Affine Laumon space and contragredient dual
Verma module of U,(gl,,)

Che Shen

Abstract

We study the action of the quantum group U, (E/l\[n) on the equivariant
K-theory of affine Laumon spaces. We show that, at any lowest weight
away from the critical level, _this can be identified with the contragredient
dual Verma module of Ug(gl,,), improving earlier results of Braverman-
Finkelberg and Negut. The proof uses a variant of stable envelopes first
introduced by Maulik-Okounkov in the study of Nakajima quiver varieties.
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1 Introduction

1.1 Laumon space

Laumon spaces parametrize flags of locally-free sheaves on P':
F1 Coo CFpo1 COR" (1)

whose fibers near oo € P! match a fixed full flag of subspaces of C". Laumon
spaces are disconnected, with connected components indexed by vectors d =
(di,...,dn—1) € Z%;" that keep track of the degree of the sheaves in (1). We
denote these connected components by M1 The torus T = (C*)"*! acts on
Mn by scaling the fibers of Og" as well as scaling the base P!.

The relation between Laumon spaces and representation theory of sl,, as
well as their affine analogs, was extensively studied in the literature, see e.g.
[5,6,12,14,18]. (See also [3,9] in the context of supersymmetric gauge theories.)
In particular, it was proved in [2] that the localized equivariant K-theory of
Laumon space

Koo o @) Ke (M) @y Frae Kr(pt)
dezly?

has a natural action ? of the quantum group U,(sl,) and can be identified with
the universal Verma module of U,(sl,) over Frac K7(pt), whose lowest weight
corresponds to equivariant parameters (uq,...,uy). It is natural to ask what
module we get when specializing the parameters to a certain lowest weight

u=q%%, a; €C,i=1,...,n (2)

The answer is less obvious than it seems because certain coefficients might be-
come 0 or co, making it no longer a Verma module. In fact, as a corollary of

IThe superscript “fin” stands for finite, which reflects its relation to the finite-dimensional
Lie algebra, whereas affine Laumon space relates to the affine Lie algebra.
2 In fact, a larger algebra action was constructed, see Remark 2.2.



Theorem 3.1, we prove that the (non-localized) K-theory

Kint, fin — @ KT(Mgn)

dezZ’

becomes the contragredient dual of the Verma module of U,(sl,) under the
specialization (2). A similar result was obtained in [5] when considering (non-
quantized) U(gl,,) acting on the cohomology of Laumon space.

1.2 Affine Laumon space

There is an affine analogue of the above result. Consider the affine Laumon
space Mg, see section 2.1 for the definition. [14, 18] constructed a geometric
action of U, (gl,,) on the localized equivariant K-theory

K= @ Kr(Ma) @y (pr) Frac Kr(pt)
dezz,

and [14] further proved that this makes K'°¢ the universal Verma module of
Uq(gA[n) over Frac Kt(pt). Similar to the finite case, we prove in corollary 4.2
that

Kint.— @ Kt(Ma)

dezz,

becomes the contragredient dual Verma module of Uq(g?[n) when specializing
the equivariant parameters to a certain lowest weight. As we will explain in
section 4.3, the lowest weight must be away from the critical level due to a mild
denominator in the U,(gl,,) action.

1.3 Strategy of proof

When d,, = 0, the affine Laumon space Mg becomes the (finite) Laumon space
./\/l?c?l d,_,)» SO the results discussed in Section 1.1 could be a corollary of
Section 1.2. However, in this paper, we first present a proof for the finite
Laumon space, which is simpler than the proof in the general case. The proof
makes crucial use of the upper triangular property of the PBW basis, see Section
3. Some key ideas are reused in the proof for the affine case.

For affine Laumon space, the upper triangular property of the PBW basis
no longer holds and new methods are required. It turns out that a variant of
stable envelope, first defined in [11] and further developed in [16,17], provides a
way to “restore” the upper triangular property and plays a key role in the proof.
In Section 4, we explain in detail how to use the properties of stable envelope
and the rigidity argument in [16] to compute their pairing with the PBW basis.

In the affine case, there is an additional challenge that the correspondences
used to define lowering operators are not proper, and thus introducing denomi-
nators in the action. To specialize equivariant parameters, we need to get good



control of the denominators. This is done using a combination of algebraic and
geometric arguments. It turns out that these denominators are very mild, see
Proposition 4.16.
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2 Laumon spaces and quantum affine algebra

This section collects some basic properties of affine Laumon space as well as the
action of quantum affine algebra U,(gl,,) on the localized K-theory of it. We
will closely follow the notations and figures in [14].

2.1 Affine Laumon space
2.1.1 Definition as a quiver variety

Given an integer n > 2 and a degree d € ZZ, affine Laumon spaces Mg can be
described in two equivalent ways: either as the moduli space of framed parabolic
sheaves on P! x P!, or as a quiver variety, cf. [14], section 3. We will use the
latter description in this paper.

Consider the following quiver:

Note that the quiver is meant to be cyclic, with a total of n circle nodes V1, ..., V,
and n framing nodes Cwy, ..., Cw,. All indices are understood mod n. For
examples, the arrow Y7 goes from V,, to Vq; the arrow B; goes from V,, to Cw;.
Fix vector spaces Vi,...,V,, of dimension dy,...,d,, consider the vector space
of linear maps

n
Ma = € (Hom(V;, V;) & Hom(V;_1, V;) & Hom(W;, V;) & Hom(Vi_1, W;))
=1

(3)



where we set V,,41 = V7 and Vy = V,,. Elements of the vector space Mg will be
quadruples (X;,Y;, A;, B;)1<i<n. Consider the quadratic map

Ma = D Hom(V;—1,V;)
i=1
v(Xi, Y, Ai, Bi)1<i<n = @ (XY =Y X1 + A By)
i=1
and define
Md _ V—l(o)stablc/GLd

where a point in v~1(0) is stable if the V;’s are generated by X and Y acting
on the images of A maps.
There is a torus action by

T=(CH""? =Ty xC, xC} (4)

Explicitly, if (u1,...,un,q,p) denote® the characters of T, then T scales the
quadruple (X;,Y;, A;, B;) with weight

28} -2 2 -2 725})

(2, p % uy? ulq ?p

(p only acts on Y; and B;.) Note that we are using a 2"72-fold cover of the
usual torus action to avoid square roots in formulas.

