ARITHMETIC INTERSECTION ON GSPIN RAPOPORT-ZINK SPACES

CHAO LI AND YIHANG ZHU

ABsTrACT. We prove an explicit formula for the arithmetic intersection number of diagonal cycles on GSpin
Rapoport—Zink spaces in the minuscule case. This is a local problem arising from the arithmetic Gan—Gross—
Prasad conjecture for orthogonal Shimura varieties. Our formula can be viewed as an orthogonal counterpart
of the arithmetic-geometric side of the arithmetic fundamental lemma proved by Rapoport—Terstiege—Zhang

in the minuscule case.
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1. INTRODUCTION

1.1. Motivation. The arithmetic Gan—Gross—Prasad conjectures (arithmetic GGP) generalize the celebrat-
ed Gross—Zagier formula to higher dimensional Shimura varieties (J[GGP12, §27], [Zhal2l §3.2]). It is a con-
jectural identity relating the heights of certain algebraic cycles on Shimura varieties to the central derivative
of certain Rankin—Selberg L-functions. Let us briefly recall the rough statement of the conjecture. The
diagonal embeddings of unitary groups

H=U1l,n—-1)—=G=U(l,n—1)xU(1,n)

or of orthogonal groups
H=80(2,n—1)— G=S0(2,n—1) x SO(2,n),

induces an embedding of Shimura varieties Shy < Shg. We denote its image by A and call it the diagonal
cycle or the GGP cycle on Shg. Let 7 be a tempered cuspidal automorphic representation on GG appearing in
the middle cohomology of Sh¢g. Let A, be the (cohomological trivialization of the) m-component of A. The
arithmetic GGP conjecture asserts that the (conditional) Beilinson—Bloch—Gillet—Soulé height of A, should

be given by the central derivative of a certain Rankin-Selberg L-function L(s, ) up to simpler factors,

(Am, Ar) ~ L'(1/2,7).

Date: November 12, 2017.

2010 Mathematics Subject Classification. 11G18, 14G17; secondary 22E55.

Key words and phrases. Arithmetic Gan—Gross—Prasad conjecture, Rapoport—Zink spaces, spinor groups, special cycles.
1



The Gross—Zagier formula [GZ86] and the work of Gross, Kudla, Schoen (J[GK92], [GS95]) can be viewed as
the special cases n = 1 and n = 2 in the orthogonal case correspondingly. The recent work of Yuan—Zhang-
Zhang ([YZZ13|, [YZZ]) has proved this conjecture for n = 1,2 in the orthogonal case in vast generality.

In the unitary case, W. Zhang has proposed an approach for general n using the relative trace formula
of Jacquet—Rallis. The relevant arithmetic fundamental lemma relates an arithmetic intersection number of
GGP cycles on unitary Rapoport—Zink spaces with a derivative of orbital integrals on general linear groups.
The arithmetic fundamental lemma has been verified for n = 1, 2 ([Zhal2]) and for general n in the minuscule
case by Rapoport—Terstiege—Zhang [RTZ13].

In the orthogonal case, very little is known currently beyond n = 1,2 and no relative trace formula
approach has been proposed yet. However it is notable that R. Krishna [Kril6] has recently established
a relative trace formula for the case SO(2) x SO(3) and one can hope that his method will generalize to
formulate a relative trace formula approach for general SO(n — 1) x SO(n).

Our goal in this article is to establish an orthogonal counterpart of the arithmetic-geometric side of the
arithmetic fundamental lemma in [RTZ13|, namely to formulate and compute the arithmetic intersection of

GGP cycles on GSpin Rapoport—Zink spaces in the minuscule case.

1.2. The main results. Let p be an odd prime. Let k = F,, W = W(k), K = W[l/p] and o € Aut(W)
be the lift of the absolute p-Frobenius on k. Let n > 4 Let V'’ be a self-dual quadratic space over Zy, of
rank n —1 and let V =V’ @ Zpxy, (orthogonal direct sum) be a self-dual quadratic space over Z, of rank
n, where z,, has norm 1. Associated to the embedding of quadratic spaces V? < V we have an embedding
of algebraic groups G” = GSpin(V?) < G = GSpin(V) over Z,. After suitably choosing compatible local
unramified Shimura-Hodge data (G*, 0, u°, C(V?)) < (G, b, u, C(V)), we obtain a closed immersion of the
associated GSpin Rapoport—Zink spaces
§:RZ" — RZ.

See §2| for precise definitions and see for the moduli interpretation of §. The space RZ is an example of
Rapoport—Zink spaces of Hodge type, recently constructed by Kim [Kim13| and Howard—Pappas [HP17]. It
is a formal scheme over Spf W, parameterizing deformations (up to quasi-isogeny) of a p-divisible group X, /k
with certain crystalline Tate tensors (coming from the defining tensors of G inside some GLy). Roughly
speaking, if X" is the p-divisible group underlying a point = € RZI’, then the p-divisible group underlying
§(z) € RZ is given by X = X" @ X”.

Remark 1.2.1. The datum (G, b, u, C(V)) is chosen such that the space RZ provides a p-adic uniformization
of (57‘;\[/) /..., the formal completion of Ay along s, where .7y is the base change to W of Kisin’s integral
model ([Kisl0]) of a GSpin Shimura variety (which is of Hodge type) at a good prime p, and % is the
supersingular locus (= the basic locus in this case) of the special fiber of .7y (see [HP1T, 7.2]).

The group J,(Q,) = {g € G(K) : gb =bo(g)} is the Q,-points of an inner form of G and acts on RZ via
its action on the fixed p-divisible group Xo. Let g € J,(Q,). As explained in the intersection of the GGP
cycle A on RZ’ xyw RZ and its g-translate leads to study of the formal scheme
(1.2.1.1) §(RZ") NRZY,
where RZ? denotes the g-fixed points of RZ.

We call g € J,(Q,,) regular semisimple if

L(g) := Zpwy + Lpgan, + -+ + Zpg™ 'y,

When n = 3, one can formulate the arithmetic fundamental lemma for SO(2) x SO(3) building on the work [Kril6]. We
have verified it in the minuscule case by explicit calculation and so we exclude n = 3 for notational convenience.
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is a free Z,-module of rank n. Let L(g)Y denote the dual lattice of L(g). We further call g minuscule if
L(g) C L(g)¥ (i.e. the quadratic form restricted to L(g) is valued in Z,), and L(g)"/L(g) is a Fp-vector
space. See Definition [3.3.2] for equivalent definitions. When g € J,(Qp) is regular semisimple and minuscule,
we will show that the formal scheme is in fact a 0-dimensional scheme of characteristic p. Our main
theorem is an explicit formula for its arithmetic intersection number (i.e., the total W-length of its local
rings).

To state the formula, assume g is regular semisimple and minuscule, and suppose RZ? is nonempty. Then
g stabilizes both L(g)" and L(g) and thus acts on the F,-vector space L(g)¥/L(g). Let P(T) € F,[T] be
the characteristic polynomial of g acting on L(g)¥/L(g). For any irreducible polynomial R(T) € F,[T], we
denote its multiplicity in P(T") by m(R(T)). Moreover, for any polynomial R(T), we define its reciprocal by

R*(T) := T B(T) . R(1/T).
We say R(T) is self-reciprocal if R(T) = R*(T'). Now we are ready to state our main theorem:

Theorem A. Let g € J,(Q,) be regular semisimple and minuscule. Assume RZ? is non-empty. Then

(1) (Corollary §(RZ°) NRZY is a scheme of characteristic p.

(2) (Theorem §(RZ’) N RZY is non-empty if and only if P(T) has a unique self-reciprocal monic
irreducible factor Q(T)|P(T) such that m(Q(T)) is odd. In this case, p“\(§(RZ*)NRZ?)(k) is finite and
has cardinality

deg Q(T) - [[ (1 +m(R(T))),
R(T)
where R(T) runs over all non-self-reciprocal monic irreducible factors of P(T). Here, the group p” acts
on RZ via the central embedding p* — J,(Q,), and the action stabilizes §(RZ°) NRZ9.

(3) (C’omllary Let c = % Then1 < ¢ <n/2. Assumep > c. Then §(RZ°)NRZ is a disjoint
union over its k-points of copies of Speck[X]|/X¢. In particular, the intersection multiplicity at each
k-point of 6(RZb) NRZY is the same and equals c.

Along the way we also prove a result that should be of independent interest. In [HP17|, Howard-Pappas
define closed formal subschemes RZj of RZ for each vertex lattice A (recalled in . Howard—Pappas study
the reduced subscheme RZf\Ed detailedly and prove that they form a nice stratification of RZ**¢. We prove:

Theorem B (Theorem 4.2.11). RZx = RZYY for each vertex lattice A.

1.3. Novelty of the method. The results Theorem A and Theorem B are parallel to the results in [RTZ13]
for unitary Rapoport—Zink spaces. The main new difficulty in the GSpin case is due to the fact that, unlike
the unitary case, the GSpin Rapoport—Zink spaces are not of PEL type. They are only of Hodge type, and
as for now they lack full moduli interpretations that are easy to work with directly (see Remark .

In [RTZ13], the most difficult parts are the reducedness of minuscule special cycles [RTZ13| Theorem
10.1] and the intersection length formula [RTZI13| Theorem 9.5|. They are the analogues of Theorem B
and Theorem A (3) respectively. In [RTZ13|, they are proved using Zink’s theory of windows and displays
of p-divisible groups and involve rather delicate linear algebra computation. In contrast, in our method we
rarely directly work with p-divisible groups and we completely avoid computations with windows or displays.
Instead we make use of what are essentially consequences of Kisin’s construction of integral models of Hodge
type Shimura varieties to abstractly reduce the problem to algebraic geometry over k. More specifically, we
reduce the intersection length computation to the study of a certain scheme of the form 5’5{ (Proposition

5.1.4]), where Sj is a smooth projective k-variety closely related to orthogonal Grassmannians, and g is a
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certain finite order automorphism of S. Thus our method overcomes the difficulty of non-PEL type and also
makes the actual computation much more elementary.

It is worth mentioning that our method also applies to the unitary case considered in [RTZ13|. Even
in this PEL type case, our method gives a new and arguably simpler proof of the arithmetic fundamental
lemma in the minuscule case (see [LZ17]).

It is also worth mentioning that the very recent work of Bueltel-Pappas |[BP17| gives a new moduli
interpretation for Rapoport—Zink spaces of Hodge type when restricted to p-nilpotent noetherian algebras.
Their moduli description is purely group-theoretic (in terms of (G, p)-displays) and does not involve p-
divisible groups. Although we do not use (G, p)-displays in this article, it would be interesting to see if
it is possible to extend the results of this article using their group-theoretic description (e.g., to certain

non-minuscule cases).

1.4. Strategy of the proofs. Our key observation is that in order to prove these theorems, we only need
to understand O-points of RZ for very special choices of W-algebras O.

To prove Theorem B, it turns out that we only need to understand RZ(W/p?) and RZ(k[e]/€?). Note
that the W-algebras W/p? and k[e]/€?, when viewed as thickenings of Spec k (under reduction modulo p or
€ respectively), are objects of the crystalline site of Spec k. For such an object O, we prove in Theorem m
an explicit description of RZ(O) and more generally an explicit description of Z(Q), for any special cycle
Z in RZ. Theorem is the main tool to prove Theorem B, and is also the only place we use p-divisible
groups. This result is a Rapoport-Zink space analogue of a result of Madapusi Pera [MP16, Proposition
5.16] for GSpin Shimura varieties. Its proof also relies on loc. cit. and is ultimately a consequence of Kisin’s
construction of the integral canonical models of Hodge type Shimura varieties [Kis10].

