ish Correspondence. We present here a correspondence between N-filtered objects
and connective complexes. We remind the reader that N = {n € Z : n > 0} includes zero for us.

Theorem. Let C be an enhanced triangulated category with a t-structure. Then

equiv of cats

{N—ﬁltered object X of C such that (Gr" X')[—n] € CQ} = {connective chain complexes in Ch(CQ)}

where connective means H>°(C) = 0.

45Imp0rtant remark about referencing Lurie’s HA: Lurie does everything with homological indexing as opposed to coho-
mological. In order to make sense of anything Lurie writes about t-structures, simply swap the symbols > and <.
46Wikipedia uses cohomological indexing for the most part.
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Proof. 1In the left to right direction, one goes from a N-filtered object X to a (homologically graded) chain
complex in the following way. The filtration looks like*’

x(0) 2% xa) s xe) —

and the assumption is that (Gr X)(n)[—n] € C¥, namely that Fib(X (n) — X(n+1))[-n] = Fib(f,,)[-n] €
CY. Then the octahedral axiom for triangulated categories gives an exact triangle

Fib(fn-1) — Fib(fn © fa—1) — Fib(fn) — Fib(fn-1)[1].
The the corresponding complex C' has terms
C, = Fib(fn)[~n] € C°,
namely C,, = (Gr X')(n)[—n], with differential maps
dy: Fib(fn)[—n] — Fib(fr—1)[-n + 1].
In other words, the connective complex Cy € Ch(=0(C%) is given by
Cp = (Gr" X)[—n]

with differentials
dn: (Gr" X)[—n] — (Gr" L X)[—n + 1].
Let this be denoted Co(X).

To provide the backwards direction, we appeal to Theorem 1.3.3.2 in [9]. (Again, to parse Theorem
1.3.3.2 with our conventions, swap > and <.) In particular, let us consider A = CY, and consider the
identity functor Id o : C¥ — €Y, which is right exact. Under the equivalence described in 1.3.3.2, there
exists some (right t-exact) functor F: D~ (CY) — C such that 7(2% o F|oo = Idpo. Let this F be the
backwards direction, which shall send a connective complex Co to F(C,) € C; moreover, we equip this
object of C with a N-filtration by considering stupid truncations on the complex C,.

Now consider the functor G from Ch(=?(C%) to C by sending objects of form Gr=*(X)[] to X = X(0).
Clearly, when restricted to C¥, this is the identity functor. Therefore, by the equivalence described in
1.3.3.2, we must have G = F. In particular, one has F(Ce(X)) = G(Ce(X)) = X. Hence this gives
equivalence in one direction.

Note well that, from the way our proof worked above, not only is there some backwards direction functor
exhibiting the equivalence, any F satisfying the right conditions (most importantly (20 o F lco = Ideo)
will work. Also, as it turns out, for our later application, this direction will be all we need, but the other
direction, that Ce(F(B.)) = Ba, is also obvious from construction (recall we equip F(B.) with the stupid
truncation). [

Note well that, in the case of C = D~ (A) for some abelian category A, we have C¥ = A and we can take
F to simply be the identity functor from Ch(%)(A) to D~(A). In fact, if we are guaranteed that the chain
complexes in Ch(=0) (A) in consideration are bounded on the left as well, then we can consider C = D°(A).
In the last section, we will apply this to the situation C = D°(0).

8. BACK TO CATEGORY O
We now apply the previous categorical discussions to representation theory.

8.1. Giving the Derived Category of O a Filtration. In our case, let O be the standard BGG category,
and let D(O) be the derived category thereof. We write D?(Q), where ? is either the empty string, +, —, or
0, for the derived category, the bounded-below derived category, the bounded-above derived category, and
the derived category which is bounded on both sides (‘doubly-bounded’?). Where statements are true no
matter which type of derived category we pick, we will put a ? in the superscript. For our poset, consider
b* == bh* U {\w}, endowed with a partial order via 4 < A <= X\ — u € Q4 and by declaring A\, to be the
unique maximal/final element. Let us endow D’(O) with a h*-filtration F: h* — TriCat by defining

D’(0)=* := D"(0=*)

47 Another word for Fib here is Cocone, or maybe just Ne, since the two ‘co’s cancel out.
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to be the full subcategory whose objects are complexes whose terms have weights at most A. Note well
that this notion is well-defined under quasiisomorphisms since weights spaces are preserved in a sequence
of Ug-modules. Of course, D’(O)S* is defined to be D*(O).

First we must show that D’(O)=* so defined is an actual fully faithful triangulated subcategory (a full
additive subcategory which is stable under isomorphisms and cones and which is fixed by shifts). But
this is easy to see. Firstly OS* is clearly abelian, since the only thing to really check is that it is closed
under finite direct sums, which is fine since Wt(M @ N) = Wt(M) U Wt(N). Secondly D?(O=?) is a full
subcategory since the property of having weight at most something is clearly closed under isomorphisms,
shifts, and cones (which are defined as Cofib(M* 1, N*):= M[1]* ® N* with dcogp, = <df\[4ﬁ] d(])\[> ).

Then ), is the inclusion functor D*(O=*) — D?(0). Note well that ¢y = Idp?(py is the identity on
D’(0).

