Section 11.9

1. If f(x) = i cnx™ has radius of convergence 10, then f'(x) = Z ne,z™"' also has radius of convergence 10 by

n=»>0 n=1

Theorem 2.

3. Our goal is to write the function in the form 1#, and then use Equation (1) to represent the function as a sum of a power

series. f(z) = —— — — —z(—x}“ T ()" with |-z <1 < |2 <1 soR=1landl = (—L,1).
1+I ]_( n=>0 n=>0

1 1 1 1 22 7 zyn _ o S T _
6. f(x)= 2710 10 (m) =70 35 (_ﬁ) or,eqmva]enlly,“;u(—l} T . The series converges

n=»>0

= 10,50 R = 10 and T = (—10, 10).

1 n namn n
8 flz)=—— 5 —I—l (m) _Inz_:U[ 22)™ or, equivalently, Z( 1)"2"z*"*!_ The series converges when
2 - 2 -~ 1 - 1 1 1 1
|'—2I |ﬂ1 = |I |i§ = |r|xﬁ,soR=\T§andI= _EE .
3 3 A B
) = S = e D —r3 TiaT = 3= A+ )+ B2 Letz=2togetA=1and

x=—1toget B = —1. Thus
3 1 1 1 1 1 1 .
2’ —2-2 -2 x+1_—_2(1—(3:;'2)) 1— (=) 2nzu( ) ..,_u( z)

-5 [-L (%) - 1(—1)“]x“ -5 [(—1)““ - 2,31“}&““

n=>0 =l

‘We represented f as the sum of two geometric series; the first converges for x € (—2, 2) and the second converges for (—1, 1).
Thus, the sum converges forz € (—1,1) = I
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Section 11.9

13. (@) f(z) = m - d—i(lrx) - _E zu( " “] [from Exercise 3]

= 3 (=1)"*'nz"!  [from Theorem 2()] = 3 (—1)"(n + 1)=” with R = 1.
n=1

n=>0
In the last step, note that we decreased the initial value of the summation variable » by 1, and then increased each

occurrence of n in the term by 1 [also note that (—1)""* = (—1)"].

® 7)== o

2 dz 3 | 25V (n+13x] [from part (a)]

(11 =
_% > (—]:I"(?‘l'l- ].:ITII“_I _ E Z_:ﬂ(—]_:}"[:n—kﬂ}(n -|—1];r" with B = 1.

© F0) = (g == (e == 3 D+ 2+ )" [from part ()

_ % én(—l}“(n +2)(n + 1)z

42

To write the power series with =™ rather than =™, we will decrease each occurrence of 2 1 the term by 2 and increase

the initial value of the summation variable by 2. This gives us % i (—1)"(n)(n —1)z" with R = 1.
n=2

14. (a) 141r.r _ 1_}_95} =gﬂ(—1]“ae“ [geometric series with & — 1], so0
o) =tn(l+2) = [ — | [f:(—n"x"] de=Ct 3 (-2 T
+=x n—>o ne0 n+1 n—1 n
[C = Osince f(0) = In1 = 0], with R = 1
oo n—1_n _ n—'.l_rn+1 oo (1)
® 5() = oin(1+2) = 5 2 pypary - 5 5 O winn
oo f__qyn—1 I2 n n—1_2n .
© f@) =tz +1) = 5 LD pypany = 5 5 winr =1

dz 1 dzx 1 =z 1= gt
15'3((”“]:1“(5_:’53:_[5—3Z_Efl_x;s:_af[,EG(E)]dIZC_E,Eusn(nH)_C ,.,Z_:lnsn
Putting = = 0, we get C' = In5. The sertes converges for [x/5| <1 < |z| < 5,s0 R=35.
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22. f(x) = tan~'(2z) = 2f dx