Define . .
Kint.— @ Kt = @ Kt(Mag)
dezz, dezz,
which is a module over
Ty =2t ... uy,q*,p] = Kt(pt) (5)

We also define localized equivariant K-theory
KIOC o Kint ®Z F
= W Fu

where
Fy:=FracZy = Q(uq,...,un,q,p) (6)

2.1.2 Fixed points

The fixed points are parametrized by n-tuples of 2d partitions A = (A}, ..., A")
where each M\’ itself is a 2d partition. We will simply call A a partition for
brevity. (It should be clear from the context whether we are talking about a
single 2d partition or an n-tuple of 2d partitions.) For a box O in the (z,y)
position of the partition A*, we say that O has color y + & mod n. (Note that

3p was denoted g in [14]



x,y start from 0.) Write |[A| =d whered = (d1,...,d,) € Z%, if X has d; boxes
of color i, 1 =1,2,...,n. B

Fixed points of Mg are parametrized by partitions A with |[A| = d. We
will abuse notation to use A to denote either a fixed point or a partition. The
quadruple (X,Y, A, B) corresponding to the fixed point A has each vector space
V; spanned by color ¢ boxes in A, i.e.

col O=1¢

Vi= @ C-vg

Oex
and for any vg € V;,
Xi VO = Vbox directly to the right of O
Yii1 - vO0 = Ubox directly above O

A-w; = Ucorner of A
We will use the normalized fixed point basis
(O]
A) =
%) A (T Mq)

where [O,] is the structure sheaf supported at the point A. With this notation,
the equivariant localization formula becomes

c= Y da- N

[Al=d

where ¢ € K1(Ma).

2.1.3 Local coordinates

For any fixed point A, there is an open subset Uy 3 A defined in the following
way: for any box [0 = (4,) in the k-th partition A\¥ of X, define the vector

vg = YkJX;CAkwk c Vcol O

(We may also write v when we want to stress that [ is a box in A.) Let
Ux C Mg be the open subset where {vg}gea form a basis of Vi, ..., V;,. Writing
matrices (X,Y, A, B) in the basis {vg}oea, we see that Uy is a closed subset
inside an affine space, cut out by the moment map condition v = 0. The fixed
point A is the origin of this affine space. We will refer to this as the standard
coordinate on Uy.



2.1.4 Tautological bundle

By construction, affine Laumon spaces come with tautological bundles V;, ¢ =
1,...,n, defined by associating the vector spaces V; to each point in Mgy.

The K-theory class of the tangent bundle can be described in terms of V;’s,
see formula (3.23) of [14]:

Y 1 Vi Vi Vv,  u?
T — 1 — i Vi Vi S ;
Ml ; {< q2> (Vil Vi) T u? + Viqz} (7)
where V1 = Vip™?, tnyi = uip™! for i € Z.

Given a partition A = (A',...,A\"), for a box O in the (z,y) position of \¥,
let i be the color of the box (i.e. y+k =i mod n), define the weight of the box
to be

9 9y outk—i

XO =ugq p
With this notation, we have
col O=i
Vilx= > xo ®)
Oex

As an example, the partition in Figure 1 corresponds to n =3, d = (4,5, 5).
Boxes of colors 1, 2, and 3 are colored as pink, green, and yellow, respectively.
The weight xg of each box is labeled in the box.

2,92 2.9
uip usp
2
u3 usp?
2 2 |3 3
uy Us [U3q

Figure 1

2.2 Quantum affine algebra Uq(g[n)
2.2.1 Generators and relations of U, (gA[n)

We recall some facts about the quantum affine algebra U, (é\[n) Our exposition
follows Section 2.11 of [13],

One way to define Uq(é\[n) is to use root generators ef;;) and f;,;). For
1 <i<nandj>i,let [i;j) denote the length-n vector whose k-th entry is



equal to the number of integers congruent to & mod n in the interval [i, j). (For
example, when n = 3, [1;5) = (2,1,1)). Define the positive half of U,(gl,,) by
U;(g[n) = <e[i;j)>%§;§"/rela‘cions 9)

where the relations are

g3 _ g2l

[4:5) €li"357) €[i';57) €lis5)

a=1 a=j
=@—a )| D CaCliti—an — D Cligti-allia | (10)

i <a<j’ i’ <a<j’

where ¢;(4,7,4,7") and co(4,7,4,5’) are integers determined by 4, 7,7, 7 mod
n. (See formula (2.35), (2.36) of loc. cit. for explicit expressions of c¢; and
c2.) Similarly, U (g[n) is defined with generators {f[i;j)}fjgn with analogous
relations. These generators are natural in the geometric setting — we will see
below that they can be realized using correspondences on affine Laumon spaces.

o~

The quantum group U,(gl,,) admits a triangular decomposition

Uy(gl,) = U (gl,) ® Q)W ... .0, 5l @ Uy (gl,) (11)

See formulas (2.33), (2.34), and (2.46) in [13] for the relations among the tensor
factors. N N

We will also need another set of generators of U (gl,,) and U (gl,,). It was
proved in [13] Proposition 2.21 that

Uq(gA[n) = Uq(;[n) @ Uq(gAll)-
€lisit1),t = 1,2,...,n generate U;(E[n) Let €; = e[;;+1) and let Py, k =
1,2,... be the generators of U (gl;). Thene;, i =1,2,..,nand Py, k=1,2,...
generate U;r(g[n). Similarly, for the negative half, fj;;;41),7 = 1,2,...,n gen-
erate U (sl,). Let f; := fii41) and let Py, k =1,2,... be the generators of
Uy (gly). Then fi,i=1,2,..,n and P,k =1,2,... generate U, (gl,).

2.2.2 Anti-involution induced from the shuffle algebra

We will mainly consider the action of Uq(g[n) in this paper, but the shuffle
algebra is needed to define the anti-involution of U,(gl,,) and to examine the

o~

denominators that appear in the U,(gl,,) action. So we recall some basics facts
about it. See [13] for details.

For a given integer n, the shuffle algebra A (depending on n) is a Hopf
algebra over Q(q,p). It admits a triangular decomposition

A=At A @A™,

The positive half AT has a basis consisting of color symmetric rational functions
satisfying certain conditions. And the negative half A~ has basis labeled by the



same rational functions. A has an anti-involution 7 which sends a function in
the positive/negative half to the same polynomial in the other half.
Consider the slope 0 subalgebra

Uq(é\[n) — Au

as defined in [13] (also called horizontal subalgebra when A is identified with the
quantum toroidal algebra). The anti-involution 7 preserves U, (gA[n) ®q(q) Qg, p)
and thus induces an anti-involution on it (still denoted 7).

Note that although U, (gA[n) has nothing to do with p, the anti-involution 7
does. This is because

Uy(gl,) = Uy(sl,) @ Uy(gly),

and the anti-involution on Uq(;[n) and on Uq(é\ll) can be scaled independently,

giving a family of different anti-involutions of U,(gl,,). Setting p to a number
corresponds to choosing one anti-involution in this family. The 7 defined here is
natural in this setting because the associated Shapovalov form can be identified
with the Euler character pairing of K-theory twisted by a line bundle, see Section
2.3.

2.2.3 Universal Verma module and Shapovalov form

Recall the definition of Z,Fy in equations (5) and (6). Let

viee .= U, (gl,,) ®y<o(gi,) Fu (12)

be the universal Verma module of Uq(gA[n), where the negative half U (gA[n)
acts on Fy by 0, ¢; acts by scalars u;/q’, and ¢ acts by the scalar ¢"p. The
superscript “loc” stresses that it is defined over the fraction field Fy,.

The Shapovalov form on V1°¢ is defined by

(10),10)) = 1,
(glw), [v)) = (Ju), 7(9)|v)),

where ) stands for the lowest weight vector in V1°¢,

(13)

2.2.4 PBW basis

o~

We define a PBW basis for U (gl,,). To each multi-partition A, we define an

element ey € U;‘ (Q[n) as follows: split A into vertical strips, then multiply the
root generators corresponding to each strip from left to right.