Next let us describe what D (O)<* is.

Lemma. Let ? be either the empty string, 4+, —, or 0. The smallest thick triangulated subcategory
containing D’ (O)=* for every u < X is the full subcategory whose objects are given by

D’ (O)* = {M*: Wt M®) < X\ V k}.
In other words, D(O)<* = D*(O<H).

Proof. Note {M*®: Wt M* < X\ V i} is thick since M* = M} & My = Wt M* = Wt My U Wt M;, so
M*® € D*(O<) implies Wt M} C Wt M*® < A. Of course, D’(O<*) is a triangulated subcategory for the
same reasons as in the preceding discussion. Clearly, as A is the smallest weight greater than all u for
which p < A (tautologically), this is the smallest such category. |

Now that we have the < and the <, we can form the Verdier quotient. Let
D?(O):)\ — D?(ng)/D?(O<A)

be the Verdier quotient. As it will turn out, if 7 = +, then this is secretly just vector spaces. (One might
be able to extend this for other values of 7, but to be safe we will prove only the statements presented in
this paper.)

8.2. Reflections, Colocalizations, and Pieces of the Associated Graded. But before we show that
DT (0O)= is secretly vector spaces, now that we have the basic structure of a filtered triangulated category,
let us check that D°(Q) indeed satisfies the assumptions we put forth earlier (inclusions are reflective,
quotients are colocalizations (as it turns out, they are also localizations)). The first is that the inclusions
1y are reflective:

Lemma. The inclusion functor
in: D'(O=) — DY(0)

has a left adjoint ¢ f\‘ .

Proof. This follows from the weak Vopénka’s principle, as Theorem 6.22 in [1]: Assuming weak Vopénka’s
principle, every full subcategory of a locally presentable category’® C closed in C under limits is reflective
in C. Due again to Corollary 1.2.1.6 of [9], we conclude the existence of such an adjoint. |

We should perhaps remark that, in the case of the maximal element of b*, we clearly have Li_oo = Idp?(0)-
To show the second assumption that quotients are colocalizations is met, first we will show

48Gee here for the definition of a locally presentable category. We are fine because Vermas generate.
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Proposition. When we take 7 = +,
DT (O)™ = DT (Vec).
In fact, the Verdier quotient functor py: DT(O=*) — DT (0)=* = D*(Vec) looks like

px = RHomg+ (Cy, ) = RHomg (M), 0) = C*(n* : O).

Before launching into the proof of this, let us give a few brief comments on derived functors, which

we learned mostly from [4]. Given a left-exact functor F: A — B, one obtains a triangulated functor
RF:D*(A) — DT (B) by

RF = Lanﬂj‘ (7 o KTF): DT(A) — DT (B),

where 7 : K(A) — DT (A) and 7 : K™(B) — D™ (B) are the quotient functors and K™ (F): KT(A) —
KT (B) is given by applying F on complexes term-wise. Similarly, for F: A — B a right-exact functor,
one obtains a triangulated functor

LF = Ranwz‘ (mg o KT F): D™ (A) — D™ (B).

In the case of hom, recall (see for example [4]) that an inner hom in Ch(A) is given by Hom*(A*, B*),
whose terms are
Hom™ (A°, B*) = [ [ Hom(A®, B*+m),
keZ
with differential given by
Hom(f) =dpo f—(=1)"foda.

If A is an abelian category with enough projectives, by taking A® to be a projective resolution of some
desired object and restricting the above to D™ (A), this becomes the right derived hom.

We return to the proof of the proposition. We emphasize that, throughout this proof, n = n™. We also
remark that, in the Chevalley-Eilenberg complex for computing RHom below, when we take the A-th weight
space, we are considering Homg (n\*, () as a b-representation via the adjoint action of b on n and the given
action on [J, namely utilizing the construction that g & Homg (M, N) via py(§) o O — 0o p1(§). Another
way to think about this is Hom¢ (M, N) = M* ®@c¢ N (if dim M < oo, which is true for our purposes), and
in general M ®c N carries the representation pp(€) ® 1 + 1 ® pn(€). Indeed, by basic linear algebra,

Wt(M ®@c N) = Wt(M) + Wt(N),
Wt(Home (M, N)) = Wt(N) — Wt(M),
where the symbols above mean pairwise sums/differences.

Proof of Proposition. Let Cy denote the one-dimensional representation of b on which n = n™ acts by zero
and h acts by A. Consider the functor
Homy (Cy, ) : O — Vec.

It is easy to see directly that Homy(Cy,[J) = (O%), and it is also easy to see that Homy(Cy,[J) =
Homy(Cy, Homy(Ug, 0)) = Homy(Cy ®p Ug, d) = Homgy(M), ), so that

Homy(Cy, 0) = (O = Homy(My, D).

Let us consider the right-derived version of this map and call it my:
7y = RHomy(Cy,0): DT (O=*) — DT (Vec).

