CHOW GROUPS AND L-DERIVATIVES OF AUTOMORPHIC MOTIVES

FOR UNITARY GROUPS, II.
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ABSTRACT. In this article, we improve our main results from [LL.21] in two directions:
First, we allow ramified places in the CM extension E/F at which we consider represen-
tations that are spherical with respect to a certain special maximal compact subgroup, by
formulating and proving an analogue of the Kudla—Rapoport conjecture for exotic smooth
Rapoport—Zink spaces. Second, we lift the restriction on the components at split places
of the automorphic representation, by proving a more general vanishing result on certain
cohomology of integral models of unitary Shimura varieties with Drinfeld level structures.
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1. INTRODUCTION

In 1986, Gross and Zagier [GZ80] proved a remarkable formula that relates the Néron—
Tate heights of Heegner points on a rational elliptic curve to the central derivative of the
corresponding Rankin—Selberg L-function. A decade later, Kudla [[Kud97] revealed another
striking relation between Gillet—Soulé heights of special cycles on Shimura curves and deriva-
tives of Siegel Eisenstein series of genus two, suggesting an arithmetic version of theta lifting
and the Siegel-Weil formula (see, for example, [Kud02, [Kud03]). This was later further de-
veloped in his joint work with Rapoport and Yang [[XRY06]. For the higher dimensional
case, in a series of papers starting from the late 1990s, Kudla and Rapoport developed
the theory of special cycles on integral models of Shimura varieties for GSpin groups in
lower rank cases and for unitary groups of arbitrary ranks [[KR11,[KR14]. They also stud-
ied special cycles on the relevant Rapoport—Zink spaces over non-archimedean local fields.
In particular, they formulated a conjecture relating the arithmetic intersection number of
special cycles on the unitary Rapoport—Zink space to the first derivative of local Whittaker
functions [[{R 11, Conjecture 1.3].

In his thesis work [Liulla,Liul1h], one of us studied special cycles as elements in the Chow
group of the unitary Shimura variety over its reflex field (rather than in the arithmetic Chow
group of a certain integral model) and the Beilinson-Bloch height of the arithmetic theta
lifting (rather than the Gillet—Soulé height). In particular, in the setting of unitary groups,
he proposed an explicit conjectural formula for the Beilinson—Bloch height in terms of the
central L-derivative and local doubling zeta integrals. Such formula is completely parallel
to the Rallis inner product formula [Ral34], which computes the Petersson inner product
of the global theta lifting, hence was named arithmetic inner product formula in [Liulla],
and can be regarded as a higher dimensional generalization of the Gross-Zagier formula.! In
the case of U(1, 1) over an arbitrary CM extension, such conjectural formula was completely
confirmed in [Liul1b], while the case for U(r,r) with » > 2 is significantly harder. Recently,
the Kudla-Rapoport conjecture has been proved by W. Zhang and one of us in [[.Za];* and
it has become possible to attack the cases for higher rank groups.

In [L1.21], we proved that for certain cuspidal automorphic representations = of U(r,r), if
the central derivative L'(1/2, 7) is nonvanishing, then the m-nearly isotypic localization of the
Chow group of a certain unitary Shimura variety over its reflex field does not vanish. This
proved part of the Beilinson-Bloch conjecture for Chow groups and L-functions (see [L1.21,
Section 1] for a precise formulation in our setting). Moreover, assuming the modularity of
Kudla’s generating functions of special cycles, we further proved the arithmetic inner product
formula relating L'(1/2,7) and the height of arithmetic theta liftings. In this article, we
improve the main results from [[L1.21] in two directions: First, we allow ramified places in
the CM extension E/F at which we consider representations that are spherical with respect
to a certain special maximal compact subgroup, by formulating and proving an analogue of
the Kudla—Rapoport conjecture for exotic smooth Rapoport—Zink spaces. Second, we lift the
restriction on the components at split places of the automorphic representation, by proving

1By “generalization of the Gross-Zagier formula”, we simply mean that they are both formulae re-
lating Beilinson—-Bloch heights of special cycles and central derivatives of L-functions. However, from a
representation-theoretical point of view, the more accurate generalization of the Gross—Zagier formula should
be the arithmetic Gan—Gross—Prasad conjecture.

2We remark that during the referee process of this article, the Kudla—Rapoport conjecture in the orthog-
onal case has also been formulated and proved by the same group of authors [LZD].
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a more general vanishing result on certain cohomology of integral models of unitary Shimura
varieties with Drinfeld level structures. However, for technical reasons, we will still assume

F # Q (see Remark 4.33).

1.1. Main results. Let £/F be a CM extension of number fields with the complex conju-

gation c. Denote by V%OO) and V" the set of archimedean and non-archimedean places of F,
respectively. Denote by V‘?l, Vst and V2™ the subsets of Vi® of those that are split, inert,
and ramified in F, respectively.

Take an even positive integer n = 2r. We equip W, = E™ with the skew-hermitian form
(with respect to the involution ¢) given by the matrix (—lr “). Put G, = U(W,), the

unitary group of W,, which is a quasi-split reductive group over F. For every v € Vi? we
denote by K, , C G, (F,) the stabilizer of the lattice O%, , which is a special maximal compact
subgroup.

We start from an informal discussion on the arithmetic inner product formula. Let 7
be a tempered automorphic representation of G, (Ar), which by theta dichotomy, gives rise
to a unique up to isomorphism hermitian space V; of rank n over Ag. It is known that
the hermitian space Vy is coherent (resp. incoherent), that is, V, is (resp. is not) the base
change of a hermitian space over E, if and only if the global root number () equals 1 (resp.
—1). When &(7) = 1, we have the global theta lifting of 7, which is a space of automorphic
forms on U(V;)(Ap); and the famous Rallis” inner product formula [Ral81] computes the
Petersson inner product of the global theta lifting in terms of the central L-value L(%, 7) of

m. When (1) = —1, we have the arithmetic theta lifting of 7, which is a space of algebraic
cycles on the Shimura variety associated to V; and the conjectural arithmetic inner product
formula [Liulla] computes the height of the arithmetic theta lifting in terms of the central

L-derivative L'(3,7) of m. In our previous article [LL.21], we verify the arithmetic inner
product formula, under certain hypotheses, when E/F and 7 satisfy certain local conditions
(see [LL21, Assumption 1.3]). In particular, we want V2™ = (), which forces [F' : Q] to be
even; and we want the representation 7 has to be either unramified or almost unramified
at v € Vi, Computing local root numbers, we have e(r,) = (—1)" if v € V&, (m,) = 1
if v € V¥ or m, is unramified, e(r,) = —1 if (v € V& and) 7, is almost unramified. It
follows that e(m) = (—1)"F U+l where 8, C Vit denotes the (finite) subset at which 7
is almost unramified, which equals (1)l as [F : Q] is even. In this article, we improve
our results so that V2™ can be nonempty, hence [F' : Q] can be odd; and we will still have
g(m) = (=1)"FQU+B=l - To show the significance of such improvement, now we may have
e(r) = —1 but 8, = 0, so that we can accommodate 7 that comes from certain explicit
motives like symmetric power of elliptic curves (see Example 1.10).

The readers may read the introduction of [[.1.21] for more background. Now we describe
in more details our setup and main results in the current article.

Definition 1.1. We define the subset v}Z of V?l UVt consisting of v satisfying that for every

v € ng) N VA where p is the underlying rational prime of v, the subfield of F, generated

by F, and the Galois closure of E, is unramified over F,.

Remark 1.2. The purpose of this technical definition is that for certain places v in V' U ViRt
we need to have a CM type of E such that its reflex field does not contain more ramification

over p than F, does — this is possible for v € Vj. Note that

e the complement (V' U Vi2) \ v is finite;
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e when F is Galois, or contains an imaginary quadratic field, or satisfies Vi2™ = (), we have
VO _ VSPI U Vint
F=VF F -

Assumption 1.3. Suppose that F' # Q, that VS}’I contains all 2-adic places, and that every
prime in V2™ is unramified over Q. We consider a cuspidal automorphic representation 7 of
G, (Ap) realized on a space V, of cusp forms, satisfying:

(1) For every v € V%OO), 7, is the holomorphic discrete series representation of Harish-

Chandra parameter {152, 32 .. 223 221y (gee [LL21, Remark 1.4(1)]).

(2) For every v € Vi2™  r, is spherical with respect to K, ,, that is, 7% =£ {0}.

(3) For every v € VB r, is either unramified or almost unramified (see [LL1.21, Re-
mark 1.4(3)]) with respect to K, ,; moreover, if m, is almost unramified, then v is
unramified over Q.

(4) For every v € Vin 7, is tempered.

(5) We have R, US, C Vy (Definition 1.1), where

e R, C V' denotes the (finite) subset for which 7, is ramified,
e S, C Vit' denotes the (finite) subset for which m, is almost unramified.

Comparing Assumption 1.3 with [LL1.21, Assumption 1.3], we have lifted the restriction
that V2™ = () (by allowing 7, to be a certain type of representations for v € V™) and also
the restriction on 7, for v € VSFI?I. Note that (5) is not really a new restriction since when
viam = () it is automatic by Remark 1.2.

Suppose that we are in Assumption 1.3. Denote by L(s, 7) the doubling L-function. Then
we have () = (—1)"F*U+B=| for the global (doubling) root number, so that the vanishing
order of L(s,m) at the center s = % has the same parity as r[F : Q] + |S;|. The cuspidal
automorphic representation 7 determines a hermitian space V, over Ag of rank n via local
theta dichotomy (so that the local theta lifting of 7, to U(V;)(F),) is nontrivial for every
place v of F'), unique up to isomorphism, which is totally positive definite and satisfies that
for every v € Vi, the local Hasse invariant €(V, ®,, F,) = 1 if and only if v & S,.

Now suppose that r[F' : Q]+ S| is odd, hence e(7) = —1, which is equivalent to that V} is
incoherent. In what follows, we take V' = V. in the context of [L1.21, Conjecture 1.1], hence
H = U(V;). Let R be a finite subset of Vi, We fix a special maximal subgroup L* of H(AX™)
that is the stabilizer of a lattice A* in V ®,, AR¥* (see Notation 4.2(H6) for more details).
For a field L, we denote by TF the (abstract) Hecke algebra L[LM\H(AX")/L?], which is
a commutative LL-algebra. When R contains R, the cuspidal automorphic representation 7
gives rise to a character

where Q* denotes the subfield of C of algebraic numbers; and we put m& = ker x*, which
is a maximal ideal of Tfa.

In what follows, we will fix an arbitrary embedding ¢: F < C and denote by {X} the
system of unitary Shimura varieties of dimension n — 1 over ¢(E) indexed by open compact
subgroups L C H(AY) (see Subsection 4.2 for more details). The following is the first main
theorem of this article.

Theorem 1.4. Let (7,V;) be as in Assumption 1.3 with r[F : Q] + |Sx| odd, for which we
assume [L121, Hypothesis 6.6]. If L'(3,m) # 0, that is, ord,_1 L(s,m) = 1, then as long as

1
2
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R satisfies Ry C R and RNVE NVY| > 2, the nonvanishing

ling (CH" (X1, 10)ec) | # 0
Ly ”

holds, where the colimit is taken over all open compact subgroups Ly of H(Fy).

Our remaining results rely on Hypothesis 4.11 on the modularity of Kudla’s generating
functions of special cycles, hence are conditional at this moment.

Theorem 1.5. Let (m,V,) be as in Assumption 1.3 with r[F : Q] + |S,| odd, for which we
assume [IL1.21, Hypothesis 6.6]. Assume Hypothesis /.11 on the modularity of generating
functions of codimension r.
(1) For every test vectors
o V1 = RuP1y € Vi and po = Ryupa, € Vi such that for every v € V%OO), P1p and P,
have the lowest weight and satisfy (©$,, Y20)r, = 1,
[ ] ¢OO = Xy cf?, S y(vr ®AF A%o) and ¢So = ®v¢g§j € y(vr ®AF A%O)J
the identity

L r
<@¢§°(@1)7@¢§°(<ﬂ2)>g{£ = bg(2(0)) FQ] H 3%% Plos P20, PT0 @ (650)°)

vEVﬁ“

holds. Here,
® Oy (i) € lim CH"(X1)2 is the arithmetic theta lifting (Definition 4.12), which
s only well-defined under Hypothesis 4.11;
® (Ogx (1), @gz,go(gog)}hxﬂ is the normalized height pairing (Definition 4.17),® which
is constructed based on Beilinson’s notion of height pairing;
e 0y.(0) is defined in Notation 4.1(F4), which equals L(M,’ (1)) where M, is the mo-
tive associated to G, by Gross [Gro97], and is in particular a positive real number;
o (), = (—1)”2_”#2%, which is the exact value of a certain archimedean
doubling zeta integral; and
J Siv’vv(gofv,gogv,qb‘ff, ® (¢32)) is the normalized local doubling zeta integral [L.1.21,
Section 3], which equals 1 for all but finitely many v.
(2) In the context of [L1.21, Conjecture 1.1], take (V =V, and) 7> to be the theta lifting
of ™ to H(AY). If L'(3,m) # 0, that is, ordszé L(s,m) =1, then

HOH’lH(Aoo < gﬂCHT<XL) ) 7£O
holds.

Remark 1.6. We have the following remarks concerning Theorem 1.5.

(1) Part (1) verifies the so-called arithmetic inner product formula, a conjecture proposed
by one of us [Liulla, Conjecture 3.11].

(2) The arithmetic inner product formula in part (1) is perfectly parallel to the classical
Rallis inner product formula. In fact, suppose that V is totally positive definite but
coherent. We have the classical theta lifting 640 (¢) where we use standard Gaussian

3Strictly speaking, (O (1), @¢go((p2)>g(7E relies on the choice of a rational prime ¢ and is a priori an
element in C ®g Q. However, the above identity implicitly says that it belongs to C and is independent of
the choice of /.
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functions at archimedean places. Then the Rallis inner product formula in this case
reads as
L(i,m)

29

(O (1), Oge (2)) r = oor0) CIU T 35, v (5, 020, 650 @ (652)°),
r UEVﬁn

in which ( , )y denotes the Petersson inner product with respect to the Tamagawa
measure on H(Ap).

In the case where R, = (), we have a very explicit height formula for test vectors that are
new everywhere.

Corollary 1.7. Let (7, V,) be as in Assumption 1.3 with r[F : Q| + [S,| odd, for which we
assume [1.1.21, Hypothesis 6.6]. Assume Hypothesis 4.11 on the modularity of generating
functions of codimension r. In the situation of Theorem 1.5(1), suppose further that

® Ry =0);
oo = vy = @ € VI (see Notation 4.3(G8) for the precise definition of the one-
dimensional space V,[r’"m of holomorphic new forms) such that for every v € Vg,

(08, 0u)r, = 1; and
o ¢ = ¢3° = @™ such that for every v € Vf}n; by = H(A%)T‘

Then the identity

i . |Cr|[F:Q] . H qu(% + 1)
bar(0) VES (gt +1)(¢2r — 1)

holds, where q, is the residue cardinality of F,.

(O (), Og (¥))i . = (—1)" -

Remark 1.8. Assuming the conjecture on the injectivity of the étale Abel-Jacobi map, one
can show that the cycle O 4 (¢) is a primitive cycle of codimension r. By [Bei&7, Conjec-
ture 5.5], we expect that (—1)T(@¢oo(g0),®¢oo(g0)>g<ﬂ > 0 holds, which, in the situation of
Corollary 1.7, is equivalent to L' (%, ) = 0.

Remark 1.9. When S, = (), Theorem 1.4, Theorem 1.5, and Corollary 1.7 hold without
[LL21, Hypothesis 6.6]. See Remark 4.32 for more details.

Ezample 1.10. Suppose that E/F satisfies the conditions in Assumption 1.3 and that
r > 2. Consider an elliptic curve A over F without complex multiplication, satisfying
that Sym® ' A and hence Sym® ' A are modular. Let IT be the cuspidal automorphic
representation of GL,(Ag) corresponding to Sym® ' Ap, which satisfies IIY ~ IT o c. Then
there exists a cuspidal automorphic representation 7 of G,.(Ar) as in Assumption 1.3 with
I1 its base change if and only if A has good reduction at every v € Vin\ vi¥ !4 Moreover, if
this is the case, then we have S; = ), hence £(7) = (—1)"*@. In particular, above results
apply when both r and [F': Q] are odd.

4Note that, when r > 2, the (2r — 1)-th symmetric power of an irreducible admissible representation of
GL2(E,) can never be the base change of an almost unramified representation of G,.(F,) for v € Viu®.
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1.2. Two new ingredients. The proofs of our main theorems follow the same line in [[.1.21],
with two new (main) ingredients, responsible for the two improvements we have mentioned
at the beginning.

The first new ingredient is formulating and proving an analogue of the Kudla-Rapoport
conjecture in the case where F/F is ramified and the level structure is the one that gives the
exotic smooth model (see Subsection 2.1). Here, F is a p-adic field with p odd. Let L be an
Op-lattice of a nonsplit (nondegenerate) hermitian space V' over E of (even) rank n. Then
one can associate an intersection number Int(L) of special divisors on a formally smooth rel-
ative Rapoport—Zink space classifying quasi-isogenies of certain unitary Opg-divisible groups,
and also the derivative of the representation density function dDen(L) given by L. We show
in Theorem 2.7 the formula

Int(L) = 0Den(L).

This is parallel to the Kudla-Rapoport conjecture proved in [l.7a], originally stated for
the case where E/F is unramified. The proof follows from the same strategy as in [L7a],
namely, we write L = L* + (z) for a sublattice L’ of L such that V;, := L’ ®¢, F is non-
degenerate, and regard x as a variable. Thus, it motivates us to define a function Int;, on
V \ V» by the formula Int;, () = Int(L® + ()) and similarly for Den;,. For Int;,, there
is a natural decomposition Int;, = Int?, + Int}, according to the horizontal and vertical
parts of the special cycle defined by L’. In a parallel manner, we have the decomposition
ODen;, = dDen’, + dDen}, by simply matching dDen’, with Int},. Thus, it suffices to
show that Int], = dDen},. By some sophisticated induction argument on L’, it suffices to
show the following remarkable property for both Intj, and dDenj,: they extend (uniquely)
to compactly supported locally constant functions on V', whose Fourier transforms are sup-
ported in the set {x € V | (z,2)y € Or}. However, there are some new difficulties in our
case:

e The isomorphism class of an Og-lattice is not determined by its fundamental invariants,
and there is a parity constraint for the valuation of an Og-lattice. This will make the
induction argument on L’ much more complicated than the one in [I.7] (see Subsection
2.7).

e The comparison of our relative Rapoport-Zink space to an (absolute) Rapoport—Zink
space is not known. This is needed in the p-adic uniformization of Shimura varieties.
We solve this problem when F/Q, is unramified, which is the reason for us to assume
that every prime in Vi2™ is unramified over Q in Assumption 1.3. See Subsection 2.8.

e Due to the parity constraint, the computation of Int], can only be reduced to the case
where n = 4 (rather than n = 3 in [LZa]). After that, we have to compute certain
intersection multiplicity, for which we use a new argument based on the linear invariance
of the K-theoretic intersection of special divisors. See Lemma 2.55.

Here come three more remarks:

e First, we need to extend the result of [C'Y20] on a counting formula for dDen(L) to
hermitian spaces over a ramified extension £/F (Lemma 2.19).

e Second, we have found a simpler argument for the properties of dDenj, (Proposition
2.22), which does not use any functional equation or induction formula. This argument
is applicable to [I.Za] to give a new proof of the main result on the analytic side there.
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Also note that we prove the vanishing property in Proposition 2.22 directly, while in
[.74] it is only deduced after proving Int}, = dDen},.”

e Finally, unlike the case in [[.7a], the parity of the dimension of the hermitian space plays
a crucial role in the exotic smooth case. In particular, we will not study the case where
V has odd dimension.