Example 2.1. Let A\ be the partition given in Figure 1. The first vertical strip
has 4 boxes, with colors from 1 to 4, so it corresponds to the root generator e[ys).
The second vertical strip has 2 bozxes, with colors 1 and 2, so it corresponds to
the root generator e[y;3y. Going through also columns, we see that

EX = €[1;5)€[1;3) €[2;4) €[2;3) €[3;7) €[3;4) -



By Section 2.16 of [13], for each d € ZY, the set {ex}|a|=a forms a basis of

o~

the degree d piece of U;’(g[n), and any product of ef;;)’s can be written as a
Z[q,q~'] combination of {ex}.

Let |ea) := exl0) € V!¢, We will call these the PBW basis of the Verma
module. Let |ex)* € V'°¢ denote their dual under the Shapovalov form, i.e.,

(|€)\>, |el»t>*) = 6)\;4-

2.3 Action on Kt(Myg)

As shown in [2,14,18], there is a natural action of Uq(gA[n) on K¢ defined by
correspondences. We briefly recall the construction and refer to [14], sections 3
and 4, for more details.

Remark 2.2. In fact, it is shown in loc. cit. that there is an action of quantum

toroidal algebra Uq(gA[n) on K¢ by tensoring with tautological line bundles. In
the present paper, we will only use the subalgebra Uy(gl,). Similarly, for finite

Laumon space ./\/lg", there is an action of Uq(;[n), but we will only use the
subalgebra Uy (sl,,).

The geometric realization relies on certain varieties * 3] Em) together

i9)

with K-theory classes [S[J;j)] € K1(3pij))s 3] € Kt(3[:;j)) and maps

3isj) OF izy)

ptoorpt T orp

Ma+ Maq-

where dt — d~ = [i;5). See [14], formula (4.13),(4.16) for the exact definitions
of the classes [3?;].)], [3[_”)]
The action of the root generators are given by

e[i;j)(a) = pj([S[JZj)] p 7 (a)),
Jiisy (@) = ﬁ*_([g[;;j)} pTH (),

for any class a € K'°°. Also define the Cartan part action by

itd;_1—d;
1; = multiplication by — ——on Kle, (14)
K3
¢ = multiplication by ¢"p. (15)

4To be precise, the correspondences i) E[m) both have connected components labeled
n—1 d

by d € ZZO so that 3[1.;].)
to declutter the notation.

and §E;j> maps to Mg [;;;) and Mq. We omit the superscript d

10



These operators generate the action of Uq(g[n) on K'°oc.
The action can also be written explicitly in the normalized fixed-point basis.
The action of e is given by
_ Xm
el = 500 T [0 = e (2% w19

HeX\p #

where

1 Z
Rf; = Sym (1— 25y (1 2L 11 <<2b> ' "

ziq? zj—2q%/ j<a<b<j

See [14] for the exact definitions of ¢ and 74 and how to evaluate R;; on A\pu.
The formula above for e[;,;) is formula (3.59) in [14] and the formula for Rjj
can be deduced from formula (2.12)-(2.16) there. In particular, the product of
¢ and 74 above can be simplified ([14], formula (3.56)):

col O=col z4+1 [ /XO zq
z Haddable O of A q vxXa
Cl— ) m+(2) = -

col O=col z .
XA Hremovable O of A (\/T NG )

A similar formula holds for the action of fi;,;).

(18)

j

Remark 2.3. Note that (Xej;,j)|p) # 0 implies that p is contained in X, and
the difference A\p has boxes with colors given by [i;7). This property will be
used frequently in the rest of the paper.

Lemma 2.4. The maps pT,p~,p" are proper.

Proof. For p* and p~, [14] showed that, in the moduli-of-sheaves description of
affine Laumon spaces Mg, 3[;;;) can be realized as a chain of modifications on
the flag of sheaves. The usual argument for Hecke correspondences then shows
that p* and p~ are proper.

To show the properness of p*, we first recall the definition of 3[1»; j) in Section
4.6 of [14]. Fix d*,d~ such that d* —d~ = [i;j). Fix two sets of vector spaces
V.V~ of dimensions d™, d~ and a full flag of subspaces

0=UlH) c gt c plsit?) ¢ | c Ul =Ker(VF - V™) (19)

where each Ul5%) is an n-tuple of vector spaces of dimensions [i;a). View Mg+
(defined in (3)) as linear maps (X,Y,A,B) acting on VT, and consider the
subspace Zj;,;y C Mg+ where X,Y satisfy the condition that

X(Ultay c plise=b - y(@ld) c ylisetD) for g =i4+1,...,5— 1. (20)

Let 7 be the moment map on Z; ;) induced from v on Mg+. Let P be the
parabolic subgroup that preserves the flag of subspaces (19). Define

i) =1 1(0)°/ Py

11



Since the conditions in (20) are closed conditions, n~1(0)* is a closed subvariety
of v™1(0)%. Thus, 3;,;) is a closed subvariety of v=1(0)*/P,;.;), which is a pro-
jective bundle over Mg+ = v=1(0)*/Ggq+. Therefore, the projection map p* is
proper.

O

Remark 2.5. Note that (see [14] formula (4.13)-(4.14)) both ej;.;) and its anti-
involution T(e[;,;)) are defined using K-theory classes on 3.5y, so both map Kt
to Kint'

Remark 2.6. The map p~ is not proper in general. This will be further dis-
cussed in section 4.3.

There is an isomorphism ([14], see also [2], [18]) of U, (g1,,) modules
@ Ve S Ko (21)

sending the lowest weight vector in V1°¢ to the structure sheaf in degree 0. In
the rest of this paper, we will use |ey), |ex)* to denote either an element in V'°¢
or its image in K'°¢ under the isomorphism @ (and it should be clear which one
it is).

The Shapovalov form on V!¢ induces a bilinear form on K'°¢ given by (cf.
[2], Proposition 2.29) °:

(F,G) = consty - x(F® G ®@ D7), (22)

where x is the (equivariant) Euler characteristic and

Dd = f[ det Vi
i=1

is the determinant line bundle of tautological bundles, and const, is an invertible
element in Z,, (i.e., a monomial with coefficient 1) depending on d.

2.4 Specializing to finite Laumon spaces and U,(sl,)

When d,, = 0, the affine Laumon space becomes the finite Laumon space initially
defined in [10], which we denote by Mi", where d = (dy,...,d,_1), see [14],
Remark 3.3. In this section, we spell out what the above constructions mean in
this special case.

The quiver becomes (cf. [12], Section 2(i)):

5The reason that we use D;l here as opposed to Dq used in [2] is that the correspondences
we use (see formula (4.13)-(4.16) of [14], especially the 5 — ¢ = 1 case) are slightly different
from the ones in [2] Section 2.8 in the twists by the tautological line bundles £;.