As taking A-weight spaces is exact, this means we are looking at

RHom,(Cy,0) = (RO = C*(n: D),

namely taking the A-weight space of the Lie algebra cochains of n (the cochains pick up a b-action from the
b-action on [J and n, as exhibited by the inner hom complex later). In fact, we can say more explicitly what
this is, once we pick the standard projective resolution P*(Cp) = Un ®@c n”~* of the trivial representation
Co € Repn given by
e Unen? — UnenM — Un — Cy
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with differential maps
dn: 2@ (G A A&) — ) (18 @ Enppi + DO (=D)™2 @ (€, €] A apapig)-
i i<j
Indeed,
RHomy(Cy, 0) = (RO
= RHom, (Co,0)*
= Hom}(P*(Cy),0)*
= Hom{(n~*,0)*
= H Hom(c(n/\k, D(°_k))’\.
keN

Just so there is no misunderstanding, [ ],y Homc (n"*¥ O(*=%))* is the complex whose n-th term is given
by

H HOIIl(C(tlAk, D(n—k))A

keN
and whose differentials are those induced by that of P*(Cy), that of [J, and that of the inner hom con-
struction recalled prior to this proof.

Firstly, note that
DH(O<N) C Kery,

which is easy to see since Home(n ¥, M("=%)) admits a g-action from that of M™% and that of n"\¥; if
M*® € DY(O<?), then in particular

Wt Hom(c(n/\k, D(nfk)) — Wt(D(nfk)) _ Wt(nAk) — Wt(D(nfk)) — {Z a} ,
a€gs

1S|=k
SCPy
where we recall that
WitnF = {Z a} :
a€ES |S]=k
S5CP
as Wt 0" %) < X and clearly {>acs @} si=k = 0 € b*, it is clear that Wt Home (n*, 0" =*)) < X also.

SCo
Hence in particular the A-weight space is eﬁlgty.

Hence, by the universal property of the Verdier quotient, 7y factors through p).

Moreover, since O=* (respectively O<*) is generated by Vermas M, with u < X (respectively u < A),
we know Dt (O=) (respectively DT(O<*)) is generated by shifts of Vermas whose highest weight is at
most A (respectively less than \). Recall that right adjoints preserve limits and that left adjoints preserve
colimits. Recall in general category theory that an object X is said to be “compact” if Hom (X, ) preserves
colimits. Also recall that compact objects in the category of R-modules are precisely the finitely-presented
modules. Hence, as objects of O are finitely-generated, we have that in particular 7y = RHomgy(M),0) =
RHomy(Cy, ) preserves colimits. Hence, as py is the functor sending D’(O<*) (and nothing else) to
(something isomorphic to) zero, to show that py = my, it suffices to check that my(M,) = 0 for any p < A
and ) (M) # 0. Indeed, the former we have already seen is true in the previous paragraph, and the latter
is true since

7T)\(M/\) = RHomg(M)\, M)\> ~ EXt;(M)\, M)\),

where at degree 0 we know Extg(MA, M) = Homgy(M)y, M) = C # 0. Hence we conclude. [

Note that, in the course of our proof above, we have seen that the Lie algebra cochain complex can be
written explicitly as

C'(I‘l+ . D))\ _ H Homc(n+7/\k, D(o—k)))\7

keN
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with differentials induced from those of P*(Cy), [0, and the inner hom construction.
We can also take 7 = 0:

Proposition. When we take 7 = 0,
D%(0)= = D°(Vec).
In fact, the Verdier quotient functor py: D°(O=*) — D°(©0)=* =2 DY(Vec) still looks like

px = RHomygy (Cy, 0) = RHomg (M, 0) = C*(n™ : O)*.

Proof. In the above proof, we defined 7y to be [],cn Homg (n*, 0(*=*)A. The only thing to check is that,
when restricted to D?(O=*), 7 so defined actually lands inside D°(Vec). But this is obvious precisely
since g, and therefore n™, is finite-dimensional — indeed, the finite-dimensionality of n™ puts a bound on
the range of k in the product above, and since (J € D?(O=?) is assumed bounded on both sides to begin
with, this also puts a bound on the range of . Hence 7y does land in D°(Vec).

Once we have that, the rest of the proof is the same as the previous proof. |

Since in our proof above we have seen that py is constructed as a right derived hom functor, one could
easily expect the Verdier quotient in this case to moreover be a colocalization. Indeed, by taking 7 = 0,

_Proposition. The functor py: D°(O<*) — D°(Vec) admits a left adjoint, given by

L
pr =0& My: D°(Vec) — DY(O=H).
Since vector spaces are free, we can drop the L.
In particular, we get a functor

ixpy =0 ®¢ My: D°(Vec) — D°(0).

Proof. This follows immediately from our previous proofs. Again, since n™ is finite-dimensional, the
resolution P*(Cp) of the trivial n*-representation Cy is bounded, and so its (left-derived) tensor product
with M)y is also bounded, and therefore lands in D°(O<*). Once we have that the left derived tensor
product lands correctly, that it is left-adjoint to the right derived hom is immediate. (To see this, for
example one can take the form py = RHomgy(M),0).) [

Perhaps we should add that one way to interpret the expression [J ®c M) is to consider M) as a chain
complex concentrated in the zeroth degree, with zero differentials everywhere.