To prove the intersection length formula Theorem A (3), let A be the vertex lattice L(g)Y. Theorem B
allows us to reduce Theorem A (3) to the problem of studying the fixed-point subscheme of the smooth
E-variety Sj 2 p%\ RZ, under the induced action §j € SO(A/AY) of g. Moreover, Howard-Pappas [HP17]
provides an explicit description of Sj. This is now a problem purely concerning algebraic geometry over
k. Since the fixed point of a smooth k-variety under a group of order coprime to p is still smooth ([Ive72,
1.3]), this point of view immediately explains that when g is semisimple (in which case m(Q(T")) = 1), the
intersection multiplicity must be 1. More generally, under the simplifying assumption p > ¢, we further reduce
the intersection length computation to more elementary algebraic geometry of orthogonal Grassmannians
over k (Lemma 7 which allows us to finally obtain the intersection length formula.

The remaining parts of Theorem A are relatively easier. From Theorem B it is not difficult to deduce
Theorem A (1). The set of k-points of RZ is well understood group theoretically in terms of the affine
Deligne—Lusztig set. The point counting formula Theorem A (2) essentially only relies on this description,
and we follow the strategy in [RTZ13] to give a short streamlined proof (Proposition .

1.5. Organization of the paper. In we review the structure of GSpin Rapoport—Zink spaces and
special cycles. In §3] we formulate the arithmetic intersection problem of GGP cycles and prove the point-
counting formula for the k-points of the intersection in the minuscule case (Theorem A (2)). In §4) we prove
reducedness of minuscule special cycles (Theorem B). In §5} we deduce from Theorem B that the arithmetic
intersection is concentrated in the special fiber (Theorem A (1)) and finally compute the intersection length

when p is sufficiently large (Theorem A (3)).

1.6. Acknowledgments. We are very grateful to B. Howard, M. Kisin, M. Rapoport and W. Zhang for
helpful conversations or comments. We would also like to thank the referee for a careful reading and numerous

suggestions. Our debt to the two papers [RTZ13] and [HP17] should be clear to the readers.
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2. GSPIN RAPOPORT-ZINK SPACES

In this section we review the structure of GSpin Rapoport—Zink spaces due to Howard-Pappas [HP17].
We refer to [HP17] for the proofs of these facts.

2.1. Quadratic spaces and GSpin groups. Let p be an odd prime. Let (V] ¢q) be a non-degenerate self-
dual quadratic space over Z, of rank n > 3. By definition the Clifford algebra C(V') is the quotient of the
tensor algebra V® by the two sided ideal generated by elements of the form v ® v — q(v). It is free of rank 2"
over Zy,. The linear map v — —v preserves the quadratic form ¢ on V' and induces an involution on C(V).
This involution decomposes C(V) = CT(V) @& C~ (V) into even and odd parts. The image of the injection
V «— C~ (V) generates C(V) as a Z,-algebra.

We also have a canonical involution x : C(V) — C(V), which a Z,-linear endomorphism characterized
by (vive - vE)* = v - -vovy for v; € V. The spinor similitude group G = GSpin(V) is the reductive group
over Z, such that for a Z,-algebra R,

G(R)={geCT (V) :gVrg ' =Vr, g*g€R*}.

The character ng : G = G, given by g — g*g is the called spinor similitude.

1

Let G act on C(V) by the conjugation action g.v = gvg~'. This action stabilizes V' and preserves the

quadratic form ¢g. Thus we obtain a homomorphism
G — SO(V).

The kernel of the above morphism is the central G,, inside G given by the natural inclusion R* C G(R) for
any Zp-algebra R. The restriction of 7 on the central G, is given by g — g°. Note that the central G,, in
G is equal to the identity component of the center of G, and it is equal to the center of G precisely when n
is odd.

2.2. Basic elements in GSpin groups. Let k = F,, W = W (k) and K = W[1/p]. Let 0 € Aut(W) be
the lift of the absolute p-Frobenius on k. Let D = Homg, (C(V),Z,) be the contragredient G-representation
of C(V).

Any b € G(K) determines two isocrystals

(Vk,® =boo), (Dx,F=boo).

Denote by T the pro-torus over Q, of character group Q. Recall that b € G(K) is basic if its slope morphism
vy : T — Gk factors through (the identity component) of Z(Gk), i.e., factors through the central G,,. By
[HP17, 4.2.4], b is basic if and only if (Vi, ®) is isoclinic of slope 0, if and only if (D, F) is isoclinic of slope
- € Hom(Tk,G,,) = Q. The map b — v, gives a bijection between the set of basic o-conjugacy classes
and the set %Z. Moreover, the Q,-quadratic space

Vg ={zx € Vg : 0z =21}

has the same dimension and determinant as Vg, , and has Hasse invariant (—1)** (JHPI7, 4.2.5])).

2.3. Local unramified Shimura—Hodge data. Since V' is self-dual, we know that Vg, has Hasse invariant

+1. In particular V' contains at least one hyperbolic plane and we can pick a Z,-basis z1,...,z, of V such
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that the Gram matrix of the quadratic form ¢ under this basis E| is of the form

0 1
10
*
*
*
We will fix x1,...,x, once and for all. Define a cocharacter

pw:Gm — G, t—t toizy + zom.

Pick an explicit element b = z3(p~'z1 + 22) € G(Q,), then one can show that b is basic with v, = 1. Thus
V2 has the opposite Hasse invariant —1 (cf. §2.2).

Fix any 6 € C(V)* such that 6* = —¢§. Then ¢;5(c1,c2) = Trd(c16¢}) defines a non-degenerate symplectic
form on C(V'), where Trd : C(V) — Z,, is the reduced trace (see [HP17, §4.1.2]). We have a closed immersion
into the symplectic similitude group

G — GSp(C(V),vs).

By [HP17, 4.2.6], the tuple (G, b, u, C(V)) defines a local unramified Shimura—Hodge datum (in the sense of
[HP17, 2.2.4]). In fact, for the fixed G and pu, the o-conjugacy class of b is the unique basic o-conjugacy
class for which (G, b, i) is a local unramified Shimura-Hodge datum (cf. [HP17, 4.2.7]).

Remark 2.3.1. The tuple (G,b,u,C(V)) is chosen in such a way that the associated Rapoport—Zink space
(see below) provides a p-adic uniformization for the supersingular locus of a related GSpin Shimura variety.
For more details on the relation with Shimura varieties see [HP17, §7].

2.4. GSpin Rapoport—Zink spaces. There is a unique (up to isomorphism) p-divisible group Xy /k such
that its (contravariant) Dieudonné module ID(Xy) is given by the W-lattice Dy in the isocrystal Dy . The
non-degenerate symplectic form 15 induces a principal polarization Ay of Xy. Fix a collection of tensors (s4)
on C(V) cutting out G from GL(C(V)) (including the symplectic form 5). By [HPI17, 4.2.7], we have a
GSpin Rapoport—Zink space

RZ := RZ(G,b, 11, C(V), (8a))-

It is a formal scheme over W, together with a closed immersion into the symplectic Rapoport—Zink space
RZ(Xp, Ag). Moreover, the formal scheme RZ itself depends only on the local unramified Shimura-Hodge
datum (G, b, 1, C(V')), and not on the choices of the tensors (s,).

Denote by (X, p,A) the universal triple over RZ(Xg, Ag), where X is the universal p-divisible group, p
is the universal quasi-isogeny, and A is the universal polarization. Consider the restriction of this triple to
the closed formal subscheme RZ of RZ(Xy, \g). We denote this last triple also by (X, p, A) and call it the

universal triple over RZ.

Remark 2.4.1. Let Nilpy, be the category of W-algebras in which p is nilpotent. As a set-valued functor on
the category Nilpy,, the symplectic Rapoport-Zink space RZ(Xg, A\g) has an explicit moduli interpretation
in terms of triples (X, p, A). In contrast, the subfunctor defined by RZ does not have an explicit description.
In fact, in [HP17] Howard-Pappas only give a moduli interpretation of RZ when it is viewed as a set-valued
functor on a more restricted category ANilp%SVm. In this article we do not make use of this last moduli
2By this we mean the n X n matrix whose (i, j)-th entry is q(z; + x;) — q(x;) — q(x;).
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interpretation. All we will need is the global construction of RZ as a formal subscheme of RZ(Xg, \g) due to

Howard-Pappas.

Over RZ, the universal quasi-isogeny p respects the polarizations A and Ao up to a scalar c(p) € Q' , i.e.,
pVoXop=c1(p) N (Zariski locally on RZ). Let RZ® C RZ be the closed and open formal subscheme
where ord,(c(p)) = ¢. We have the decomposition into a disjoint union

RZ = ]_[ RZ®
el

In fact each RZ(® is connected and they are mutually (non-canonically) isomorphic. cf. [HP17, 4.3.3, 4.3.4].

2.5. The group J;. The algebraic group .J, = GSpin(V;2) has Q,-points

Jo(Qp) = {9 € G(K) : gb="bo(g)},

and J,(Qp) acts on RZ via its action on Xy as quasi-endomorphisms. The action of g € J,(Qp) on RZ

restricts to isomorphisms

(2.5.0.1) RZO = pztrerds(m(9)) ¢ e 7,

where 7y, : J,(Q,) — Q) is the spinor similitude. In particular, p” C J,(Q,) acts on RZ and since n,(p) = p?,
we have an isomorphism

pP"\RZ =Rz [[ Rz .
Remark 2.5.1. In this article we are interested in studying the fixed locus RZ? of RZ under g € J,(Q,). By
(2.5.0.1) this is non-empty only when ord,(n,(g)) = 0. Since p? is central in J,(Q,), one could also study

(p2\RZ)9 for g € J»(Q,). However by (2.5.0.1)), we know that (p”\ RZ)? # & only if ord,(n,(g)) is even,
and in this case

(p"\RZ)? = p"\RZ?,

where gy = p~ "4 (1(9))/2g Hence the study of (p“\ RZ)? for general g reduces to the study of RZ9 for g
satisfying ord,(m(g)) = 0.

2.6. Special endomorphisms. Using the injection V < C(V)°P, we can view
V C Endz, (D)
as special endomorphisms of D: the action of v € V on D is explicitly given by
(vd)(c) = d(vc), de D,ceC(V).

Base changing to K gives Vx C Endx (D). Since the F-equivariant endomorphisms Endg p(Dg) can be
identified with the space of quasi-endomorphisms EndO(Xo) of Xp, we obtain an embedding of Q,-vector

spaces
Vg — End®(Xo).

Elements of V;? are thus viewed as quasi-endomorphisms of Xy, and we call them special quasi-endomorphisms.
7



2.7. Vertex lattices.
Definition 2.7.1. A vertex lattice is a Z,-lattice A C V;2 such that
pA C AV CA.

We define

Qo =A/AY.
Then the quadratic form v — p - ¢(v) makes Qy a non-degenerate quadratic space over F,,. The type of A is
defined to be tj := dimp, .

By [HP17, 5.1.2], the type of a vertex lattice is always an even integer such that 2 <ty < tyax , Where

n—2, ifniseven and det(Vg,) = (—1)"/% € Qx/(Q))?,
tmax = yn — 17 if nis Odd,
n, if n is even and det(Vg,) # (—1)"/% € Qr/(Q))2

It follows that the quadratic space €2y is always non-split, because otherwise a Lagrangian subspace £ C )
would provide a vertex lattice AV + £ C V2 of type 0 (cf. [HPIT, 5.3.1])

2.8. The variety Sj.

Definition 2.8.1. Define
Q=0 ®]Fp k= Aw/A%/

Let d =t5/2. Let OGr(Q2) be the moduli space of Lagrangian subspaces £ C Q. We define Sy C OGr(Q2) to
be the reduced closed subscheme of OGr(Q2) with k-points given as follows:

S (k) = {Lagrangian subspaces £ C Q : dim(L + ®(L)) =d + 1}
= {(,Cdfl,ﬁd) : Lq € Q Lagrangian, L1 C LN PLy,dim Ly 1 =d — 1}7

where the last bijection is given by £ +— (LN ®L, L).

