Section 7.8

1. (a) Since [ 2* e==" dz has an infinite mnterval of integration, it is an mmproper integral of Type L

Since y = sec = has an infinite discontinuity at x = Z, [™/? sec x der is a Type I i intepral
z 0 m1proper

(c) Smce y = mhasanmﬁmledmcuntmmtyatx:lﬁ mdrmaﬁpeﬂm:pmpermtegal

0
(d) Since f ++Ev dz has an infinife mterval of integration, 1t 1s an improper integral of Type L.
oo &

2
2. (a) Since;;=2 ! isdeﬁnedandconﬁmmusou[l._?],f
1

x—1

1

1
(b) SiﬂrEy:2I_1hasaniﬂﬁnitedisconﬁm1ityatx=%,.£ dz 1s a Type II improper integral.

2xr—1

(c) Since f lsi‘ % de has an infinite interval of integration, it is an improper integral of Type I
—no x

(d) Since y = In(z — 1) has an infinite discontinuity at = = 1, Jff In(z — 1)dx is a Type II improper integral.

o 1 . 0 1 i 1 o . 1 1
E.f 2$_5dx=t_]‘.11_nmﬁ Qx—5dI=z_1fElm[31n|2I_5|:|t=tli.nc;lo [3In5—3In[2t — 5[] = —c0.

—o

Divergent

13. [T ze™ dr = ffm xe™ dz + I xe ™ dr.

|=
o
Il

|

[t

0
[lnze de = lim (-3)[e] = tim (-3)(1-e7") =3

t——oo
[ 2o dz = Jim () [=] = im (-3) (= —1) =2 (- =1

2

Therefore, [ xe™™ dr=—2+3 =0. Convergent

oo t R .
19. f ge” Fds = lim se > ds= lim [—%88_53 — 2—1_9_5'9] [b}lmgtmmw]
0 t—oo [, t—oo a parts with u = 5
= lim (—gte ™ —Le ™4+ L) =0—-0+ = [by I'Hospital’s Rule]
= .}—5 Convergent
oo 2qt . _ 2
21. f 2 G lim | R by substitution with —tim Y _ © Divergent
1 T t—oo ] 1 u=Inz du=dz/z t—oo 2

s 4 . N —3 . —218 . 1 1 .
w.ﬁ de=tg?+£ 4z —6) " dz = lim [—2(z —6) ]*=_2¢E.T+ 7 e =™ Divergent
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w1 [ o= [ o ehemn ey

Now

Setz =5togetl =4B,s0B=1 Setxr=1toget] = —44,s0 4 = —1 Thus

t

t—1— t—1— 0

hetim [ (=45 Var= Linje— 14 Snjz — 5|
1= lm A 1 z_§ Z = lm 4!1.1‘ 4111‘
= lim [(—3mIm[t—1|+3In|t—5]) — (—3In|[-1|+ 3 In|-5])]
t—1—

= oo, since lim (—2In|t—1]) = oo
t—1—
Since I 1s divergent, T is divergent.

36. [7, escxdr= lim f:ﬂ cscxdr = lim [In |escz — cot x| ]:rjz = lim [ln(cscf —cott) —In(1 — U)}
L o

T'fz t—m t—m

tm— sint

1 — cost .
— lim ln(i) —oco.  Divergent

L= =] oo
49.F0r.r:>0,ng{:;1=i. [ x—idxismnvergentbyEquationlwiﬂnp=2}1,50[ .1‘3::-1

T “m = dx 15 convergent

1 oo 1 oo
the Comparison Theorem. T dzisa constant, so 4 =f T _d +/ T drisalso
by P A =yl ’ [, =l o ¥+1 * | *
convergent.
2477 2 . . 1 =1 - : .
50. Forx > 1, > = [sincee™* > 0] = —. — dx 1s divergent by Equation 2withp =1 < 1, so
x x x 1 @

f 2te” dz 1s divergent by the Comparison Theorem.
1 ax

sin” 1
< —. Now
vz T Ve

=1 x .
I=f = de = lim 2 dr — lim [2:;:”2} — lim (2:?-2\"?)=2:T—0=2H,50115c0nvergeni,andb3‘
1] ax t

t—0+ J; t—0+ t—0+

54. For0 < z < 1,

xr

sin®
vz

comparison, / dx is convergent.
0
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1 dx L dx 1 )
57. If p = 1, then — = lim —=1U 1 = 00o. Divergent.
P ’ _/ﬂu xr t—o0t J, X t_]gl [nx]t = Ve
U dx ! de . . . .
pr;él,thenf — = lim — [note that the integral is not improper if p < 0]
o ¥ t—ot+ J; P