We can almost see something of the shape i ,\pj‘ DAL f\‘ now; indeed, in the above proposition we see the
first half is tensor with Verma. The remaining half is given in the proposition below. In the following, we
also see that py is not only a colocalization but also a localization (i.e. admits a right adjoint). We remind

the reader that (J' denotes the contragredient dual, and in particular M ;L\ denotes the (contragredient)
Verma module.

[ Proposition. Moreover, the functor py: DO(O<}) — D%(0)=* = D(Vec) admits a right adjoint, given
by
L
py = M} ©0: D°(Vec) — DO(O=H).
Again, since vector spaces are free, we can drop the L.
p,\z'f\‘ is described by the A-weight spaces of Lie algebra chains of n™, namely

paiy = Co(n™ : 0)* = RHomy (0, M])*: D°(0) — D°(Vec).

To streamline the proof of this proposition, let us first state a lemma. (Also, in the lemma below, D°
might be able to be replaced by any other superscript on boundedness (or lack thereof).)
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[ Lemma.
Co(n™ :0O) =C*(nt :O): DY(O=) — D°(Vec).
It is important here that restrict to O=*; this is in general not true in all of O.
Incidentally, the two complexes can be written explicitly: they are

Cn(n-‘r . D))\ _ H Homc(nJ“/\k, D(n—k)))\
keN
and
C’n(n_ : D)A _ H Hom@(n_’/\k, D(n—&—dimn*—k)))\—l—Qg‘
keN
In particular, the Verdier quotient functor py: D?(O=*) — D%(Vec) looks like

L
px = RHomy+ (Cy,0) = C ®,- 0 = RHomg(M,,0) = C*(n* : 0)* = Co(n™ - O)N,

| the content here is in the last equality, which in general is only true on DY(O=*) as opposed to all of D°(O).

Proof. To prove this, we recall the following fact, presented here as it was stated (Lemma A.9.1) in [12]:

Lemma (Raskin). Let g be any finite-dimensional Lie algebra. Then there is a canonical isomorphism of
functors:

Ce(g:0)=C" (g O0® (det(g)[dimg])).

Rather than use this lemma in this form, we will appeal to the form of it as written in the fourth footnote
of [12], on page 3:
Co(n:0) =2 C*(n:0)[dimn] ® det(n).

Adimn™

Let us apply this to the case of n~. Recall detn™ :=n~ is a one-dimensional representation of

b~ on which b acts by the only weight > 4 a = —2p. Hence

Co(n™:0) = (C*(n™ : O)[dimn~] @ det(n™))"
=C*(n” : O)M[dimn~] @ det(n™) "2

= T Home(n~", 0¢H)+2¢[dimn -],
keN

where the last equality is since det(n™)~2¢ is a one-dimensional vector space. This shows the last claim in
the lemma. The second claim about C™(n* : (0)* was shown earlier.

Now let us compare the two. Recall that right adjoints preserve limits and that left adjoints preserve
colimits. Recall in general category theory that an object X is said to be “compact” if Hom (X, ) preserves
colimits. Also recall that compact objects in the category of R-modules are precisely the finitely-presented
modules. Hence, as objects of O are finitely-generated, we have that in particular RHomg(M)y,d) =
C*(nt : 0)* preserves colimits. That Cu(n~ : [J)* preserves colimits is obvious, since it can be written as

—_ A _L
Hence, as Vermas generate DO(OS’\), it suffices to check that the two complexes are the same on Vermas
of highest weight at most A. Indeed, if p < A, then
Co(n™ : M)* = H Homg (n™"*, M;;erimni_k))”?@»
keN

where each hom space has weights

Wt Hom(c(n_’/\k, M/S,.+dimn__k)) = Wt M/SO—&—dimn_—k) — Wt n—,/\k = Wt M/SO—&—dimn_—k) + {Z Oé} k;

a€ES |S|=
SCP
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clearly the highest weight this can ever attain is u + 2¢ (by taking k = |®|), which is strictly less than
A+ 20. Hence
Ce(n™ M) =0 Yu<A
On cochains, we can see
c*(nt M) = H Homc(n+’Ak,Mlg'_k))A,
keN
where the hom space has weights

Wt Home (%, M{e~M) = Wt M — Wen ™" = We M) — {Z a} ;
a€csS |S|=k
SCh,

again clearly the highest weight this can attain is p (by taking k = 0), which is strictly less than A. Hence
C*(nt M) =0 V<
also, and thus the two agree on O<*.
Similarly, if © = A, the above analysis shows that
Co(n™ : My)* = H Homg (n =", M§.+dimn77k)))‘+2g,
keN
where each hom space has weights

Wt Hom(c(n*’/\k, M}(\o—&-dimn*—kz)) — Wt M)(\--y-dimn*—k:) _ Wt nf’/\k — Wt M)(\--y-dimn*—k:) + {Z a} :
a€esS |S|=k
S5Co,
clearly the only way to obtain the weight A + 29 is by taking the highest weight of M) and k& = |®|.
So Cs(n~ : My)* has only one nonzero term, concentrated at n = 0, which is given by the tensor of the

highest weight vector of M) and the lowest weight vector of n—/dimn™.
C =0
C. (n_ : M)\))‘ = .
0 else

On cochains, similarly one has
° o—k
C*(n* - My)* = [ Home(nt"*, M H)2,
keN
where the hom space has weights

Wt Home (nt%, M("F)) = W M) — Wit = wi (" — {Z a} "
a€EsS Sl=k

gg¢+
again clearly the only way to obtain weight A is by taking k& = 0 and tensoring the highest weight vector
of M) with the lowest weight vector of n™"\?. Hence

C*(nt: My = c .:0.
0 else

As the two complexes agree on all Vermas in O=*, we conclude the lemma. |
Now let us return to the proof of the latest proposition.