The second new ingredient is a vanishing result on certain cohomology of integral models
of unitary Shimura varieties with Drinfeld level structures. For v € VSFI?I NV} with p the
underlying rational prime, we have a tower of integral models {X, },,>0 defined by Drinfeld

(p)
level structures (at v), with an action by T&JZF via Hecke correspondences. We show in
Theorem 4.21 that

H2T<Xm> QZ(T))m =0
rUV®) rUV®) rUV(P)
with £ # p and m := m¥ NSpa.” , where Sgac” is the subalgebra of Tg..” consisting of those
supported at split places. We reduce this vanishing property to some other vanishing prop-
erties for cohomology of Newton strata of A,,, by using a key result of Mantovan [Man0g]
saying that the closure of every refined Newton stratum is smooth. For the vanishing proper-
ties for Newton strata, we generalize an argument of [TY 07, Proposition 4.4]. However, since
in our case, the representation 7, has arbitrary level and our group has nontrivial endoscopy,
we need a more sophisticated trace formula, which was provided in [C517].

1.3. Notation and conventions.

e When we have a function f on a product set Ay x -+ x A,,, we will write f(ay,...,a;)
instead of f((ai,...,a,)) for its value at an element (ay,...,a,) € Ay X -+ X Ap,.

e For a set S, we denote by 1g the characteristic function of S.

e All rings are commutative and unital; and ring homomorphisms preserve units. However,
we use the word algebra in the general sense, which is not necessarily commutative or
unital.

e For a (formal) subscheme Z of a (formal) scheme X, we denote by % the ideal sheaf of
Z, which is a subsheaf of the structure sheaf &'y of X.

e For a ring R, we denote by Sch,r the category of schemes over R, by Sch'/ r the subcat-
egory of locally Noetherian schemes over R, and when R is discretely valued, by Schjp
the subcategory of schemes on which uniformizers of R are locally nilpotent.

e If a base ring is not specified in the tensor operation ®, then it is Z.

e For an abelian group A and a ring R, we put A = A® R.

e For an integer m > 0, we denote by 0,, and 1,, the null and identity matrices of rank
m, respectively. We also denote by w,, the matrix (—1m 1’").

e We denote by c¢: C — C the complex conjugation. For an element x in a complex space
with a default underlying real structure, we denote by z° its complex conjugation.

e For a field K, we denote by K the abstract algebraic closure of K. However, for aesthetic
reason, we will write Q, instead of @, and will denote by F, its residue field. On the
other hand, we denote by Q¢ the algebraic closure of Q inside C.

SWe have also tried to apply our argument to prove this vanishing property directly in the case considered
in [L.Za] as well, but the numerology seems much more complicated to make a success. Nevertheless, our
argument does give a simpler proof of the weaker vanishing property in [LZa, Theorem 7.4.1].
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e For a number field K, we denote by ¥ : K\Ax — C* the standard additive character,
namely, g = g o Trg /g in which ¢g: Q\A — C* is the unique character such that
w@,oo(x) — eQﬂ'lx‘

e Throughout the entire article, all parabolic inductions are unitarily normalized.

Acknowledgements. We thank Xuhua He and Yichao Tian for helpful discussion, and Bene-
dict Gross for useful comments. We also thank the anonymous referees for their careful
reading and useful suggestions and comments. The research of C. L. is partially supported
by the NSF grants DMS-1802269 and DMS-2101157. The research of Y. L. is partially
supported by the NSF grant DMS-2000533.

2. INTERSECTION OF SPECIAL CYCLES AT RAMIFIED PLACES

Throughout this section, we fix a ramified quadratic extension E/F of p-adic fields with
p odd, with ¢ € Gal(E/F) the Galois involution. We fix a uniformizer u € E satisfying
u® = —u. Let k be the residue field of F' and denote by ¢ the cardinality of k. Let n = 2r
be an even positive integer.

In Subsection 2.1, we introduce our relative Rapoport-Zink space and state the main
theorem (Theorem 2.7) on the relation between intersection numbers and derivatives of rep-
resentation densities. In Subsection 2.2, we study derivatives of representation densities. In
Subsection 2.3, we recall the Bruhat—Tits stratification on the relative Rapoport—Zink space
from [Wu] and deduce some consequences. In Subsection 2.4, we prove the linear invariance
on the K-theoretic intersection of special divisors, following [How19]. In Subsection 2.5, we
prove Theorem 2.7 when r = 1, which is needed for the proof when r» > 1. In Subsection
2.6, we study intersection numbers. In Subsection 2.7, we prove Theorem 2.7 for general
r. In Subsection 2.8, we compare our relative Rapoport—Zink space to certain (absolute)
Rapoport-Zink space assuming F'/Q,, is unramified.

Here are two preliminary definitions for this section:

o A hermitian Og-module is a finitely generated free Og-module L together with an Op-
bilinear pairing (, ): L x L — E such that the induced E-valued pairing on L ®¢, F
is a nondegenerate hermitian pairing (with respect to c¢). When we say that a hermitian
Og-module L is contained in a hermitian Og-module or a hermitian E-space M, we
require that the restriction of the pairing (, ) to L coincides with (, )p.

e Let X be an object of an additive category with a notion of dual.

— We say that a morphism ox: X — XV is a symmetrization if ox is an isomorphism

and the composite morphism X — XYV 2% XV coincides with oy.
— Given an action tx: Op — End(X), we say that a morphism Ay: X — XV is
Lx-compatible if Ay o tx(a) = tx(a®)¥ o Ay holds for every a € Op.

2.1. A Kudla—Rapoport type formula. We fix an embedding ¢y: £ — C, and let E be
the maximal complete unramified extension of po(E) in C,. We regard E as a subfield of E
via g, hence identify the residue field of E with an algebraic closure k of k.

Definition 2.1. Let S be an object of Sch/o,. We define a category Exo(,_11)(S) whose
objects are triples (X, tx, Ax) in which
e X is an Op-divisible group® over S of dimension n = 2r and (relative) height 2n;

6An Op-divisible group is also called a strict Op-module.
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e ix: Op — End(X) is an action of O on X satisfying:
— (Kottwitz condition): the characteristic polynomial of ¢x(u) on the locally free Os-
module Lie(X) is (T — u)" YT +u) € Os[T],
— (Wedge condition): we have
2
A (ex(w) — u | Lie(X)) =0,
— (Spin condition): for every geometric point s of S, the action of ¢x(u) on Lie(Xj) is
noNZero;
e \x: X — XV is a tx-compatible polarization such that ker(Ay) = X[tx(u)].
A morphism (resp. quasi-morphism) from (X, tx, Ax) to (Y, iy, Ay) is an Og-linear isomor-
phism (resp. quasi-isogeny) p: X — Y of height zero such that p*Ay = Ax.
When S belongs to Schj, . we denote by Exo?n_l’l)(S) the subcategory of Exo(,—1,1)(S5)
consisting of (X, tx, Ax) in which X is supersingular.”
Remark 2.2. Giving a tx-compatible polarization Ax of X satisfying ker(Ax) = X[tx(u)]
is equivalent to giving a ¢x-compatible symmetrization ox of X. In fact, since ker(Ax) =
X[tx(u)], there is a unique morphism ox: X — XV satisfying Ay = oy o tx(u), which is in
fact an isomorphism, satisfying
oy =tx(u ) oAy = —ix(u ) odx = —Ax orx(uh) = Ay oux(ut) = oy,

and is clearly ¢x-compatible. Conversely, given a ¢x-compatible symmetrization ox of X,
we may recover Ax as ox o tx(u). In what follows, we call oy the symmetrization of Ax.

To define our relative Rapoport-Zink space, we fix an object (X, tx,A\x) € Exo}()n_l’l)(E).

Definition 2.3. We define a functor N == M X,ix,Ax) ON SCh;oE such that for every object
S of Schyo N (S) consists of quadruples (X, tx, A\x; px) in which

e (X,ix,Ax) is an object of EXOI(Dn_Ll)(S);
e px is a quasi-morphism from (X, :x, Ax) x5 (S ®o, k) to (X,tx, x) @5 (S ®o, k) in
the category Exol(Dn_Ll)(S ®o, k).

Lemma 2.4. The functor N is a separated formal scheme formally smooth over Spf Op of
relative dimension n — 1. Moreover, N has two connected components.

Proof. 1t follows from [RZ96] that N is a separated formal scheme over Spf Op. The formal
smoothness of A follow from the smoothness of its local model, which is [RSZ17, Proposi-
tion 3.10]; and the dimension also follows. For the last assertion, our moduli functor N is
the disjoint union of Ny and N 1) from [Wu, Section 3.4], each of which is connected by
[Wu, Theorem 5.18(2)].° O

To study special cycles on N, we fix a triple (Xo, tx,, Ax,) where

e X is a supersingular Op-divisible group over Spec O of dimension 1 and height 2;

e 1x,: Op — End(Xj) is an Og-action on X such that the induced action on Lie(X)) is
given by o;

7Here, the superscript “b” stands for basic, which is related to the basic locus in the Shimura variety that
appears later.

8The article [Wu] only studied the case F = Q,. In fact, all arguments and results work for general F.
This footnote applies to the proof of Proposition 2.28 as well.
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o \x,: Xo— X{ is a tx,-compatible principal polarization.
Note that ¢tx, induces an isomorphism tx,: O — Endo, (Xp). Put
V = Homo, (X) ®o, k, X) ® Q,
which is a vector space over E of dimension n. We have a pairing

(2.1) (LJv:VxVSE

sending (z,y) € V* to the composition of quasi-homomorphisms

v u"2AL
Xo & X 2 xV L, xy — 0
as an element in Endo,, (Xo)®Q, hence in E via tx!. It is known that ( , )y is a nondegenerate

{

and nonsplit hermitian form on V' [RSZ17, Lemma 3.5].”

Definition 2.5. For every nonzero element x € V', we define the special divisor N'(x) of N
to be the maximal closed formal subscheme over which the quasi-homomorphism

p)_(l ox: (XO ®0E E) Rk (S ®OE E) — X Xg (S ®OE E)
lifts (uniquely) to a homomorphism X, ®o, S — X.

Definition 2.6. For an Og-lattice L of V', the Serre intersection multiplicity

L L
X <ﬁN (@1) Qon " Doy ﬁN(w)

does not depend on the choice of a basis {z1, ..., z,} of L by Corollary 2.35, which we define
to be Int(L).

Theorem 2.7. For every Og-lattice L of V', we have
Int(L) = 0Den(L),
where ODen (L) is defined in Definition 2.10.

The strategy of proving this theorem described in Subsection 1.2 motivates the following
definition, which will be frequently used in the rest of Section 2.

Definition 2.8. We define b(V) to be the set of hermitian Og-modules contained in V' of
rank n — 1. In what follows, for L’ € b(V'), we put Vj, = L’ ®¢, F and write V} for the
orthogonal complement of V;, in V.

Remark 2.9. Let S be an object of Scho,. We have another category Exo(,)(S) whose
objects are triples (X, tx, Ax) in which

e X is an Op-divisible group over S of dimension n = 2r and (relative) height 2n;
e ix: Op — End(X) is an action of O on X such that ¢x(u) — u annihilates Lie(X);
e \x: X — XV is a tx-compatible polarization such that ker(Ay) = X[tx(u)].

Morphisms are defined similarly as in Definition 2.1.

9The readers may notice that we have an extra factor v~2 in the definition of the hermitian form. This
is because we want to ensure that NV (z) is nonempty if and only if (z,z)v € Op.



12 CHAO LI AND YIFENG LIU

For later use, we fix a nontrivial additive character ¢r: F' — C* of conductor Op. For a
locally constant compactly supported function ¢ on a hermitian space V' over E, its Fourier
transform ¢ is defined by

0(@) = | 6w)vr(Trpe(e,y)v)dy
where dy is the self-dual Haar measure on V.

2.2. Fourier transform of analytic side. In this subsection, we study local densities of
hermitian lattices. We first introduce some notion about Og-lattices in hermitian spaces.

Definition 2.10. Let V' be a hermitian space over E of dimension m, equipped with the
hermitian form (, )y.

(1) For a subset X of V,
e we denote by X™ the subset {z € X | (z,z)y € Op};
e we denote by (X) the Og-submodule of V' generated by X; when X = {z,...} is
explicitly presented, we simply write (z,...) instead of ({z,...}).
(2) For an Og-lattice L of V', we put

LY ={x € V| Trg/r(z,y)v € O for every y € L}
={r eV |(x,y)y €u'Og for every y € L}.

We say that L is

e integral if L C LY;

e vertez if it is integral such that LY /L is annihilated by u; and

o self-dual if L =L".

(3) For an integral Og-lattice L of V| we define

e the fundamental invariants of L unique integers 0 < a; < --- < a,, such that
LY/L ~Og/(u™) & ---® Og/(u") as Op-modules;

e the type t(L) of L to be the number of nonzero elements in its fundamental invari-
ants; and

e the valuation of L to be val(L) := 3", a;; when L is generated by a single element
x, we simply write val(z) instead of val({z)).

The above notation and definitions make sense without specifying V', namely, they apply to
hermitian Og-modules.

Definition 2.11. For a hermitian Og-module L, we say that a basis {ej,...,e,} of L is a
normal basis if its moment matrix 7" = ((e;, e;)1)"—, is conjugate to

(ﬁlu%l) ®---DP (53u2b5> b (—ugcl_l UQC(;_1> b---D (_ug)ct—l U23_1>

by a permutation matrix, for some f31,...,0s € Op and by, ..., bs, c1,...,¢; € Z.

Lemma 2.12. In the above definition, we have

(1) normal basis exists;

(2) the invariants s,t and by, ..., bs, c1,...,¢; depend only on L;

(8) when L is integral, the fundamental invariants of L are the unique nondecreasing re-
arrangement of (2by +1,...,2bs + 1,2¢1,2c1, ..., 2¢, 2¢,).
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Proof. Part (1) follows from [Jac62, Propositions 4.3 & 8.1]. Part (2) follows from the
canonicity of the Jordan splitting on [Jac62, Page 449]. Part (3) follows from a direct
calculation of L. O

Remark 2.13. The above lemma implies that for an integral hermitian Og-module L of rank
m with fundamental invariants (aq, ..., an),

(1) L is vertex if and only if a,, <1 and self-dual if and only if a,, = 0;
(2) t(L) and val(L) must have the same parity with m.

Definition 2.14. Let M and L be two hermitian Og-modules. We denote by Hermy, 5; the
scheme of hermitian Og-module homomorphisms from L to M, which is a scheme of finite
type over Op. We define the local density to be

Herm Or/(u?N
Den(M,L) == lim | “fv( _ P/
N—+400 q L,M

where dy, ps is the dimension of Hermy, s ®o, F'.

Denote by H the standard hyperbolic hermitian Og-module (of rank 2) given by the
matrix (71?_1 “61
Op-module of rank 2s. The following lemma is a variant of a result of Cho—Yamauchi [CY20]

when E/F' is ramified.

). For an integer s > 0, put H, := H%*. Then H, is a self-dual hermitian

Lemma 2.15. Let L be a hermitian Og-module of rank m. Then we have

Den(H, L)= Y |L/L"> [ (1-q¢?)

/ A2 !
LCL/CL oo i

for every integer s = m, where the sum s taken over integral Og-lattices of L ®o, F con-
taining L.

Proof. Put V = L ®¢, F. For an integral Opg-lattice L' of V| we equip the k-vector space
Ly, = L' ®o, Op/(u) with a k-valued pairing (, )z, by the formula

(T, y), =u- (2%, 9"y  mod (u)

where 2 and y* are arbitrary lifts of z and y, respectively. Then L) becomes a symplectic
space over k of dimension m whose radical has dimension ¢(L’). Similarly, we have Hj,
which is a nondegenerate symplectic space over k of dimension 2s. We denote by Isomp; u,,
the k-scheme of isometries from Lj to H, .

By the same argument in [('Y20), Section 3.3, we have

Den(H,, L) = g~ =m0 %7 |L//Lm
LgL/gL/\/

ISOUlL;C,HS,k(k?)’ )

Thus, it remains to show that

(2.2) ’ISOH‘L;,HS,,C(]C)’ _ qm(4s—m+1)/2 H (1— q—Qi)'

!
s— 777L+;(L ) <i<s

We fix a decomposition L) = Lo @ Ly in which Lg is nondegenerate and L, is the radical

of Lj,. We have a morphism 7: Isomp, gz, , — Isomz, g, , given by restriction, such that for

every element f € Isomy, g, , (k), the fiber 77! f is isomorphic to Isomp, j(pyr. As im(f)*
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is isomorphic to H_ m-uw, . it suffices to show (2.2) in the two extremal cases: t(L') = 0
2 ’
and t(L") = m.
Suppose that t(L') = 0, that is, L}, is nondegenerate. Note that Sp(Hj ) acts on Isomp; m,,
transitively, with the stabilizer isomorphic to Sp(Hs-m ;). Thus, we have
| Sp(Ha i) ()]
‘Sp(Hsf%,k)(k)‘

qsz Hf:l(q% —1)

m )2 s .
q(877) [Ti® (¢* — 1)
_ qm(4s—m+1)/2 H (1 . q—2i>7

s—%<i<s

’ISOHIL;C,HM (k)’ =

which confirms (2.2).
Suppose that t(L') = m, that is, Lj, is isotropic. Note that Sp(H,y) acts on Isomp m,,
transitively, with the stabilizer @) fits into a short exact sequence
1—=Uy,— Q — Sp(Hs—mp) = 1

in which U, is a unipotent subgroup of Sp(H, ) of Levi type GLy, ; X Sp(Hs—pm ). Thus,
we have

| Sp(Hs,k>(k)|
QSQ I (¢* - 1)

| Isomyy p, , (k)| =

m(2s—2m)+ mmt s—m s—m 1
s L g(smm) TSI (g2 — 1)
_ qm(4s—m+1)/2 H (1 . q_%),
s—m<i<S
which confirms (2.2).
Thus, (2.2) is proved and the lemma follows. O

Now we fix a hermitian space V' over E of dimension n = 2r that is nonsplit.

Definition 2.16. For an Og-lattice L of V', define the (normalized) local Siegel series of L
to be the polynomial Den(X, L) € Z[X], which exists by Lemma 2.19 below, such that for

every integer s = 0,
Den(H, s, L)

r+s (1 _ 721‘) ’
=541 q
where Den is defined in Definition 2.14. We then put

dDen(L) = — d(;( o Den(X, L).
Remark 2.17. Since V' is nonsplit, we have Den(1, L) = Den(H,, L) = 0.
Remark 2.18. Let L be an Og-lattice of V. Let T' € GL,,(F) be a representing matrix of L,
and consider the T-th Whittaker function Wr(s, 14, 1y2r) of the Schwartz function 12~ at
the identity element 14.. By [KR 14, Proposition 10.1],"° we have

WT(S, 14r> ﬂng) = Den(HrJrS, L)

Den(q™*, L) =

101y [KR14, Proposition 10.1] and its proof, the lattice L, , should be replaced by H,.
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for every integer s > 0. Thus, we obtain
WT(O 147, 1H27‘)
i=1 (1 —q 21)

logq - 0Den(L) =

by Definition 2.16.

Lemma 2.19. For every Og-lattice L of V', we have
Uy
(2.3) Den(X,L) = > x 2lengtho (/L) H — X2,
LCLCLY =0

and
ULy

(2.4) ODen(L) =2 > H (1—¢*

LCLCLY =1
where both sums are taken over integral Op-lattices of V' containing L.'*

Proof. The identity (2.3) is a direct consequence of Lemma 2.15 and Definition 2.16. The
identity (2.4) is a consequence of (2.3). O

Definition 2.20. Let L’ be an element of b(V') (Definition 2.8). For z € V' \ V},, we put
dDen;(z) = dDen(L’ + (z)),
ODenj,(z) =2 Y 1(2),

LPCLCLY
t(LNV,,)=1

dDen},(z) = dDen;;(z) — dDen}, (z).
Here in the second formula, L in the summation is an Og-lattice of V.