More precisely, for any k-algebra R, the R-points Sy (R) is the set of pairs (L£4—1, L4) such that:

e [, is a totally isotropic R-module local direct summand of Q ®; R of local rank d,

e L4 1 is an R-module local direct summand of €2 ®; R of local rank d — 1,

o L4 1 C LyNBLy, where @ acts on Q @, R = g @, R via the identity on 2y and the p-Frobenius on
R. In particular, £4_1 is totally isotropic, and is a local direct summand of £4 and of ®L,. (For the last
statement see Remark below.)

By [HP17, 5.3.2], Sa is a k-variety with two isomorphic connected components Sf, each being projective
and smooth of dimension t5 /2 — 1. For more details, see [HP17, §5.3] and [HP14l §3.2].

Remark 2.8.2. In the sequel we will frequently use the following simple fact without explicitly mentioning
it. Let R be a commutative ring and M a free R-module of finite rank. Suppose M7, My are submodules
of M that are local direct summands. Suppose My C M>. Then M; is a local direct summand of M, and
both M; and Ms are locally free.



2.9. Structure of the reduced scheme RZ™.

Definition 2.9.1. For a vertex lattice A, we define RZ5x C RZ to be locus where po AY o p=! C End(X),
i.e. the quasi-endomorphisms po v o p~! lift to actual endomorphisms for any v € AY. In other words, if we
define a locus RZ(X, A\p)a using the same condition inside RZ(Xq, Ag) (a closed formal subscheme by [RZ96],
Proposition 2.9]), then RZj, is the intersection of RZ with RZ(Xy, Ag)a inside RZ(Xg, \g). In particular, RZx

is a closed formal subscheme of RZ.

Consider the reduced subscheme RZ()*4 of RZ(). By the result [HP17, 6.4.1], the irreducible components
of RZ¥d are precisely RZ(Z) red

Moreover, there is an 1somorphism of k-schemes ([HP17, 6.3.1])

, where A runs through the vertex lattices of the maximal type tA = tmax.

(2.9.1.1) pP\RZIY =5 S,

which also induces an isomorphism between RZ%)’red and S[jf, for each ¢ € Z. In particular, RZ™? is

equidimensional of dimension ¢;,,x/2 — 1.

2.10. The Bruhat—Tits stratification. For any vertex lattices A; and As, the intersection RZred ﬂRZred
is nonempty if and only if A; N Ay is also a vertex lattice, in which case it is equal to RZXaldmA2 ([HP17, 6.2.4]).

In this way we obtain a Bruhat-Tits stratification on RZ™%. Associated to a vertex lattice A, we define an

Zred

open subscheme of R given by

BT Zred U RZred )
A'CA
Then
Rz = H BT,
is a disjoint union of locally closed subschemes, indexed by all vertex lattices.
2.11. Special lattices. One can further parametrize the k-points in each RZ, using special lattices.

Definition 2.11.1. We say a W-lattice L C Vi is a special lattice if L is self-dual and (L+®(L))/L = W/pW.

We have a bijection ([HP17, 6.2.2])
(2.11.1.1) pP\ RZ(k) = {special lattices L C Vi }.
To construct this bijection, one uses the fact (JHPIT, 3.2.3]) that p%\ RZ(k) can be identified with the affine
Deligne-Lusztig set
(2.11.1.2) Xe e (k) ={g € G(K) : g™'bo(g) € GW)u” (p)G(W)}/G(W).

The special lattice associated to g € G(K) is then given by gu(p~1).Viy C V. Conversely, given a special
lattice L C Vi, then there exists some g € G(K) such that gu(p~!).Viy = L and g.Vjr = ®(L). The point
in RZ(k) then corresponds to the image of g in X¢ 4 o (k). The Dieudonné module of the p-divisible group
at this point is given by M = gDy C Dx and the image of Verschiebung is (F~'p)M = g - pu(p~!)Dw .

Lemma 2.11.2. Suppose xo € RZ(k) corresponds to the special lattice L under (2.11.1.1). Let M =
D(Xy) C Dg be the Dieudonné module of the p-divisible group Xy corresponding to xo. Then we have

L={veVkw(F 'p)M C (F'p)M}, &L={veVklvM C M}.
Here we view Vi C Endg(Dg) as in .

Proof. This follows from [HP17, 6.2.1, 6.2.2]. O



2.12. Special lattices and vertex lattices. For any vertex lattice A, the bijection induces a
bijection
(2.12.0.1)

PP\ RZx (k) = {special lattices L C Vi : A}y € L C Ay} = {special lattices L C Vi : A}, € L}

Sending a special lattice L to £ := L/A}j, C § gives a bijection between the right hand side of (2.12.0.1)
and Sy (k), which is the effect of the isomorphism ([2.9.1.1)) on k-points.

Definition 2.12.1. For each special lattice L C Vi, there is a unique minimal vertex lattice A(L) C V2
such that

AL)y CLCAL)w.
In fact, let L") = L 4 ®(L) + --- + ®"(L). Then there exists a unique integer 1 < d < tpay/2 such that
L® ¢ LU for i < d, and L9 = L@, Then LY /L) all have W-length 1 for i < d, and

A(L) = (L')* C V¢
is a vertex lattice of type 2d and A(L)Y = L?.

Notice that A(L)w is the smallest ®-invariant lattice containing L and A(L)yj, is the largest ®-invariant
lattice contained in L. It follows that the element of RZ(k) corresponding to a special lattice L lies in RZy
if and only if A(L) C A, and it lies in BT, if and only if A(L) = A. Thus we have the bijection

(2.12.1.1) p?\ BT (k) = {L special lattices : A(L) = A}.

2.13. Deligne—Lusztig varieties. For any vertex lattice A, by [HP17, 6.5.6], p*\ BT, is a smooth quasi-
projective variety of dimension ¢, /2 — 1, isomorphic to a disjoint union of two Deligne-Lusztig varieties
Xp(wt) associated to two Coxeter elements w™ in the Weyl group of SO(£). Here Qg := A/AY is the
quadratic space over F,, defined in Definition In particular, the k-variety p”\ BT, only depends on
the quadratic space 2.

Let us recall the definition of X p(w®). Let d = t5 /2. Let (-,-) be the bilinear pairing on €. Since Q is a
non-degenerate non-split quadratic space over I, (7 one can choose a basis ey, ..., eq, fq, ..., f1 of Q2 such
that {e;, f;) = 1 and all other pairings between the basis vectors are 0, and ® fixes e;, f; for i =1,...,d — 1
and interchanges eg with fy. This choice of basis gives a maximal ®-stable torus T C SO(2) (diagonal under

this basis), and a ®-stable Borel subgroup B O T as the common stabilizer of the two complete isotropic

flags
FE:{e1) C(er,en) C--- C <€1,--~7€d—1,8§>,
where e;r = eq and e; := fg. Let s; (1 = 1,...,d — 2) be the reflection e; <> e;11, fi < fir1 and let
t* be the reflection eg_1 ¢ eX, fa_1 ¢ ef. Then the Weyl group W(T) = N(T)/T is generated by
S1,° ,84—2,tT,17. We also know that W (T') sits in a split exact sequence
0— (2/2Z)* 1 - W(T) = S; — 0.
Since ® fixes s; and swaps tT and t~, we know the d — 1 elements sy,...,84_2,t" (resp. s1,...,84_2,t7)

form a set of representatives of ®-orbits of the simple reflections. Therefore
wh i=tFsq_o--- 505, € W(T)

are Coxeter elements of minimal length. The Deligne—Lusztig variety associated to B and the Coxeter

element w* is defined to be

Xp(w™) = {g € SO(Q)/B : inv(g, ®(g)) = w*},
10



where inv(g, h) € B\ SO(Q)/B = W(T) is the relative position between the two Borels gBg~! and hBh~!.
The variety X 5(w™) has dimension d — 1. Under the map g — gF=, the disjoint union Xg(w*)[[ Xp(w™)
can be identified with the variety of complete isotropic flags

F:FCFC---CHy

such that F; = F;—1 + ®(F;—1) and dim (Fyq+ ®(F4)) = d+ 1. The two components are interchanged by an
orthogonal transformation of determinant —1. Notice that such F is determined by the isotropic line F; by

Fi=F1 + (I)(Fl) B @i_l(fl),
and is also determined by the Lagrangian F,; by
Fi=FaN®(F)N---NOTHFy).

The bijection induces a bijection
(2.13.0.2) pP\ BTy (k) = XB(er)(k)HXB(w*)(k)

by sending a special lattice L with A(L) = A to the flag determined by the Lagrangian Fq = L/Ayj,. This
bijection is the restriction of the isomorphism (2.9.1.1)) on k-points and we obtain the desired isomorphism

(2.13.0.3) P\BTx = Xp(wh) [[ Xp(w™).
2.14. Special cycles.

Definition 2.14.1. For an m-tuple v = (v1,...,vy,) of vectors in V;2, define its fundamental matriz T(v) =
((vi, v§))ij=1,...m- We define the special cycle Z(v) C RZ to be the locus where pov; o p~! € End(X),
i.e., all the quasi-endomorphisms p o v; o p~1 lift to actual endomorphisms on X (i = 1,...,m). Similar to
Definition m Z(v) is a closed formal subscheme of RZ, which is the intersection RZ with the analogously
defined cycle inside RZ(Xo, Ao). Since Z(v) only depends on the Z,-submodule span; (v) of V2 we also
write Z(spang (v)).

Lemma 2.14.2. Let ¢ € RZ(k) correspond to L under (2.11.1.1). Let v be an arbitrary Z,-submodule of
V2. Then o € Z(v) if and only if v C ®L, if and only if v C ®LN L.

Proof. The first equivalence follows from Lemma The second equivalence holds because v is -

invariant. O

Definition 2.14.3. When m = n and T'(v) is non-singular, we obtain a lattice
L(V) = Zpvy + -+ Zyv, C V.

By the Cartan decomposition, T'(v) € GL,(Z,) diag(p",p",--- ,p") GL,(Z,) for a unique non-increasing

sequence of integers r; > --- > r,. Note that if we view the matrix T(v)~*

as a linear operator V2 — V2
using the basis v, it sends v to the dual basis of v, and in particular it sends any Z,-basis of L(v) to a
Zy-basis of L(v)Y. Therefore the tuple (rq,---,ry,) is characterized by the condition that there is a basis

V. From this characterization we also

€1,...,en of L(v) such that p~"ey,...,p "e, form a basis of L(v)
see that the tuple (r1,--,7y,) is an invariant only depending on the lattice L(v). We say v is minuscule if

T(v) is non-singular and r; =1, r, > 0.

Lemma 2.14.4. Suppose m = n and T(v) is non-singular. Then v is minuscule if and only if L(v) is a
vertex lattice. In this case Z(v) = RZv)v.

Proof. The statements immediately follow from definition. |
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3. THE INTERSECTION PROBLEM AND THE POINT-COUNTING FORMULA

3.1. The GSpin Rapoport—Zink subspace. From now on we assume n > 4. Suppose the last basis

vector x,, € V has norm 1. Then the quadratic subspace of dimension n — 1
VP =Zpx1 4 - Lptn 1
is also self-dual. Let G” = GSpin(V"). Analogously we define the element
Y =a3(p w1 +22) € G°(Qy)
and the cocharacter
ub : G,y — Gb, t— t e xe + oy,
As in §2.4] we have an associated GSpin Rapoport—Zink space
RZ’ = RZ(G’, b, u*, C(V?)).

The embedding V* < V induces an embedding of Clifford algebras C(V") < C(V) and a closed embedding
of group schemes G < G over Z,,, which maps b to b and p° to u. Thus by the functoriality of Rapoport—
Zink spaces (|[Kim13] 4.9.6]), we have a closed immersion

§:RZ> < RZ
of formal schemes over W.