12



Recall the description of fixed points of affine Laumon spaces in section 2.1.2.
Specializing to the finite case is to require that there is no box of color n in the
partition. In other words, the fixed points in the finite case are parametrized by
n — 1 tuples of 2d partitions A = (A\!,..., A" 1), where each A’ is a 2d partition
such that A’ has at most n — i rows. We will call such A a Kostant partition,
following the nomenclature in [7]. Figure 2 shows an example of n = 4 with
degree d = (4,4, 3). Boxes of color 1, 2, and 3 are colored as pink, green, and
yellow, respectively.

up

2.2 2.2 4|.2 6
uy |\u1qT|uiq-|uq

Figure 2

For the quantum group action, the root generators e ), fi;;;) with 1 <i <
7 < n preserve KT(Mg“) since they will not add or remove color n boxes
(c.f. Remark 2.3). Together with ;1/%;,4 = 1,2,...,n — 1, they generate a
subalgebra N
U, (st) = Us(al,).

The generators e[;;;41y correspond to the usual generators of U, (sl,,) multiplied
by ¢ — ¢~ !. From relation (10), we have

q€li+155)€lisi+1) — Clii+1)E[i+1;5) = (¢ — qfl)e[z‘;j)

for1 <i<j<n.
In what follows, we will also use that for finite Laumon spaces, the relative

13



normal bundles can be expressed as 6 (c.f. [14], Proposition 4.14, 4.15)

(T3] —pT [T Mg+] =i — j+

3 (EnE) 8 e E e

i<a<j i<a<j a=i+1

(T3] —p *[TMg-]=1i—j+

i—1 j—1
1 ) L, L, — L L,
1-—= - =+ g = + E + E . (24)
( q2 i<a<j Va i<a<j Vafl a=i+1 Ea—l a=1 UQ

Here, V| (resp. V) is the tautological bundle for Mg+ (resp. Mgq-), and L,
is their difference on 3y;,;). (There are also analogous formulas for 3;.;), but we
won’t use them in this paper.)

3 Kt(Mi") and dual Verma module of U,(sl,)

In this section, we will focus on the equivariant K-theory of finite Laumon space
K1(MAm), and all notations will be adapted to the finite case: d will denote a
vector of length n—1; boldface letters (e.g., A) will denote Kostant partitions as
explained in section 2.4; K'°¢ K™t V1°¢ & are understood as defined for ./\/lgn
and U,(sl,). (Note that ® is still an isomorphism, see Section 2.26 of [2].)

Theorem 3.1. (1) For any partition A, ® maps the dual PBW basis |ex)* into
Kv(ME™) where d = |A|.
(2) For any d € Zggl, {® (lex)*)}ix|=a form a Zy-basis of KT(MJ;").

Remark 3.2. A similar result was obtained in [5], Theorem 3.5 when studying
the equivariant cohomology of the Laumon space as a (non-quantum) U(gl,)-
module. The approach we use here is different from theirs.

Hence, specializing equivariant parameters, we can get dual Verma module
of a given lowest weight. The lowest weight is determined by the action of
Yip1 /i i =1,...n —1, see (14). So we have

Corollary 3.3. Fizay,...,a, € C and let gy € C be generic. Let C, denote the
evaluation module of Zy, i.e., the target of the map

+ + ui=q",q=qo
Zu:Z[ul,...,qu | —————=cC

Then K™ @z, C, is isomorphic to the dual Verma module of Uy, (sl,) with
lowest weight (by, ...,bp—1) where b; = a; — a;+1 + 1.

6Note that in the finite case we have
j—1 j—1

1 a=b—1 »Ca ﬁa »Ca
(-p) X FrY e Y

T/ i<a<b<s b a=ip1 Fem19T g Fasl
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Proof of Theorem 3.1

First, observe that part (1) of the theorem implies part (2). Indeed, given any
a € Kt(Mfi") and any PBW basis |ex), using the pairing (22), we have:

(@, ®(lex))) = (r(ex)a, @(]0))).

Note that 7(ey)a is an integral K-theory class, see Remark 2.5. Thus, the
pairing lives in Z,. By definition, the dual PBW basis satisfies

(@(lex)™), (lew))) = 05-

In other words, for any o € K(Min),

a= Y (a,®(ex))) - D(lex)).

|A|=d

So « is in the Zy-linear span of {®(|ex)*)}jaj=a-

Thus, we only need to prove that ®(|ex)*) € Kt(Mf"). For any partition
A, let A(A) denote the sum of the heights of all boxes in A, where the height of
a box is defined to be its row index (starting from 0). Choose a total ordering
of the fixed points such that if h(p) < h(A) then p < X. (If A(p) = h(A) then
they can be in either order.) In this order, the flat partition (i.e., each partition
has only one row) is the smallest.

Lemma 3.4. Assume that |ex)|, # 0 (i.e. the restriction of ®(|ex)) to the fized
point p is non-zero). Then h(p) < h(A), and h(p) = h(X) only when p = X.

Proof. Recall that formula (16) implies that (Alef;,;)|p) is only non-zero if A
can be obtained from p by adding boxes of color 4,4+ 1,...,7 — 1.

We prove the lemma by induction. Assume the lemma is proven for all
partitions of degree d’ with |d’| < |d| (here |d| = dy + ... + d,,—1), we show that
it holds for partitions of degree d.

For a partition A, assume that the left most vertical strip in A contains boxes
of color from ¢ to j — 1. (This implies that the first non-empty partition in A
is A’.) Let A’ be A with the leftmost vertical strip [i;j) removed. In terms of
PBW basis, |ex) = ef;;jylear). Then

hA) =h(XN)+0+1+...+(—i—1).

By the induction hypothesis, if [ex)|, # 0 for some g/, then h(p') < h(X") and
h(p') = h(X") only when p’ = X'. We examine what happens when we apply
e[i;;) to a fixed point class [u'). If ef;,;) )|, # 0, then v is obtained from ' by
adding boxes of color i,7 + 1, ..., — 1. The maximal height that v could have
is when adding these boxes all in the i-th partition, which implies

h(v)=h(p)+0+1+ ... +(—i-1).

So h(v) < h(A). The equality holds only when g/ = X’ and all boxes are added
to the i-th partition, i.e., v = A.
O
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Dual PBW basis is uniquely determined by the property that

(lex)™, len)) = 0X

For each partition A with |[A| = d, we will construct elements gy € K} satis-
fying the following properties:

galp # 0 only if A < p, (P1)
galx - lea)la = A (TME[x)". (P2)

Combining with Lemma 3.4, we see that for p < A, (ga, |e,)) must be 0 since
at least one of them vanishes on any fixed point. On the other hand, (gx, |ex))
only gets a non-zero contribution from the fixed point A, so (P2) ensures that
it is equal to 1 after scaling gx by an invertible element in Z,. (This invertible
element in Z, comes from the twisting by D;l and the prefactor in formula
(22).) To sum up, the inner product between a suitable Z,-rescaling of {gx}
and {|e,)} is upper-triangular with 1 on the diagonal.

1
X

0 .

This will allow us to construct |ex)* as a Zy,-linear combination of gx and thus
|€)\>* € Kilnt.