Remark 2.21. We have

(1) The summation in dDen®, () equals twice the number of integral Og-lattices L of V'
that contains L’ + (z) and such that t(L N V},) = 1.

(2) There exists a compact subset C;» of V' such that dDen;;, 9Den},, and dDen}, vanish
outside C}» and are locally constant functions on Cp, \ V.

(3) For an integral Og-lattice L of V', if t(L N V},) = 1, then ¢(L) = 2 by Lemma 2.23(1)
below and the fact that V' is nonsplit.

(4) By (3) and Lemma 2.19, we have

ULy

dDen},(z) =2 Y [T 1—¢*) | 1L(x)

ngLgL\/ =1
t(LNV,;,)>1

forx € V\ V.
The following is our main result of this subsection.

Proposition 2.22. Let L’ be an element of b(V)). Then ODenj, estends (uniquely) to
a (compactly supported) locally constant function on V', which we still denote by ODenj,.

Moreover, the support of aDean is contained in V'™ (Definition 2.10).

uL) ,
Hin (2.4), when t(L) = 2, we regard the empty product [[,2 1(1 —¢*") as 1.
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We need some lemmas for preparation.

Lemma 2.23. Let L be an integral hermitian Og-module of with fundamental invariants
(al, c. ,&m).

(1) If T = ((es,€5)L)=1 is the moment matriz of an arbitrary basis {ei1,...,en} of L,
then for every 1 < ¢ < m, a1 + --- + a; — @ equals the minimal E-valuation of the
determinant of all i-by-i minors of T'.

(2) If L = L' + (x) for some (integral) hermitian Og-module L' contained in L of rank
m — 1, then we have

. tLY+1, ifd eul” + L,
(L) = t(L")y —1, otherwise,
where &' is the unique element in L'V such that (z',y)r = (z,y)L for everyy € L.

Proof. Part (1) is simply the well-known method of computing the Smith normal form of «T’
(over Og) using ideals generated by determinants of minors. For (2), take a normal basis
{@1,...,2m—1} of L (Definition 2.11) such that (x1, ..., Zpn_1_41)) is self-dual. Applying (1)
to the basis {z1,...,Z,_1,2} of L, we know that t(L) = ¢(L') + 1 if (z;,2); € O for every
m — t(L') < i< m — 1; otherwise, we have t(L) = t(L') — 1. In particular, (2) follows. O

In the rest of this subsection, in order to shorten formulae, we put
-1
pt) = [1(1—q")
i=1

for every positive even integer t.

Lemma 2.24. Take L’ € b(V) that is integral. For every compact subset X of V not
contained in Vi,, we denote by 6x the mazximal integer such that the image of X wunder
the projection map V. — VL% induced by the orthogonal decomposition V. = V}, @ VLL,, 18
contained in u‘SX(VL%)int. We denote by £ the set of Og-lattices of V' containing L°, and by
& the set of triples (L”,d,¢) in which L is an Og-lattice of Vy» containing L, § € Z, and
e: u(VE)™ — L” ®0, F/Or is an Op-linear map.
(1) The map £ — € sending L to the triple (LN Vyy,01,€1) is a bijection, where €1, is the
extension map u’(V5)™ — (LN V) ®o, F/Op induced by the short ezact sequence

0— LNVy — L—u’= (Vi)™ — 0.

Moreover, L is integral if and only if the following hold:
o LNVy, is integral;
e the image of € is contained in (LN V)Y /(LN Vy);
o cr(z)+2 C V™ for every x € u’t (V)1
(2) For L € £ that is integral and corresponds to (L”,0,¢) € €, we have

" t(L”) +1, if the image of € is contained in (u(L")" + L")/L",
| uL”) =1, otherwise.

PFor (L, 6,¢) € €, we regard () + 2 as an L”-coset in V' as long as we write e(x) + 2 C Q for a subset
Qof V.
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(3) For every fived integral Og-lattice L” of V;» containing L’, the sum

S (L))

LCLY
LNV, ,=L"

is convergent; and if t(L”) > 1, then we have

Yo (L) =0
LCLY
LNV, ,=L"
zeLY
for every z € V. \ V™,
4) For every fized integral Og-lattice L” of Vy» containing L’ with t(L”) > 1, we have
L

> ult(L) =0.
LCLY

LNV, ,=L"
6r.=0

Proof. For (1), the inverse map € — £ is the one that sends (L”,d,¢) to the Op-lattice L
generated by L” and e1,(z) + « for every € u’*(V;)™. The rest of (1) is straightforward.

Part (2) is simply Lemma 2.23(2).

Part (4) follows by applying (3) to generators z of Og-modules v (V;5)™ and u=?(V5)™
and then taking the difference.

Now we prove (3), which is the most difficult one. For every x € V', we denote by 2’ € V},
the first component of x with respect to the orthogonal decomposition V- =V}, & VL%. Put

Q={zecVm™|z e (L")}, Q° = {z e V™| cul”) +L"}.

Note that both  and €2° are open compact subsets of V' stable under the translation by
L”. For an element L € £ corresponding to (L”,6,¢) € € from (1), L is integral if and only
e(x) + x C Q for every z € u’ (V)™ By (2), for such L,

WD) t(L")+ 1, if e(x) + 2 C Q° for every x € u(Vi5)™ \ «® 1 (V5)™,
L) =1, ife(x) 4+ CQ\Q° for every z € ul (V5™ \ ult (Vi)™
Thus, we may replace the term corresponding to L in the summation in (3) by an integration

over the region Uxeué(vi)int\uéﬁ-l(vﬁ)int(5(1’) + ) of Q. Tt follows that
L L

1
—or _ br br
q t(L))| = (/ t(L")+1)|dx + t(L”") -1 dx),
X = g ([, @ 0l [ ) - 1)
LNV, ,=L"

which is convergent, where
C = VOl(Lb/) . Vol((VLJ;)int \ u(VLJE)int)'

Now we take an element z € V' \ V™. We may assume 2’ € (L”)V since otherwise the
summation in (3) is empty. Put

Q. ={zecQ|(z,2)y €u'0g}, Q2 ={r e Q| (x,2)y € u'Og},
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both stable under the translation by L” since 2’ € (L”)V. Similarly, we have

1
_5L _ bs by
7t (L _</ L") + 1) dx + tH(L —1dx>
Lgv wtl) =5 _ p(t(L7) +1) 0.2 ) p(t(L") = 1)
LNV, =L"
zeLY
_p(r) = 1) o H(LY)—1 o
= (vol(2:\ Q2) + (1 - ¢ ) vol(22))
Lb/ _ 1 ,
=MD =0 (o) — ¢ vol())
where we have used #(L”) > 1 in the second equality. Thus, it remains to show that
(2.5) vol(2.) = ¢ vol(Q2).

We fix an orthogonal decomposition L” = Ly @ L, in which L, is self-dual and L, is of
both rank and type ¢(L”). Since both . and Q° depend only on the coset z + L”, we may
assume z’ € LY and anisotropic. Let V5 C V be the orthogonal complement of Ly + (z). We
claim

(¥) There exists an integral Og-lattice Ly of V5 of of type t(L”) such that
(2.6) (W' Ly)™ = {z € V" |2/ € u'L}}
for i =0, 1.
Assuming (x), by construction, we have
{r eV |(z,2)y €u'0p} = Ly®o, FO (2)V @ Va.

Now we use the condition z ¢ V™ which implies that (z)¥ C u(z) N V™. Combining with
(2.6), we obtain

Q. = Lo x {(2)¥ x (Ly)™, Q2 = Lo x {(2)¥ x (uLy)™.
Thus, (2.5) follows from Lemma 2.25 below. Part (3) is proved.

Now we show (k). There are two cases.
First, we assume z # 2/, that is, z € V},. Let Ly be the unique Og-lattice of V5 satisfying
(2.7) Ly ={z eV, |2 € L}}.
Then (2.6) clearly holds. Thus, it remains to show that L is integral of type ¢t(L”). Put
w=z—2 € VL%, which is nonzero, hence anisotropic. Then
2 - Z/ _ (Zl? Z/>V
(UUTU)V

is the unique element in V5 such that 2’ = 2’. To compute Lo, we write
L =M+ (y+ o)
for some y € V;, N V5 and o € E'\ uOpg, where M := LY N V5. Then
MU =LinVy={xc M| (z,y)y € u'Og}.

Since MY /MT is isomorphic to an Og-submodule of E/u"'Op, we may take an element
y' € MV that generates MV /M'. Then we have

Ly =M+ (y' +al?)
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for some af € E* such that (y',y)y + afac(7/,2')y € u='Og. Now by (2.7), we have
Ly =M+ (y+ az).

By the same argument, we have

Ly = M+ (y' +afpz),
where
(2, 2")v
(2, 2)v
By Lemma 2.23(2), we have t(Ly) = t(L;) = t(L”) as long as Ly is integral. Thus, it suffices
to show that y' + afpz € V™. We compute

p =

(v +atpzyl +atpzy — (4 oty +al2)y
= (an§7 ang)V - (aTzla a]LZ,)V

— NmE/F(aT) <% — (7, z’)V>

(z,2)y

= NmE/F(OzT)(z', 2y

= Nmp/r(al)(Z, 2)v ((lez/gw,wz w)y 1)

—(al)® (af2', )y,

af (z,2)v
As 2 € LY, we have (a2, )y € u™'0p. As 2 € V™ we have (z, 2)y € u~'Og. Together,
(ﬂz 2y ¢ Op. Thus, y' + afpz € V™ as yt + a2’ € V™ hence Ly meets the

(z:2)v
requirement in (x).

Second, we assume z = 2/, that is, z € Vp,. Take Ly = (L} N V5)Y @ w’ (V)™ for some
integer 0 > 0 determined later. We show that (L7 NV4)Y is an integral hermitian Og-module
of type t(L”) — 1. As in the previous case, we write

LY =M+ (y+ az2)
for some y € V;, NV5 and o € E'\ uOg, where M := LY N V5. Then

so that MV is generated by M and yf. As L, is of type t(L”), which is its rank, we have
Ly Culy, that is,

we have

M+ (y' +al2') CuM + uly + a2),
hence Mt C uM. As 2/ € LY, we have (a2,2)y € u'Op. As 2/ = 2 ¢ V™ we
have (2/,2')y € v 'Og, hence ozT € uOp. Again as 2/ € LY, we have a2’ € uLy, hence
y' € uLy NVy = uM. Together, we obtain MV C uM, that is, (LY N'V4)Y is an integral
hermitian Og-module of type t(L”) — 1.

Consequently, Ly is an integral Op-lattice of V5 of type t(L”). Since Ly = (LY NV,) @
u™ Y (V)™ it is clear that for ¢ sufficiently large, (2.6) holds for ¢ = 0,1. Thus, (*) is
proved.

The lemma is all proved. UJ
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Lemma 2.25. Let L be an integral hermitian Og-module of rank 2m + 1 for some integer
m >0 with t(L) = 2m + 1. Then we have

(2.8) ‘(Lv)int/L‘ _ q2m . ‘(UL\/)int/L‘ .
Note that both (LV)™ and (uLV)™ are stable under the translation by L as t(L) = 2m + 1.

Proof. Put V := L ®¢, F. We prove by induction on val(L) for integral Og-lattices L of V/
with #(L) = 2m + 1 that (2.8) holds.

The initial case is such that val(L) = 2m + 1, that is, LY = u™'L. The pairing v*( , )y
induces a nondegenerate quadratic form on LY/L. Tt is clear that (LY)™ /L is exactly the
set of isotropic vectors in LY /L under the previous form. In particular, we have

‘(LV)int/L‘ _ q2m _ q2m . ‘(uL\/)int/L‘ .

Now we consider L with val(L) > 2m + 1, and suppose that (2.8) holds for such L’
with val(L') < val(L). Choose an orthogonal decomposition L = Lo & L; in which Ly is
an integral hermitian Og-module with fundamental invariants (1,...,1) and such that all
fundamental invariants of L, are at least 2. In particular, L, has positive rank. It is easy to
see that we may choose a hermitian Og-module L} contained in 'L, satisfying L; & L}
and t(L}) = t(Ly). Put L' .= Ly @ L. By the induction hypothesis, we have

’(L/V)int/Ll — q2m . ‘(UL/\/)int/L/

It remains to show that
(2.9) (LYY \ (L)) /L] = ¢ - [l \ (L )™) /L]
We claim that the map

(L) (L)) L = (uL)™\ (L))

given by the multiplication by u is ¢*"-to-1. Take an element x € (uL")™ \ (uL'V)™. Tts
preimage is bijective to the set of elements (yo,y1) € Lo/uLo @ Li/uly such that u='(z +
(y0,91)) € V™ which amounts to the equation

(z,2)v + Trg/r(x,y0)v + Trg/p(z, y1)v + (Yo, %o)v € u”OF.

Since x € (uLy) x ((uLy)™ \ (u?L})™), there exists y; € Ly such that (z,y)y € Of. In
other words, for each yo, the above relation defines a nontrivial linear equation on L;/uL;.
Thus, the preimage of z has cardinality ¢™. We obtain (2.9), hence complete the induction
process. O

Proof of Proposition 2.22. We fix an element L’° € b(V'). If L’ is not integral, then dDen}, =
0, hence the proposition is trivial. Thus, we now assume L’ integral and will freely adopt
notation from Lemma 2.24.

To show that 0Denj, extends to a compactly supported locally constant function on V/,
it suffices to show that for every y € V,/L, there exists an integer d(y) > 0 such that
dDenj,(y + ) is constant for x € u’@ (V) \ {0}. If L’ + (y) is not integral, then there
exists d(y) > 0 such that L’ + (y +z) is not integral for z € u*® (V)™ \ {0}, which implies
ODen},(y + z) = 0.

Now we fix an element y € V;, /L’ such that L” + (y) is integral. We claim that we may
take d(y) = a,_;, which is the maximal element in the fundamental invariants of L. It
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int

amounts to showing that for every fixed pair (fi, f2) of generators of the Og-module (V)™
we have

(2.10) ODen}, (y +u’ f1) — dDen}, (y +u’ ' f5) = 0
for 6 > a,_;. For every ¢’ € Z, we define two sets
e ={Leg|LCLY,6,=0y+u’f, €L}
8 ={Le&|LCLY,6,=0y+u'fye L}
By Remark 2.21(4), we have

Denl,(y+u’f) =23 3 p@)=2 Y 3 3 L)),

V<6 peed LPCLY (L)Y 'S8 eed’
HLAV,,)>1 HL)>1 LNV, ,=L"
51
ey +a ) =2 Y Y ar)=2 ¥ Y Y ak(n).
§<0-1  pegd LOCLYC(L)Y '<6=1  peqd
HLNVp)>1 H(L”)>1 LNV, =L"

Now we claim that

(2.11) Yoo > wtL) - Y D> ult(L)=0

'S0 peged <01 pegd
LNV, ,=L" LNV, ,=L"

for every L” in the summation. Since § > a,,_1, it follows that for 6’ < 0, we have
e =g ={Le&|LC LY, 6,=0,ycL}
Thus, the left-hand side of (2.11) equals

s 5—1

(2.12) DR DENT(10%) B SEND SEN(109))
=0 Legd =0 reey
LNV, ,=L" LNV, ,=L"

However, we also have £) = {L € £| L C LY,0;, = ¢,y € L}, which implies

Yo ut@)=1pwy) > L)),

Legd LCLY
—_7b
LAV, ,=L" Lav,,=L"
5.=0

which vanishes by Lemma 2.24(4). Thus, we obtain

) 5—1
(2.13) (212) =" > ptL)—=> > ult(L).
=1 regd V=0 pLeed
LNV, ,=L" LNV, ,=L"

Finally, the automorphism of & sending (L”,§',¢) to (L”,8' — 1,¢ o (ua-)), where a € O} is
the element satisfying fi = afs, induces a bijection from £’ to 23’—1 preserving both LNV,
and t(L). Thus, (2.13) vanishes, hence (2.11) and (2.10) hold.
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Now we show that the support of Gﬁen\‘ib is contained in V™. Take an element z €
V \ V™. Using Remark 2.21(4), we have

dDen’, () = /V dDen, ()0 (Trgp (x, 2)y) dz
—2 Y (L) vol(L)1u(2)

bcrcrY
t(LﬁVLb )>1

> S u(t(L))vol(L)
ngLb/g(Lb/)\/ LgLV
(Ly>1  Lnvp,=L"

zeLY
=2 > vol(L)vol((Vp)™)  3° ¢ *u(t(L)),
b ng/g(Lb/)\/ LQLV
t(LP)>1 LNV, =L"
zeLY
which is valid and vanishes by Lemma 2.24(3).
Proposition 2.22 is proved. 0

2.3. Bruhat—Tits stratification. Let the setup be as in Subsection 2.1. We first generalize
Definition 2.5 to a more general context. For every subset X of V' such that (X) is finitely
generated, we put
N(X) = ) M),
rzeX

which is always a finite intersection, and depends only on (X). Clearly, we have N(X’) C
N(X)if (X) C(X'). When X = {z,...} is explicitly presented, we simply write N'(z,...)
instead of N'({z,...}).

Remark 2.26. When (X) is an Og-lattice of V', the formal subscheme N(X) is a proper
closed subscheme of A/. This can be proved by the same argument for [I.7Za, Lemma 2.10.1].

Definition 2.27. Let A be a vertex Og-lattice of V' (Definition 2.10).
(1) We equip the k-vector space AY/A with a k-valued pairing (, )av/a by the formula

(x,y)ava = v’ Trgyp(af,y*)y  mod (u?)

where 2% and y* are arbitrary lifts of z and y, respectively. Then AY/A becomes a
nonsplit (nondegenerate) quadratic space over k of (even positive) dimension ¢(A).
(2) Let V, be the reduced subscheme of N'(A), and put

V/c; = VA — U VA’-
ACA/

Proposition 2.28 (Bruhat-Tits stratification, [Wu]). The reduced subscheme Nyeq is a dis-
joint union of Vy for all vertex Og-lattices A of V' in the sense of stratification, such that
VANV coincides with Yy ar (resp. is empty) if A+ A is (resp. is not) a vertex Og-lattice.

Moreover, for every vertex Og-lattice A,

(1) Vy is canonically isomorphic to the generalized Deligne-Lusztig variety of O(AY/A)

over k classifying maximal isotropic subspaces U of (AY/A) ®y k satisfying
dim(U N (U)) = 12 —1,

where § € Gal(k/k) denotes the Frobenius element;
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(2) the intersection of Vs with each connected component of Nyeq is connected, nonempty,
and smooth projective over k of dimension % — 1.
Proof. This follows from [Wu, Proposition 5.13 & Theorem 5.18]. Note that we use lattices
in V', which is different from the hermitian space C' used in [Wu], to parameterize strata.
By the obvious analogue of [KR11, Lemma 3.9], we may naturally identify V' with C, after
which the stratum Sy in [Wu] coincides with our stratum V,av. O

Remark 2.29. In the above proposition, when ¢(A) = 4, V, is isomorphic to two copies of
IP%, though we do not need this explicit description in the following.

Corollary 2.30. For every nonzero element x € V', we have

N(x>red = U Vi

TEA

where the union is taken over all vertex Og-lattices of V' containing x.

Proof. Since N (),eq is a reduced closed subscheme of NVeq, it suffices to check that
N(z)(k) = U Vi(k).

€A
By Definition 2.27(2), we have

N@)® 2 U ViR).

TEA
For the other direction, by Proposition 2.28, we have to show that if A does not contain =,

then N (z)(k) NV} (k) = 0. Suppose that we have s € N'(2)(k) N V3 (k), then s should belong

to Va(k) where A’ is the Op-lattice generated by A and z. In particular, A’ is vertex and
strictly contains A. But this contradicts with the definition of V3. The corollary follows. [

Corollary 2.31. Suppose that r > 2. For every nonzero element x € V', the intersection of
N (x) with each connected component of Nyeq is strictly a closed subscheme of the latter.