3.2. Relation with the special divisor Z(z,). For compatible choices of symplectic forms 1) on C(V”)
and 1 on C(V), the closed embedding of group schemes GSp(C(V"),?) < GSp(C(V),+) induces a closed
immersion of symplectic Rapoport—Zink spaces (§2.4)

¢ : RZ(XP, \y) — RZ(Xo, \o).
Since we have a decomposition of GSp(C(V?), 1°)-representations
cV)y=o(WV)eC(V)e,,

we know the moduli interpretation of ¢ is given by sending a triple (X b,pb,)\b) to the p-divisible group
X = X" @ X’ with the quasi-isogeny p = p° @ p° and polarization A = \> & \°.
By the functoriality of Rapoport—Zink spaces ([Kim13, 4.9.6]), we have a commutative diagram of closed

immersions

(3.2.0.1) Rz’ Ry

RZ(X5, \j) = RZ(Xo, Ao).

Here the two vertical arrows are induced by the closed immersions GSpin(V?) < GSp(C(V?),%") and
GSpin(V) < GSp(C(V), ¥) (§0).

Lemma 3.2.1. Diagram (3.2.0.1) is Cartesian, i.e., we have
(3.2.1.1) §(RZ’) = p(RZ(X, A\3)) NRZ

inside RZ(Xo, Ao).
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Proof. By flat descent, to show that the closed formal subschemes on the two sides of agree, it suffices
to show that they have the same k-points and the same formal completion at every k-point (cf. [BP17, 5.2.7]).
The claim then follows from the observation that both the k-points and the formal completions have purely
group theoretic description.

In fact, the k-points of RZ’ = RZe», RZ(X,\)) = RZy and RZ = RZg have the group theoretic
description as the affine Deligne—Lusztig sets associated to the groups G* = GSpin(V?), H =
GSp(C(V?),4") and G = GSpin(V) respectively. Since G* = H N G inside GL(C(V)), we know that both
sides of have the same k-points. Fix a k-point = € RZ’(k), then by [HPI7, 3.2.12|, ﬁ\ZG>7w can
be identified with Ugf’A, where p; 1 G — G?,V gives a filtration that lifts the Hodge filtration for z,
Ui < G" is the unipotent radical of the opposite parabolic group defined by p, ([HP17, 3.1.6]) and U, gf’A
is its formal completion along its identity section over W. Similarly, we can identify RZ H,» and I/{\ZG@ as
UIL”I”“A and Ug””’/\. Again because G* = H N G, we know that the formal completions at  of both sides of

. . 337/\
(3-2.1.1) agree inside UgL(C(V)). O
Lemma 3.2.2. §(RZ’) = Z(z,,).

Proof. Let X® be the universal p-divisible group over RZ’ and p* be the universal quasi-isogeny. Then it
follows from the commutative diagram (3.2.0.1)) that the image of (X”, p) under § is given by the p-divisible
group (X’ @ X, p” @ p°). Since x,, has norm 1, right multiplication by x,, swaps the two factors C(V?) and
C(V?*)x,. It follows that the quasi-endomorphism
(P @p)oxpo(p@p) (X eX") > (X & X)

(uniquely determined by the rigidity of quasi-isogenies) simply swaps the two factors, which is an actual
endomorphism (i.e., swapping) of X” @ X°. By Definition [2.14.1| of Z(x,,), we have 5(RZb) C Z(xp)-

Conversely, over Z(z,) the universal p-divisible group X admits an action of C(z,)°" ® C(V), where
C(z,,) is the Clifford algebra of the rank one quadratic space Z,z,. Notice

Claa)® @ C(V) 2 (C(4)°P @ Can)) @ (Clwn) ® C(V7)).

It follows that over Z(z,) the universal p-divisible group X admits an action of C(z,)°? ® C(x,,), which is
isomorphic to the matrix algebra My(Z,). The two natural idempotents of Ms(Z,) then decomposes X as
a direct sum of the form X” @ X”. Hence Z(x,) C ¢(RZ(X%,\3)) N RZ. The latter is equal to §(RZ’) by
(3.2.1.1) and hence Z(z,,) C 6(RZ’). 0

Remark 3.2.3. In the following we will only use the inclusion §(RZ”) C Z(z,,).
3.3. Arithmetic intersection of GGP cycles.

Definition 3.3.1. The closed immersion ¢ induces a closed immersion of formal schemes
(id,6) : RZ" — RZ’ xw RZ.
Denote by A the image of (id, §), which we call the GGP cycle.
The embedding V° < V also induces an embedding of quadratic spaces Vlb(’<I> — V2 and hence we can
view
Jy = GSpin(V2®?) < J,

as an algebraic subgroup over Q,,.
For any g € J,(Q,), we obtain a formal subscheme

gA = (id xg)A C RZ” xy RZ,
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via the action of g on RZ. Our goal is to compute the arithmetic intersection number
(A, gA),
when g is regular semisimple and minuscule.

Definition 3.3.2. We say g € J,(Q,) is regular semisimple if the v(g) := (vn, 9%n, ..., 9" 'x,) forms a
Q,-basis of V2. Equivalently, the fundamental matrix T'(g) := T(v(g)) is non-singular (Definition [2.14.1)).
We say ¢ is minuscule if v(g) is minuscule (Definition [2.14.3)).

3.4. Fixed points. Let g € J,(Qp) and let RZ9 C RZ be the fixed locus of g. Then by definition we have
ANgA=§RZ)NRZI.
Definition 3.4.1. Let g € J,(Q,) be regular semisimple. We define the lattice
L(g) := Zpxy + -+ Zpg" ta,, C V2.

Lemma 3.4.2. Inside RZ both the formal subschemes RZ9 and 5(RZb) are stable under p”. Moreover, under

the bijection , we have

(1) PP\O(RZ’ (k) = {L = L’ ® W, : L” C V) special lattices}.

(2) pPP\O(RZ’ (k) = {L special lattices : x,, € L}.

(3) PP\ RZ4(k) = {L special lattices: gL = L}.

(4) PP\(6(RZ’(k)) NRZ(k)) = {L special lattices : gL = L,L D L(g)w}.

Proof. Since p” is central in J,(Q,), we know RZ‘ is stable under p”. The morphism ¢ : RZ> — RZ is
equivariant with respect to the natural inclusion Jy, (Q,) — J3(Q,), and the morphism Jy, — Jj, restricts to
the identity between the centers G,, of J,» and of J,. It follows that § is equivariant for the p? action, and
so 0(RZ’) is stable under p%. We now prove the statements (1) to (4).

(1) For a point L’ € p?\ RZ’(k), we can write L’ = R u (p~1).V, C Vi, for some b’ € G°(K). Then its
image under ¢ is given by L = hu(p~').Vir C Vi, where h is the image of 4” in G(K). By V = V’©Z,z,
and the compatibility between h, i and h’, 1”, we know that L = L° @ Wx,,.

(2) Suppose L is a special lattice with z,, € L. Since x,, has norm 1, we know that L = L' ® Wx,, is the
direct sum of Wz, and its orthogonal complement L’ in L. One can check L' C Vlb( is also a special
lattice. This finishes the proof in view of item (1).

(3) This is clear since RZ7(k) is the fixed locus of g.

(4) For a point L € p?\(8(RZ’(k)) N RZ?(k)), by items (1) (3), we have L = L’ & Wz, and gL = L. It
follows from x,, € L that gz,,...,g" 'z, € L, and so L D L(g)w. Conversely, if a point L € RZ(k)
satisfies gL = L and L D L(g)w, then L € p”\(§(RZ’(k)) N RZ9(k)) by items (2) and (3) O

Definition 3.4.3. We say a vertex lattice A is a g-vertex lattice if gA = A and A C L(g)". Denote the set
of all g-vertex lattices by VL(g). In general, if a vertex lattice A satisfies gA = A, then ¢ induces an action
on Qy = A/AY, which further induces an action § on RZ'®® and BT,. We denote the fixed locus of § on

BT, by BTY.

Proposition 3.4.4.
P\GRZ)NRZ) (k)= ] »*\BTR().
A€eVL(g)
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Proof. By Lemma [3.4.2] it suffices to show the k-points of the right hand side are in bijection with special
lattices L such that gL = L and L D L(g)w. Notice that any special lattice L is self-dual, so the condition
L O L(g)w is equivalent to the condition L C L(g)y,. Since A(L)w is the minimal ®-invariant lattice
containing L (§2.12)), and L(g)y}, is ®-invariant, we know that the condition L C L(g)yj, is equivalent to the

condition A(L) C L(g)V. The result now follows from taking g-invariants and g-invariants of the two sides
of the bijection ([2.12.1.1)). O

3.5. Fixed points in a Bruhat—Tits stratum. Let A be a vertex lattice and Qo = A/AY (§2.7). By
the isomorphism (2.13.0.3)), p”\ BT, is disjoint union of two isomorphic Deligne-Lusztig varieties X p(w?)
associated to the Coxeter elements w® for SO(Q). Write X := Xp(w*). To compute p”\ BT, it suffices

to compute the g-fixed points X9.

Definition 3.5.1. We say a semisimple element g € SO(y) is regular if Z°(g), the identity component of

the centralizer of g in SO(€y), is a (necessarily maximal) torusﬂ

Proposition 3.5.2. Let A be a vertex lattice and let g € SO(Q)(F)).

(1) X9 is non-empty if and only if g is semisimple and contained in a mazimal torus of Cozeter type.
(2) X9 is non-empty and finite if and only if § is reqular semisimple and contained in a mazimal torus of

Coxeter type. In this case, the cardinality of X9 is given by t5 /2.

Remark 3.5.3. Recall that a maximal torus 7" is of Coxeter type if 77 = hTh™! for some h € SO(Qo)
such that h=1®(h) lifts to a Coxeter element w in the Weyl group W (T) = N(T)/T. In other words, T”
is conjugate to T over k but its Frobenius structure is given by w - ®. For the Coxeter element w = w®
constructed in §2.13] we know that an element (Ay, ..., A4, /\Jl, < A7) of T(k) is fixed by w - ® if and only
if

A, A2, A1, Aa) = ATPOAD 0B AFP ),
It follows that a semisimple element g € SO(£2y)(F,) is contained in a maximal torus of Coxeter type if and

only if the eigenvalues of g on Qg ® k belong to a single Galois orbit.

Proof. (1) Suppose X7 is non-empty. Then it is a general fact about Deligne-Lusztig varieties that g must
be semisimple ([LusIil 5.9 (a)]). Let T'(w) C SO(Qp) be a torus of Coxeter type (associated to w = w™
or w™) and B(w) 2 T'(w) be a Borel. Assume g is semisimple. Then we know from [DL76, Proposition
4.7] that X9 is a disjoint union of Deligne-Lusztig varieties X7cp/ for the group G’ = Z°(g) and the
pairs

(T',B') = (WT(w)h™ ', hB(w)h ™' N G’),
where h runs over classes G'(F,)\ SO(Q)(F,) such that g € hT(w)h~!. Therefore X7 is non-empty
if and only if there exists h € SO(Q0)(F,) such that g € hT(w)h™?!, if and only if g is contained in a
maximal torus of Coxeter type (as so is T'(w)).

(2) By part (1) we know that X9 is further finite if and only if all X7/ g are zero dimensional, if and only
if all B’ = hBh~! N G’ are tori. This happens exactly when G’ = Z°(g) itself is a torus, i.e., when g is
regular. In this case, G’ is a maximal torus of Coxeter type in SO(£2y) and the cardinality of X9 is equal
to the cardinality of N(T(w))(F,)/T(w)(F,). The latter group is isomorphic to (N (T(w))/T(w))* by
Lang’s theorem and hence is isomorphic to the ®-twisted centralizer of w in the Weyl group W(T) =
N(T)/T:

Zo(w) :i={x e W(T) : 2w = wP(x)}.
3Note the difference with Definition [3.3.2] The conflict of the usage of the word "regular" should hopefully not cause

confusion.
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The cardinality of Zg(w) is known as the Coxeter number of the group SO()), which is equal to
d =tp/2 since SO(£) is a non-split even orthogonal group ([Lus77, 1.15]). O

3.6. Point-counting in the minuscule case. Let g € J,(Q,) be regular semisimple and minuscule. Then
Qo(g) :== L(g)Y/L(g) is a Fj-vector space (see Definition [2.14.3), and hence L(g)" is a vertex lattice.