e n 2y n,n_2n
oo (_1:}n4nx2n+1 oo (_1}n22n+1 2n+1 .
=C+2 = 0)=t 0=0s0C=0
tE L T 2 2n 1 [£(0) = tan 0 ]
The series converges when [42”| <1 & [z| < 1,50 Ifz = +1, then f(x) = E( 1)"2 +1
L
=+t wely.
fe) = 3 (- g,
2z _ 2323 st 2°2°
81 = 1,32—31 3 , 83 = 82 5 -
. 3
N 2\ A
' |I '
1‘ f
L]
L
' "\‘
_2 'l‘ 1‘ 2
]
]
1
1
. H r
=2
As n increases, s,, () approximates f better on the interval of convergence, which is [, 3]
> " In(1—¢ = ¢! In(1—1¢ = t"
24. By Example 6, In(1 —¢) = — 3 — for|¢| < 1,50M - —andfudt=0—2—
n—1 T t —1 1 t
By Theorem 2, £ =1
29. We substitute 3z for = in Example 7, and find that
oo " (33}2n+1 32n+1 2n+2 oo n 32n+1 I2n+3
tan(3z) dx = -1 dr = —1)'—dr=C -1
f:r:arc an(3x) dx Inz=:ﬂ( ) = Z( e +nE=:IJ( ) Zn i 2n 1 3)
0.1 3 3 6 5 7 7 9 0.1
3z Iz 3 x 3z
So tan(3x) dr = — —
./u‘ x arctan(3x) dx |:1‘3 3 5',? 7'g+ ,
1 9 243 2187
= —— - + — +
10° 5 x10% 35 x 107 63 x 10°
_ 2187 .
The series 15 alternating, so if we use three terms, the error 1s at most T 10° = 3.5 x 107", So
o1 9 243
tan(3x) dr ~ — —
1: zaretan(3z) dz ~ 15 — == + <107

= 0.000 983 to six decimal places
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0.3 2 0.3 , & . oo (_])nx4n+3‘ 0.3 oo (_])n gin+3
30, = e = LN A S [ St M S ) S
1: T+t ﬁ z L) e de = 3, { in 13 ] 2 (An + 3)10%7+3

n=>0 0

33 37 311
=3x10° 7Tx107 T TIx 100

11

The series 1s alternating, so if we use only two terms, the error 1s at most T 0T == 0.000000 16. So, to six decimal
0.3 2 7
x 3° 3
places,ﬁ 1+$4d3:m3xms—7xm?mU.UGSQBQ.
o= (=)™ 2 (=1)" 2na® ! w2 (=1)" 2n(2n — 1)z
B.@ Nle) = 3 Ty ) = X ompye @A) = 2 22 ()2 - %0

g ! ] _ = (_]}" 2?’1(2?1 — 1}1’,‘2“ oo (—1)“ 21195-2“ oo (_1)1‘1 I2n+2
" Jy (z) +xdo(z) + " Jo(z) = nz=:1 o (ml)? + “Z=:1 ETeE + “Z=:0 e

= (—1)" 2n(2n — 1)z = (—1)"2nz®" o2 (—1}““1 7"
B D ) R i e | R DR TG

_ i“‘: (—1)" 2n(2n — 1)=™ N i"—‘: (—=1)" 2nz®" " i"—‘: (—1)"(—1)"122n2"
= 22n(nl)? nm1 27 (nl)? el 231 (nl)2
= m(2n—1)+2n—2"n"| ,
= —1 T L
S [T
=, o [4n? —2n+2n —4n?]
R e

1 1 oo -1 I‘lerﬂ 1 xz x4 :rﬁ
@)AJU(dexzﬁ [Zﬂg;}w}d.r:ﬂ(]—Tﬁ-a—m-l-"')dI

n=»

1

. z® I z° B z’ I _q1_ 1 4 1 1 "
o 3-4 5-64 72304 0 12~ 320 16,128
Since 15—1123 =z 0.000062, 1t follows from The Alternating Series Estimation Theorem that, correct to three decimal places,

[} Jo(@)de =1 — £ + 2k ~0.920.
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