Proof. By Corollary 2.30 and Proposition 2.28(2), it suffices to show that the intersection of
all vertex Og-lattices of V' is {0}.

Take a nonsplit hermitian subspace V5 of V' of dimension 2 and an Og-lattice Ly of V5 of
fundamental invariants (1,1). Then the orthogonal complement V- of V; in V' admits a self-

dual Og-lattice L. Choose a normal basis (Definition 2.11) {ey, ..., es—2} of Ly under which
.. . —1\®r-1
the moment matrix is given by (71?,1 “ . For every tuple a = (a1, ..., ag_3) € Z* 2

satisfying ag;_1 + ag; = 0 for 1 < i < r — 1, the Og-lattice
Aa = Lo D <u‘“61, L. ,u‘”“zegr_ﬁ

is integral with fundamental invariants (0,...,0,1,1), hence vertex. It is clear that the
intersection of all such A, is Ls. Since r > 2, the intersection of all 2-dimensional nonsplit
hermitian subspaces of V' is {0}. Thus, the intersection of all vertex Opg-lattices of V' is
{0}. O

Lemma 2.32. Let A be a vertex Og-lattice of V. For each connected component Vi of Vy
and integer d > 0, the group of d-cycles of Vi, up to {-adic homological equivalence for every
rational prime { # p, is generated by Vyr NV for all vertex Og-lattices ' containing A with
t(N) =2d+ 2.
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Proof. Let k' be the quadratic extension of k in k. Note that V{ has a canonical structure
over k', so that Vi == VyNV} (over k') is the classical Deligne-Lusztig variety of SO(AY/A)
of Coxeter type.

Recall that § is the Frobenius element of Gal(k/k). Fix a rational prime ¢ different from
p. For every finite dimensional Q,-vector space V with an action by 62, we denote by VT
the subspace consisting of elements on which 2 acts by roots of unity. Then for the lemma,
it suffices to show that for every d > 0, Hyq(Vy,Q(—d))! is generated by (the cycle class
of) Vo NV} for all vertex Og-lattices A’ containing A with ¢(A’) = 2d + 2. By the same
argument for [[.Za, Theorem 5.3.2], it reduces to the following claim:

(*) The action of 62 on V := ;5o H¥ (V3*, Q¢(j)) is semisimple, and Vi = H'(V3*, Q).
There are three cases.

When t(A) =2, V§* is isomorphic to Speck, hence () is trivial.

When t(A) =4, V§* is an affine curve, hence () is again trivial.

When t(A) > 6, by Case *D,, (with n = % > 3) in [Lus70, Section 7.3], the action of § on
B,-0 HZ(VT, Q¢) has eigenvalues {1,¢% ¢*,...,¢" ™~} and that the eigenvalue ¢* appears

i HA) _
in H2F 2 TH(V3T,Qy). Moreover by [Lus76, Theorem 6.1], the action of 62 is semisimple.
Thus, (%) follows from the Poincaré duality.
The lemma is proved. O

2.4. Linear invariance of intersection numbers. Let the setup be as in Subsection 2.1.
For every nonzero element x € V', we define a chain complex of locally free &\-modules

C(x) = (---—>O—>JN(,E)—>6’N—>O)

supported in degrees 1 and 0 with the map Z ;) — Ox being the natural inclusion. We
extend the definition to z = 0 by setting

(2.14) C(0) = (-+- = 0= w Oy —0)

supported in degrees 1 and 0, where w is the line bundle from Definition 2.38.
The following is our main result of this subsection.

Proposition 2.33. Let 0 < m < n be an integer. Suppose that x1,...,x,, € V and
Y1, .- Ym €V generate the same Og-submodule. Then we have an isomorphism

H;(C (1) Qoy -+ Qoy C(rm)) = Hi(C(y1) Qoy - Qo C(Ym))
of Ox-modules for every 1.
Proposition 2.33 has the following two immediate corollaries.

Corollary 2.34. Let 0 < m < n be an integer. Suppose that x1,...,z,, € V and
Y1, - Ym €V generate the same Og-submodule. Then we have

[C(@1) Qo -+ @y Clam)] = [C(y1) Roy -+ oy CYm)]
in Ko(N), where Ko(N) denotes the K-group of N [LLI.21, Section B].
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Corollary 2.35. Suppose that x1,...,x, € V generate an Og-lattice of V. The Serre
intersection multiplicity

L L
X (ﬁ/\/(m) Qoy " Doy ﬁ/\f(mn))

L : L L
= Z (—1)Z+]length0EH] <N, H; (ﬁ/\f(:rl) ®ﬁN e ®ﬁN ﬁj\/(xn))>
i,j=0
depends only on the Og-lattice of V' generated by x1,...,x,. Note that by construction
[C(x1) ®gy - Ray Clam)] belongs to the image of the map K e ") (N) = Ko(N), hence
the above number is finite by Remark 2.26.

Now we start to prove Proposition 2.33, following [How19]. Let (X, tx, Ax) be the universal
object over N/. We have a short exact sequence

0 — Fil(X) — D(X) — Lie(X) — 0

of locally free O)-modules, where D(X') denotes the covariant crystal of X restricted to the
Zariski site of N'. Then tx induces actions of O on all terms such that the short exact

sequence is Og-linear.
We define an Oy-submodule Fx of Lie(X) as the kernel of ¢tx(u) —w on Lie(X), which is
stable under the Og-action.

Lemma 2.36. The Oy -submodule Fx is locally free of rank n — 1 and is locally a direct
summand of Lie(X).

Proof. Let s € N'(k) be a closed point. By the Wedge condition and the Spin condition in
Definition 2.1, we know that the map
tx(u) —u: Lie(X) ®¢, Ons = Lie(X) ®g, On s
has rank 1 on both generic and special fibers. Thus, F'x ®g¢, Oy s is a direct summand of
Lie(X) ®g,, Oy s of rank n — 1. The lemma follows. O
The symmetrization ox of the polarization Ay (Remark 2.2) induces a perfect symmetric
O\-bilinear pairing
(, ):D(X)xD(X) = On
satisfying (vx(a)z,y) = (z,1x(a)y) for every a € Op and z,y € D(X). As Fil(X) is a
maximal isotropic O-submodule of D(X) with respect to (, ), we have an induced perfect
O -bilinear pairing
(,): Fil(X) x Lie(X) — O,
under which we denote by Fi C Fil(X) the annihilator of Fix. Then the Ox-submodule Fi
is locally free of rank 1 and is locally a direct summand of Fil(X).
Following [How19, Section 3], we put
e=u®1+1®u € O ®o, Oy,
€€ = —u®1l+1R®ue OE®OF ﬁj\/’

Lemma 2.37. There are inclusions of Ox-modules Fx C eD(X) C D(X), which are locally
direct summands. The map e: D(X) — eD(X) descends to a surjective map

Lie(X) < eD(X)/Fy,
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whose kernel Ly is locally a direct summand Oxr-submodule of Lie(X) of rank 1. Moreover,
the Og-action stabilizes Lx, and acts on Lie(X)/Lx and Lx via @y and §, respectively.

Proof. This follows from the same proof for [How19, Proposition 3.3]. O

Definition 2.38. We define the line bundle of modular forms w to be Ly, where Ly is the
line bundle on A from Lemma 2.37.

For every closed formal subscheme Z of N, we denote by Z the closed formal subscheme
defined by the sheaf .#2. Take a nonzero element x € V. By the definition of N'(x), we have
a distinguished morphism

Xolw) = XIve)

of Op-divisible groups, which induces an Og-linear map
D(Xo)|nw) = D(X) )

of vector bundles. By the Grothendieck—Messing theory, the above map admits a canonical
extension

D(Xo)l575 = DXl

which further restricts to a map

(2.15) FII(XO)|m i} Lie(X) |m .

From now on, we fix a generator 7 of the rank 1 free Oz-module Fil(X)).

—_~—

Lemma 2.39. The image &(7) is a section of Lx over N(x), whose vanishing locus coincides
with N (x), where T is the map (2.15).

Proof. This follows from the same proof for [How19, Proposition 4.1]. 0
The following lemma is parallel to [[XR11, Proposition 3.5].

Lemma 2.40. For every nonzero element v € V', the closed formal subscheme N (z) of N
is either empty or a relative Cartier divisor.

Proof. The case r = 1 has been proved in [RSZ17, Proposition 6.6]. Thus, we now assume
r = 2.

We may assume that N(x) is nonempty. By the same argument in the proof of [How19,
Proposition 4.3], N'(z) is locally defined by one equation. It remains to show that such
equation is not divisible by u. Since r > 2, this follows from [[XR11, Lemma 3.6], Lemma
2.4, and Corollary 2.31. U

Proof of Proposition 2.33. The proof of [How19, Theorem 5.1] can be applied in the same
way to Proposition 2.33, using Lemma 2.39 and Lemma 2.40. 0

To end this subsection, we prove some results that will be used later.

Lemma 2.41. The Ox-submodule Lx from Lemma 2.37 coincides with the image of the
map tx(u) —u: Lie(X) — Lie(X).

Proof. Denote by L’y the image of the map ¢x(u) — u: Lie(X) — Lie(X). As we have
L'y ~ Lie(X)/Fx, L is a locally free Oy-submodule of Lie(X) of rank 1 by Lemma 2.36.
By the Spin condition in Definition 2.1, for every closed point s € N (k), the induced map
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Ly ®o k — Lie(X) ®g, k over the residue field at s is injective. Thus, the quotient
On-module Lie(X)/L is locally free. It remains to show that L C Ly.

By definition, every section of L’y can be locally written as the image of (vx(u) — u)z for
some section z of D(X). We need to show that

(1) e(ex(u) —u)x is a section of Fil(X);

(2) (e(tx(u) —u)z,y) = 0 for every section y of Fx.
For (1), we have e(tx(u) —u)r = (1x(u) +u)(tx(u) —u)z = (1x(u?) —u?)z. Since tx(u?)—u?
acts by zero on Lie(X), (1) follows. For (2), we have

(e(ex (u) —w)z,y) = ((tx(u) —uw)z, (—ex(u) + u)y) =0
as y is a section of ker(tx(u) — u). Thus, (2) follows.
The lemma is proved. U

Lemma 2.42. Let A be a vertexr Og-lattice of V' with t(A) = 4. Then w has degree ¢ — 1
on each connected component of (the smooth projective curve) Vy (Definition 2.27).

Proof. Let & be the Frobenius element of Gal(k/k).

Let s € N'(k) be a closed point represented by the quadruple (X,cx, Ax;px). Let M be
the covariant Op-Dieudonné module of X equipped with the Og-action ¢x, which becomes
a free Og-module. We have Lie(X) = M/VM. By Definition 2.38 and Lemma 2.41, the fiber
w™!, is canonically identified with ((u ® 1)M + VM)/VM. By the identification between
V) and the generalized Deligne-Lusztig variety of O(AY/A) in Proposition 2.28 given in
[Wu, Proposition 4.29 & Proposition 5.13], we know that w™!|y, coincides with (§(U)+U)/U
where U is the tautological subbundle of (AY/A) ®y Oy, .

To compute the degree of (6(U)+U)/U, let Vi and V} be the two connected components of
Va. Let £ be the scheme over k classifying lines in AV /A with the tautological bundle L. We
may identify V" and V} as two closed subschemes of £, via the assignment U +— §(U)NU (see
[HP14, Section 3.2] for more details). Then, Vi and V; are the two irreducible components
of the locus where L and §(L) generate an isotropic subspace, and the assignment L +— 0(L)
switches Vi and Vy. Let Z, be the locus where L is isotropic and L = §(L). Then Z, is a
disjoint union of ¢> + 1 copies of Spec k since there are exactly ¢* + 1 isotropic lines in AV /A,
and is contained in Vi NV, . Note that the map 6(U)/(6(U)NU) — (§(U) + U)/U is an

isomorphism, and there is a short exact sequence

0—=460U)NU)—=oU)/(6(U)NU) = O, =0
of ﬁvf—modules. Since §(U) N U is the restriction of the tautological bundle L on Ly, we
have

deg (w'|y) = deg ((6(U) + U)/Ul,= ) = deg (3(3(U) NU) |y ) + (¢* +1)
= deg (L®q\vf) +(?+1) = —qdeg(VY) + (¢* + 1),

where deg(Vf) denotes the degree of the curve Vf\[ in the projective space L£,. Thus, it
remains to show that deg(Vy) = ¢ + 1.

To compute the degree, take a 3-dimensional quadratic subspace H of AY/A. Let L& be
the hyperplane of £, that consists of lines contained in H. Then L£{ NV, is the subscheme
of lines L. C H that is isotropic and fixed by d, which is a disjoint union of ¢ + 1 copies of
Spec k since there are exactly ¢ + 1 isotropic lines in H. As £ NV, is contained in Zy, it
is contained in V7 N'Vy. Therefore, we have deg(Vi) = ¢ + 1.
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The lemma is proved. [l

2.5. Proof of Theorem 2.7 when r = 1. Let the setup be as in Subsection 2.1. In this
subsection, we assume r = 1. Note that since V is nonsplit, the fundamental invariants of
an integral Og-lattice of V' must consist of two positive odd integers.

Lemma 2.43. Let L be an integral Og-lattice of V' with fundamental invariants (2b; +
1,2by +1). Then

b1
ODen(L) :22(1+q+~-+qj+(b2—j)qj)-
=0

Proof. We denote by £ the set of integral Opg-lattices of V' containing L. We now count £.

Fix an orthogonal basis {e1,e2} of V' with (e1,e;1)y € Op and (es, e3)y € O and such
that L = (u”e;) + (u™ey). For every L € £, we let j(L) be the unique integer such that
LN{e))®o, F = (uPe;) and let k(L) be the unique integer such that image of L under the
natural projection map V' — (e3) ®0, F is (u¥ey). Then by Lemma 2.23(1), L is uniquely
determined by j(L), k(L), and the extension map e, : (ufFey) — (w/Pe)) ®p, F/Op. The
condition that L contains L is equivalent to that j(L) < by, k(L) < b, and that e, vanishes
on (ub2e,). Since L is nonsplit, the condition that L is integral is equivalent to that j(L) > 0,
k(L) > 0, and that the image of £, is contained (e;)/(u/®e;). Thus, the number of L € £
with j(L) = j for some fixed 0 < j < by equals 1 +q+ -+ ¢ + (by — j)¢’. Summing over
all 0 < 7 < by, we obtain

b1

2 => (1+q+ -+ + b))
=0
The lemma then follows from (2.4) as (L) = 2. O

Proposition 2.44. Theorem 2.7 holds when r = 1. More explicitly, for an integral Og-lattice
L of V' with fundamental invariants (2by + 1,2by + 1), we have

by
Int(L) = 0Den(L) = 23" (14 q+ -+ ¢ + (bs — ).

=0
Proof. If L is not integral, then Int(L) = 0Den(L) = 0. If L is integral with fundamental
invariants (2b; + 1,2by + 1). We may take an orthogonal basis {x1,x2} of L such that
val(x1) = 2by + 1 and val(zy) = 2bs + 1.

Put D = Endo, (Xy) ®Q, which is a division quaternion algebra over F' with the F-linear

embedding tx,: £ — D. By the Serre construction, we may naturally identify D with V,
and we have an identity

b1
(2.16) N(z1) =) Wag,
j=0

of divisors, decomposing the special divisor as a sum of quasi-canonical lifting divisors (see
[RSZ17, Section 6 & Proposition 7.1]).
We claim that for every 0 < j < by, the identity

(2.17) lengthy Warp, ; NN (zy) =2 (1 g+ ¢+ (by — l)qj)

holds. In fact, this can be proved in the same way as for [I[KR11, Proposition 8.4] using
Keating’s formula [Vol07, Theorem 2.1]. Notice that in [[XR 11, Proposition 8.4] we replace
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es by 2¢7 since E/F is ramified, and that the factor 2 comes from the fact that Z; has two
connected components. By (2.16) and (2.17), we have

Int(L) = lengthy N(z1) N N(z2) = i 2 (1 +q+- 4 ¢ + (by— l)qj) :
=0
The proposition follows by Lemma 2.43. ] (l
Definition 2.45. For L’ € b(V'), we put
N(L)° = N(L") = N(uL)
as an effective divisor by (the r = 1 case of) Lemma 2.40.
Corollary 2.46. Take an element L’ € b(V). For every x € V' \ Vy,, we have
lengthoéj\f(Lb)O NN(z)=2 > 1.(2).

LCLY
LNV, ,=L"

Proof. By Proposition 2.44, we have
lengthy, N (L) NN (2) = Int(L* + (z)) = 0Den(L’ + (z)) =2 > 1(x),

LCLY
LPCLNV,,
in which the last identity is due to (2.4). Similarly, we have
—17b _
lengthy N(u 'L )ON(z) =2 > Ii(2).
LcrLY
u 'LPCLNV,,

Taking the difference, we obtain the corollary. U

2.6. Fourier transform of geometric side. Let the setup be as in Subsection 2.1. We
will freely use notation concerning K-groups of formal schemes from [L.I.21, Section B] and
[Zha21, Appendix B], based on the work [G587].

Definition 2.47. Let X’ be a formal scheme over Spf O .

(1) We denote by A" the closed formal subscheme of X defined by the ideal sheaf Ox[p™].

(2) For every closed formal subscheme Z of X', we denote by Ko (X, Z) the image of the map
K& (X) — Ko(X), and similarly by F™Ky(X, Z) the image of the map F"KZ(X) —
Ko(X) for m > 0.

Definition 2.48. Let X be a subset of V' such that (X) is finitely generated of rank m.
(1) We denote by *A/(X) € Ko(N) the element [C(71)®g,, - - ®ay C(7,)] from Subsection
2.4 for a basis {x1,...,2,} of the Og-module generated by X, which is independent
of the choice of the basis by Corollary 2.34.
(2) We denote by “A/(X)® € Kq(N) the class of N(X)".
(3) We put “N(X)" := KA (X) — KN (X)P € Ko(N).
Lemma 2.49. Let L’ be an element of b(V') (Definition 2.8). We have
(1) N (L) is either empty or finite flat over Spf O;
(2) all of “"N(L"), “N(L*)*, and "N'(L")¥ belong to F"'Ko(N, N (L’));
(3) there exist finitely many vertex Og-lattices Ay, ..., A, of V' of type n such that “N'(L")"
belongs to S FP 1Ko (N, Vy, ).
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Proof. Part (1) follows from Lemma 2.54 and Lemma 2.53.

Take a basis {z1,..., 7,1} of the Og-module L°.

For (2), it suffices to show “NV(L’) € F"'Ko(N,N(L*)) by (1). By definition, *A/(L?)
is the cup product of the classes in Ko(N) of N (z1),...,N(x,_1), each being a divisor
by Lemma 2.40. Thus, *A/(L?) belongs to F"'Ko(N, (L)) by (the analogue for formal
schemes of) [GS87, Proposition 5.5].

For (3), by the same argument for [[.Za, Lemma 5.1.1], we know that there exists a
proper closed subscheme Z of A/ containing the reduced fiber of AN/(L*)" such that N'(L°)
is contained in AN(L°)"UZ. By (1) and (2), there exists a closed reduced one-dimensional
subscheme C of Z containing the reduced fiber of N'(L°)", such that “A/(L’) belongs to
Ko(N,CUN(L*)?). By [(587, Lemma 1.9] (and its notation), “A/(L?) belongs to the image
of the natural map K{(C' UN(L’)") — Ko(X) that sends a coherent Opjp(zsyn-module M
to any finite projective resolution of M on X. It follows, by the definition of KA/(L"),
that “A/(L?)" can be represented by a finite complex of coherent sheaves on C' U N'(L°)"
that are Artinian on N(L")", which implies that “A/(L’)" belongs to the image of the map
K{(C) = Ko(N). Let C,. .., Cp, be the irreducible components of C'. It is clear that the map

™ K{(C;) — K(C) is surjective, which implies that *A/(L”)" belongs to 37, Ko(N, C).
Finally, for each 1 <7 < m, we may choose a vertex Og-lattice A; of V' of type n such that
C; C Vi, by Proposition 2.28. Then (3) follows. O

Definition 2.50. Let L’ be an element of b(V') (Definition 2.8). For # € V' \ V},, we put
Int s (x) == “N(L°). BN (),
Int}, (x) == “NV(L")". KN (),
Inty, () = “N(L)". XN ().