Remark 3.6.1. If RZ? is non-empty, then g fixes some vertex lattice and so we know that the characteristic
polynomial of g has Z,-coefficients. It follows that L(g) is a g-stable lattice, from which it also follows
easily that L(g)Y is g-stable. Hence by definition L(g)V is a g-vertex lattice. The induced action of g on
Qo(g), denoted by g € SO(Q(g))(F,), makes Qy(g) a g-cyclic Fp-vector space. It follows that the minimal
polynomial of g is equal to its characteristic polynomial.

From now on we assume RZY is non-empty. Let g € SO(Q(g))(F,) be as in Remark

Definition 3.6.2. For any polynomial R(T), we define its reciprocal to be
R*(T) := T3 B(T) . R(1/T).
We say R(T) is self-reciprocal if R(T) = R*(T).
Definition 3.6.3. Let P(T') € F,[T] be the characteristic polynomial of § € SO(Q(g)). Then P(T) is

self-reciprocal. For any monic irreducible factor Q(T") of P(T'), we denote by m(Q(T)) to be the multiplicity
of Q(T) appearing in P(T).

Theorem 3.6.4. Assume RZ9 is non-empty. Then p?\(6§(RZ’) N RZ9)(k) is non-empty if and only if
P(T) has a unique self-reciprocal monic irreducible factor Q(T) such that m(Q(T)) is odd. In this case,
P\ (6(RZ°) NRZ9)(k) is finite and has cardinality

deg Q(T) - [] (1 +m(R(T))),

R(T)

where R(T) runs over all non-self-reciprocal monic irreducible factors of P(T).

Proof. By Proposition we know that p%\(8(RZ’) N RZ%)(k) is non-empty if and only if p%\ BT is
non-empty for some A € VL(g). For any A € VL(g), by definition we have a chain of inclusions of lattices

L(g) CAY CAC L(g)Y,
which induces a filtration of IF)-vector spaces,
0C AY/L(g) € A/L(g9) € Qulg).
It follows that the map A — AV/L(g) gives a bijection
(3.6.4.1) VL(g) = {totally isotropic g-invariant subspaces U C Q(g)}.

By the bijection (3.6.4.1]), VL(g) is non-empty if and only if there is a totally isotropic g-invariant subspace
U of Qo(g). Such a subspace U induces a filtration

(3.6.4.2) 0CUCU CQlg).
Since U and U+ are g-invariant, we obtain a decomposition of the characteristic polynomial
(3.6.4.3) P(T) =P (T)Q(T)P(T)

where Py (T), Q(T), Po(T') are respectively the characteristic polynomials of § acting on the associated graded

U, UL /U and Qo(g)/U+. Notice the non-degenerate quadratic form on g(g) identifies Qo(g)/U~+ with the
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linear dual of U, from which we know that P»(T) = P;(T). Similarly, we know that Q(T) = Q*(7), i.e.,
Q(T) is self-reciprocal.

Let A = L(g) + Ut be the g-vertex lattice corresponding to U under the bijection and let
Qo = A/AY and gy € SO(Q)(F,) be the induced action of g on €. Since the minimal polynomial of §
is equal to its characteristic polynomial P(T) (Remark , we know the minimal polynomial of gg is
equal to its characteristic polynomial Q(7T) under the decomposition . If go is semisimple, then its
eigenvalues are distinct. If g is further contained in a torus of Coxeter type, then we know that its eigenvalues
belong to a single Galois orbit (Remark , so Q(T) is irreducible. Conversely, if Q(T) is irreducible,
then clearly gg is semisimple and contained in a torus of Coxeter type. Hence we know that gy is semisimple
and contained in a torus of Coxeter type if and only if Q(T) is irreducible.

Therefore by Proposition , BTZE\U is non-empty if and only if Q(T') is irreducible. In this case,
o is indeed regular semisimple and the cardinality of p%\ BTY is equal 2 - #X9% (due to two connected
components), which is equal to dimg, Qg = deg Q(7") by Proposition .

Since Po(T) = Py (T), we know the multiplicity of R(T) in Py(T)P(T') is even for any self-reciprocal
factor R(T'). Hence Q(T) is the unique self-reciprocal monic irreducible factor of P(T') such that m(Q(T))
is odd. Finally, the factorizations with Po(T) = Py (T) corresponds bijectively to the filtrations
. Notice such factorization is given by a choice of the polynomial

P(T)= [[ R@ED. I R@)EO,

R(T)#R*(T) R(T)=R*(T)
where R(T') runs over all monic irreducible factors of P(T) and 0 < e(R(T)) < m(R(T)). So the total

number of such factorization is exactly given by
[T «a+m®EmD)).
R(T)#R*(T)
The proof is finished. O

4. THE REDUCEDNESS OF MINUSCULE SPECIAL CYCLES

4.1. The analogue of a result of Madapusi Pera on special cycles.

Definition 4.1.1. Let O be an arbitrary Z[1/2]-algebra. Assume O is local. Let L be a finite free O-module
equipped with the structure of a self-dual quadratic space over O. By an isotropic line in L we mean a direct

summand of rank one on which the quadratic form is zero.
We start with a general lemma on Clifford algebras.

Lemma 4.1.2. Let O and L be as in Definition . Let C(L) be the associated Clifford algebra. Let
¢ € L be an O-generator of an isotropic line. Let ker(§) be the kernel of the endomorphism of C(L) given
by left multiplication by £&. Then for any v € L, left multiplication by v preserves ker(§) if and only if v is
orthogonal to &.

Proof. Assume v is orthogonal to £&. Then v = —€v, so v preserves ker(€).

Conversely, assume v preserves ker(£). Write ¢ for the quadratic form and (,) the corresponding bilinear
pairing. Since O¢ is a direct summand of L, there exists an @-module homomorphism L — O sending &
to 1. Since L is self-dual, we know that there exists ( € L representing such a homomorphism. Namely we
have

<Cv§> =1
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It immediately follows that we have an O-module direct sum L = ¢~ @ O¢. Replacing ¢ by ¢ — %8¢ we

may arrange that ( is isotropic. We have

(¢ +&) =2(¢ 8 =2,
and in C'(L) we have
q(C+§) = CE+&¢C.
Hence in C(L) we have
(4.1.2.1) EC+CE=2

Write
v =wv1 + A(,

with v; € ¢+ and A € O. By the first part of the proof we know that v; preserves ker(¢). Therefore A(
preserves ker(&). Note that £ € ker(§) as € is isotropic. It follows that, in C'(L),

A preserves ker(¢) @1z ¢ isotropic

This is possible only when A = 0, and hence we have v = v; € &+, O

The next result is a Rapoport—Zink space analogue of [MP16, Proposition 5.16] which is in the context of
special cycles on GSpin Shimura varieties. We only state a weaker analogue as it is sufficient for our need.
The proof builds on loc. cit. too. We first introduce some definitions.

Definition 4.1.3. Denote by ygg the distinguished k-point of RZ corresponding to X, and the identity
quasi-isogeny. Let yo € RZ(k) be an arbitrary element. Let L be the special lattice corresponding to g
under . When yo = yoo, we have ®L = Vi (cf. the discussion below ) In this case
define Fill(q)L)k to be the one-dimensional subspace of Vj, defined by the cocharacter u of Gy and the
representation Gy, — GL(V},). For general yo, let g € X¢ 3, .- (k) be associated to yo. Then ®L = gVyy and
g induces a map Vi, — (®L), (cf. loc. cit.). Define Fil'(®L); to be the image of Fil' Vj, under the last map.

Remark 4.1.4. By our explicit choice of x in §2.3] the submodule Z,z5 in V is of weight 1 with respect to
i, and @i<i<n, iz2Zpx; is of weight 0 with respect to p, so Fil! Vi = kao.

Remark 4.1.5. In fact, Fil'(®L)y, is the orthogonal complement in (®L); of (L N®L). In the sequel we do

not need this description, although one could use this description to give an alternative proof of Corollary

418 below.

Definition 4.1.6. Let % be the category defined as follows:

e Objects in € are triples (0,0 — k,0), where O is a local artinian W-algebra, O — k is a W-algebra map,
and ¢ is a nilpotent divided power structure on ker(O — k).
e Morphisms in € are W-algebra maps that are compatible with the structure maps to k& and the divided

power structures.

In the following we will abuse notation to write O for an object in €.

Let yo € RZ(k) be an arbitrary element. Let v be as in Definition [2.14.1| such that the special cycle
Z = Z(v) contains yo. In particular v.C L N ®L by Lemma [2.14.2l Let RZ,, and ZAyO be the formal

completions of RZ and Z at yq respectively.
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Theorem 4.1.7. For any O € € there is a bijection
fo: f/{\ZyD((’)) — {lisotropic lines in (PL)o := PL @w O lifting Fill(q)L)k}
such that the following properties hold. Here we equip (PL)o with the O-bilinear form obtained by extension
of scalars of the W -bilinear form on ®L.
(1) fo is functorial in O € € in the following sense. Let O' € € be another object of € and let ¢ : O — O’

be a morphism in €. Then we have a commuting diagram.

1:/{Zyo (O) - 1:/{Z?Jo (O/)

lfo lf@/
im(fo) — im(for)
Here the top horizontal map is the natural map induced by ¢, and the bottom horizontal map is given by
base change along ¢.
(2) fo restricts to a bijection
for: Zy,(0) =
{isotropic lines in (®L)o lifting Fil'(PL)x and orthogonal to the image of v in (®L)o }

Proof. The existence and construction of the bijection fo and the property (1) are consequences of [MP16
Proposition 5.16] and the global construction of RZ in [HP17| using the integral model of the GSpin Shimura
variety. We explain this more precisely below.

Consider

S = Sy,u»,

the canonical integral model over Z,) of the Shimura variety associated to the GSpin Shimura datum
associated to a quadratic space Vg over Q, at a suitable level UP away from p and a hyperspecial level U,
at p. See [HP17, §7] or [MP16] for more details on this concept. By [HP17, 7.2.3], we may assume that the
following package of data:
e the Shimura datum associated to VY,
e the Kuga-Satake Hodge embedding (cf. [HP17, 4.14|) of the Shimura datum into a GSp Shimura datum,
e the chosen hyperspecial level at p,
e an element oo € @Up Suru, (k),
induces, in the fashion of [HP17, 3.1.4], the local unramified Shimura-Hodge datum that we used to define
RZ. Let .7 be the formal scheme over Z,, obtained from p-adic completion of ., and let 5/’;1/ be the base
change to W of 7. Then as in [HP17, 3.2.14], we have a morphism of formal schemes over W:

0 :RZ — S
We know that © maps ygg to the k-point of %V induced by zgg. Moreover, let
20 1= O(yo) € Hy (k) = .7 (k)

and let U be the formal completion of . at xg (or, what amounts to the same thing, the formal completion of
%V at o). By the construction of RZ in [HP17, §3], we know that © induces an isomorphism f/{\Zyo 0.