Proof of Proposition. First let us compute the right adjoint. Recall (for instance from Lemma 3.19 of [3])
that, for any M which is h-semisimple with finite-dimensional weight spaces (and in particular for M € O),
one has
~ )\,*
Homg (M, M) 2 M, -,
where the n™ in the subscript denotes the coinvariant space M /n~ M and the last (0* denotes linear dual.
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Hence let us consider
- = Homg([, M;[) O — Vec,
and consider its right derived functor:
RHomg(0, M) = R(Oy-*") = (LO,-)M* = Ca(n™ : D),

where we recall that taking A-weight spaces are duals are exact, but the latter is contravariant, which
explains the swap from R to L.
From the previous lemma, we know that on DO((’)SA) the functor py looks like

p=C(w":O)r=C(n:0) = RHomg(D,MD*.
Hence, observe, for M € D°(O=*) and V* € D°(Vec),
Hompo vec) (PAM*, V*) = Hompo vee) (RHomg (M*, M])*, V*)
> Hompoyeq (V**, RHomy (M*, M]))
=~ Homgy(V** <§I§> M, Mi)
= Homy (V" ®c M*, Mi)
= Homg(M*, M @c V*).
This shows that, indeed,
p;\— = M;L\ & 0.

We had seen in the previous lemma that Cu(n™ : M,)* = 0 for u < . In fact, something better is true:
it is always zero, unless u = A, in which case it is C concentrated in degree 0. This reduces easily to the
standard fact about Ext groups between a Verma and a dual Verma, since we had seen in the paragraph
before the last paragraph that RHomg([J, MD = Co(n™ : O)M*, so that

Cu(n™ : M) = RHomg(M,,, M) ~ Ext*(M,, M}).
That this is zero for u # A and C[0] else is standard, for example Theorem 3.20 and Proposition 4.9 in [3].

Lastly it remains to prove that p>\i/\L = Co(n~ : O)*. This is now easy. Again, since (shifts of) Vermas

generate D%(0), and since pxij‘ and C*(n~ : O)* preserve colimits, it suffices to check they agree on
Vermas. We do this by using Yoneda to check them against any V* € D°(Vec). Compute:

Hompo(vec) (pAi/\iMu, V*) = Hompo oy (M, z',\p;—V')
2 Hompo (o) (M, M{ ® V*)
~ )V op=A
|0 mEX

(In the last line again we appeal to the standard facts on Ext groups between Vermas and dual Vermas.)
On the other hand, since we know Ca(n~ : M,)* = C[0] if u = X and 0 else, we immediately know

_ . Ve o u=2A
HOHIDO(VeC)(C.(ﬁ : MN))\’ 1% ) = {0 u 7& A\ .
This concludes. u

Note that in the course of the above we have seen that Ce(n~ : 0)** = RHomg([J, ]\41)7 if these spaces
were finite-dimensional, taking double duals would grant us

Co(n™ : ) = RHomQ(D,Mi)*.
Let us briefly justify this. We have already seen that

Co(n™:0) = H Homg (n~*, Qrdimn™—k)\A+2¢,

keN
51



As usual, if dimM < oo (but even if dimN = o0), we have Homc(M,N) = M* ®c N, so that
Homg(M,N) = (M* @ N)* = @D, M ®c N”. Hence, for M € D%(0), we have

Homc (n_7/\k" M(n+dim n’—k’))/\—i-?Q = @ n—,/\k,—,u,* Rc M(n+dim n’—k)ﬂ/'
putrv=XA+2p

Since n~ is finite-dimensional, each —pu-weight space of its k-th wedge is also finite-dimensional, and
moreover there are only finitely many —pu for which such a weight space is nonzero. So n™"*~# and hence
n= =% is finite-dimensional. By definition, since M +dimn™—k) ¢ 0 jts p-weight space M (nHdimn™—k).v
is finite-dimensional. Hence n= "=t @ M (nHdimn™—k),v i finite-dimensional. As there are only finitely
many g that appear in the weight decomposition of n="*  there can only by finitely many v such that
i+ v = X+ 2p, so in particular this direct sum is finite. Hence Homg(n™"F, M("+dim“7_k))>‘+29 is also
finite-dimensional. But then, since there can only be finitely many % for which n™"* is nonzero (as n~
is finite-dimensional), the product [],  Homg(n™/k, Qn+dimn=—k))
Cp(n~ :O)" is finite-dimensional, and therefore in particular taking double duals is fine.

In the most recent proven lemma we saw that Co(n™ : 0)* and C*(n* : 0) agree on D°(O<?), but we
can say something that’s true in general. (This claim isn’t directly necessary for any of our arguments; we
include it for the sake of completeness.)