Here, the intersection numbers are well-defined since A(L”) N A/(x) is a proper closed sub-
scheme of A/ by Remark 2.26. Note that Int;, () = Int(L’ + (z)) (Definition 2.6).

The following is our main result of this subsection.

Proposition 2.51. Let L’ be an element of b(V') (Definition 2.8).

1) We have Int",(z) = dDen”, () for z € V' \ Vy,, where dDen®, is from Definition 2.20.
L L L L
2) The function Inty, extends (uniquely) to a (compactly supported) locally constant func-
( L Y Y Y
tion on V', which we still denote by Int},. Moreover, we have

—

Int‘i,, = —Int‘ib.
In particular, the support of Inty, is contained in V™ (Definition 2.10).
The rest of this subsection is devoted to the proof of this proposition.

Remark 2.52 (Cancellation law for special cycles). Let V' be a hermitian subspace of V' that
is nonsplit and of positive even dimension n’. Let L be an integral hermitian Og-module
contained in V' such that L N V'* is a self-dual Op-lattice of V'*. We may choose

e an object (X', 1x/, Ax/) € Exo?n,_l’l)(ﬁ) (Definition 2.1),
e an object (Y, 1y, \y) € Ex0(y—n0)(0) (Remark 2.9),"

B3When n/ = n, we simply ignore (Y, 1y, Ay).
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e a quasi-morphism g from (Y, ty, \y) ®OEE€B (X', 1x, A\x') to (X, 1x, Ax) in the category
Exo?n_Ll)(S ®o,, k) satisfying B
— ¢ identifies Homo, (Xo ®0, k, X') ® Q with V' as hermitian spaces;
— ¢ identifies Homo,, (Xo ®o, k,Y @0, k) with LN V't as hermitian Og-modules.
Let N' = N(x'.,,,) be the relative Rapoport-Zink space for the triple (X', 1x/, Ax/)
(Definition 2.3). We have a morphism A" — N such that for every object S of Schy,_,
N(S) it sends an object (X', tx/, Ax; pxr) € N'(S) to the object

(Y ®o0, S® X'ty ®0, S® tx,\y ®0o, S ® Axs; 00 (idy ®o, S ® pxr)) € N(S).

We have

(1) The morphism N — N above identifies N with the closed formal subscheme N (L N
V') of V.

(2) Suppose that LNV’ # {0}, then N (L) coincides with the image of N”(L N V') under
the morphism N’ — N above.

(3) For a nonzero element z € V written as x = y + 2’ with respect to the orthogonal
decomposition V = V'* @ V', we have

0, ifyg LNV'E,
N' Xy N(z) =N, if ye LNV'™* and 2’/ =0,
N'(z'), ifye LNV and 2/ #0.
(4) If L is an Og-lattice of V', then we have Int(L) = Int(L N V).

These follow from the similar argument for the cancellation law in [[.Za, Section 2.11].
Indeed, we may choose compatible framing objects for N7 and N as in [RSZ17, Page 2207].
Note that the hermitian form on V in [RSZ17] is the scaled form u?( , )y, and thus u-
modular lattices in [RSZ17] correspond to our self-dual lattices.

Lemma 2.53. Let L” € b(V) be an element that is integral and satisfies t(L”) = 1.

(1) The formal subscheme N (L") is finite flat over Spf Op.
(2) If we put N(L")° == N (L") — N(L") as an element in F"'Ko(N), then for every

reV \ VLb,

NIV EN(@) =2 Y 1p(2).
LCLY
LNV, ,=L"
Here, L is the unique element in b(V) satisfying L” C L” C (L)Y with |L" /L"| = q
(so that L” is either not integral, or is integral with t(L”) = 1).

Proof. Since t(L") = 1, we may choose a 2-dimensional (nonsplit) hermitian subspace V"’ of
V such that L” N V' is a self-dual Og-lattice of V'*+. We adopt the construction in Remark
2.52.

For (1), we have V(L") = N'(L”’ N V"), which is finite flat over Spf O by (the 7 = 1 case
of) Lemma 2.40.

For (2), we write x = y + 2’ with respect to the orthogonal decomposition V.= V'* @ V',
Since z ¢ V», we have 2’ # 0. By Remark 2.52(2), N(L”)° coincides with (the class of)
N'(L" N V') in F'Ko(N") under the map F'Ko(N") — F*'Ko(N). There are two cases.
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If y ¢ L N V'™ then N(L”)°.¥N(2) = 0 by Remark 2.52(3), and there is no integral
Op-lattice of V' containing L” + (z). Thus, (2) follows.
If y € L” N V", then by Remark 2.52(3), we have

N(L")° KN (z) = N'(Z" 0 V')° 5N (2') = lengthy N'(L7 N V')° AN ().
By Corollary 2.46, we have
lengthOE/\/"(Lb' NV NN (2') =2 > Ip()y=2 > 1p().

L/ng\/(gvl) LgL\/
L'n(V,,nV)=L"nV’ LNV, ,=L"

Thus, (2) follows. O
Lemma 2.54. Let L’ be an element of (V') (Definition 2.8). We have
N(Lb)h _ U N(Lb/)o

ngLb/g(Lb/)\/
t(LP)=1
as closed formal subschemes of N, and the identity
KN(Lb)h _ Z N(Lb’)o
ngLb/g(Lb/)\/
t(LP)=1

in F" 1Ko (N)/F"Ko(N), where N'(L")° is introduced in Lemma 2.53(2).

Proof. This lemma can be proved by the same way as for [[.Za, Theorem 4.2.1], as long
as we establish the following claim replacing [L.7Za, Lemma 4.5.1] in the case where E/F is
ramified.

e Let L be a self-dual hermitian Og-module of rank n and L’ a hermitian Og-module
contained in L. If L/L’ is free, then L’ is integral with ¢(L") = 1.

However, this is just a special case of Lemma 2.23(2). O

Lemma 2.55. Let A be a vertex Og-lattice of V. with t(A) = 4. Take an arbitrary connected
component Vi of the smooth projective curve Vs from Proposition 2.28, regarded as an
element in F"'Ko(N). For every x € V \ {0}, put Inty¢ (2) = Vi EN(z). Then Inty,+
extends (uniquely) to a compactly supported locally constant function on V', which we still
denote by IntVA+. Moreover, we have

Inth = —Intvj{ .

Proof. Since t(A) = 4, we may choose a 4-dimensional (nonsplit) hermitian subspace V' of
V such that AN V'™ is a self-dual Op-lattice of V. We adopt the construction in Remark
2.52. Write © = y + 2’ with respect to the orthogonal decomposition V' = V'* & V'. Put
A = ANV’ By Remark 2.52(2) and Definition 2.27(2), V, coincides with Vs, under the
natural morphism N/ — A. Denote by V), the connected component of V,: that corresponds
to V). By Remark 2.52(3), we have

0, ifyg ANV,

ViEN(z) =
A (@) {VX/.KN/(%/), ifyc ANV
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In other words, we have Intv; = Lpqpe @ Inty+ . Therefore, it suffices to consider the case
A

where n = 4.
We now give an explicit formula for Intvx(x) when n = 4. Let Nt be the connected

component of A/ that contains V5, and put Z+ := Z NN for every formal subscheme Z of
N. Put A(z) == A + (x). There are three cases.

(1) Suppose that A(z) is not integral. By Corollary 2.30, V4 has empty intersection with
N (x). Thus, we have Inty, (z) = 0.

(2) Suppose that A(z) is integral but x ¢ A. Then A(z) has fundamental invariants
(0,0,1,1). By Corollary 2.30, V¥ NN (2)req = VX(I), which is a k-point. Thus, we
have Int,,+ (x) = 1. Choose a normal basis (Definition 2.11) {1, za, x3, 24} of A and
write x = Az + Aaxo + N33 + My with \; € E. Without lost of generality, we
may assume \y ¢ Op. Since uz € A, we have A(z) = (x1,x9,23,2). By Corollary
2.30, N(z1) NN (z2) N N(z3) contains V, as a closed subscheme. By Remark 2.52
and Proposition 2.44 applied to V' spanned by z3 and x4, N'(A(x)) is a 0-dimensional
scheme and Int(A(z)) = 2. Tt follows that

Inty« (z) < lengthy (N (z1) NN (z2) NN (23)) NN (z)" =Int" (A(x)) =1

by Lemma 2.56 below. Thus, we obtain Int*(A(x)) = 1, hence Inty (x) = 1.
(3) Suppose that z € A. Then Vy is a closed subscheme of N(x), which implies

L L L L L
Oy, Qoy ON() = (ﬁm QOpr(a) ﬁN(z)) Qo On@) = Ov,, Qo (ﬁN(az) Qe @v(x)) :

However, by Corollary 2.34, we have Oy %@v On@) = On@) Qo C(0) in Ko(WN),
where C(0) is the complex (2.14). Thus, we obtain

Intvx(:v) =X (C(O)|v;() = deg (ﬁVX) — deg (w’VX) = —deg (W|VX) =1—gq
by Lemma 2.42.

Since there are exactly ¢ + 1 vertex Opg-lattices of V' properly containing A, combining
(1-3), we obtain

Intvx = —q(1+q>]1A+ Z ]1/\/.

AGA'CAY
It follows that
_— 1 1
(218) IIltv+ = — + qﬂAv + - Z ﬂA/v.
N q 9 agarcav
o Ifx e, thenI@(z)z—%#—‘fTﬂzq—l.
o If A(x) is integral but ¢ A, then the number of A’ in the summation of (2.18) such that
x € N is exactly 1 (namely, A(z) itself). Thus, we have Intvx(x) = —% + % =—1.

e If A(xz) is not integral but x € AV, then the set of A’ in the summation of (2.18) satisfying
x € A" is bijective to the set of isotropic lines in AY/A perpendicular to z. Now since
A(z) is not integral, = is anisotropic in AY/A, which implies that the previous set has

cardinality ¢ + 1. Thus, we have Igtv\; () = _%rq + %1 —0.

o If x ¢ AV, then Int/v\x(x) = 0.
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Therefore, we have Igtv\;\r = _Intvj' The lemma is proved. 0

Lemma 2.56. Denote the two connected components of N' by Nt and N, and Int*(L)
the intersection multiplicity in Definition 2.6 on N=. Then
Int*(L) = Int~ (L) = ;Int(L).

Proof. Choose a normal basis (Definition 2.11) {x1,...,z,} of L. Since V is nonsplit, there
exists an anisotropic element in the basis, say x,. Let € the unique element in U(V)(F)
satisfying 0(z;) =1 for 1 <i < n—1and 0(z,) = —z,. Then 6 induces an automorphism
of N, preserving N (z;) for 1 < ¢ < n, but switching N'* and N~ as det§ = —1. Thus, we
have Int*(L) = Int™ (L). Since Int(L) = Int™(L) + Int™ (L), the lemma follows. O

Proof of Proposition 2.51. We first consider (1). By Lemma 2.54, we have for x € V' \ V},,
W)= Y NN (@),

ngLb/g(Lb/)\/
t(L")=1

which, by Lemma 2.53, equals

2 > Yoo L(x)=2 > 1(x).
LPCLY'C(LY)Y  LCLY LPcrLcrY
t(L)=1 LNV ,=L" t(LNV,,)=1
Thus, Proposition 2.51(1) follows from Definition 2.20.

We first consider (2). We may assume r > 2 since otherwise Int], = 0, hence (2) is trivial.
We write ' = NTUN~ for the two connected components. For every vertex Og-lattice A
of V, we put Vi = Vy NN*. Since the natural map F%*QKO(VA) — F 1Ky (V) is an
isomorphism, by Lemma 2.49(3) and Lemma 2.32, there exist rational numbers ci for vertex
Og-lattices A of V' with ¢(A) = 4, of which all but finitely many are zero, such that

KN (L)Y - (Z Vi +ey - v;)
A
has zero intersection with F'Kq(A). Thus, Proposition 2.51(2) follows from Lemma 2.55. [

2.7. Proof of Theorem 2.7. Let the setup be as in Subsection 2.1. In this subsection, for
an element L’ € (V') (Definition 2.8), we set val(L’) = —1 if L is not integral.

Lemma 2.57. Suppose that r > 2 and take an integral element L’ € b(V') whose fun-

damental invariants (ai,...,an_2,0,_1) Satisfy a, o < a,—1 (in particular, a,_q is odd).
Then the number of integral Og-lattices of V' containing L’ with fundamental invariants
(@1y... Qp_9,0n_1 — 1,an_1 — 1) is either 0 or 2. When the number is 2 and those lattices

are denoted by LT and L~ , we have
(1) LNV, =L
(2) an—1 2 37'
(3) there are orthogonal decompositions L’ = L’ & L’, and L’* = L’_ @ L'*, in which
L’ , L., and L't are integral hermitian Og-modules with fundamental invariants
(a1,...,an_2), (an_1), and (a1 — 1,a,_1 — 1), respectively.
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Proof. Let L be an integral Og-lattice L of V' containing L’ with fundamental invariants
(ala vy n—2,0p—1 — 17 ap—1 — 1)

We first claim that (1) must hold. We have val(LN V) > ay + -+ ap—2+a,—1 — 1 by
Lemma 2.23(1). Since LNV;, contains L’ and val(LNV;,) is odd, we must have LNV, = L.

Choose a normal basis (e1,. .., e, 1) of L’ (Definition 2.11), and rearrange them such that
for every 1 < i < n — 1, exactly one of the following three happens:

(a) (e;,€;)y = Bius~! for some §3; € OF;

(b) (s 1)y = us™;

(c) (e, ei1)y = —u%~t

By the claim on (1), we may write L = L’ + (z) in which
rT=Mer+ -+ M_1€p1 + 2,

for some \; € (E'\ Op) U {0} and 0 # z,, € V5. Let T be the moment matrix with respect
to the basis {e1,...,e,_1,2} of L.

We show by induction that for 1 <7 < n—2, \; = 0. Suppose we know \; =---\;_1 =0.
For \; (with 1 <7 < n — 2), there are three cases.

e If ¢; is in the situation (a) above, then applying Lemma 2.23(1) to the i-by-i minor of T
consisting of rows {1,...,i} and columns {1,...,i — 1,n}, we obtain valg(\;Zu%"') >
a; — 1, which implies \; = 0.

e If ¢; is in the situation (b) above, then applying Lemma 2.23(1) to the i-by-i minor
of T consisting of rows {1,...,i — 1,4 + 1} and columns {1,...,7 — 1,n}, we obtain
valg(—M\u%~!) > a; — 1, which implies \; = 0.

e If ¢; is in the situation (¢) above, then applying Lemma 2.23(1) to the i-by-i minor of
T consisting of rows {1,...,7} and columns {1,...,i — 1,n}, we obtain valg(Au%~1) >
a; — 1, which implies \; = 0.

Note that e,_; is in the situation (a). Applying Lemma 2.23(1) to the (n — 1)-by-(n —
1) minor of T' consisting of rows {1,...,n — 1} and columns {1,...,n — 2,n}, we obtain
valg(Ay_1 8, 1u®"1) > a,_1—2, which implies \,,_; € v 'Og. On the other hand, \,,_; # 0
since otherwise a,,_1 will appear in the fundamental invariants of L, which is a contradiction.
Thus, we have \,_; € u'Og \ Og. After rescaling by an element in OF, we may assume

A1 = u~t. Applying Lemma 2.23(1) to the (n — 1)-by-(n — 1) minor of T consisting of
rows {1,...,n —2 n} and columns {1,...,n — 2,n}, we obtain
(2.19) valg ((a:n, Tp)v — u_Qﬁn_lu“"*1_1> > a1 — 2.

We note the following facts.

e The set of z,, € V}; satisfying (2.19) is stable under the multiplication by 1 + uOg.

e The set of orbits of such z, under the multiplication by 1 + uOpg is bijective to the set
of L.

e The number of orbits is either 0 or 2.

e [f the number is 2, then a,_; > 3, since V is nonsplit.

Thus, the main part of the lemma is proved, with the properties (1) and (2) included. For
(3), we simply take L2 = (e1,...,e,_) with L”, and L’* uniquely determined.
The lemma is proved. [l

In the rest of subsection, we say that L’ is special if L’ is like in Lemma 2.57 for which
the number is 2. We now define an open compact subset S;, of V' for an integral element
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L’ € 5(V) in the following way:
‘ rrur, if L’ is special,
b {Lb + (Vi)™ if I is not special.

Lemma 2.58. Take an integral element L’ € b(V'). Then for every x € V' \ (Vp, U Sp»), we
may write

Lb + <I> _ Lb/—i— <CL’/>
for some L” € b(V') satisfying val(L") < val(L?).
Proof. Take an element x € V' \ (V;, U Sp,). Put L := L’ + (x). If L is not integral, then

by Lemma 2.12, we may write L = L” 4 (2/) with L” € b(V') that is not integral, hence the
lemma follows.

In what follows, we assume L integral and write its fundamental invariants as (aj, ..., al,).
By Lemma 2.12, it suffices to show that a} +---+a),_; < a1+ -+ ap_1 — 2.
Choose a normal basis (e1,. .., e, 1) of L’ (Definition 2.11), and rearrange them such that

for every 1 < i < n — 1, exactly one of the following three happens:

(a) (es,e)y = Biu®~! for some 3; € OF;
(b) (s €ir1)y = us

(C) (61‘761'_1>V = —qu% L
Write £ = Ajeq + -+ + Ap_1€,-1 + 2, for some \; € (E'\ Og) U{0} and 0 # z,, € V5. Let T
be the moment matrix with respect to the basis {e1,..., e, 1,2} of L.

If Ay =---=X\,_1 =0, then since x € S;», we have either (x) is not integral, or val(z) <

an—1—2 (only possible when L’ is special), which implies a} +---+a/ | < a;+--+a,_1 —2.

If \; # 0 for some 1 < i < n — 1 such that e; is in the situation (b) or (c), then applying
Lemma 2.23(1) to the (n—1)-by-(n—1) minor of T" deleting the i-th row and the i-th column,
we obtain ) +---+a,_; <a;+ -+ a1 — 2.

If \;  u'Op for some 1 < i < n — 1 such that e; is in the situation (a), then applying
Lemma 2.23(1) to the (n — 1)-by-(n — 1) minor of T" deleting the i-th row and the n-th
column, we obtain aj +---+a,_; <a; + -+ a,—1 — 2.

If \; #0 and A\; # 0 for 1 < ¢ < j < n — 1 such that both e; and e; are in the situation
(a), then applying Lemma 2.23(1) to the (n — 1)-by-(n — 1) minor of T deleting the i-th row
and the j-th column, we obtain a} +---+a,_; <a;+ -+ ap—1 — 2.

The remaining case is that \; € u='Og\ Og for a unique element 1 < 7 < n—1 such that e;

is in the situation (a). Then L’+(z) is the orthogonal sum of (ey,..., &, ..., e,—1) and (e;, z).
In particular, if we write the fundamental invariants of (e;, x) as (b1, b2), then the fundamental
invariants of L’ 4 (z) is the nondecreasing rearrangement of (a1, ...,d;, ..., an_1, b1, by). We

have two cases:

o If (z,2)y € u®'Op, then (by, by) = (a;—1,a;—1). Thus, we have either a}+---+a], | <
ay 4+ +ap1—2,0ri=n—1,a,_5 < a,_1, and L’ + (z) has fundamental invariants

(ay,...,0n_2,an_1 — 1,a,_1 — 1) (hence L’ is special). The latter case is not possible as
e ¢ SLb.
o If (z,2)y € u¥'Op, then by < a; —2. Thus we have a} +---+al, | < a;+--+a, 1 —2.