In [MP16], two crystals Heis, Leris are constructed on #%. (In fact [MP16] works over F,, but we always
base change from F,, to k.) Here Hy,s is by definition the first relative crystalline cohomology of the Kuga-

Satake abelian scheme over .7} in the sense of loc. citEIT he specialization of H.,is over Speck via xgg is

4See footnote
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identified with the Dieudonné module Cy, which is the covariant Diedonné module of the p-divisible group
X considered in this article (and [HP17]) and the contravariant Diedonné module of the Kuga-Satake abelian
variety at xgg considered in [MP16]E| Moreover, the embedding V' < Endz, (C) has a cristalline realization,
which is a sub-crystal Le,is of End(H,is). For details see [MP16, §4]. Among others, L5 has the following
structures:

o Its specialization Leyis 5, to any zo € #(k), viewed as a W-module, has the structure of a W-quadratic
space.
® L s 2, ®w k contains a canonical isotropic line Fill(LcriMO Rw k).
By the definition of © and the definition of the parametrization of RZ(k) by the affine Deligne-Lusztig
set (cf. [HP17, §2.4]), we know that when yo € RZ(k) corresponds to the special lattice L under (2.11.1.1)),
the following statements are true:

(a) There is an isomorphism of Dieudonné modules (¢C)w — Heyis a-
(b) There is a W-linear isometry (®L)w — Leris », under which Fil'(®L)y, is identified with

Fil' (Levis,z ®w k).
(¢) We have a commutative diagram:

L Endw ((9C)w)

| |

Lcris,xo s EndW (Hcris,mo ) )

where

e the right vertical map is induced by the map in @

e the left vertical map is the map in @

e the bottom horizontal map arises from the fact that L is a sub-crystal of End(Heyis)-

In the rest of the proof we make the identifications in @ and @ above and omit them from the notation.
Abbreviate H := Heis 4, and L := Liyis -
Now in [MP16, Proposition 5.16] Madapusi Pera constructs a bijection

(7((’)) AN {isotropic lines in Lo := L @y O lifting Fil* Lk} .

Moreover by the construction given in loc. cit. the above bijection is functorial in O € €. We define fo as
the above bijection precomposed with the isomorphism O : I/{Zyg adeyjs

It remains to prove property (2). Note that H = gCy is the covariant Dieudonné module of the p-divisible
group X, over k determined by yo € RZ(k). Given y € f/{\ZyO((’)) lifting y9, by Grothendieck-Messing theory
(for covariant Dieudonné modules) we know that y € z’-?y() if and only if the image of v in Endp (Hp) stabilizes
Fil' Hpo ¢ Hp, where Fil' Hy is the Hodge filtration corresponding to the deformation from k to O of the
Xy, determined by y. Now, as is stated in the proof of [MP16), Proposition 5.16ﬂ we know that Fil' Hp is
the kernel in Hp of any O-generator £ of the isotropic line fo(y). Here £ € Lp is viewed as an element of
Endp(Hp). By Lemma v preserves Fil' Hp = ker¢ if and only if v is orthogonal to ¢ (inside Lo).
Thus y € ZAyO if and only if fo(y) is orthogonal to the image of v in Lp = (PL)e.

5Due to different conventions, the Kuga-Satake abelian scheme (and p-divisible group) considered by Madapusi Pera in
IMP16] is different from that considered by Howard-Pappas in [HP17|. In fact they are dual to each other.
6Madapusi Pera defines Fil' Hp using the contravariant Grothendieck-Messing theory of the p-divisible group of the Kuga-
Satake abelian scheme in his sense, which is the same as the covariant Grothendieck-Messing theory of the p-divisible group
over U transported via © from the universal p-divisible group over RZ in the sense of Howard-Pappas.
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Corollary 4.1.8. Fil'(®L), is orthogonal to the image of v in (®L)y.

Proof. Consider the bijection fo . in Theorem m (2), for O = k. Since the source of this bijection is

non-empty, so is its target. The corollary then follows. O
4.2. Reducedness of minuscule special cycles.

Proposition 4.2.1. Let A be a Z,-lattice in V2 with p'A C AV C A for some i € Z>1. (Equivalently, AV
has invariant (r1,--- ,7rp) such that i > 11 > 1y > -+ > 1y, > 0.) Then the special cycle Z(AY) defined by
AV has no (W/pt1)-points. In particular, taking i = 1 we see that RZx(W/p?) = @ for any vertex lattice
A, or equivalently Z(v)(W/p?) = @ for any minuscule v.

Proof. Suppose there exists x € Z(AY)(W/p**t1). Let g € Z(AY)(k) be induced by x under the reduction
map W/p'*t! — W/p = k. Under o determines a special lattice L. By Lemma Ay, C
LN ®L. Note that W/pit! — k is a surjection whose kernel admits nilpotent divided powers. By Theorem
4.1.7] the existence of the lift 2 of zo implies that there exists an isotropic line £ (over W/p'*™!) in (® L)y /pi+1
lifting Fil'(®L); and such that £ is orthogonal to the image of AV in (PL)w/pitr. Let I € ®L be a
lift of a generator of £. Then (I,\) € p'*'W for all A € AY. It follows that p~(*D] € Ay,. Hence
p~ i € piAw C (AY)w C ®L, ie. | € p®L. This contradicts with the fact that £ maps to a non-zero line in
(PL). O

4.2.2. Let u € V2 — {0}. Suppose g € Z(u)(k). Let T = kle]/€* be the ring of dual numbers over k. We
equip 7 with the map T' — k, € — 0, which has its kernel (e) admitting nilpotent divided powers (in a unique
way). Thus Theorem can be applied to O =T.

Let T4, RZy and T,,Z(u)r be the tangent spaces at zg to RZ; = RZ xgprw Speck and to Z(u)r =
Z(u) xsptw Spec k respectively. We will always take the point of view that 7, RZj, is the preimage of {z¢}
under the reduction map RZ(T) — RZ(k). Similarly for 7,,Z(u)r. We compute T, RZ) and T, Z(u)y
explicitly in the following. The result is given in Corollary [£.2.7]

Let L be the special lattice associated to o under (2.11.1.1). Since zg € Z(u)(k), we have u € LN ®L
by Lemma Let @ be the image of u in (®L);. Let Fil'(®L); be as in Definition By Corollary
we know that @ is orthogonal to Fil'(®L)y.

Define 2 to be the set of isotropic lines in (®L)r lifting Fill(<I>L)k. Define 2, to be the subset of &
consisting of lines which are in addition orthogonal to the image of u in (®L)r. Let

(4.2.2.1) G = fr: Ty RZk — 2.
be the bijection given in Theorem By the same theorem it restrict to a bijection
T Z (W) = 9,.
Definition 4.2.3. We identify (®L)r with (®L), @ T. Fix a k-generator vy of Fil'(®L);. Define a map
F : (®L)), — {T-submodules of (PL)p}
w — spany {vo Q1 +w @y €}.

Lemma 4.2.4. .Z factors through (®L);,/ Fil' (®L), and its image consists of T-module direct summands
of (PL)7 of rank one.
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Proof. For any A € k, we have
Vo @1+ (w+AMp)@e=(1+Xe)(vg®@1+wRe¢),
and 1+ \e € T*. Hence .Z factors through (®L);/ Fil'(®L)s. For any w € (®L);, we know that .Z (w) is a

free module of rank one by definition. It remains to show that . (w) is a direct summand of (®L)7. Let A
be a k-vector space complement of Fil'(® L)y, inside (®L);. We easily check that the following T-submodule
of (BL)7 is a T-module complement of .7 (w):

spany {v @ 1 +w® elv’ € A}.

Corollary 4.2.5. The map % induces a bijection of sets:

F - (FilY(®L)) L/ FilY(®L)y = 2.
Moreover, F restricts to a bijection

(@, Fil(®L),} " /Fil' (@L)x =5 P,

Proof. Since (vg,v0) = 0 € k, the condition that .% (w) is isotropic is equivalent to (w,ve) = 0 € k. Since
vo is orthogonal to @, the condition that .Z(w) is orthogonal to the image of u in (®L)r is equivalent to
(w,u) =0 € k. O

Lemma 4.2.6. Let ¢ be as in and let F be as in Corollary[4.2.5 The map
@1 o7 . (FilY(®L))* / Fil'(®L), — To, RZy,
1s k-linear.

Proof. The proof is a routine check, using the functorial property stated in Theorem

We first recall the k-vector space structure on 7, RZg, from the point of view that 7,, RZj, is the preimage
of {xo} under the map RZ(T) — RZ(k).

Scalar multiplication: Given a tangent vector v € T,, RZy corresponding to vy € RZ(T') and given a
scalar A € k, the tangent vector Av corresponds to the following element (Av)r of RZ(T): the image of vr
under RZ(T) IoTemde, RZ(T). We see that (Av)r is indeed a preimage of xg.

Addition: Let vi,vs € T, RZj be two tangent vectors. Let T; = k[e;]/e2,i = 1,2 be two copies of T.
We represent v; as an element (v;)7, in RZ(T;) that reduces to xo € RZ(k), for i = 1,2. Let T be the fiber
product of T; and T, over k, in the category of k-algebras. Namely, T = kle1, e2]/(e1,€2)?. Let & be the
k-algebra map

§:T =T, 615 €, €3 €.
By the fact that 7" is the fiber product of T} and T, there is a canonical bijection
(4.2.6.1) RZ(Ty) x RZ(Ty) = RZ(T).

Denote by v1 vy the image of ((v1)7,, (v2)7,) in RZ(T) under the above bijection. Then the tangent vector
v1 + v2 corresponds to the following element (v; + vo)r of RZ(T): the image of v;+vy under d, : RZ(T) —
RZ(T). This last element is indeed a preimage of x.

We now check that ¢ ~10.% is k-linear. We first check the compatibility with scalar multiplication. For any
A€ kandw € (Fil'(®L);)*, we have . (w) = spang {vo ® 1 + w @, €} and .Z (A\w) = spany {vo @ 1 + \w @y, €}.

Let my denote the map T' — T,e¢ — Ae. Then we have F(w) Qpm, T = F(Aw) as submodules of

(PL)r. By the functoriality in O stated in Theorem [4.1.7, we know that for all d € 2, the element
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%=1(d @rm, T) € RZ(T) is equal to the image of ¥~'(d) under RZ(T) ™% RZ(T). It follows that
(971 o Z)(Aw) is equal to \ times the tangent vector (¢! o ) (w).

We are left to check the additivity of =1 o.%. Let wi, ws € (Fill(<I>L)k)J-. Let 9;, %;,%; be the analogues
of 2, F,% respectively with T replaced by T;, for ¢ = 1,2. Also let f7 be as in Theorem (with O = T,
where ker(T — k) is equipped with the unique nilpotent divided power structure.) Let d; := .%;(w;), i = 1, 2.
Then d; = spany, (vo ® 1+ w; ®¢;). We easily see that the assertion (471 0. Z)(w1 +w;p) = (471 o F)(w1) +
(971 0 F)(wy) follows from the following claim:

Claim. Under , the element (4, '(d1),%, '(d2)) is sent to the element

f%l(spanf {vo®@ 1+ w1 ®e +wa R eaxl).

We now prove the claim. Let d be such that the element (%, (dy),%, *(d2)) is sent under (4.2.6.1) to
fz !(d). Thus d is an isotropic line in (®L) . By the functoriality stated in Theorem m and the functorial
definition of (4.2.6.1f), we see that d is characterized by the condition that d~®T~ T; =d;, i = 1,2, where the
tensor product is with respect to the the structure map T T, expressing T as the fiber product of 17,75

(i.e. reduction modulo €; for j # ¢). Using this characterization of d, we see that d is as predicted in the
claim. 0

Corollary 4.2.7. The tangent space Ty, RZy is isomorphic to
(Fil'(®L))*/ Fil'(®L)y.
Under this isomorphism, the subspace Ty, Z(u)r of Tzo RZy is identified with
(@, Fil'(BL), } " / Fil (L)

Proof. This follows from Corollary [4.2.5, Lemma and the bijectivity of ¥4~! asserted in Theorem
417 O

Lemma 4.2.8. Let A C V2 be a vertex lattice. Let L be a self-dual W -lattice in Vi such that Ay, C L C Ay .

Let A be the image of Ay, in L. Then the following statements hold.