The desired class gy is constructed through attracting manifolds with respect
to the torus action. Recall that if a torus T = (C*)* acts on a variety X, given
a fixed point p € X7 and a subtorus ¢ : C* — T such that X€ = X7, the
attracting manifold of p is defined to be

Attry, == {z € X| }% o(t) -z =p}.

In our situation, consider the torus T" which is the torus in (4) without the C;
factor. (C; acts trivially on M) Let uy, ..., up, g be the weights of T'. For a
fixed point A with |A| = d, let Attry be the attracting locus of A with respect
to the subtorus

oa(t) = (¢34l gHdlp2eldl =1y o T

Under this torus action, tangent weight ¢~ is attracting for & > 0. Tangent

weight qku? Ju? is attracting for j > i and any k. Let
9x = i.[Oxpr, ) € KT (M.

Here Attry is the closure of Attry, a closed subvariety of Mg“, and ¢ is the
inclusion map. It remains to prove that gy satisfies properties (P1) and (P2).
Now the proof reduces to the following two propositions:

16



Proposition 3.5. For fized points A\, u € KT(M]d%), if galp # 0, then either
A=p or h(X) < h(p).

Proof. Suppose on the contrary that h(A) > h(p) and X # p. This would imply
that there exists a color ¢ and k < ¢ such that

; Ay < 2 1o

where )\ﬁ] is the number of color ¢ boxes in partition A\¥. Indeed, if this is not
the case, then for each color ¢, we have

Z; )\ic] > z_; chy

Since A and p have the same number of color ¢ boxes, we can compare the
height of boxes of color ¢ from right to left, and the height of the box in A is
always smaller or equal to the height of the corresponding box in p. This implies
that A(A) < h(p), and the equality holds only when A = p, contradicting our
assumption.

Now let C be the set of color ¢ boxes in p*, ..., u¢. Consider the open subset

Uc = {{v8}nec are linearly independent } . (25)

This is an open subset in /\/lgn that contains pu. We will show that Uc does not
intersect with the attracting locus of A.

Consider the standard coordinates {vé}ge A on the open subset Uy defined
in Section 2.1.3. Consider the vectors

Vijy i =1,2, 0,5 =1,2,.., Al

which form a basis of V. for points in Ux. Here, v;; is the vector corresponding
to the j-th color ¢ box in partition A*. For any point in Uy N Ug, consider the
vector

Vg = Xcvk’)\fc] .

By the construction of Uc, this vector is linearly independent of {v;;};>%. So in
the basis {v;;}, vo has non-zero coefficient in some v; ;s for some ¢’ < k. Under
the action of T, this coefficient (as entry in the matrix X, in the standard basis)
has weight u?, /u% multiplied by some power of ¢, which is repelling. So this
point is not in the attracting locus of A. Note that Uy is invariant under T so
Attry C Ux. Thus Attry N Ug = (0. This finishes the proof. O

Proposition 3.6. A*TY Attry is equal to |ex)|x up to an invertible constant in
L.

Note that this implies property (P2) because ga|x = A*TY

A,repelling directions”
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Proof. We prove this by induction. As in the proof of Lemma 3.4, let u be
the partition obtained from A by removing the left most vertical strip [4; j). So
lex) = e[i;j)lewn). Assume that the proposition is proved for p. Let’s examine
how the two expressions change for .

Lemma 3.4 implies that the coefficient |ex)|x comes only from |e,)|,. So it
changes by the exterior power of the relative tangent bundle (23) up to invertible
constants. So to prove the proposition, it suffices to prove that

([T35:5)) — pT*[TMg+]) |(M) = TaAttry — T, Attry,. (26)

(Note that A®V and A®*VY differ by an invertible constant, thus we get rid of
the dual in the above formula.)
The righthand side of (26) is equal to the attracting weights in

P [T Ma+] —p~* [T Ma-]
So the proof reduces to the following

Lemma 3.7. The weights in
([T3i.5)] — pT* [T Mg+]) ’(

A, p)

are all attracting, and the weights in
(I73p5:5)] = p~"[TMa-]) ‘(A,u)
are all repelling.

Proof. To prove the first statement, consider formula (23). At the fixed point
(A, i), we have, for i < a < j,

a Ay—1
2 21
Vioaw =D Y uig
k=i 1=0
and v
i —
£a|(>"u) :U,quz( [a] D)

because all new boxes are added to the i-th partition. Recall that our choice
of attracting direction is that ¢™u? /u? is attracting for k > i and any m, and
g~ ™ is attracting for m > 0. Thus, most terms in

RN
q*>) La
can be easily seen to be attracting. The only term that needs to be checked is

the ones that only contains ¢, and we are left with

0

1 21 —2X!
(3), 5 e

I==(Al,—1)
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Similarly, among the terms in

the weights with only ¢ are
1 Alar1]=Ma) . ) .
<1 - > Z ¢ = ¢Paru 2 — 7P a

2
q I=—(\j,—1)

Since Afaﬂ] < Afa]7 both of the above terms are attracting. (There could be
constant weight 1 appearing in this expression. But they will eventually cancel
out because all fixed points are isolated.) The terms in

La
[-:a—l

are easily seen to be attracting. So we proved the first statement.
The proof for the second statement is similar. The only difference is that
the term

ﬁa—l

will contribute attracting weights

=N

But these weights will cancel with the second term from
(1 _ 1) i _ qQAfa]*Q _ q2>"[ia]72kfa—l]
2 —
q Va—l

Other terms in (24) are all repelling.

4 Kt1(Mg4) and dual Verma module of Uq(é\[n)

We will prove the analog of Theorem 3.1 in the affine case:

Theorem 4.1. (1) For any partition A, ® maps the dual PBW basis |ex)™ into
K1(Ma) where d = |A|.
(2) For any d € Z%, {lex)*}|aj=a form a Zy-basis of K1(Ma).

This theorem will be proved in Section 4.1.
The analog of Corollary 3.3 is the following;:
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Corollary 4.2. Fix ay,...,a,,l € C withl # 0 and let gy € C be generic. Let
C, denote the evaluation module of Zy, i.e., the target of the map

a; l
. + + 4+ 47 ui=q%,p=q',q=qo
Ly =Zut,...,u,,q",p7] ———————— C.

Then K™ ®g,, C, is isomorphic to the dual Verma module of Uy, (gA[n), where
Vi acts by "% fori=1,2,...n and c acts by ¢" .

Corollary 4.2 will be proved in Section 4.3. The main task is to control the
denominators appearing in the action, see Proposition 4.16.

Remark 4.3. The condition that | # 0 is due to the possible denominators in
the fi.;) action. In terms of the lowest weight, this means that we are away
from the critical level where ¢ acts by q". One cannot specialize to | = 0 (i.e.
p = 1) because there are denominators of the form 1 —p?* in the action of Jlis)-

Remark 4.4. Using the RTT integral form of Uq(gA[n) as defined in [8], one can
define the integral form of the universal Verma module similar to (12), as well
as the integral form of the universal dual Verma module. Then the results above
say that, after a mild localization, K™ can be identified with the universal dual
Verma module.