The lemma is proved. U
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Proof of Theorem 2.7. For every element L’ € b(V'), we define a function
®;, == 0Denj, — Int},,

which is a compactly supported locally constant function on V' by Proposition 2.22 and
Proposition 2.51(2). It enjoys the following properties:
(1) For x € V '\ V}», we have ®,(x) = dDeny,(z) — Int;, (x) by Proposition 2.51(1).
(2) @, is invariant under the translation by L°, which follows from (1) and the similar
properties for Den;, and Int;,.
(3) The support of 6; is contained in V™, by Proposition 2.22 and Proposition 2.51(2).

We prove by induction on val(L”) that ®,, = 0.

The initial case is that val(L”) = —1, that is, L’ is not integral. Then we have dDen;, =
Int;, = 0, hence ®;, =0 by (1).

Now consider L’ that is integral, and assume ®;, = 0 for every L” € b(V) satisfying
val(L”) < val(L?). For every z € V' \ (V;, U S}»), by Lemma 2.58, we may write L’ + (z) =
L + (z') with some L” € b(V) satisfying val(L”) < val(L’); and we have

O,y (x) = ODenyy () — Int ()
= ODen(L’ + (z)) — Int(L’ + (z))
= ODen(L” + (2/)) — Int(L” + (2'))
=, (2')=0

by the induction hypothesis. Thus, the support of ®;, is contained in S;,. There are two
cases.

Suppose that L’ is not special. By (2), we may write ®;, = 1, ® ¢ for a locally constant
function ¢ on VLJ; supported on (VLJ;)““. Then CITL: =C-Lipy® <;A5 for some C € Q*. Now
since ¢ is invariant under the translation by u~!(V5)™, we must have ¢ = 0 by (3), that is,
®;, =0.

Suppose that L’ is special. We fix the orthogonal decompositions L” = L’ @ L”, and
L' =[5 @ L’F from Lemma 2.57. Put V.. := L’ ®0, F and denote by V_, the orthogonal
complement of V. in V. Then both L’T and L’ are integral Op-lattices of V., with
fundamental invariants (a,—; — 1,a,_1 — 1). Moreover, we have S;, = LE_ X (LE{ U Lb_j)
Thus, by (2), we may write &, = 1 1, ®¢ for alocally constant function ¢ on V-, supported
on L’ UL’;. Since a,_; > 3 by Lemma 2.57, we have L’T U L’ C uV™ which implies that
the support of ¢ is contained in ©V'™*. On the other hand, by (3), the support of ¢ is contained
in V"', Together, we must have ¢ = 0 by the Uncertainty Principle [L.Za, Proposition 8.1.6],
that is, ®;, = 0.

By (1), we have dDeny;,(z) = Int;, (z) for every x € V' \ V. In particular, Theorem 2.7
follows as every Og-lattice L of V is of the form L’ 4 (z) for some L’ € b(V). O

2.8. Comparison with absolute Rapoport—Zink spaces. Let the setup be as in Sub-
section 2.1. In this subsection, we compare N to certain (absolute) Rapoport-Zink space
under the assumption that F is unramified over Q,. Put f := [F : Q,], hence ¢ = p/. This
subsection is redundant if f = 1.

To begin with, we fix a subset ® of Hom(E, C,) = Hom(E, E) containing ¢, and satisfying
Hom(F, E ) = @[] P°. Recall that we have regarded F as a subfield of E via ¢y. We introduce
more notation.



38 CHAO LI AND YIFENG LIU

e For every ring R, we denote by W(R) the p-typical Witt ring of R, with F, V, [ ], and I(R)
its (p-typical) Frobenius, the Verschiebung, the Teichmiiller lift, and the augmentation
ideal, respectively. For an F'-linear map f: P — Q between W(R)-modules with i > 1,
we denote by f*: W(R) ®FiW(R) P — Q its induced W(R)-linear map.

e Fori € Z/fZ, put ¢; = F': Op — Op, define @/AJZ Or — W(OF) to be the composition of
¥; with the Cartier homomorphism Or — W(Op), and denote by ¢; the unique element
in ® above ;.

e Fori € Z/fZ, let €; be the unique unit in W(Op) satisfying Ve; = [1h;(u?)] — b (u2), which
exists by [ACZ106, Lemma 2.24]. We then fix a unit p, in W(Op), where F' denotes the
complete maximal unramified extension of F' in E, such that

Ef f—1 )
(2.20) O ) i
Hu i=1
which is possible since the right-hand side is a unit in W(Op).
e For a p-divisible group X over an object S of Sch}oé with an action by Op, we have a
decomposition

F-1
Lie(X) = €P Liey, (X)
i=0
of Og-modules according to the action of Op on Lie(X).

Definition 2.59. Let S be an object of Sch/o,. We define a category Exo?n_l’l)(S) whose
objects are triples (X, tx, Ax) in which
e X is a p-divisible group over S of dimension nf and height 2n f;
e ix: Op — End(X) is an action of O on X satisfying:
— (Kottwitz condition): the characteristic polynomial of tx(u) on the &s-module
Liey, (X) is (T —u)" YT + u) € Os[T],
— (Wedge condition): we have
2

/\ (ex () — u | Liey, (X)) =0,
— (Spin condition): for every geometric point s of S, the action of ¢x(u) on Liey,(Xj)
is nonzero;
— (Banal condition): for 1 < i < f — 1, O acts on Liey, (X) via ¢;;
e \x: X — XV isa tx-compatible polarization such that ker(Ay) = X[ty (u)].
A morphism (resp. quasi-morphism) from (X, tx, Ax) to (Y, iy, Ay) is an Opg-linear isomor-
phism (resp. quasi-isogeny) p: X — Y of height zero such that p*Ay = Ax.
When S belongs to Schj,_, we denote by EXOEE{ELU(S) the subcategory of Exo?nflvl)(S)
consisting of (X, tx, Ax) in which X is supersingular.

Note that both Exo](Dn_Ll) and Exo‘(bn’kill) are prestacks (that is, presheaves valued in
groupoids) on SCh\/,OE. Now we construct a morphism

(2.21) —rel. Exoaglvl) — Exo?n_m)

of prestacks on Sch‘/’OE. We will use the theory of displays [Zin02, Lau08] and Og-displays
[ACZ16].
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Let S = Spec R be an affine scheme in Schj, . Take an object (X, tx, Ax) of EXOEI;;EM)(S).

Write (P, Q,F,F) for the display of X (as a formal p-divisible group). The action of O on
P induces decompositions

-1 f—1 f—1 ) f-1
=0 =0 =0 1=0

where P; is the W(R)-submodule on which Op acts via zﬁi, and Q; = QN P;. It is clear that
the above decomposition is Og-linear, and P; is a projective Op R0 W(R)-module of rank
n.

Lemma 2.60. For 1 <:< f—1, we have
Q= u®l-1®p;(u)])P; +I(R)P;,
and that the map
Fi=F,o(u®1l—1&[p;(u)]): P;— P
is a Frobenius linear epimorphism, hence isomorphism.
Proof. The Banal condition in Definition 2.59 implies that for 1 < < f — 1,
(u®1—1& [pi(w)])P; +I(R)P; C Q;.

To show the reverse inclusion, it suffices to show that the image of (u ® 1 — 1 ® [p;(u)])P; in
Pi/I(R)P; = P;®w(r) R is projective of rank n. But the image is (u®1—1®;(u))P; ®w(r) R,
which has rank n since P; is projective over O ®,_; W(R) of rank n.

Now we show that (F})? is surjective. It suffices to show that coker(F})" @w(r) x vanishes for
every homomorphism W(R) — k with s a perfect field of characteristic p. Since W(R) — &
necessarily vanishes on I(R), it lifts to a homomorphism W(R) — W(x). Thus, we may just
assume that R is a perfect field of characteristic p. Since

(u®1-18 [p(w)(~u®l -1 pi(u)]) = Wi(u?)] - di(u®) = Ve
in which ¢; is a unit in W(Op), the image of the map
(2.22) (u®1—1® [ps(u)]): P = P;

contains (u® 1 —1® [p;(u)])P; + W(R) Ve; - P;. As R is a perfect field of characteristic p, we
have W(R) Ve; = I(R), hence (2.22) is surjective. Thus, F/ is a Frobenius linear epimorphism
as F; is.

The lemma is proved. U

Now we put
P =Py, Q9:=Qy F*=F, 0---0FoF, F“=F,_ o0 0oFoF,.

Then (P, Q! Fre! Frel) defines an f(-Z,)-display in the sense of [AC716, Definition 2.1] with
an Og-action, for which the Kottwitz condition, the Wedge condition, and the Spin condition
are obviously inherited. It remains to construct the polarization Ay.wi. By Remark 2.61
below, we have the collection of perfect symmetric W(R)-bilinear pairings {(, );|i € Z/fZ}
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Eoming fromf/\X. (for ac},ly € Py, put z; := (Fj_,0---oF|oFg)(x) and y; := (Fj_,0---0oFjoFy)(y)
orl << f,and we have
(Frelx7 I‘:rely)o — (F’fflefb Flfflyffl)o

= (Fro(u®1—1® [pp_1(w)])zy_1), Fror((u® 1= 1@ [pr—1(w)]))ys-1))o
=V (w®1 18 [pr1(@)])zso1, (w® 1 — 1@ o1 (w)])ys—1) -1
=" (([Wsr(®) = Dy () - (51,971 5-1)

-1
_V (V

)
€f—1 - (xf—l, ?/f—1)f—1)

F
=€r1 (Tp1,Yp-1)51

1 f—1—i Ff-1
== HF € | - (w1, 1)1
=1
f—1
f—1—i f-1y—-1
= (HF 1 Gi) Y @)
=1

Put (, )™ == pu( , )o, which satisfies (Frelz, Frely)rel = F'7'V7! (5 yyrel by (2.20). Then the
f(-Z,)-display (P!, Q !, Frel Frel) with Og-action together with the pairing (, )™ define an
object (X, tx, Ax)™ of Exo%n_l,l)(S), as explained in the proof of [Mih20, Proposition 3.4]
and Remark 2.61 below. It is clear that the construction is functorial in S.

Remark 2.61. For an object (X, tx,Ax) of EXO‘(I)T;EM)(S) with (P,Q,F,F) the display of X,
we have a similar claim as in Remark 2.2 concerning the polarization Ax. In particular,
as discussed in [Mih20, Section 11.1], the polarization Ax, or rather its symmetrization, is
equivalent to a collection of perfect symmetric W(R)-bilinear pairings

satisfying (x(a)z,y); = (2, 1x(a%)y); for every a € Op and (Fiz, Fiy)pa = ¥ (2,y); for
i € Z/fL. .
Similarly, for an object (X', tx/, Ax/) of EXO](Dn—Ll)(S) with (P', Q",F',F’) the f(-Z,)-display
of X’ the polarization Ay is equivalent to a perfect symmetric W(R)-bilinear pairing
(,): P xP = W(R),

_ Ffflvfl( ’

satisfying (tx/(a)z,y) = (x, 1x(a®)y) for every o € O and (F'z, F'y)’ z,y).

Proposition 2.62. The morphism (2.21) is an isomorphism.

Proof. 1t suffices to show that for every affine scheme S = Spec R in Sch}oé, the functor
—r¢l(S) is fully faithful and essentially surjective.
We first show that —*!(S) is fully faithful. Take an object (X,ux,Ax) of Exo,”,(S).

It suffices to show that the natural map Aut((X,tx,A\x)) — Aut((X,tx, Ax)™) is an iso-
morphism, which follows from a stronger statement that the natural map Endo,(X) —
Endo, (X™) is an isomorphism, where X™ denotes the first entry of (X, tx, Ax)™, which is
an Op-divisible group. For the latter, it amounts to showing that the natural map

293 Endo P, Q7 F, F N EIldO I:)rel7 Qrel7 Frel7 I':rel
E E
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is an 1som0rphlsm For the injectivity, let f be an element in the source, which decomposes
as f = Z f for endomorphisms f;: P; — P; preserving Q; and commuting with F and F.
Since for every i€Z/fZ, F, is a Frobenius linear surjective map from Q; to P;.1, the map f
is determined by fy. Thus, (2.23) is injective. For the surjectivity, let f*! be an element in the
target. Put fy := f*!: Pj — Py. By Lemma 2.63(2) below, there is a unique endomorphism
f; of P; rendering the following diagram

£
W(R) ®FW QO 4> P1

1®(fOQ0)l lfl
=

E
W<R) ®F,W(R) QO ° Pl

commute. For 2 < i < f — 1, we define f; to be the unique endomorphism of P; satisfying
that

fio(F;_lo---oF’I)h:(Fg_lo---oFll)ho(l(X)fi).

Then f := Zlfz_ol f; is an Og-linear endomorphism of P, which commutes with F and hence F.
It remains to check that f(Q) C Q, which follows from Lemma 2.60.

We then show that —™(S) is essentially surjective. Take an object (X',txs,Axs) of
Exo?nfl’l)(S) in which X"’ is given by an f(-Z,)-display (P, Q’,F',F’). For 0 < i < f — 1,
put P; .= W(R) ®F1W(R) P’. Denote by ug: Pg — Py the endomorphism given by the action

of u € Og on P'. Put Qo =Q  and for 1 <i < f—1, put
Q=((1®u)®1—(1®1)® [p;(u)])P; + I(R)P;.

Fix a normal decomposition P’ = L’ @ T’ for Q and let F' = F/ | +F'|v: PP — P’ be the
corresponding F/-linear isomorphism. For 0 <i < f—1, let F;: P; — Pi+1 be the Frobenius
linear isomorphism induced by the identity map on P’: and finally let F fo1: Pr_1 — Pg be
the Frobenius hnear isomorphism induced by F. Let Fo: Qo — Py be the map defined by
the formula Fo(l + Vw - t) = Fo(l) + wFo(t) for Il € L', t € T, and w € W(R), which is a
Frobenius linear epimorphism. By Lemma 2.63(2) below, there is a unique endomorphism
u; of Py rendering the following diagram

=

W(R) ®FW Q() *> P1

W(R)

1®(UO|Q0)\L Lul
£

W(R) ®F 5z Qo —= P,

commute.'* For 2 < i < f — 1, we define u; to be the unique endomorphism of P; satisfying
that

Uio(ﬁi_lo-..oﬁl)u:(#i_lo...o[—;l)uo(l@ul),

14We warn the readers that the endomorphism uy might be different from 1® ug as u does not necessarily
preserve the normal decomposition. However, the image of u; — 1 ® ug is contained in I(R)P;.
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and define a map F;: Q; — P,.1 by the following (compatible) formulae
Fil(ui® 1 —1® [pi(w)])z) = Fi(),
E(w2) = 2 - (0 © 1410 o)),

)

for x € P; and w € W(R), which is a Frobenius linear epimorphism. Put

f-1 f-1 . f-1
P=@PP, Q=PQ, F=>F, u=> u.
i=0 i=0 i=0 i=0

Then it is straightforward to check that (P, Q, F, F) is a display with an action by O for which
u acts by u, where F is determined by F in the usual way. Now we construct a collection
of perfect symmetric W(R)-bilinear pairings {( , ); | ¢ € Z/fZ} as in Remark 2.61. Put
(, o= (, ), where (, ) is the pairing induced by Ax/. Define inductively for 1 < i <
f —1 the unique (perfect symmetric W(R)-bilinear) pairing (, ); satisfying (F;_1x, Fi_1y); =
Vil(x,y)i_l. It is clear that we also have (F;_yz,F;_1y)o = Vil(ac,y)f_l. Then the display
(P,Q,F,F) with the Og-action together with the collection of pairings {( , ); | i € Z/fZ}
define an object (X, tx,\x) € EXO((I;’ELU(S), which satisfies (X, tx, Ax )™ ~ (X, 1x/, Ax+) by
construction.

The proposition is proved. 0

Lemma 2.63. Let R be a ring on which p is nilpotent. For a pair (P,Q) in which P
is a projective W(R)-module of finite rank and Q is a submodule of P containing 1(R)P
such that P/Q is a projective R-module, we define Q* to be the image of J(R)P under the
map W(R) BF wir) (R)P — W(R) OF wir) Q that is the base change of the inclusion map

I(R)P — Q, where J(R) denotes the kernel of (V71)%: W(R) ®F wir) I(R) — W(R). Then

for every Frobenius linear epimorphism F: Q — P" with P' a projective W(R)-module of the
same rank as P, we have

(1) the kernel of F¥ coincides with Q*;
(2) for every endomorphism f: P — P that preserves Q, there exists a unique endomor-
phism f': P" — P’ rendering the following diagram

commute.

Proof. We first claim that J(R) is contained in the kernel of the map

(2.24) W(R) @F, p 1(R) = W(R) W(R) = W(R)

) SF W)

that is the base change of the inclusion map I(R) — W(R). Take an element 2 = 3" a; ® Vb,
in W(R) SF wir) (R). If z € J(R), then 3 a;b; = 0. But the image of x under (2.24) is
S a; Vb, which equals p S a;b;. Thus, J (R) is contained in the kernel of (2.24).

For (1), choose a normal decomposition P = L & T of W(R)-modules such that Q = L &
[(R)T. By (the proof of) [Laul0, Lemma 2.5], there exists a Frobenius linear automorphism
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W of P such that F(I +at) = W(l) +V 'a-W(t) for l € L, t € T, and a € I(R). Thus ker F*
equals the submodule J(R)T of W(R) BF wir) Q. However, by the claim above, the image

of J(R)L under the map W(R) OF wir) I(R)P — W(R) SF wir) Q vanishes. Thus, we have
J(R)T=Q". .

For (2), the uniqueness follows since F is surjective; and the existence follows since the
map 1 ® (f|q) preserves Q*, which is a consequence of the definition of Q*. O

To define our (absolute) Rapoport-Zink space, we fix an object (X,tx,Ax) €
EXO((I;;EM) (k).

Definition 2.64. We define a functor N'* == N5 ., on Schj, such that for every object
S of Sch‘/’OE, N (S) consists of quadruples (X, tx, Ax; px) in which
e (X,ix,\x) is an object of EXOEI)H’ELI)(S); B B
e px is a quasi-morphism from (X, 1x,Ax) x5 (S ®o, k) to (X, 1x, \x) @ (S ®o,, k) in
the category EXOZ’EM)(S ®o, k).

Corollary 2.65. The morphism
Nq) = (%vaX’AX) - N = '/\/’(X7LX))\X)rEI

sending (X, 1x, Ax; px) to (X, 1x, Ax)™; p5&) is an isomorphism.

Proof. This follows immediately from Proposition 2.62. O

Now we study special divisors on N'® and their relation with those on A. Fix a triple
(Xo, tx,, A\x,) Where

e X is a supersingular p-divisible group over Spec O, of dimension f and height 2f;

e ix,: O — End(Xy) is an Og-action on Xj such that for 0 < i < f — 1, the summand

Liey, (X) has rank 1 on which Og acts via ¢;;

e \x,: Xo— X{ is a tx,-~compatible principal polarization.

Note that tx, induces an isomorphism tx,: O — Endo, (Xp). Put
V = HOIIlOE (Xo ®OE E, X) ® @,

which is a vector space over F of dimension n, equipped with a natural hermitian form
similar to (2.1). By a construction similar to (2.21), we obtain a triple (Xo, tx,, Ax, )™ as in
the definition of special divisors on N (Definition 2.5), and a canonical map

Homo,, (Xo @0, k, X) — Homo, (X3 @0, k, X™),
which induces a map
(2.25) — V= V' = Homo, (X§ ®0, k, X™) @ Q.

For every nonzero element # € V', we have similarly a closed formal subscheme N ®(z) of
N? defined similarly as in Definition 2.5.

