Section 11.1

. (a) A sequence 15 an ordered list of numbers. If can also be defined as a function whose domain is the set of posifive integers.

(b) The terms a,, approach 8 as n becomes large. In fact, we can make a,, as close to 8 as we like by taking n sufficiently
large.
(c) The terms a,, become large as n becomes large. In fact, we can make a,, as large as we like by taking n sufficiently large.

. (a) From Definition 1, a convergent sequence is a sequence for which lim «.,, exists. Examples: {1/n}, {1/2"}

—00

(b) A divergent sequence is a sequence for which lim «, does not exist. Examples: {n}, {sinn}

T—O0

. an = 1 — (0.2)", so the sequence is {0.8, 0.9€,0.992, 0.9984, 0.99968, .. .}
. n=2-4-6-----(2n), sothe sequenceis {2.2-4,2-4.6,2-4-6-8,2-4-6-8-10,.__} — {2.8. 48,384, 3840, . }.
ca1 =4, aniy = G Each term is defined in terms of the preceding term.
aq 4 4 aa 4/3 4/3 .
= =——==qa3= = = —— =4 Since ag = a1, we can see that the terms of the sequence
P Twmo1 11 3% T a1 T @
will alternately equal 4 and 4/3, so the sequenceis {4,2 4 2 4}

. . - ] 1
1111 -
9. {1,121 1 1 1 The denominator of the nth term is the nth positive odd integer, 50 a,, = —
13. {1,—2.5.—==....}. Eachtermis —2 times the preceding one, so a, = (—3 n—l
15. The first six terms of a,, = 2nj—1 are%, %, ;, %, 1—5]P % It appears that the sequence is approaching %
n 1 1
l' — ]j_tn e
nl.n;: 2n+1 n—oc 2+ 1/n 2
19. an = 3+5n° _ (83+5n%)/n’ 5+3/n an— 238 _5asn— 0o, Converges
TP m4n? T (m+4n?)/m? 0 1+1/n’ "1+ 0 ) c18
21. Because the natural exponential function 1s continuous at 0, Theorem 7 enables us to write
lim a, = lim e!/" = "™n—=(1/m) — 0 — 1 Converges
28. a, =cos(2/n). Asn — o0o0,2/n — 0,50 cos(2/n) — cos0 = 1 because cos is continuous. Converges
n+1 1 ] .
3. apn=In(n+1)—Inn=1In =In| 14— | —In(1) = 0asn — oo because In 1s confmuous. Converges
T n
43. {0,1,0,0,1,0,0,0,1, ...} diverges since the sequence takes on only two values, 0 and 1, and never stays arbitrarily close to

either one (or any other value) for n sufficiently large.
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Section 11.1

59. Since {ay, } is a decreasing sequence, a,, > an11 forall n > 1. Because all of its terms lie between 5 and 8, {a, } isa
bounded sequence. By the Monotonic Sequence Theorem, {ax } is convergent; that 1s, {a~ } has a iomt L. L must be less than
8 since {ay, } is decreasing, so 5 < L < 8.

2n—3 . R . 2z — 3
62. a, = T d defines an increasing sequence since for f(x) = e
vy (Bxr+4)(2) — (2o —3)(3) 17 : . ~ gy — _1 -
flx) = 3z 1 4)2 = Gz 1) = 0. The sequence 1s bounded since a,, = a; = = forn =1,
In—3 2n 2
and a,, < 0 < 31‘1 SfUrn_]_

67. For {.ﬁ V22,1222, ___},a1 =212 g, =2%/% 4, =278 gpa, = 207D/ — 91-(1/2")_

lim an, = lim 21=(1/2") — 91 _ o

n—oo n— 00

Alternate solution: Let L = lim a,_ (We could show the limit exists by showing that {a,, } is bounded and increasing )

n—oo

Then L mustsatisfy L =+/2-L = L*=2L = L(L—2)=0_ L # 0since the sequence increases, so L = 2.

68. (a) Let P be the statement that an11 > a» and a» < 3. P 1s obviously true. We will assume that P, 1s true and

then show that as a consequence P, 11 mustalsobefrue. apin = ane1 & V2 Fans1 = V2t an <

24 apt1 =24+ an &S an+1 = an, Which 1s the induction hypothesss. a1 <3 < \./H_% <3 &
24+an <9 £ an <7, which is certamnly true because we are assumung that a» < 3. So P» 1s true for all », and so
a1 < an < 3 (showing that the sequence is bounded), and hence by the Monotonic Sequence Theorem, lim a,, exists.

n—oo

(b)) IfL = lim an,then lim ansi = Lalso,soL =+v2+L = L[*=2+L & I[*—L-2=0 &

n—oo

(L+1)(L—-2)=0 < L =2 [since L can’t be negative].
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b lim p,

bpn . S bp
81. (a) Suppose {p, } convergesto p. Then p,11 = = lim ppy = ——— = = =
(a) Suppose {p-. } converges to p Prt1 = —— Jim pngr = =S =
n—oo

p’t+ap=bp = plp+a—>b)=0 = p=0orp=b—a.

b

— |Pn

bpn (a) b . n

) pry1 = Pr 7 {(—)pnmncel+p—}1.
atpn 142 a a

[+ ]

©) By part (), p1 < ( = (2)p < (2 < (2)ps < (&) po, et 10 general, g < (£
P 2 aPU:PZ{a aPI% = Po, Pz = aPZ o Po, Elc. 1n gen s P = o Po.

By\" . . b
50 lim p, < lim (—) -pg =0since b < a. [Byremﬂtg__ lim »* =01f —1 < r < L. Here;ﬂ:—e((]:])_}
(7 o

n—oo n—0o0 n—oo

(d) Let a < b. We first show, by induction, that if py < b — a, thenp, < b —aand ppiq > pn-

bpo =pu(b—a—pu}

= 0since pp < b — a. S0 ;1 > po.
a+ po @+ po

Forn =0 ,wehave py — py =

Now we suppose the assertion 1s true for n = k, that 1s, py, < b — a and pr11 > pi. Then

b b— —apk—b b—a—
b—a—pay1 —b—a— —F _olb—a)tboe —ape —boe _ alb—a p"‘}}[]becausepk{b—a.SO
a+ pg a + Pk a+ P

b 1 b—a— 1
Pes1 <b—c And prag — ppaq = —okEl i = Pt Prt1)

= 0 since pgrq < b — a. Therefore,
a + Prt+a a + Prt1

Pkt > prr1. Thus, the assertion is true for n = & + 1. It is therefore true for all » by mathematical induction.
A similar proof by induction shows that if py > b — a, then p, > b — a and {p,, } is decreasing_
In either case the sequence {p,, } is bounded and monotonic, so it is convergent by the Monotonic Sequence Theorem.

It then follows from part (a) that lim p, = b —a.
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