4.1 Stable envelopes

In this section, we introduce a variant of the stable envelopes first defined in
[11], which will be used in the proof of theorem 4.1. To begin with, we collect
the ingredients used in the definition of stable envelopes.

4.1.1 Subtorus A and its fixed locus

Consider the subtorus A = (uy,...,un,p) C T (ie. Ais T without the C;
factor) and fix a 1-parameter subgroup of A

oa(t) = (4,12, .. 1" 7" (27)

We will consider the attracting manifold with respect to oa. A weight p™u; /u3
is attracting if m < 0 or m = 0 and i > j. It’s repelling if m > 0 or m = 0 and
i<j.

Lemma 4.5. The connected components of the A-fized points of Mgq are affine
spaces, and each contains exactly one point of (./\/ld)T.

Proof. From the quiver description, the A-fixed points are given by a product
of quivers of the form
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V; Vit Vi

with the same stability condition and moment map condition as before. (Note
that k could be bigger than n. In that case, V; and V;4,, comes from the same V;
in the original quiver, but there is no arrow between them because their weight
differ by a non-zero power of p.)

Choose a basis {v1,v2, ..., vdimv; } of V; so that X has the form

0 *
1 0 *
1 *

1 =x

For each ¢ > j, take the vectors
Y;}/ifl...}/j+1’l]t7 t= 1, 2, ,dlmv;

to be a basis of V;. (The stability condition and the moment map condition
ensures that this is a basis of V;.) And all other arrows in this basis are deter-
mined by X;. So the only free parameters are the entries marked by * in the
above matrix, which form an affine space.

O

We will denote by Ay the connected component of (/\/ld)A that contains A. In
the general definition of stable envelopes, one frequently consider the restriction
of K-theory classes to the A-fixed locus. In our case, this is determined by the
restriction to the T-fixed points. So we will restrict to the T-fixed points instead
to make the notations less cumbersome.

4.1.2 Semi-polarization

Defining stable envelopes usually requires a choice of polarization, which is
roughly half of the tangent bundle. Mg does not have a polarization, but we
will see that an analog of stable envelopes can still be defined. The K-theory
class 7 below will play the role of polarization.

Let . N
V=P A % =P8
i=1 =1
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where A;, B; denote the tautological bundles from A;, B; in the quiver.

Lemma 4.6. For each fixed point A € Mg, viewing V', % ,TMaq as elements
in Ka(Ma), we have

(%‘)\)mou = (TMd|>\)T6p7
U\ = (TMalx)attr,

where the subscript mov means the moving (non-fized) part with respect to the
torus A, and rep/attr means repelling/attracting directions.

Proof. When only considering the A-action (setting ¢ = 1), the formula (7)
simplifies to

which equals ¥ 4+ % termwise. V;|x is expressed in (8). For a color ¢ box O, if
it is in A\* with k < i, then yg is u% times a non-negative power of p, so xg/u?
is either repelling or fixed; if k > i, then x is u? times a positive power of p, so
xo/u? is repelling. This proves the first equality. The second equality can be
proved similarly — if a color i box is in A\¥ with k& > i + 1 then yg must contain
positive power of p, which makes u;11/x0 attracting. O

Remark 4.7. Note that the above lemma is not true if we consider these classes
as T-equivariant. This is analogous to the fact that when considering stable en-
velopes for Nakajima quiver varieties (see e.g. [11]), one considers the subtorus
A C T where T/A ~ C* is the torus that scales the symplectic form.

4.1.3 Attracting Set and order of fixed points

We write g > A if p is in the full attracting set of Ax. (See [11] for the
exact definition of full attracting set. Roughly speaking, this means taking the
attracting locus and taking closure iteratively.) This defines a partial ordering
on the fixed points. We also choose a total ordering on the fixed points such
that g > X if h(p) > h(X), where h is the sum of the height (row index) of
boxes in g or A. If A(A) = h(p) then they can be in either order. For example,
the partition with only one row in each partition is the smallest for either > or
. It’s attracting set is an open subset of Mg.

The following lemma will be used in studying stable envelopes, c.f. Lemma
4.12.

Lemma 4.8. Let h.(\) denote the sum of height of color ¢ bozes in a partition
. If p = A, then for every color ¢ € {1,2,...,n}, he(p) > he(X), and equality
holds only when the color ¢ bores in p and A are in the same positions. In
particular, p = X implies h(p) > h(X).

Proof. This can be proved in the same way as Proposition 3.5. The only dif-
ference is that, instead of comparing the number of color ¢ boxes in a given
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partition ;% or A\*, we need to compare the number of color ¢ boxes in a given
row [. Note that a color ¢ box in row [ in g necessarily lies in the partition
pet. If two color ¢ boxes [y, 0, are in row k; and row ky respectively, and
k1 > kg, then the weight x0, /xno, is repelling. So the same argument analyzing

the weight in local coordinates Uy as in Proposition 3.5 also applies here. [

4.1.4 Degree in A

Definition 4.9. For an element o € K1 (pt), viewing « as a Laurent polynomial
in variables uy, ..., un, p with coefficients in Zlq,q~ "], the A-degree of c, denoted
by degp «, is defined as the Newton polygon of « in the character lattice of A.
In other words, let

S = {w € char(A) | coefficient of w in « is not 0},

then degp « is the convex hull of S in char(A) ® R.

4.1.5 Stable envelopes
Let

L:= <ﬁ det Vi>
i=1

where € > 0 is a very small real number. (We will explain what power € means.
€ needs to be very close to zero and may depend on d. The exact bound will be
clear from the proof.)

Proposition 4.10 ([17], Theorem 2). For each A, there exists sx € K1(Maq)
such that:

(i) sx is supported on the full attracting set of Aj.
(i) salx = A® (73m0)".
(iii) For any p > X,

degp sa|u + weighta L|x C degp A® (”1/11"0”)\/ + weighta L| ..

For a line bundle L, weight, L'| is a vector in char(A) ® R. The definition
of weight, also applies to an € power of a line bundle by multiplying this vector
by €. So it applies to the L defined above. And +weight, L|x means translating
the polygon by this vector.

Remark 4.11. [17] proved this under the simplifying assumption that there
exists a polarization TY2. But it can be seen that TY/% can be replaced by ¥ in
our setting and the proof there goes through — the property that is used in the
proof is that for each fized point X, the Newton polygon dega A® (¥"°V) agrees
with dega A® (TMadlr),., up to translation. In fact, relaxing the condition of

rep
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polarization to something that resembles the repelling direction is one of the
main goals of [17].

Also note that [17] used topological K-theory instead of algebraic K-theory.
But since Mgq has an affine cell decomposition ([14] Remark 3.10), there is no
difference between topological and algebraic K-theory.

4.2 Proof of the main theorem

The same argument as in Section 3 shows that part (1) of the theorem implies
part (2). To establish part (1), it suffices to find K-theory classes whose pairing
with the PBW basis is an upper triangular matrix with invertible diagonal
entries. This is where stable envelopes come in handy.