(1) dimy Aw /L = dimyg L/Ay,,. Here both spaces are vector spaces over k because pAw C Ay, C L and
pL C pAw C Ay,

(2) AD AL. Here AL is the orthogonal complement of A in Ly, under the k-bilinear pairing on Ly, that is

the reduction of the W -bilinear pairing on L.
Proof. (1) Consider the W-bilinear pairing
AW X Aw > W

(z,y) = plz,y),
where (,) is the K-bilinear form on V2 ®q, K = Vk. We get an induced k-quadratic space structure on
Aw /AY,. The image of L in Ay /Ay, is equal to the orthogonal complement of itself, i.e. it is a Lagrangian
subspace. Claim (1) follows.
(2) By definition At is the image in Ly, of the W-submodule pAyY = pAw of L. We have pAw C Ay,
so At is a subset of the image of A} in L, which is A. |

Proposition 4.2.9. Let A C V2 be a vertex lattice of type t (sot > 2 is even). For all xg € RZx(k), we
have

dimk 7;0 I%ZA)/C = t/2 —1.
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Proof. Let L be the special lattice associated to xzo under (2.11.1.1), and let ]F‘ill(CI)L);c be as in Definition
Then A}, € LN ®L. Denote by A the image of Ay, in (®L);. Then A is orthogonal to Fil'(®L),, by
Corollary 1.8l By Corollary [£.2.7, we have an isomorphism of k-vector spaces

Too RZpx = {A, Fil'(®L), )/ Fil"(BL);.

Since A is orthogonal to Fil*(® L), we have A D Fil*(®L);, by Lemmaapplied to the self-dual W-lattice
®L. Therefore T,, RZ , = AL/ Fil'(®L)s. Since the bilinear pairing on (L), is non-degenerate, we have
dimy, Tz RZA f, = dimg (®L), — dimg A — 1 = dimy(®L/Ay;,) — 1. By claim (1) in Lemma (applied to
®L), we have dimg (PL/Ay,) =t/2. O

Corollary 4.2.10. Let A C V2 be a vertex lattice. The formal scheme RZx xspew Speck is reqular.

Proof. Let t be the type of A. Denote X := RZf{’d and Y := RZp Xgprw Speck. Then X is a formal
subscheme of Y over k. Recall from that X is a smooth k-scheme of dimension ¢/2 — 1. It follows that
for all ¢y € Y (k), the complete local ring of Y at xq is of dimension > ¢/2 — 1. By Proposition the
tangent space of Y at xo has k-dimension equal to ¢/2 — 1. Hence Y is regular at z. ([l

Theorem 4.2.11. Let A C V2 be a vertex lattice. Then RZj = RZf\ed and is of characteristic p.

Proof. RZ does not admit W/p?-points (Proposition |4.2.1)) and its special fiber is regular (Corollary 4.2.10)).
It follows from [RTZ13l Lemma 10.3] that RZ, is equal to its special fiber. Being regular itself, RZ, is
reduced. O

5. THE INTERSECTION LENGTH FORMULA

5.1. The arithmetic intersection as a fixed point scheme. Recall from that we are interested in
computing the intersection of RZY and 5(RZb), for g € J,(Qy).

Proposition 5.1.1. Assume g € Jy(Q,) is regular semisimple. Then 6(RZ*)NRZY is contained in Z(v(g)),

where v(g) = (Tn, gTp, -+ ,g" "

Proof. By Lemma we have §(RZ’) C Z(z,). Hence §(RZ°) NRZ? C Z(x,) NRZI C Z(gay) by the
definition of special cycles. Repeating this procedure we obtain

S(RZ") NRZI C Z(xn) N Z(gzn) N--- N Z(g" 'ay) = Z(v(g)). O
Corollary 5.1.2. Assume g € J,(Q,) is reqular semi-simple and minuscule. Then
§(RZ’) NRZY C RZy (v = RZTw -
In particular, 5(RZb) NRZY is a scheme of characteristic p.

Proof. The first statement is an immediate consequence of Lemma [2.14.4] Theorem [£.2.11] and Proposition

Now both §(RZ”) and RZ? are closed formal subschemes of RZ, so 6(RZ’) N RZ? is a closed formal

subscheme of the scheme RZp,,)v = RZYLQ&)V of characteristic p. Hence §(RZ’) NRZY is its self a scheme of

characteristic p. O
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5.1.3. In the rest of this section we will fix g € J,(Q,) regular semisimple and minuscule, and assume
RZ? # @. Take A := L(g)¥. Then A is a vertex lattice stable under g, cf. Remark We are
interested in computing the intersection length of §(RZ’) and RZ? around a k-point of intersection. Recall
the isomorphism between p”\ RZ¥? (which we now know is just p”\ RZ,) and Sj. Recall from
that Sy is a projective smooth variety over k of dimension 5/2 — 1. We write d = /2. Let Qg = A/AY
and Q = Qo ®r, k = Aw /Ayy,. Let (,) be the k-bilinear form on Q (cf. . Let G = SO(R2), Gy = SO(Qyp).
Let g be the induced action of g on Q. Then g € Go(F,) C G(k).

There is a natural action of § on Sy via its action on Q. On R-points g sends (L4—1,Lg) to (GLa—1,GL4)-
The latter is indeed a point of Sy because @ = ®g by the fact that g € Go(F,). The following proposition

allows us to reduce the study of intersection multiplicities to the study of the non-reduced structure of S’jg\.
Proposition 5.1.4. p”\(§(RZ’) NRZY) = S9.

Proof. In view of Theorem [4.2.11} Corollary and the observation that the isomorphism (2.9.1.1]) induces
an isomorphism p?\(RZ¥?)9 > 5%, it suffices to show

("\RZ{) N (p"\6(RZ’)) = (p™\ RZY).

Since both p%\ RZ! and p?\§(RZ’) are closed formal subschemes of p%\ RZ and since p%\ RZ}¢4 is a reduced
scheme, it suffices to check that

PP\RZE (k) € pP\6(RZ) (k).
Now the left hand side consists of special lattices L containing AV, and the right hand side consists of special

lattices L containing z,, (cf. (2.12.0.1)) and Lemma [3.4.2)). We finish the proof by noting that by definition
xn, € AV = L(g). O

Proposition reduces the intersection problem to the study of S;E{.

5.2. Study of S/g\. We continue to use the notation in We adopt the following notation from [HP14]
§3.2].

Definition 5.2.1. Let OGr(d — 1) (resp. OGr(d)) be the moduli space of totally isotropic subspaces of
Q of dimension d — 1 (resp. d). For a finite dimensional vector space W over k and an integer [ with
0 <1< dimW, we write Gr(W,1) for the Grassmannian classifying I-dimensional subspaces of W. Thus for
j €{d—1,d} and any k-algebra R, we have

OGr(j)(R) = {R-module local direct summands of Q ®;, R of local rank j which are totally isotropic} .

Also
Gr(W,1)(R) = { R-module local direct summands of W ®j, R of local rank k}.

Definition 5.2.2. If A is a finite dimensional k-vector space, we write A4 for the affine space over k defined
by A. Thus for a k-algebra R we have A4(R) = A ®y, R.

Definition 5.2.3. Let £4, M, be Lagrangian subspaces of  such that = L4®M . we write Homane; (L4, Mg)
for the space of anti-symmetric k-linear maps L4, — M . Here we say ¢ : L4 — M is anti-symmetric if the
bilinear form L4 x L4 — k, (z,y) — {(x, ¢y) is anti-symmetric.
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5.2.4. Recall that in general, if A is a finite dimensional vector space over k and B is a subspace, then
we can construct a Zariski open of the Grassmannian Gr(A,dim B) as follows. Choose a subspace C of
A such that A = B @ C. Then there is an open embedding tp ¢ : AHo™+(B:C) 5 Gr(A,dim B) which
we now describe. For any k-algebra R and any R-point ¢ of AHO™x(B:C) we view ¢ as an element of
Homy(B,C)® R =Hompr(B® R,C ® R). Then tp ¢ maps ¢ to the R-point of Gr(A,dim B) corresponding
the following R-submodule of A:

(5.2.4.1) {z + ¢(z)|z € BQ R}.

For details see for instance [Har95], Lecture 6]. In the following we will think of AHomk(B.C) a5 a Zariski open

of Gr(A,dim B), omitting ¢ ¢ from the notation.

Lemma 5.2.5. Let Ly, My be complementary Lagrangian subspaces of € over k. Then
OGI’(d) XGr(Q 0 AHom(ﬁd,Md) — AHomam;(ﬁd,Md).
In particular, the k-point L4 in OGr(d) has an open neighborhood of the form AHomanti (La,Ma)

Proof. Let R be a k-algebra and ¢ an R-point of AHom(£a:Ma) - Then the submodule (5.2.4.1) (for B = L)
is Lagrangian if and only if for all z € B® R,

(x+ ¢(z), 7 + d(z)) = 0.

But we have (z,z) = (¢(x), ¢p(z)) = 0 since L4 ® R and My ® R are both Lagrangian. Hence (5.2.4.1)) is
Lagrangian if and ouly if (x, ¢(x)) = 0 for all z € M, ® R. a

5.2.6. It follows from the assumptions we made on g € G(k) in that its characteristic polynomial on
Q is equal to its minimal polynomial on € (cf. Remark . In general this property is equivalent to
the property that every primary component of the k[g]-module Q) is a cyclic k[g]-module. This property is
inherited by any k[g]-submodule of €2, since any k[g]-submodule of a cyclic k[g]-module is cyclic.

From now on we let zg = (L4-1, L4) € Sa(k) be an element fixed by g. Then &L, C Q2 is a k[g]-submodule.
By the previous paragraph we know that g|s.-, has equal minimal and characteristic polynomial, and that

in its Jordan normal form all the Jordan blocks have distinct eigenvalues.

Definition 5.2.7. Let A be the (nonzero) eigenvalue of § on the one-dimensional ®L,/L4_1. Let ¢ be the

size of the unique Jordan block of eigenvalue A of §log,.

5.2.8. Let xg = (La—1,Lq) € Sa(k)? as in Define
Y = Gr(®Ly,d — 1) xi, OGr(d).
Let Z C Y be the sub-functor defined by the incidence relation, i.e. for a k-algebra R
I(R) = {(L)_y, L)) € Gr(®Lg,d — 1)(R) x OGr(d)(R) | Ly, € L4}

The pair (L4—1, L4) defines a k-point in Z, which we again denote by x. It is well known that the incidence
sub-functor of Gr(®Ly,d — 1) x Gr(£,d) is represented by a closed subscheme, and it follows that Z is a
closed subscheme of Y.
Since xg = (Lq-1,L4q) € Sa(k) is fixed by g, we have a natural action of g on Y, stabilizing Z and fixing
zo € L. Let
R = OI,zO; R = OIﬁ,woa S = OSA,CEO7 S = Osiwo
be the local rings at xo of Z,79, Sy, S?\ respectively. Let
R, = ﬁ/m%, Ry :i=R/mb, S, := S/mf; Sp = 8/mlg
26



be the above four local rings modulo the p-th powers of their respective maximal ideals.

The following lemma expresses the observation that Z9 may serve as a model for Slg\ locally around xy.

Lemma 5.2.9. (1) There is a k-algebra isomorphism 7~€p = Sp, equivariant for the g-action on both sides.

(2) There is a k-algebra isomorphism R, = S,.

Proof. We first show (1). Let (£}, ,, L) be the tautological pair over S, for the moduli problem S, and
let (L), L") be the tautological pair over R, for the moduli problem Z. Note that

DL = (PLY) ® S,

as submodules of Q ®y, Sp because @ : Sp — Sp factors through the reduction map Sp — k. It follows that

(Ll,_1, L) defines a point in Z(S,) lifting zg € Z(k). Similarly,

BLY = (PLy) @R,
as submodules of Q ®;, R, and hence (£/_,, L) defines a point in Sy (R,) lifting 2o € Sx (k). The point in
Z(S,) and the point in Sx(R,) constructed above give rise to inverse k-algebra isomorphisms between R,
and SIN which are obviously g-equivariant.

(2) follows from (1), since R,, (resp. S,) is the quotient ring of R, (resp. S,) modulo the ideal generated
by elements of the form 7 — § - with r € R,, (resp. r € S,). O

5.3. Study of Z9. Next we study Z? by choosing certain explicit coordinates on Z. Choose a k-basis

V1, Vg, W1, -+, wg of €, such that
e L, 1 is spanned by v, ,v4_1.

e [ is spanned by vy, ,vq.

e OL, is spanned by vy, ,v4_1,Wq.