A+2e ig also finite-dimensional. Hence

Lemma. In fact, on D°(0O),
Co(n™ : ) = C*(nt - Oh)M.

Proof. This is directly seen by Ce(n™ : )} = RHomg([],M)T\)* = RHomy(M,,O0")* = C*(nt : ONM. W

8.3. Summary. To summarize,

pi‘zD@MA
L L
“
/\
=C*(nt:O)*=Ce(n—:0)*
DY(0) n DY(O<Y) PA=CHnT: )7 =0k (0™ 0) » DO(Vec)
ix
€
py=Ml®0O

Moreover,
px = RHomgy (C,0) = RHomg(My,0) = C*(n* : 0)*
— C; Gy 0 = RHomg(0, MJ)* = Cu(n™ : D),
and we have
ixpy = O @c My,
pAi)\L =C.(n":0)N
If one really wanted to explicitly write down the (co)chain complexes, one could do so by

C'(l‘l+ . D)A _ H Hom@(n+’Ak, D(o—k)))\
keN
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and49
C.(n* . D))\ _ H Homc(n*’/\k, D(0+dimn_fk)))\+2g _ C.(l‘li . []))‘Jrzg[dimn*];
keN
the two are related by
Co(n™ :0)* = C*(n* : O,

9. FuncTORIAL BGG

Now for the punchline. Now that we have the pieces of the associated graded, we can put them together
and appeal to our work from earlier.

A brief explanation of the name: this is called a functorial BGG resolution since it is constructed
by applying a functor, namely Gr* Zd, to appropriate irreducible modules. In some sense this forms an
“approximation” of Ly. In particular, given a map M — N, we get a functorial map from the BGG
resolution of M to that of N.

A remark on the input of Kostant: in the course of the following argument, we will appeal to Kostant’s
theorem on cohomology in order to say what the associated graded objects of Ly are. Although some
treatments, for example [5], prove Kostant by appealing to the BGG resolution, the argument we make
here is not circular — after all, Kostant’s paper [7] precedes that of BGG by fifteen years.

9.1. The Associated Graded. Consider the identity functor
Idpo(e): DY(0) — D°(0).
From our theorem in Section 7.2, we know this admits a h*-filtration by

oL
Zd(u) = ipty, - (%)
Note well that Zd(A) = Idpo(py by construction. Moreover, its associated graded pieces are given by

(GrZd) (i) = iy, Pty = My @ Co(n™ : D). (%)

This is a functor D°(O) — D%(O). (Of course, as we are in a derived category, equal signs shouldn’t be
treated too seriously; this just means they are quasiisomorphic.)
We have seen in our earlier work that Ce(n™ : ) = C*(n~ : 0)*T2¢[dimn~] = C*(n* : O")»*. Hence
this is actually saying
G Id = M,®cCe(n™ : O)F = M,®cC*(n™ : O)**[dimn~] = M,®@cRHomg (0, M})* = M,@cC*(nt : O ).
, (%)
By taking cohomology”", this is the same as”*
Gr"Zd = M,®@cH.(n" : O)* = M,@cH*(n™ : O)*T*¢[dimn~] = M, @cExtpo o) (O, M/ﬁ)* = M,®@cH*(n* : Of)"*.
(*)
Now, recall by the linkage principle that Ext groups between modules of different blocks of O are

identically zero. Hence, when we apply Gr*Zd to a M € O, only the direct summand of M lying inside
OY> for X\ € W o p is picked up. In particular, for M € OVx,

Myox ®c EXt.DO(O)(Dv MLO)\)* = Mo ®c H'(n+ : DT)wo)\,* weWol

0 else

(G Zd) | po(on) = { (*)

This vanishing outside of W o A\ motivates us to try to change the h*-filtration to a (W o \)-filtration;
for the moment let us indulge in this and heuristically carry this idea out. The idea is, when applied to a

4INote that the sign of the differentials don’t really matter since we work in the derived category, so we can just bring
things like [dimn~] into the exponent.
50By this we mean to say that e.g. Cu(n™ : [))* = Ho(n~ : ()" are the same in the derived category D°(Vec), and therefore
M, ®@c Ce(n™ : O)* = M, ®c He(n™ : O)" are the same in D°(0).
51Recall that when we say RHom,, we are taking Hom, = Home and deriving it on O; hence the result is Exto as opposed
to Extg, which are different.
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M € 0%, we obtain a (W o \)-filtration as opposed to a h*-filtration. In fact, we could take this a step
further and try to get a N-filtration by

(Gr*Zd)|pooin) = D Muer ®c H*(n*: 0N = B Myor @c EXt’DO(O)(DvMZ;oA)*'
Lw)=k L(w)=k

Let us now venture to make this happen. First let us modify the situation to obtain a (W o \)-filtration.
Consider the member of Fun(D%(O?+), D°(0)) given by

Id|po oy : D(O™) — D°(0),
and let us endow it with a (W o \)-filtration given by’
Zd|po O%)(w °A) = 1woA2wo,\7 (%)

where the maps between different terms of the filtration are just those in the original filtration. This

