WHY DEGREE 5 MORPHISMS ARE NOT FREE

RANKEYA DATTA

We will work throughout over k = F,. Let R = k[S, T]. Any homogeneous polynomial
of degree 5 in R is of the form aS® + bS*T + ¢S3T? + dS?T3 + eST* + fT°. Raising this
polynomial to the 5" power we get

The coefficient of the SBT? term = a’c
The coefficient of the S'T® term = b*c
The coefficient of the ST term = ¢
The coefficient of the ST'T™ term = d*c
The coefficient of the S”T'® term — ec
The coefficient of the S3T# term = fc.

Now suppose we have a morphism ¢ = (Gy, ..., G5) that is free, where
Go=a1S® + 08T+ 1S3T? + A1 S T3 + ST + 1 T°
G1 = a;S° + 18T + ¢2S3T? + drS?T3 + e,STH + £, T°
Gy = a3S° + b3S*T + ¢3S3T? + d3S%T3 + e3ST* + f3T°
G3 = a4S° + b4S*T + ¢4S3T? + dsS?T3 + e4 ST + £4T°
Gy = a55° + b5S*T + ¢5S3T? + d5S%T3 + e5ST* + f5T°
Gs = agS° + bS*T + c¢S3T2 + dgS?T3 + e¢ST* + £ T°

Then we know that the matrix

ap by ¢ dy e fy
a by ¢ d2 e 12
a3 bz c3 d3 ez f3
as by cq4 dy eq fy
as b 5 Cs d5 €5 f5
Qg b6 Ce d6 €6 f6

is invertible.

I claim then that the matrix



is also invertible.

RANKEYA DATTA

It suffices to show that the rows of this matrix are linearly independent Considered as
elements of k°®. So, suppose we have 11(a],b],c], d], el,f4) + ..+ lé(aé,bG,ce, d6, 66, )
Where liy...,lg € k. Since k is algebraically closed, there exists my,..., mg € k such that
m{ = 1. Then, mi(aj, b}, cf, d], e?,fﬁ‘)#—...—i—mg(ag,b cg, dz, et f8) = 0. So, we have

> mfaf (> m1a14:0:>Zimiai:0
Somibf = (Y, mb)*=0= 3, mib; =0
2 mff (Zlmtcl =0= 2 ;mici =0
me f (Z m1d14:O:>Zimidi:O
S omiel = (Y, mle1 t=0= 3 mie =0
Somifl=(X mif)=0=3 mfi=0

Since the matrix

o
az
as
as
as
Qg

is invertible, we must have m; = ...

by
bz
b3
by
bs
be

=mg = 0. Hence, |} = ...

C1
C2
C3
C4
Cs5
Ce

Now, since Gg + Gg = 0, we must have
a‘fm + a‘z‘cz + ot (1506 =0 (coeff. of the SZT? term)
bicy +bjcs + ... + b605 =0 (coeff. of the ST term)
cjer +cjca + ... + cicg = 0 (coeff. of the ST term)
d‘]‘c1 + d‘z‘cz + .t dgCG =0 (coeff. of the ST term)
efct + e3ca + ... + efcg = 0 (coeff. of the S"T'® term)

ficy + f3ca + ... + ficg = 0 (coeff. of the S3T? term)

d;
dz
ds
ds
ds
de

€1
€2
€3
€4
€5
€6

fi
2
13
T4
fs5
fe

= lg = 0, and we are done.
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We know that the dot product <, >:k® x k® — k is nondegenerate. Since,

-4 14 4 a4
a; by ¢ d

1
a; by c; d; & T
a% b% C% d% e% f%
S I I e B
as b; c5 ds f5
¢ .

1 14 3
[ag bg cg dg ]

is invertible, its columns must be linearly independent considered as elements of k°.
Hence, {(a?, ,a6) (b b4) (C], ,C6) (d d4) (e], ,66) (f .,fé)} is a basis for
k®. But, then we see that < (01,...,(:6),((1‘1‘,..., ag) >=< (c1,...,06),(b‘11,...,b‘6‘) > =
< (C1yeeCe)y (€] ey €d) > =< (C1yueyCq), (A, oy dF) > =< (C1, ey o)y (€], oy €) > =<
(C1y.enyCq),s (fl]l, ...,fg) >=0.

So by the nondegeneracy of <,> it follows that (cy,...,c) = (0,...,0). But this is
impossible since

ar by ¢ dy e fy
a by ¢ d2 e 1
a3 by c3 d3 ez f3
as b4 Cq d4 €4 f4
as b 5 Cs d5 €5 f5
Qg b6 Ce d6 €6 f6

is invertible. The contradiction proves no free degree 5 morphism can exist.



