EVERY CONIC HAS A POINT OVER F, (EXERCISE 14)

RANKEYA DATTA

The title is self explanatory and we will just start with the proof. So, let F € Fy,[Xo, X1, X3]
be a conic. It suffices to prove that F has a point other than (0,0,0) in IFp3. Let V(F) de-
note the set of zeroes of F in IFPS. Consider the polynomial FP~'. For all x € V(F),
FP-T(x) = F(x)P~! =0, and for all x € Fp3 —V(F), PP (x) =F(x)P ' =1.

Let G = FP~'. Then [Fp® — V(F)| = > ew,’ G(x) (mod p).

I claim that ZXers G(x) = 0(mod p). Since pIIFp3|, it will follow that p|[V(F)|. But, Fis
homogeneous, so we already know that (0,0,0) € V(F). Asp > 1, it follows that [V(F)| > 1,
proving the result.

Now, G is the sum of monomials Mg = bXp%X;4X,%, where ap + a1 + a; = 2(p —
1), and b # 0. Hence, to find er]Fp3 G(x), it suffices to determine erIFp3 Mq(x) =

erIFp3 bxp®ox41x,92 = b(ZXOE]Fp Xoao)(le eF, X1 a )(szer x292). So, the problem re-

duces to calculating sums of the form Zzer zP, where p € NU{0}.
(NIf B =0, then ZzeJFp zP =0, with the convention that 0° = 1.

(2)If B > 0, then 0 = 0. So, ZzeIFp 2P = ZzeIF;; zP. Now, I}, is cyclic of order p—1. Let
w generate Fy. Then, PR P = ZO<]'<p—2 wP | which is a geometric progression. Thus:
) Y

Blp—1)_
w 1 0

(a) If wP # 1, ie., B is not a multiple of p — 1, then 2 0<j<p—2 WP = 5T

(since WP~ =1).
(a’) If wP =1, ie., B is a multiple of p — 1, then 2 0<j<p-2 WP =p—1.

It follows from (1), (a) and (a’) that ZXers bxo®x14x,% vanishes unless ag, aj, az
are all non-zero and multiples of p — 1. In this case ap + a; + a; is at least 3(p — 1),
contradicting that ap + a; + ap = 2(p — 1). So, the latter case can never happen, and so
erFpg Mq(x) = ZXers bxo%x1%x,%2 = 0. This proves that erFpg G(x) =0, since G is
the sum of the monomials M. This completes the proof.
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Remark: This result is due to Chevalley, and can be easily generalized to finite fields of
any order, as long as the degree of the homogeneous polynomial is less that the number of
variables.