UOA—WON

then has associated graded erO)‘(Id|D0(Ol9A)) = Fib <iwo)\iio)\ —  lim iuo)\ii))\) However, since we

know that Gr#(Zd) = Fib (Zu i, — lim iyg J‘) =0 for 4 &€ W o A, we can conclude that iuij‘ = lim z'yif,‘

V=R v—p
.. . . L
for Wol. From this it is easy to see” that  lim  iyonioy = lm 4 i, 50 that Gr(Zd| o mo
1% Yy uo\ — 1 ) DO(OVX)
UOA—WONA HU— WO ®
. . 1 . . s 1 by
Fib <Zwo)\ZwOA - uo/\lgguo)\ ZuO/\Zuo)\) = Fib <Zw0>\zwo)\ Mgglo)\ Z/‘«Z ) Gr*"7Id = zwo/\pwo)\pwo)\zwo)\ Hence’

we can see that the filtration we have endowed Zd|no (O7x) with actually has associated graded
GrN(Zd| ooy ) = Gr* Zd = Myox @¢ Extio o) (0, MJ,\)* = Muyox @c H* (0T : 0" (%)

Let us carry this even one step further and obtain a N-filtration. Following our setup in the previous
paragraph, now add the additional requirement that A is a regular weight, i.e. |@~*(¥)| = |[W| (here @
denotes the map w: h* — h* /W). Since only the choice of central character matters, we may well assume
X is p-dominant™, i.e. A € —p+ Ay, by taking the maximal member of the preimage of 1J, namely

A =maxw ().

Now endow Id’DO(Oﬂ) with a filtration given by”’

',ZCHDO(OI9 @ Zwo)ﬂwo)n (*)
L(w)=k

where the maps between different terms of the filtration are the same as in the original filtration if
wo A and uo A are comparable and zero else. This has associated graded objects as Gr¥ (Zd|po(o9y) =
Fib (@e zwoAzwo/\ — @e g1 iuo)\ij;/\>; since we took A to be the maximal representative of 1,

we know w o\ < wo \ happens precisely”® when ¢(u) = £(w) + 1. Hence this is actually the same as
. . 1L . 1 . . L . . L
Grk(Id|D0(Oﬁ)) = Fib (@e(w):k bwodlyor 7 @e(u):kﬂ Zuoﬂuo,\) = @E(w):k Fib <ZWO)\7’woA — lim /\Zuoﬂuo/\> =

UOA—WO
D)=k GrWO)‘(Zd|D0(OI9)), or, in other words,

Grk(IC”DO(Oﬁ)) — @ ero)\ 7d = @ Mwo,\®CExtE)O(O)(D, M’J)O)\)* — @ Mwo>\®CH'(n+ : DT)wo)\,*.
L(w)=k L(w)=k L(w)=k
(%)

52We should be using a new symbol to denote this new filtration, but we write Id|D0(O79X) in an abuse of notation.

531ndeed, in this filtered limit, of course only terms <w o A matter, so by rewriting any z’uij‘ for y  Wo X aslim,_., i,,z’f,‘,
we then have v is at least two levels lower that w o A; this process effectively removes any p & W o A from the picture.

54Combined with the regularity assumption, which is equivalent to ®* (A + o) Z 0, this moreover forces A € Ay.

55Again, we should be using a new symbol to denote this new filtration, but we will use the same symbol in an abuse of
notation.

56A1s0 note well we assumed A is regular.
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With this in mind, we may in the future be somewhat sloppy with where we put our parentheses, e.g.
simply writing Gr* Zd|po(o9)-
We want to apply this to a Ly for A € A,.

9.2. Input from Kostant. We now appeal to Kostant’s theorem on cohomology in order to more explic-
itly say what (Gr*Zd)(Ly) and therefore (Gr* Zd)(L,) is. Kostant’s theorem was first proven in [7]; here
we state this theorem as it was shown in [5], in Theorem 6.6:

[ Theorem (Kostant). For A € A, one has the n*-cohomology

HE (w1 Ly) = EB Cuon
L(w)=

and the n~-cohomology

Hk(n* 1 Ly) = @ C—wo(fwo)\)’
L(w)=k

where wy is the unique longest element of W.

Let us apply Gr* Zd to Ly for A € A;. Recall that L];\ = L. This gives

Myor @ Cwo)\wO)\’*[E(w)] = Mwo)\[g(’w)] n e Wol
0 else

(Gr"Zd)(Ly) = M, ® H*(n" : L))" = { ,

where we note that since we are considering the linear dual of the weight space complex, though H*®(n™

Ly)"** would be concentrated in cohomological degree k, H®(n* : Ly)”°** is concentrated in degree —k.
Similarly, applying Gr* Zd|po(owy to Ly (here ¥ = w())), we have

(Gr* Zd|po(oo))(Ln) = P Muor ® H*(n* : L))" = D Muyor @ Cuor” M [kl = @D Muyon[k]
L(w)=k L(w)=k

Note well that shifting this by [—k] again will land it in D°(O)% = O, i.e.
(Gr* Zd|po 0oy (La)[—k] € D°(0)7 = 0.