—r+171 1 1
=l Iim —— |1 —
g_J.If_Ipl+ [—p—|—1:| t—ot+ 1 —p f?_l]
1 . .
Ifp > 1,t]1enp—1}0,50ﬂ.—_1—>ooast—»0+,andthemtegrald1verges_

. ) 1 i Yde 1 . 1-p | 1
pral,thenp—laﬂ,sotp—_l—r(}ast—pﬂ and , F_]_T})Ll_l.%l+(l_t } _]_T

Thus, the integral converges if and only if p < 1, and in that case its value is %

58. Letw =Inz. Thendu = dx/z = —1,,= d_u By Example 4, this converges fo lfp::-l
x(lnz) 1 p—
and diverges otherwise.
59. First suppose p = —1. Then
1 1]
f x lnxdx—f —dr = lim —dr = llrn [ {lnx]] = —1 lim (Int)® = —co, so the
o t—0t J; x — 0t t—0t

mtegral diverges. Now suppose p # —1. Then integration by parts gives
7 xp+1 =P xp+1 P+l ” h
Inxdr = Inz— dr = —Ihne — ————+C. -1 10
f nxde YT na fp+1 - Py na (}J+1]2+ » < Jthenp +1 <2 0, s0

1 +1 +1 71 _
f 2’ Inzdr = lim cal Inx— = = L ! lim [#F7 lnt—; = oo.
0 t—ot [ p+1 (p+1)2], (p+1)® p+ 1) e—o0t p+1

Ifp>—1,thenp+ 1 > 0and

—1 1 . Imt—1/(p+1) s -1 1 _ 1/t
P ln o de — _ 1 ! = — lim ————
Jo #*mzds (p+1)? (p+])t—1.1¢.];1+ t—(+1) (p+1)? (p+1) t—o+ —(p+ 1)t=(r+2)

—1 1 —1
= 1. fp+1 = m—
T TIR e CEIE
Thus, the intepral converges to —ﬁ if p > —1 and diverges otherwise.
p
oo T .
61. (a)f=f_mxdx=ff zde+ [ xdz,and [[" xde = lJ_I]'lI xdx—th__}g[%xz][]:th_{& 12 —0] =

so I 1s divergent.

(b) .E: rdr = [%:‘:2]: =12 %tz =0, s0 tl_l.nc;lo fit;ra':r: = 0. Therefore, f_mm xdx # z]j_{r;; Jrit = dax.

—t 2
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M 4 = ) .
62. Let k = —— sothat T = fkgfzf vae_“ga’u.LetIdenotethemtegralandusepm‘tstomtegratef. Let o = o7,
i 0

2RT
1
cf.3=ve_k”2dﬂ = do=2vdy,83=——¢e" kvzi
2k
L 1o, 2] L1 % ¢ 1 2 —kt?
I_g]i.“;[ 2 - ]u+.l: . dvo 2;:1:1520(* hm kS
H 1 1
= 00 l=
Thusoo b2 L __2 __ 2 _2V3V/RT _ [SRT
Y 2k2  (km)V2  [xM/(2RT))V? VM ™M

oo oo —at T —an
7. (a) F(s}=f f(t)e " dt =f etdt = lim |- ] = lim (e —l—l).Thisconvergestolonlyifs}(}.
0 0 ° s s

n—oo 8 n—oo —&

Therefore F(s) = - with domain {s | s > 0}.
a

(== (== n 1 n
(b F(s)=f f(t)e“’*a't=f efe™fdt=lim [ " Vdt= lim ]—e*“—*}]
0 0 s

n—oo fo n—oo — 0
i e(l—s)n 1
R = l—=s
1

This converges onlyif 1 —s << 0 = s > 1, mwhich case F(s) = —lmthdnmam{ﬂs;l}

©) F(s) = [;7 f(t)e~**dt = lim [’ te™* dt Use integration by parts: letu =t dv=e"""dt = du=dt,

— st n

? t 1 — 1
v=—— Then F(s) = lim |:——E_St — —29_‘“} = lim (i i
E s

n—oD &8 0 n—oo 55T SZES"'

1 1 L

Therefore, F(s) = — and the domain of F is {s | ¢ > 0}.
8
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