(vi, vj) = (Wi, wy) = 0, {vi, w;) = s
We will denote

v, 1 <i<d-1

wy, 1 =d
Also denote

My :=spang (wy, -+ ,wq).
For 1 <i < d—1, define an element ¢; € Hom(L4—1, span(wq)) by

(5.3.0.1) ¢i(v;) = d;jwq.

Then ¢1,- -, dq—1 is a basis of Hom(L4—1, spany(wg)).
By and Lemma there is a Zariski open neighborhood of g in Y, of the form

U = AHom(La—1, spany (wa)) o pHomanii(La,Ma)
Lemma 5.3.1. (1) Let R be a k-algebra. Let y € U(R), corresponding to
(¢,¢) € Hom(L4—1,spany(wq)) ® R ® Homun; (La, Mg) @ R.

We view ¢ € Homp(L4—1 ® R, spang(wq)) and ¢ € Hompg(Lq ® R, Ma® R). Then y is in T if and only
Zf 7/"/:(1_1@1% = d)

(2) The projection to the first factor U — AHO™(La—1spani(wa)) yestricts to an isomorphism
Uni ; AHom(ﬁd,l7span,C (wd)).
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Proof. (1) We know that y is in Z if and only if for all v € L4_1 ® R, there exists v' € L4 ® R, such that
v+ ¢(v) =0 + (V)

as elements of Q) ® R. Decompose v/ = v} + v} with vf € L4_1 ® R and v, € spang(vg). Then the above
equation reads

v—vy = vy + () = ¢(v)).
Since v — v} € L4—1 ® R, v € spang(vg), ¥ (V") — ¢(v) € My ® R, the above equation holds if and only if
v =i, vh =0, ¢(v) = ¢¥(v). Hence y € Z if and only if for all v € L4_1 ® R we have ¥(v) = ¢(v). This
proves (1).
(2) By (1), we know that ¢/ N T is the affine subspace of U associated to the linear subspace of

Hom(L4_1,span (wgq)) X Homani(Lg, Mg)

consisting of pairs (¢, 1) such that 9|, , = ¢. Call this subspace A. We only need to show that projection
to the first factor induces an isomorphism A — Hom(L,4_1,span, (wg)).

Note that if ¢ € Homani (L4, Mg), then ¢ is determined by |z, ,. This is because for each 1 <4 < d,
we have

—(vg,Yvi), i <d—1
0,i=d

(5.3.1.1) (Yva,vi) =

which means that ¢ (vg) is determined by |z, ,. Conversely, given ¢ € Hom(L4—_1,span,(wy)) we can
construct ¢ € Hompni(Lq, My) such that 9|z, , = ¢ as follows. For 1 < j < d—1, define ¢(v;) to be ¢(v;).
Define ¥ (vg4) to be the unique element of M, satisfying (5.3.1.1). In this way we have defined a linear map
P Lg = Mg such that ¢|z, , = ¢. We now check that ¢ is anti-symmetric. We need to check that for
all 1 < i < j <d, we have (Yv;,v;) = —(¢v;,v;). If j = d, this is true by . Suppose j < d. Then
(Yvj,v:) = (Yv;,v5) = 0 because Yv;, Yv; € spany(wq) and (wq, Lg—1) = 0. Thus 1 is indeed antisymmetric.
It follows that A —~ Hom(L4_1,span,(wg)). O

From now on we assume xg = (L4_1, Lq) € S% (k).
Definition 5.3.2. Write the matrix over k of g acting on ®£, under the basis 01, -+ , 04 (cf. as
(i )
Hy H,J'
where H; is of size (d — 1) x (d — 1), Hs is of size (d — 1) x 1, H3 is of size 1 x (d — 1), and H, € k.
Remark 5.3.3. Since g stabilizes L4_1, we have H3 = 0

Proposition 5.3.4. Let R be a k-algebra and let y = (¢,v) € U(R). Represent ¢ as an R-linear combination
o= Zf;ll ri¢0; of the ¢;’s (cf. (5.3.0.1)), where r; € R. Write ¥ for the row vector (r1,--+ ,T4—1).
(1) View ¢ as an element of Gr(®Ly,d — 1)(R). It is fixred by glor, if and only if

(5.3.4.1) F(Hy + HoF) = HyF.

(2) Assume that y € Z(R) and that ¢ € Gr(PLg,d — 1) is fixed by Gloc,. Then 1, viewed as an element of
OGr(d)(R), is fixred by g. In other words, y is fized by g in this case.
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Proof. (1) First we identify (®£4) ® R with R? using the basis 0y, --- ,04. As a point of Gr(®Lg,d — 1), ¢
corresponds to the following submodule of (PL;) ® R: the image, i.e. column space, of the R-matrix

I,.1 0
7o)

Hence ¢ € Gr(®Ly,d—1) is fixed by g|er, if and only if the following two R-matrices have the same column

Ay = Id:l O) and 4, .= (Hr H: Id:l o)
r 0 H3 H4 T 0

H, H,

space:

o is invertible, A; and A, have the same column space if and only if the column
3 4

space of Ay is contained in that of A;. Since Hs = 0 (cf. Remark [5.3.3), we have

H How 0
A2:<1+ 2T )

Note that since (

Hyv 0

H, + Ho?
Hy7

T

—

But we easily see that the column space of (
7

if (5.3.4.1)) holds.
(2) Let OGr(d—1, d) be the incidence subscheme of OGr(d—1) x OGr(d). Consider the natural morphism

f:Z—0Gr(d—1,d), (£_, L) — (L1, L}). Note that U NZ is connected because it is a linear subspaces
of the affine spaces U (cf. Lemma [5.3.1). Thus (§-U)NZ = g(U NZ) is also connected. Since Y NZ and
(g - U) N T share a common k-point, namely x(, we see that that f(U/ NZ) and f((g-U)NZ) are in one
connected component of OGr(d — 1,d). We have y € UNZ and gy € (§-U)NZ. In particular f(y) and
f(gy) are R-points of the aforementioned connected component of OGr(d — 1,d). Recall from [HP14] §3.2]

that OGr(d — 1,d) has two connected components, and each is isomorphic to OGr(d — 1) via the projection

8) is contained in that of ( 8) if and only

to the first factor. Our assumptions imply that f(y), f(gy) have the same image in OGr(d — 1). It follows
that f(y) = f(gy). But by definition f is injective on R-points, so y = gy. O

Proposition 5.3.5. Assume zy € S/g\(k). Then the local ring R = Oza 4, of I9 at xq, is isomorphic to
the local ring at the origin of the subscheme of Az_l defined by the equations (5.3.4.1), where Ag_l has

coordinates r1,--- ,rq_1. Moreover, explicitly we have
R = Ek[X]/X°.

Proof. The first claim follows from Lemma and Proposition To compute R explicitly, we may and
shall assume that the bases chosen in are such that the matrix H; is already in its (upper-triangular)
Jordan normal form. Recall from Definition [5.2.7] that all the Jordan blocks have distinct eigenvalues. Let
Jay (M), -+, Ja._,(As—1) be the Jordan blocks that have eigenvalues different from . Let As = A and let
Ja. (As) be the Jordan block of eigenvalue A, that appears in Hy, where we allow d; = 0. Then d; = ¢ — 1.
Moreover, we assume that Jg, (A1), -+, Jq,(As) appear in the indicated order. Note that Hy = . Write
Hy = (hij)1<ij<d—1. The equations (5.3.4.1) become

ricihic1i+ (his —A+7Ho)r; =0, 2<i<d—-1

(5.3.5.1)
(h171 7)\+’)7H2)7"1 =0

Note that when h;; is not in the Jordan block Jy, (Xs), we have h; ; — A € k*, so the element h; ; — A + 7Ho

is a unit in the local ring Opa-1 9. Hence for i < dy +da + -+ +ds_1 = d — ¢, each r; is solved to be a
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multiple of r;_; and this multiple eventually becomes zero when this procedure is iterated. In other words,
the ideal in Oga-1 ¢ defining R is generated by
T1,72, s Td—c, (FHQ)’I"d,CJrl, (FHQ)Ti—"Tifl (d—C+1 <1< d—].)
When ¢ = 1, we have R = k as expected. Assume now ¢ > 2. Let hy,---,h._1 be the last ¢ — 1 entries of
the (d — 1) x 1-matrix Hs. Make the change of variables
Xi =Td—c+i» 1 SiSC— 1,
A =7H,.
Then we have

N KX, )Xo, Al
(A— Zf;ll hiX;, AX1, X1+ AXo, Xo+ AX35,--+ , Xe o+ AX._1)

~

(X1, Xeo1)

By eliminating the variables X, ..., X._2, we obtain that

N ( E[X._1, A] )
o — — . .
(XC—lAC 17 A— XC—1 Z::O hC_l_i(_A)’L) (Xo—1,4)
Note that if h._1 = 0, then the last two rows of the matrix
H, H
A — 1 2
0 H,
are both zero. This contradicts with the fact that the matrix

H, H,

4
has in its Jordan normal form a unique Jordan block of eigenvalue A (cf. §5.2.6). Hence h._1 # 0, and

Zf;g he—1—i(—A)" is a unit in k[X._1, A](x. , a). It follows that

, which represents § on ®Lg,

e (), -

as desired. O

5.4. The intersection length formula. We are now ready to determine the structure of the complete
local ring of Sjg\ at a k-point of it, when p is large enough. It is a consequence of Lemma Proposition
(.35 and some commutative algebra.

Theorem 5.4.1. Let xy € Si(k), Let A and ¢ be as in Definition , Assume p > c¢. Then the complete
local ring of S/g\ at xg is isomorphic to k[X]/X¢ as a k-algebra.

Proof. Denote by S the complete local ring of S'?\ at xg. Since Sy is smooth of dimension d — 1 (see i)

we know that S is a quotient ring of k[[X1,---, X4_1]]. Let m be the maximal ideal of S. By Lemma
and Proposition m there is a k-algebra isomorphism &/m? = k[X]/X¢. It follows that S is isomorphic to

k[X]/X¢ as a k-algebra, by [LZ17, Lemma 4.3.6]. O

Corollary 5.4.2. Let g € J,(Qp) be regular semisimple and minuscule. Assume RZ? # & and keep the
notation of. Let xo € (6(RZ’) NRZI)(k). Let (Lq_1,Lq) € Sa(k) correspond to xo via Proposition
and define X\, c as in Definition . Assume p > c¢. Then the complete local ring of 6(RZ") N RZY
at xq is isomorphic to k[X]/X°. Moreover, we have ¢ = W, where Q(T) as in Theorem m In
particular, 1 < c <n/2.
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Proof. The first part follows immediately from Proposition and Theorem [5.4.1] It remains to show
that

Suppose xg € BT/ for some vertex lattice A’ (not necessarily equal to A = L(g)V). Let L be the associated
special lattice. Then we have (§2.12)

(M)Wy CLC Ay, (A)Yy CO(L) C A}y

Hence the eigenvalue A of g on ®(Ly)/Lyg_1 = (L+P(L))/L appears among the eigenvalues of g on A’ /(A")Y,
and so the minimal polynomial of g on A’/(A)" in F,[T] is equal to Q(T') by the proof of Theorem [3.6.4]
Notice that the characteristic polynomial of § on ®(Ly) (in k[T]) divides R(T)Q(T) (the characteristic
polynomial of g on A}, /L(g)) and also is divided by R(T) (the characteristic polynomial of g on (A’)},/L(g)).
It follows that ¢, the multiplicity of A of g on ®(Ly), is equal to the multiplicity of A in R(T)Q(T). The
desired formula for ¢ then follows since

m(Q(T)) +1 =2 the multiplicity of Q(T) in R(T)Q(T).

Finally, we note that m(Q(T)) is a positive odd integer not greater than the degree of P(T'), and the latter,
being the type of the vertex lattice A = L(g)V, is an even integer < tyax (cf. §2.7). The bound for ¢ follows
from the value of ty,.x given in O
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