We will leverage the rigidity argument introduced in [16] to compute the
inner product of stable envelopes and PBW basis. The logic can be summarized
as follows: first, by the localization formula (31), the inner product of K-theory
classes can be computed by summing over fixed points. The degree constraint
(property (iii) in the definition of sy, and Lemma 4.13 below) implies that the
contribution from each fixed point is “bounded” in the sense defined below.
Hence, the left-hand side of (31) also has this property. The properness of
correspondences implies that the LHS is a Laurent polynomial. Together with
boundedness, this implies that the LHS is constant in A. Thus, it can be
computed by sending equivariant variables in A to any limit, for which we can
choose a convenient one to make most fixed-point contributions vanish; see
Proposition 4.15.

For a rational function f € FracZ, and a 1-parameter subgroup £(t) : C* —
A, define

e fo= B0 Pl p=t0)

(Note that g is not replaced in the above definition. So limg (), f is a function
of ¢ if the limit exists.) We say that f remains bounded in any limit of A (or
bounded for short) if limg () f exists for any subgroup £(t).

Recall the subgroup oa(t) defined in formula (27).

Lemma 4.12. Given fized points X, p, let

f _ S)\‘N
Ap A.(TEO)\/'

Then:
(1) If p < A, then fau = salu =0.
(2) If > A, then fx, is bounded in any limit of A, and limg, (4) o fau = 0.
(8) If p= A, then fa, = 1.

Proof. Statements (1) and (3) follows directly from the definition of sx. The

boundedness in property (2) follows from condition (iii) of sx.
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Furthermore, note that condition (iii) of s combined with Lemma 4.8 shows

that

lim - the
oa(t)—oo fk“

exists for some positive integer k. Here the factor t*¢ comes from the shift
weight L|x — weightpL|,. So lim,, 1) 00 fap =0
O

Now, consider the K-theory classes

lex) = lea) / [T ity (28)
=1

where 11 1= u1p 2.

Lemma 4.13. Given fized points X, p, let

_ |€>\>|u
Iap = AQ(TEO)\/'

Then gxp, remains bounded in any limit of A. Furthermore, if p < X, then
limoA(t)—)oc 9p = 0.

Proof. Recall that |ey) is constructed by applying e;;;) coming from the columns
of XA. More explicitly, suppose that A has k& columns and

k
ex = H Clirshn)»
=1

Then
My Cpy and
py\py 4 has boxes of color [i;51) k

(plex) = Z H<Hz|€[il;jl)\uz+1>~

#1:11"[1'27~~»7Hk7114k+1:® =1

Recall that

1 23[=5N
e Hlex)

= o o d (29)
A(TZO)Y - Tz wity

We will show that each (g|e};,.;,)|141) can be paired with suitable terms from
the denominator in (29) to make it bounded in A.

From formula (16), each (g le;, ;)44 1) is a product of Rjj and a (74 term
for each box in pe;\pty -
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We first analyze the (7, terms. Let v = p; . Formula (18) can be rewritten
as

z
Cl—)7+(2) =
(XU)

col O=col z+1

HDGV addable, not on the bottom row q NCG (1 Zq2> \/X7|Z|

col O=col z B : - )

HDEU removable (\/Xi ~ 7xo q
~——

XK
(1) (1) (1)

Pad
0O
I3
)

(30)

N—

where X stands for the addable box on the bottom row of the (i+1)-th partition
in v where i = col z. In particular, xg = u2, ;20 . Thus, part (III) in (30),
when taking z to be each B € p;\p;,; and letting [ ranging from 1 to k, cancels

the product
n
d;
H Uiy
i=1

up to powers of q.

Part (I) in (30) is obviously bounded since the removable box in color ¢ and
the addable box in color i+ 1 come in pairs (unless the color i + 1 box is on the
bottom row, and that’s why we separate it).

For part (IT), from the proof of Lemma 4.6, we know that for each B € p
with col B = 4, there is a corresponding attracting direction with weight

2
Wi
xmq™
for some number m. Then )
1— xmq
XK
1—w1?

is bounded. So part (II), when taking z to be each B € p;\p; ; and letting [
ranging from 1 to k, then dividing by A*(7,;°)Y, is bounded in any limit of A.

Now we examine the R;rj factor. In formula (17), both 1/(1 — z;11/2:¢%) and
the ¢ factors are obviously bounded. So we proved that gy, is bounded in any
limit of A.

When p < A, there exists I such that when going from p;,, to y,, at least
one added box is put at a lower row than its standard position. (Standard
position means that the boxes of colors [ij; ;) are added to the 4;-th partition
in row 0,1, ...,5; — i, — 1 respectively.) Suppose the first such box corresponds
to number m in [i;; j;), then z,/zm,—1 in R;(ul\ulﬂ) goes to oo in the limit
oa(t) = oco. This makes each product in g, (and hence gy, itself) go to zero
in the limit. O

Recall the pairing on K1(Mgq) defined in (22). Let sx = sx ® Dg to com-
pensate for the twist in the pairing.
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Lemma 4.14. For any fized point A, p, the pairing (Sx, len)) € Zlg,q7'], i.e.,
it is a Laurent polynomial that only depends on q.

Proof. By lemma 2.4, (Sx, |en)) € Zy. By the localization formula,

(";A? |6H>) = Z fkugp,u' (31)

fixed point v

By lemmas 4.12 and 4.13, each term on the right-hand side is bounded in any
limit of A, thus so is the left-hand side. But the LHS is a Laurent polynomial in
Zn, thus it must not depend on uy, ..., u,, p, hence it is an element in Z[q, ¢~ *].

O
Proposition 4.15. For > X, (3a,|en)) = 0. For p =X, (3a, lex)) = ¢V for
some integer N.

Proof. Since (sx, |e,)) does not depend on uy, ..., Uy, p, it can be computed in
any limit of A.

For p > A, for any fixed point v, either u > v or v > A (or both), hence
by lemmas 4.12 and 4.13, either lim,, ;)00 gur = 0 or fa, = 0. So the RHS of
(31) is 0.

For p = X, we compute (Sx,|ex)) in the limit oa(t) — oo. The same
argument shows that the only contribution comes from faxgax after taking the
limit. Also, the symmetrization at the beginning of RT in formula (17) can be
dropped because that will make boxes in non-standard positions. (See the last
part of the proof of Lemma 4.13.)

By construction, fax = 1. So we only need to consider g in the limit. For
a rational function of the form

1- ;E—Eqk

1— X0

xXm
for some integer k. If O, M are not in the same partition A? of A, then the limit is
either 1 or ¢*, and can be dropped for the purpose of this proof. The non-trivial
factors come from the following. (Again, we are focusing on ef;;;) coming from
one column of A as in the proof of lemma 4.13, and note that all boxes must
land in standard position in the i-th partition, and when applying it there is no

box above the (j — i)-th row):

e The term in (30) for z = ym is only non-trivial when the removable box is

next to M and the addable box is one row above B, this results in a factor

of o
1— q2()‘1n,*/\zn+1+1)

1—¢2

where m = col B — 1.

e In formula (16), each B comes with a factor of ¢ — ¢!, this cancels the
denominator above, up to powers of gq.
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e In RT, for adjacent boxes (I, M with col O =m — i+ 1,col B =m — i,

1 1

— xﬁ?ﬁ 1 qz(,\inﬂ—/\;'n—n

This almost cancels the numerator in the first item, except for one term
from 77; = j. (Note that A} ; = 0 because we apply columns from right
to left.

e The pure ¢ weight in A*(T<%)V: Tt can be computed from formula (7) that
each e[;, ;) will increase this by 1— ¢?A51 | this cancels the remaining term
from the first item.