In this footnote we perform an alternative computation””

5TIn particular, the weights of H*(n™ : L)) are of form —w o (—woA). Recalling /(wow) = £(wo) — £(w) and wy' = wo and
woe = —, we can variable change u = wwp to get —w o (—woA) = wweA — wo + 0 = u\ — uwoe + 0 = uo A + 2p. Hence
actually
Hnw™ L)) = @ Cuwor+t2o- (*)
l(w)=dimn— —k
Now let us apply our associated graded to Ly. This is
(Gr* Zd)(Ly) = M, ® H*(n™ : Ly)*"*?[dimn~].

From Kostant, we know that the (u + 2p)-th weight space vanishes unless ;1 € W o X. Hence this h*-filtration is secretly a
(W o \)-filtration.
We can moreover direct sum over all = w o A for w of the same length & to obtain a N-filtration:

(Gr*Zd)(Ly) = € Muor ® H*(n™ : Ly)“***¢[dimn ],
L(w)=k
It is easy to see that H®(n™ : Ly)*“°**2¢[dim n_] = Cuwort20[k] is a single vector space sitting in —k-th index. Hence
(Gr* Zd)(L» @ Myox ®@ Cuwort20[k] = @ Muox (K] ()
l(w)=k l(w)=k

is concentrated in index —k. Note well that shifting this by [~k] again will land it in D°(0)7, i.e.
(Gr* Zd) (L) [—k] € D°(0)° =~ 0.
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9.3. Functorial BGG. Hence we have an object Ly[0] € DY(O) equipped with a N-filtration Zd|pooy (k) (L)
whose associated graded (Gr* Zd|po(ovy)(Lx) is known. By the correspondence between N-filtered objects

and connective complexes, we conclude there is a connective chain complex CPGG(L,\) whose terms are
®£(w):k Mox. Moreover, by our work in Section 7.4, when we send it back to a N-filtered object of D°(0),

we get the same complex @f(w):. My0x equipped with the stupid filtration; but this is supposed to be an
equivalence, so we should have €(,)—s Mwor = Lx[0] in DY(0), which is to say the two complexes are
quasiisomorphic. As C’PGG(L ) is quasiisomorphic to a complex concentrated at degree 0, we conclude it

must be exact. This is the BGG resolution.

 Theorem (Functorial BGG). For A € A, there is a resolution (the BGG resolution) of Ly by

CPGG(LA) = @ (Grvr Zd‘DO(OﬁA))(LA)[_.] = (Gr* Id|D0(O’9A))(L>\)[_']
L(w)=e

= @ Mwo/\
L(w)=e

whose differentials are given by the octahedral axiom of triangulated categories.

10. CLOSING REMARKS

10.1. Uniqueness. Though we have constructed a resolution of L)y in the above story, we did not describe
what the maps are, for they arose from the octahedral axiom, which is non-explicit. However, it is known
that any two BGG resolutions (where a BGG resolution is one which terms are as prescribed by the
Weyl character formula) must have the same differentials. Indeed, this story is told in Chapter 6 of [5],
culminating in Section 6.8. Hence the classical and the functorial BGG resolutions we described are secretly
the same.

10.2. Further Questions. There is a parallel of the above story with a recollement situation for the flag
variety. By considering the flag variety as a stratified space, one can consider the categories of D-modules
on each piece; this forms a filtered triangulated category. The categorical story described above gives an
associated object to a D-module on the flag variety; by applying Beilinson-Bernstein localization, one gets
back BGG.

I have not yet learned the Springer correspondence, but I wonder if one might get some analog of the
BGG resolution for representations of Weyl groups by applying a similar idea to some other appropriate
category of geometric objects. One of my next steps (I hope) will be to learn about Springer.
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- FER, (EEXEF)

“That with merely this I chronicle its beginning and its end, is also in hopes of serving as a warning to
future generations of lovers of antiquity and elegance.”

— Li Qingzhao, Epilogue to Records on Metals and Stones

58



	1. A Short Introduction to Part I
	1.1. Foreword to Part I
	1.2. Notations/Conventions

	2. The Setting: Category O
	3. The BGG Resolution and The Weyl Character Formula
	3.1. The BGG Setup
	3.2. The BGG Resolution
	3.3. The Weyl Character Formula

	4. Proving BGG from Weak BGG: Three Steps
	4.1. Lemmas imply BGG
	4.2. Weak BGG implies Lemmas

	5. Proving Weak BGG
	5.1. General Lemmas
	5.2. Base Case of Weak BGG
	5.3. Proving Weak BGG
	5.4. A Corollary of Weak BGG

	6. A Short Introduction to Part II
	6.1. Foreword to Part II
	6.2. A Refresher on Notations/Conventions

	7. Categorical Considerations
	7.1. Filtered Triangulated Categories
	7.2. Filtered Objects
	7.3. t-structures and Hearts
	7.4. A Dold-Kan-ish Correspondence

	8. Back to Category O
	8.1. Giving the Derived Category of O a Filtration
	8.2. Reflections, Colocalizations, and Pieces of the Associated Graded
	8.3. Summary

	9. Functorial BGG
	9.1. The Associated Graded
	9.2. Input from Kostant
	9.3. Functorial BGG

	10. Closing Remarks
	10.1. Uniqueness
	10.2. Further Questions

	References