Corollary 2.66. The map (2.25) is an isomorphism of hermitian spaces. Moreover, under
the isomorphism in Corollary 2.65, we have N*(x) = N (z™).

Proof. By the definition of —*! the map (2.25) is clearly an isometry. Since both V and
V™l have dimension n, (2.25) is an isomorphism of hermitian spaces. The second assertion
follows from Corollary 2.65 and construction of —™, parallel to [Mih20, Remark 4.4]. O
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Remark 2.67. Let S be an object of Sch,o,. We have another category EXO?;L,O)(S) whose
objects are triples (X, tx, Ax) in which

e X is a p-divisible group over S of dimension nf and height 2n f;

e .x: Op — End(X) is an action of Og on X such that for 0 < ¢ < f — 1, Og acts on
Liey, (X) via ¢;;

e \x: X — XV is a tx-compatible polarization such that ker(Ayx) = X[tx(u)].

Morphisms are defined similarly as in Definition 2.59. The category EXO (n,0)(S) is a connected

groupoid. Moreover, one can show that there is a canonical isomorphism Exo?mo) — Exo(,0)

of prestacks after restriction to Schj, similar to (2.21).

Remark 2.68. It is desirable to extend the results in this subsection to a general finite
extension F/Q,. We hope to address this problem in the future.

3. LOCAL THETA LIFTING AT RAMIFIED PLACES

Throughout this section, we fix a ramified quadratic extension E/F of p-adic fields with
p odd, with ¢ € Gal(E/F) the Galois involution. We fix a uniformizer v € E satisfying
u® = —u, and denote by ¢ the cardinality of Og/(u). Let n = 2r be an even positive integer.
We fix a nontrivial additive character ¥p: F' — C* of conductor Op.

The goal of this section is to compute the doubling L-function, the doubling epsilon factor,
the spherical doubling zeta integral, and the local theta lifting for a tempered admissible
irreducible representation 7w of G,.(F) that is spherical with respect to the standard special
maximal compact subgroup.

3.1. Weil representation and spherical module. We equip W, = E*" with the skew-
hermitian form given by the matrix (71T lr). We denote by {ey,..., e } the natural basis
of W,.. Denote by G, the unitary group of W,, which is a reductive group over F'. We write
elements of W, in the row form, on which G, acts from the right. Let K, C G,(F') be the
stabilizer of the lattice O% C W,, which is a special maximal compact subgroup. We fix the
Haar measure dg on GT(F ) that gives K, volume 1. Let P, be the Borel subgroup of G,

consisting of elements of the form
a b
tac,—l )

in which @ is a lower-triangular matrix in Resg/r GL,. Let P? be the maximal parabolic
subgroup of G, containing P, with the unipotent radical N?, such that the standard diagonal
Levi factor M? of P? is isomorphic to Resp,r GL,.

We fix a a split hermitian space (V,(, )yv) over E of dimension n = 2r, and a self-dual
lattice Ay of V, namely, Ay = Ay, = {x € V | Trg/p(x,y)y € Op for every y € Ay}. Put
Hy :=U(V), and let Ly be the stabilizer of Ay in Hy (F'). We fix the Haar measure dh on
Hy (F) that gives Ly volume 1.

Remark 3.1. We have

(1) There exists an isomorphism x: W, — V of E-vector spaces satisfying (x(e;), k(e;))v
0, (k(erti), k(errs))y = 0, and (k(e;), k(epsj))v = u ™ty for 1 < 0,5 < r, and Such
that Ly is generated by {k(e;) |1 < i< 2r} as an OE-submodule.
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(2) The double coset K, \G,(F)/K, has representatives

u®

usr

(—u)=

(~u)r
where 0 < a; < - -+ < a, are integers.
We introduce two Hecke algebras:
Hw, = C[K\G(F)/K,],  Hy =C[Lv\Hy(F)/Lv].

Then by the remark above, both Hy, and Hy are commutative complex algebras, and are
canonically isomorphic to 7, = C[T{, ... TF {6,

Let (ww, v, Vw, ) be the Weil representation of G,(F) x Hy(F) (with respect to the
additive character ¢¥r and the trivial splitting character). We recall the action under the
Schrodinger model Vyy, v ~ C°(V") as follows:

e for a € GL,.(F) and ¢ € C*(V"), we have

ww,,v ((a tge, 1 )) ¢(x) = |det all, - p(za);
e for b € Herm,.(F') and ¢ € C°(V"), we have

Ww,.,v (( b 1br )) ¢(x) = Yp(trbT'(z)) - ¢(x)

where T'(x) = ((x;, x;)v)
e for ¢ € C°(V"), we have

1<ij<p 18 the moment matrix of z = (X1, ..., 2);

ww,v (L1, 7)) 6(x) = 6(x);
e for h € Hy(F) and ¢ € C°(V"), we have
ww, v (h)g(z) = d(h ™ x).

Here, we recall the Fourier transform C°(V") — C=(V") sending ¢ to ¢ defined by the
formula

&(fﬁ) = /w ¢(y)¢F <Z TYE/F(CUi,yi)V> dy,
i=1
where dy is the self-dual Haar measure on V.

Definition 3.2. We define the spherical module Sy, v to be the subspace of Vyy, v consisting
of elements that are fixed by K, x Ly, as a module over Hy, ®c¢ Hy via the representation
ww,.v. We denote by Sph(V") the corresponding subspace of C2°(V") under the Schrodinger
model.

Lemma 3.3. The function 1xr belongs to Sph(V").
Proof. 1t suffices to check that

Ww,,v ((—lr 1T)) Ly, = Lar,
which follows from the fact that Ay, = Ay. The lemma follows. O
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Proposition 3.4. The annihilator of the Hw, @c Hy-module Sw, v is Zw, v, where Ly, v
denotes the diagonal ideal of Hy, @c Hy .

Proof. The same proof of [[Liu22, Proposition 4.4] (with € = + and d = r) works in this case
as well, using Lemma 3.3. O

In what follows, we review the construction of unramified principal series of G,(F') and
Hy (F).

We identify M,, the standard diagonal Levi factor of P, with (Resg,r GL;)", under which
we write an element of M.(F) as a = (aq,...,a,) with a; € E* its eigenvalue on e; for
1 << r. For every tuple o = (01,...,0,) € ((C/l?g”;] )", we define a character x7 of M, (F)
and hence P,(F) by the formula

oi+i—1/2
E .

X7 (a) =[] la:
i=1
We then have the normalized principal series

Iy, = {p € C7(G.(F)) | plag) = X7 (a)p(g) for a € P.(F) and g € G.(F)},

which is an admissible representation of G,.(F') via the right translation. We denote by 7f,
the unique irreducible constituent of Ifj, that has nonzero K, -invariants.

For V, we fix a basis {v,,...,v1,v_1,...,v_,} of the Og-lattice Ay, satistying (v;,v;)y =
u 0, _; for every 1 < i,j < r. We have an increasing filtration
(3.1) {0}=2,1,.CZ.C---CZ

of isotropic E-subspaces of V' where Z; be the E-subspaces of V' spanned by {v,,...,v;}.
Let Qy be the (minimal) parabolic subgroup of Hy that stabilizes (3.1). Let My be the
Levi factor of @)y stabilizing the lines spanned by v; for every ¢. Then we have the canonical
isomorphism My = (Resg/rp GL1)", under which we write an element of My (F) as b =
(b1, ...,b,) with b; € E* its eigenvalue on v; for 1 < i < r. For every tuple 0 = (0y,...,0,) €
(C/ 2”ZZ)T, we define a character x{ of My (F') and hence Qv (F) by the formula

log

oit+i—1/2
E .

Xv(b) = H s
i=1
We then have the normalized principal series

17 = {p € CX(Hy (F)) | o(bh) = X3 (B)(h) for b€ Qu(F) and h € Hy(F)},

which is an admissible representation of Hy (F') via the right translation. We denote by 7{,
the unique irreducible constituent of I, that has nonzero Ly-invariants.

3.2. Doubling zeta integral and doubling L-factor. In this section, we compute certain
doubling zeta integrals and doubling L-factors for irreducible admissible representations 7
of G,(F) satistying 7 # {0}. We will freely use notation from [L.iu22, Section 5].

We have the degenerate principal series [2(s) = Indggﬂ 30 A) of GZ(F). Let §*) be the
unique section of IJ(s) such that for every g € pK, with p € P2(F),
() = 1AL

It is a holomorphic standard, hence good section.



CHOW GROUPS AND L-DERIVATIVES OF AUTOMORPHIC MOTIVES FOR UNITARY GROUPS, II.47

Remark 3.5. By definition, we have I)(s) C I;{/Ew where

o = (s—i—r—%,s—l—r—%,...,s—r—i—%,s—r—i—%)E((C/lf)giqZ)Q’”.

O
Moreover, if we denote by gp"sD the unique section in I}}“}% that is fixed by Ks, and such that
O

7 (14) = 1, then f&) = ¢

Let 7 be an irreducible admissible representation of G,.(F'). For every element £ € 7" X,
we denote by He € C°(G,(F)) its associated matrix coefficient. Then for every meromorphic
section f(*) of I)(s), we have the (doubling) zeta integral:

26 f9) = [ Helg)f (wi(g.12)) dy.
Gr(F)

which is absolutely convergent for Re s large enough and has a meromorphic continuation.

We let L(s, ) and (s, 7, ¢r) be the doubling L-factor and the doubling epsilon factor of 7,

respectively, defined in [Yam 14, Theorem 5.2].

Take an element o = (0y,...,0,) € ((C/ligiq )". We define an L-factor

g o : 1
g (e el

Let £7 be a generator of the one dimensional space ((7§, )")*" & (7§, )*, which satisfies
Heo(19,) # 0. We normalize £7 such that Heo(19,) = 1, which makes it unique.

Proposition 3.6. For o € (C/ligiqZ)’", we have

Lo 1
R

r 1

where by, (s) = [i—y ;==

Proof. We have an isomorphism m: Resg/p GL, — M_ sending a to (a tac,fl). Let 7 be

the unramified constituent of the normalized induction of X_,| |7, as a representation of
GL,(F). We fix vectors vy € 7 and vy € 7" fixed by M?(F) N K, = m(GL,(Og)) such that
(v, v0)r = 1.

By a similar argument in [GPSR87, Section 6] or in the proof of [[Liu22, Proposition 5.6,
we have

(32)  2EH) = Culs) [ e (wlm(a), 1on)ldet al 7 (@) ). da,

where
o (p(2s+21) 5 Cr(2s+2i—1) " Cp(2s+ 21— 1)

Cwi(s) =11 11 =11

1 Ce@2s+r41i) = Cr(2s + 20) i Ce(2s+1+1)

See the proof of [lLiu22, Proposition 5.6] for unexplained notation. By [GPSR&7, Proposi-
tion 6.1, we have

L(s+ %, T)L(s + %,Tv)
[Ti= Ce(2s +1)

» 0O

[ e (whm(a), L) ldet alg (7 (a)uy, o), da =
GL,(E)
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Combining with (3.2), we have
, . 1 1 v
70 (s)y — <E<2S+22—1)>‘(L(S+2,T)L(S+2,T ))
(&7 57) <£{ Ce(2s +71+1) [T Cu(2s +1)
_ Ls+5.7)L(s+5.7) _ L7(s+3)

i1 Ce(2s+2i)  ba(s)
The proposition is proved. U
Proposition 3.7. For o € ((C/ligiq )", we have L(s,mf, ) = L7(s) and (s, 7§, , vr) = 1.

Proof. 1t follows from the same argument for [Yam!4, Proposition 7.1], using Proposition
3.6. O

Remark 3.8. Tt is clear that the base change BC(nfy, ) is well-defined, which is an unramified
irreducible admissible representation of GL,(E), and we have L(s,nf, ) = L(s, BC(7f;, )) by
Proposition 3.7.

For an irreducible admissible representation 7 of G.(F), let O(w, V) be the m-isotypic
quotient of Vy, v, which is an admissible representation of Hy (F), and 6(w, V) its maxi-
mal semisimple quotient. By [Wal90], 8(m, V) is either zero, or an irreducible admissible
representation of Hy (F'), known as the theta lifting of m to V' (with respect to the additive
character ¢ and the trivial splitting character).

Proposition 3.9. For an irreducible admissible representation 7 of G,(F) of the form

for an element o0 = (04,...,0,) € (iR/ligZ)r, we have §(m, V) >~ 7.

Proof. By the same argument in the proof of [L.iun22, Theorem 6.2], we have ©(r, V)v #£ {0}.
By our assumption on o, 7 is tempered. By (the same argument for) [G116, Theorem 4.1(v)],
O(m, V) is a semisimple representation of Hy (F'), hence O(m, V) = 6(w, V). In particular, we
have (,V)=v # {0}. By Proposition 3.4, the diagonal ideal Zy, v annihilates (7§, ) X
O(m, V)LV, which implies that 6(m, V) ~ 79, O

4. ARITHMETIC INNER PRODUCT FORMULA

In this section, we collect all local ingredients and deduce our main theorems, following
the same line as in [LL21]. In Subsection 4.1 and 4.2, we recall the doubling method and
the arithmetic theta lifting from [[.1.21], respectively. In Subsection 4.3, we prove the van-
ishing of local indices at split places, by proving the second main ingredient of this article,
namely, Theorem 4.21. In Subsection 4.4, we recall the formula for local indices at inert
places. In Subsection 4.5, we compute local indices at ramified places, based on the Kudla—
Rapoport type formula Theorem 2.7. In Subsection 4.6, we recall the formula for local
indices at archimedean places. The deduction of the main results of the article is explained
in Subsection 4.7, which is a straightforward modification of [L1.21, Section 11].

4.1. Recollection on doubling method. For the readers’ convenience, we copy three
groups of notation from [[.[.21, Section 2| to here. The only difference is item (H5), which
reflects the fact that we are able to study certain places in Vi2™ in the current article.

Notation 4.1. Let E/F be a CM extension of number fields, so that ¢ is a well-defined
element in Gal(E/F). We continue to fix an embedding ¢: £ < C. We denote by u the
(archimedean) place of E induced by ¢ and regard F as a subfield of C via ¢.
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(F1) We denote by

e Vz and V" the set of all places and non-archimedean places of F', respectively;

o VP V2t and Va™ the subsets of VA" of those that are split, inert, and ramified in
E respectively;

. ng) the subset of Vg of places above ¢ for every place ¢ of Q; and

e V% the places of E above V5.

Moreover,

e for every place u € Vg of E, we denote by u € Vg the underlying place of F;

e for every v € Vi we denote by p, the maximal ideal of O, , and put q, = |OF, /p,|;

e for every v € Vg, we put £, = F ®p F, and denote by | |g,: ES — C* the
normalized norm character.

(F2) Let m > 0 be an integer.

e We denote by Herm,, the subscheme of Resg,r Mat,, ,,, of m-by-m matrices b sat-
isfying '0° = b. Put Herm?, := Herm,, N Resg/r GLj,.

e For every ordered partition m = my+- - -+mg with m; a positive integer, we denote
by Om,...m,: Herm,, — Herm,,, X --- x Herm,,, the morphism that extracts the
diagonal blocks with corresponding ranks.

e We denote by Herm,,,(F)* (resp. Herm, (F)") the subset of Herm,,(F) of elements
that are totally semi-positive definite (resp. totally positive definite).

(F3) For every u € Vi, we fix an embedding ¢,: E < C inducing u (with 1, = ¢), and
identify F, with C via ¢,.

(F4) Let n == ng/r: A — C* be the quadratic character associated to E/F. For every
v € Vg and every positive integer m, put

m

bmw(s) = [T L(2s +1d,77").

=1

Put b,(s) = [Toey, bm,w(s)-

(F5) For every element T' € Herm,,(Ap), we have the character ¢r: Herm,,(Ap) — C*
given by the formula 17 (b) = ¥p(trbT).

(F6) Let R be a commutative F-algebra. A (skew-)hermitian space over R ®p E is a free
R ®p E-module V' of finite rank, equipped with a (skew-)hermitian form ( , )y with
respect to the involution c that is nondegenerate.

Notation 4.2. We fix an even positive integer n = 2r. Let (V,(, )y) be a hermitian space
over Ag of rank n that is totally positive definite.

(H1) For every commutative Ag-algebra R and every integer m > 0, we denote by
T(z) = ((xi,ili'j)v)m € Herm,,(R)

the moment matrix of an element x = (x1,...,2y,) € V™ @4, R.

(H2) For every v € Vg, we put V, = V ®4,. F,, which is a hermitian space over E,, and
define the local Hasse invariant of V,, to be €(V,) = n,((—1)"det V,,) € {£1} which
equals 1 for all but finitely many v. In what follows, we will abbreviate €(V,) as €,.
Recall that V' is coherent (resp. incoherent) if [, ey, €v = 1 (resp. [T ey, €0 = —1).

(H3) Let v be a place of I and m > 0 an integer.
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e For T' € Herm,,(F,), we put (V)*)r ={x € V" | T(x) =T}, and
(Vo™ )reg = U (Vo")r

TeHermy, (Fy)

e We denote by .7 (V™) the space of (complex valued) Bruhat—Schwartz functions

on V™. When v € V{2 we have the Gaussian function ¢? € .%(V/™) given by the

formula ¢2(x) = e~ 27 7(@),
e We have a Fourier transform map ~: .7(V,") — Z (V™) sending ¢ to ¢ defined by

the formula

) = [ ot (3 ) an
i=1
where dy is the self-dual Haar measure on V,” with respect to ¢g ,.
e In what follows, we will always use this self-dual Haar measure on V,".

(H4) Let m > 0 be an integer. For T' € Herm,,(F), we put

Diff(T, V) = {v e Vp | (V/")r = 0},

which is a finite subset of Vg \ V.
(H5) Take a nonempty finite subset R C Vi that contains

v

{v € V™ | either ¢, = —1, or v | 2, or v is ramified over Q}.
Let S be the subset of Vi \ R consisting of v such that e, = —1, which is contained in
vint,
(H6) We fix a [T eyimg O, -lattice A™ in V @4, A® such that for every v € Vi* \ R, AR is a
subgroup of (A*)Y of index ¢}~ where
(AMY ={z €V, |Yr.((x,y)y) =1 for every y € A}
is the 1 ,-dual lattice of A®.
(H7) Put H := U(V), which is a reductive group over Ap.
(H8) Denote by L} C H(AYX™) the stabilizer of A*, which is a special maximal subgroup.
We have the (abstract) Hecke algebra away from R
T = Z[L"\H(AF™) /L7,
which is a ring with the unit 1z, and denote by S® the subring

lig - Z[(L*)r\H (F1)/(L%)1] @ L(zsyr

TCVSPI\R
|T|<o0
of T*.
(H9) Suppose that V' is incoherent, namely, [,ey, €2 = —1. For every v € Vg \ vl we

fix a u-nearby space “V of V', which is a hermitian space over E, and an isomorphism
W @p AF ~ V @4, Ar. More precisely,
o ifuc VSEOO), then “V is the hermitian space over E, unique up to isomorphism, that
has signature (n — 1,1) at u and satisfies "V @p A% ~ V ®,, AF;
o if u € Vin\ VZPI, then “V is the hermitian space over F, unique up to isomorphism,
that satisfies "V ®@p A} ~ V ®,, A%
Put “H = U(“V), which is a reductive group over F. Then “H(A%) and H(A%) are
identified.
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Notation 4.3. Let m > 0 be an integer. We equip W,, = E?™ and W,, = E*" the

skew-hermitian forms given by the matrices w,, and —w,,, respectively.

(G1) Let G, be the unitary group of both W,, and W.,.. We write elements of W,, and W,,
in the row form, on which G,, acts from the right. -

(G2) We denote by {ei,...,ea,} and {é,..., €9, } the natural bases of W,, and W,,, re-

spectively.
(G3) Let P,, C G, be the parabolic subgroup stabilizing the subspace generated by
{€r41,--.,€2m}, and N, C P,, its unipotent radical.