So we see that (Sx,|ex)) is indeed a power of q. O

Therefore, the pairing between sy and |e,), when A and p range over all
fixed points, forms a lower triangular matrix with powers of ¢ on the diagonal.
Consequently, its inverse lies in Z,.

This implies that the dual PBW basis are Z-linear combinations of the sy’s.
Hence, these dual PBW basis belong to Kt(Mgq). This completes the proof of
Theorem 4.1.

4.3 Uq(gln) action almost preserves Kt(My)

The action of e;;;) and 7(ej;;;)) preserves K int gee Remark 2.5. However, the
operator f[;.;) does not always preserve K int (For example, this happens for n =
2 and the operator fj;,3) from K1(M( 1)) to K1(M,0)). The correspondence
3[1;3) is isomorphic to the blow up of P! x C at one point.) Nonetheless, we can
control the denominators in the f};,;) action, which leads to a proof of Corollary
4.2.

For a given [4; j), consider the element 7(f};.;)) and write it as a Q(g, p)-linear
combination of PBW basis ey, i.e.,

T(fli)) = Z CXEX; (32)

[X[=[i55)
where the coefficients cx are, a priori, elements of Q(g,p). We will control the
denominators of cx and this in turn controls the denominator of the f[;,;) action

(because 7(ey) preserves Km).
Let

+ 41 rm . ) _ 2l
Z[qi,pi]lfp#,lfq# = { g ‘ fE€Z[g™.p ]7-‘7—Hi:1(1_p2k )H;fl(l q )} (33)

for some integers ki,..., kmyl1,..0ln

Proposition 4.16. The coefficients cx live in Z[qi,pi]l,p#’pq#.
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This will be proved in section 4.3.2. This implies that f;,;) can be written
as a sum of products of (e, j/)) whose coefficients have denominators no worse
than a product terms of the form 1 — p?* and 1 — p?*'. Hence, the action of
Uy(gl,,) preserves K in—tp#,l—q#’ where the subscript means inverting elements of
the form 1 — p?¢,1 — q%/7k,k’ € Z. This combined with theorem 4.1 proves
corollary 4.2.

4.3.1 Bilinear pairing

There is a non-degenerate bilinear pairing between U= (g[n) and UZ (aln) defined
by

<fiaej> - (q*qil)(;} (34)
(g™ — q7"F)
(p* —p=F)(q"FpF — g7 FpF),

(Pg, Py = 01k - (35)

on generators and satisfies
(ad’,b) = (a ® d’', A(b)),

where A is the coproduct. (We omit the pairing on the Cartan part. They are
all constants not depending on ¢, p.)
From these, we can deduce that the pairing

{fig - fi  Pojy - Pojy, iy Py By (36)

(assuming that the j’s and j’s are in increasing order since the P’s commute)
is non-zero only when m =m/, I =1, j; = ji for i = 1,...,1, in which case the
pairing is equal to

H(Pfjijﬁ - a rational function in q. (37)
i=1
Pairing between root generators and the P/s can be deduced from the em-
bedding of U, (gl,,) into the shuffle algebra (Proposition 3.33 of [13]) and invoking
results about shuffle algebra. [13], Proposition 4.2 implies that

_ —1\nk w1 @ —aq"
<f[i;i+nk)7pk> = (—q¢ )" (1) Y — (38)
p p
kK —k
(P_gseiigny) = (—1)F 1 2 4 (39)

pkan _ p—kq—nk
Combined with Lemma 3.20 and Proposition 3.25 of loc. cit., which simplifies
the pairing between a root generator and a product of several elements, we see
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that
l

(flig), €i - -€ip Py - Pj) = H ——— ‘ rational function of g, (40)
kel Jil 4
i=1
: 1
(fir fimPjy - P_jyis €fig)) = H o ———; - Fational function of g.
L L pkgrk —p=hgn

(41)

4.3.2 Proof of Proposition 4.16
To prove proposition 4.16, we first prove a weaker result:

Proposition 4.17. Let cy be as defined in (52). Then cx lives in Q(q)[p*];_p#.
where the subscript 1 — p* is defined in the same way as (33).

Proof. Let Sy (resp. S_) be a basis of U (gl,)) (resp. U, (g1,,)) whose elements
are all of the form e;, ---e;, Pj, --- Pj, (vesp. fi, -+ fi,,P—j, -+ P—j,).

Write
fiiy = D bs-s.

seES_

We claim that b, € Q(q)[p*] for all s € S_. Indeed, by can be computed from
the pairing (f;;;), s) for all s € S, as in (40).
The pairing between S_ and S, can be arranged into a block diagonal matrix

My,
My,

M,

m

where for a given index set J; = ji, ..., jk,, My, is a square matrix corresponding
to the pairing between elements in S_ whose “P part” is P_j;,...P_j, and
elements in S whose “P part” is Pj,...P;, . Formula (37) implies that each
M, can be written as a matrix that only depends on ¢ times a constant. (This
constant comes from pairing between P_;,...P_j, and P}, ...P;, , which can be
computed using (35).)

Putting things together, and note that denominators in (35) kills the de-
nominators in (40), we deduce that for s = f;, --- fi, P—j, --- P_j,,

and in particular, is an element of Q(q)[p*].

Our next task is to write P in terms of e[;;;). Similar to the above, write

Cliyitnk) = Z Qs - S.

seSy
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(Note that S must contain Py for dimension reason.) The same argument as

above shows that for s =¢;, ---¢;,, P}, --- P},

!
as € H(p”' —p ) - Q(q).

And the coefficient for s = Py is p* — p~*. This shows (by induction on P;’s)
that Py can be written as a sum of products of e;;;)’s where the coefficients are
in Q(q)[p*]_pe-

Combining all the above, and noting that

7(fi) = e, T(P_k) = Px,

we deduce that 7(f};;;)) can be written as a sum of products of ef;;;y’s where the
coefficients are in Q(g)[p*]; .

Since any product of e;;;)’s can be written as a Q(g)-linear combination of
the PBW basis ey, this finishes the proof of the proposition. O

Proof of proposition 4.16. Note that

ex = (T(frig)) - 10), lex)™) = (10), frizhlea)™)s

where |0) = [Oay,] is the structure sheaf in degree d = 0. So we only need
to prove that fj;;)[ex)* has the expected denominator. From the localization
formula, all factors of the denominator of fj;.;)lex)” must have the form 1 —w
for some monomial w. On the other hand, we have shown that it’s an element
of Q(q)[p*];_,#. So the factors of the denominator can only be of the form
1— p2k7 1— q2l

O
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