(G4) We have

e a homomorphism m: Resg/r GL,, — P, sending a to

@)= (" o)

which identifies Resg,r GL,, as a Levi factor of F,.
e a homomorphism n: Herm,, — N,, sending b to

n(b) = <1m 11) ,

which is an isomorphism.
(G5) We define a maximal compact subgroup K, = [ ey, Km of Gin(Ap) in the following
way:
e for v € Vi, K,,, is the stabilizer of the lattice OZ™;

o for v e Vi, K. is the subgroup of the form

[/{7 /{Z]_l k1+l€2 —ik1+ik2
L2 9 \iky —iky k14 ke |

in which k; € GL,,(C) satisfies k; k¢ = 1,,, for i = 1,2. Here, we have identified
Gm(F,) as a subgroup of GLs,,(C) via the embedding ¢, with v = u in Notation
4.1(F3).

(G6) For every v € vﬁ;’o), we have a character k,,: K, — C* that sends [kq, ko to
det kl/det ]{72.15

(G7) For every v € Vg, we define a Haar measure dg, on G,,(F,) as follows:

e for v € Vi, dg, is the Haar measure under which K, , has volume 1;
o for v € V%OO), dg, is the product of the measure on K,,, of total volume 1 and the
standard hyperbolic measure on G, (F,)/ K (see, for example, [F1, Section 2.1]).
Put dg = [1, dg,, which is a Haar measure on G,,(Ar).

(G8) We denote by A(G,,(F)\Gn(Ar)) the space of both Z(g, «)-finite and K, ~-finite
automorphic forms on G,,(Ar), where Z(g,, o) denotes the center of the complexified
universal enveloping algebra of the Lie algebra g,, o of G, ®p Fos. We denote by

o A'NG,(F)\G.n(Ar)) the maximal subspace of A(G,,(F)\Gm(Ar)) on which for
every v € V%OO), K., , acts by the character &

™m,v)

o AMMG,, (F)\Gp(Ar)) the maximal subspace of A"(G,,(F)\G,(AFr)) on which
— for every v € VI \ (RUS), K,,, acts trivially; and

151 fact, both K, , and &, , do not depend on the choice of the embedding ¢,, for v =u € V;?o).
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— for every v € 8, the standard Iwahori subgroup I,,, acts trivially and
Cllnw\Kmw/Imo] acts by the character x,, , ([[.iu22, Definition 2.1]),

o Acusp(Gr(F)\Gr(Ap)) the subspace of A(G,,(F)\Gn(Arp)) of cusp forms, and by
(, )a,, the hermitian form on Ac,sp (G (F)\Gm(Ar)) given by the Petersson inner
product with respect to the Haar measure dg.

For a subspace V of A(Gp,(F)\Gm(Ar)), we denote by

e VI the intersection of V and A(G,,(F)\G,.(Ar)),

e VIR the intersection of V and A"MG,,(F)\G.n(Ar)),

e V¢ the subspace {¢°| ¢ € V}.

Assumption 4.4. In what follows, we will consider an irreducible automorphic subrepre-
sentation (7, Vy) of Acusp(Gr(F)\G,(AF)) satisfying that

(1) for every v € V%OO), T, is the (unique up to isomorphism) discrete series representation

whose restriction to K, contains the character x; ,;
(2) for every v € Vi \ R, m, is unramified (resp. almost unramified) with respect to K., if
€, =1 (resp. €, = —1);
(3) for every v € Vit 7, is tempered.
We realize the contragredient representation 7* on V¢ via the Petersson inner product ( , )g,
(Notation 4.3(G8)). By (1) and (2), we have VI'* £ {0} where VI'* is defined in Notation
1.3(G8).

Remark 4.5. By Proposition 4.8(2) below, we know that when R C V', V coincides with the
hermitian space over Ag of rank n determined by 7 via local theta dichotomy.

Definition 4.6. We define the L-function for 7 as the Euler product L(s, ) =[], L(s, m,)
over all places of F', in which

(1) for v € Vin L(s,7,) is the doubling L-function defined in [Yam14, Theorem 5.2];

(2) for v € V%OO), L(s,m,) is the L-function of the standard base change BC(w,) of m,. By
Assumption 4.4(1), BC(7,) is the principal series representation of GL,(C) that is the
normalized induction of arg" ! Karg" 3 X ... K arg> " Karg!™ where arg: C* — C*
is the argument character.

Remark 4.7. Let v be a place of F.

(1) Forv € V%Oo), doubling L-function is only well-defined up to an entire function without
zeros. However, one can show that L(s,,) satisfies the requirement for the doubling
L-function in [Yam 14, Theorem 5.2].

(2) For v € V', the standard base change BC(m,) is well-defined and we have L(s,7,) =
L(s,BC(m,)) by [Yam!14, Theorem 7.2].

(3) For v € VIE*\R, the standard base change BC(,) is well-defined and we have L(s, m,) =
L(s,BC(m,)) by [Liu22, Remark 1.4].

(4) Forv € Vi2™\R, the standard base change BC(,) is well-defined and we have L(s, m,) =
L(s,BC(m,)) by Remark 3.8.

In particular, when R C V', we have L(s, ) = [[, L(s, BC(m,)).
Recall that we have the normalized doubling integral
3T @me .S (V) —»C
from [LL21, Section 3.
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Proposition 4.8. Let (7w, V,) be as in Assumption 4./.
(1) For every v € Vi we have

dim¢ Home, ()<, (7,) (111, (0), my K ) ) = 1.

2) For every v € (Vi* \ R UVSpl V, is the unique hermitian space over E, of rank 2r, up
Y
to isomorphism, such that BM,Vv # 0.
3) For every v € Vﬁn Homg, (p) (L (Vy)), my) is irreducible as a representation of H(F,),
r(Fv)
and is nonzero if v € (Vi \ R) U VSpl.

Proof. This is same as [[L1.21, Proposition 3.6] except that in (2) we have to take care of the
case where v € V2™, which is a consequence of Proposition 3.9. ([l
Proposition 4.9. Let (7, V;) be as in Assumption 4.4 such that L(3,7) = 0. Take

o v = R,01, € VIR and vy = ®y09, € VI'® such that (¢S, 02)x, = 1 for v € Vg \ R,
and
e d = ®,0, € S(V*¥) such that ®, is the Gaussian function (Notation 4.2(H3)) for

v E V(Oo), and ®, = Lpry2r for v € Vi \ R.

Then we have

(g)E'(0, (g1, g2), ®) dg; d
/G NG ) /G NG ) ©2(92)1(91) E'(0, (91, 92), @) dg1 dgo

/(1
- M [F@ H 3% v (250, P20, B
bQT(O) ,Uevﬁn ’

L/(% ) ) (=1)rq"~ 1(q 1)
et 77 .C[FQ} v v . 3u c 7 v7®v ’
b27‘<0) " g ( 2r—1 + ]_)( _ 1) J;[R Ty, Vo (gplv ©2 )

where

I)---T(r)
L(r+1)---T'(2r)’
and the measure on G.(Ar) is the one defined in Notation 4.3(G7).

C, = (=1) 277"

Proof. The proof is same as [[L1.21, Proposition 3.7], with the additional input

BETU,VU((pim Pov, (I)v) =1
for v € Vi \ R by Proposition 3.6. -

Suppose that V' is incoherent. By [LLiullh, Section 2B], we have

(1) Take an element u € Vg \ V¥ and “® = ®@,"d, € .Z(“V¥ ®@p Ap), where we recall
from Notation 4.2(H9) that “V is the u-nearby hermitian space, such that supp(“®,) C
(V2 )ee (Notation 4.2(H3)) for v in a nonempty subset R C R. Then for every
g € PP(Fy)GY(AY), we have

E(0,9,"0) = ) IT Wo(0, g0, "®.).

TUeHerms, (F) vEVF

163trictly speaking, what we fixed is a decomposition ©§ = ®y(¢5)» and have abused notation by writing
¢5, instead of (©%),.
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(2) Take ® = ®,®, € (V*) such that supp(®,) C (V> )reg for v in a subset " C R of
cardinality at least 2. Then for every g € P7(Fy)GY(AY), we have

E'0,9,2)= Y &g, ®)u,

spl
’wEVF\VF

where

(g, D), = Z 70(0, gu, Puy) H Wi (0, gy, y).
THUeHerm$, (F) vevp\{w}
Diff(TH,V)={w}
Here, Diff(T", V) is defined in Notation 4.2(H4).

Definition 4.10. Suppose that V' is incoherent. Take an element u € Vg \ VSEPI, and a pair

(T1,T5) of elements in Herm, (F).
(1) For “® = ®,"®, € S ("V* ®p Ar), we put

ETl,T2 (guuq)) = Z H WTD(Oagvau(I)v)~
TDGHermST(F) veEVR
B » TH=(T1,T2)

(2) For ® = ®,9, € .(V*), we put
eTl,TQ (ga (I))u = Z jl“D (07 Gu, CI)Q) H WTD (07 Gu, (I)v)

THeHerm$, (F) veVp\{u}
Diff (T9,V)={u}
Or »TH=(T1,Ts)

Here, 0,,: Hermy, — Herm, x Herm, is defined in Notation 4.1(F2).

4.2. Recollection on arithmetic theta lifting. From this moment, we will assume F #
Q.
Recall that we have fixed a u-nearby space "V and an isomorphism "V @p A% ~ V @y, A%
from Notation 4.2(H9). For every open compact subgroup L C H(A%), we have the Shimura
variety X, associated to Resp)q "H of the level L, which is a smooth quasi-projective scheme
over E (which is regarded as a subfield of C via ¢) of dimension n—1. We remind the readers
its complex uniformization

(XL XRE (C)an ~ uH(F)\@ X H(AF)/L,

where © denotes the complex manifold of negative lines in "V ®g C and the Deligne homo-
morphism is the one adopted in [[L.TXZZ, Section 3.2]. In what follows, for a place u € Vg,
we put X, = X ®p F, as a scheme over E,.

For every ¢ € (V™ ®@,, A¥)L and T' € Herm,,(F), we put

Zp(¢™) L, = Z ¢ () Z ()L,
2€L\V"®p AP
T(z)=T

where Z(x), is Kudla’s special cycle recalled in [LL1.21, Definition 4.1]. As the above sum-
mation is finite, Z7(¢>)y is a well-defined element in CH™(X)c. For every g € G,,(Ap),
Kudla’s generating function is defined to be

Zoe (= Y. Winoo(90)05%(T) - Zr(wpy (9761

TeHerm,, (F)*
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as a formal sum valued in CH™(Xp)c, where

wmoo(goo)¢0 H Wmv gv ¢0( )

UEV%OO)

Here, we note that for v € V& the function wy,.(g,)¢° factors through the moment map

Vo — Herm,, (F,) (see Notation 4.2(H1)).

Hypothesis 4.11 (Modularity of generating functions of codimension m, [L.1.21, Hypothe-
sis 4.5]). For every open compact subgroup L C H(AS), every ¢® € (V™ @4, AR)E, and
every complex linear map 1. CH™(X)c — C, the assignment

9= UZs=(9)1)

is absolutely convergent, and gives an element in AUV(G, (F)\Gn(Ar)). In other words, the

function Zge(—)1, defines an element in Home(CH™ (X )&, AT™N(G,, (F)\Gn(AFR))).

Definition 4.12. Let (7, V,) be as in Assumption 4.4. Assume Hypothesis 4.11 on the
modularity of generating functions of codimension r. For every ¢ € VIl every open compact
subgroup L C H(AY), and every ¢ € (V" @4, AX)L, we put
Oy (0)), = / ©(9) Zge (9)1, g,
oo (@)L e (9)Zs~(9)Ldg
which is an element in CH"(X )¢ by [L1.21, Proposition 4.7]. It is clear that the image of
@¢oo (‘P)L in

CHT(X)(C =1 CHT(XL)(C

7

depends only on ¢ and ¢, which we denote by O~ (). Finally, we define the arithmetic
theta lifting of (m,Vy) to V (with respect to ¢) to be the complex subspace O(m, V) of
CH"(X)c spanned by G4 (p) for all p € VI and ¢ € (V" ®,, AR).

We recall Beilinson’s height pairing for our particular use from [[.I1.21, Section 6]. We have
a map

(, >g<L,E: CHT(XL)g> X CHT(XL)g> — C®q Qy

that is complex linear in the first variable, and conjugate symmetric. Here, ¢ is a rational

()

prime such that X , has smooth projective reduction for every u € Vi;’. For a pair (¢1, ¢o)

of elements in ZT(XL)g> X Z’"(XL)g> with disjoint supports, we have
<Cl762>§(L,E: > 2, ) XpoBu T > logqy - 01762>XLuE ;
uEV(oo) uevﬁn
in which

e ¢, is the residue cardinality of F, for u € Vi»

e (c1,0)%, . 5, € C®qQy is the non-archimedean local index recalled in [L1.21, Section B]
for u € Vi (see [I.L1.21, Remark B.11] when u is above £), which equals zero for all but
finitely many u;

e (c1,02)x, .5, € C is the archimedean local index for u € V(EOO), recalled in [LL21, Sec-
tion 10].

Definition 4.13. We say that a rational prime /¢ is R-good if ¢ is unramified in E and satisfies
vl cvin\ (RUS).
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Definition 4.14. For every open compact subgroup Lg of H(Fy) and every subfield IL of C,
we define

(1) (S})%, to be the subalgebra of S} (Notation 4.2(H8)) of elements that annihilate
D Hur(Xr.12/E) @g L,

1#£2r—1
(2) for every rational prime ¢, (S{g)ﬁf to be the subalgebra of S? of elements that annihilate

@ HQT (XLRLR,ua Q@ (r)) ®Q L.

uevin\y()
Here, L? is defined in Notation 4.2(HS).

Definition 4.15. Consider a nonempty subset R* C R, an R-good rational prime ¢, and
an open compact subgroup L of H(A$) of the form Ly L* where L* is defined in Notation
4.2(H8). An (R,R’, ¢, L)-admissible sextuple is a sextuple (¢3°, ¢3°, 81,82, g1, g2) in which

o for i = 1,2, ¢° = ®,05 € L (V" @4, AF)* in which ¢7 = Lar) for v € Vi \ R,

satisfying that supp(¢7 @ (¢52)¢) C (V.2 )seq for v € R/;

e for i = 1,2, s; is a product of two elements in (S} ac)fg;

o for i = 1,2, g; is an element in G,(A%).

For an (R, R, ¢, L)-admissible sextuple (¢3°, ¢3°, 81,82, g1, g2) and every pair (77, T3) of ele-
ments in Herm; (F)*, we define

(1) the global index Ip, 7, (¢5°, $3°, 81,89, 91, g2) 7, to be

(Wroo(9100) P00 (T1) - 81 21, (w7 (97°)05°) 1 Wroo (G200 ) 0 (T2) - 852, (w0 (95°)05°) 1)y, o
as an element in C ®q Q,, where we note that for i = 1,2, s¥Z7, (we°(g5°)95°) 1, belongs
to CH"(X,)¥ by Definition 4.14(2);
(2) for every u € Vi, the local index Ir, 1, (¢5°, ¢, 81,52, g1, 92)1, ., to be

(Wroo (9100) 05 (T1) 8121, (w7 (97°)97°) 1y Wroo (9200) 05 (T2) - 8321, (w77 (9570057 )1) 1

as an element in C ®@qg Qy;

(3) for every u € vﬁ;o), the local index Ip, 1, (97, °, 81,52, 01, G2) L« tO be

<wr,00<9100)¢go<T1) ’ STZTl (w;)o(gfo)dl)o)bwr,m<9200)¢20(T2) ' S;ZTz (wv?o(ggo)¢§o)L>XL,u,Eu
as an element in C.

Let (m,V,) be as in Assumption 4.4, and assume Hypothesis 4.11 on the modularity of
generating functions of codimension r.

Remark 4.16. In the situation of Definition 4.12 (and suppose that F' # Q), suppose that L
has the form Ly L* where L* is defined in Notation 4.2(H8). We have, from [L1.21, Proposi-
tion 6.10], that for every elements p € VI and ¢® € (V" @4, AF)E,
(1) O () = XH(5)° - Oy (i), for overy s € St
(2) O () € CH"(X1)g;
(3) under [LL21, Hypothesis 6.6], Oy~ (p) € CHT(XL)g> for every R-good rational prime
L.

We recall the normalized height pairing between the cycles Oy (p) in Definition 4.12,
under [L121, Hypothesis 6.6].
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Definition 4.17. Under [I.1.21, Hypothesis 6.6], for every elements ¢, € VI and
2, 05° € L (V" @p, AY), we define the normalized height pairing

(Qpe (1), Oz (92)) .z € C ®g Qo

to be the unique element such that for every L = Ly L* as in Remark 4.16 (with R possibly
enlarged) satisfying o1, 0o € VIR ¢ 03 € (V" ®,, A¥)*, and that £ is R-good, we have

(Qpee (1), Oz (92))i.p = VOIU(L) - (O (1) 1, O (92) 1),

where vol*(L) is introduced in [I.1.21, Definition 3.8] and (B4 (©1)L, Ope (02) 1), o is well-
defined by Remark 4.16(3). Note that by the projection formula, the right-hand side of the
above formula is independent of L.

Finally, we review the auxiliary Shimura variety that will only be used in the computation
of local indices Iz, 1, (95, $3°, 81,82, 915 92) Lu-

Notation 4.18. We denote by Ty the torus over Q such that for every commutative Q-
algebra R, we have To(R) = {a € £ ®g R|Nmg/pa € R*}.

We choose a CM type ® of E containing ¢ and denote by E’ the subfield of C generated
by F and the reflex field of ®. We also choose a skew hermitian space W over E of rank 1,
whose group of rational similitude is canonically Ty. For a (sufficiently small) open compact
subgroup Lo of To(A>), we have the PEL type moduli scheme Y of CM abelian varieties
with CM type ® and level Ly, which is a smooth projective scheme over E’ of dimension 0
(see, [Kot92], for example). In what follows, when we invoke this construction, the data @,
W, and Ly will be fixed, hence will not be carried into the notation E' and Y. For every
open compact subgroup L C H(AY), we put

X/L = XL XE Y
as a scheme over E'.
The following notation is parallel to [LLL.21, Notation 5.6].

Notation 4.19. In Subsections 4.3, 4.4, and 4.5, we will consider a place u € Vir\ VI?
(Definition 1.1). Let p be the underlying rational prime of u. We will fix an isomorphism
C = Q, under which ¢ induces the place u. In particular, we may identify ® as a subset of
Hom(FE,Q,).

We further require that ® in Notation 4.18 is admissible in the following sense: if &, C &

denotes the subset inducing the place v for every v € ng), then it satisfies

(1) when v € Vﬁf) NV, @, induces the same place of E above v;
(2) when v € ng) NVt @, is the pullback of a CM type of the maximal subfield of E,
unramified over Q,;
(3) when v € v}i’) N V@™ the subfield of Q, generated by E, and the reflex field of @, is
unramified over E,,.
To release the burden of notation, we denote by K the subfield of Q, generated by E, and the

reflex field of ®, by £ its residue field, and by K the completion of the maximal unramified
extension of K in QQ, with the residue field IF,. It is clear that admissible CM type always
exists for u € Vi" \ vy, and that K is unramified over E,,.
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We also choose a (sufficiently small) open compact subgroup Ly of To(A>) such that L,
is maximal compact. We denote by ) the integral model of Y over O such that for every
S € Schlyp,., V(S) is the set of equivalence classes of quadruples (Ao, ta,, Aag, 7,) Where

o (Ap,tay, Aa,) is a unitary Og-abelian scheme over S of signature type ® (see [L'TX77Z,
Definition 3.4.2 & Definition 3.4.3])'" such that A, is p-principal;
e 1), is an L-level structure (see ['T'X77, Definition 4.2.2] for more details).

By [How12, Proposition 3.1.2], Y is finite and étale over Ok.

4.3. Local indices at split places. In this subsection, we compute local indices at almost
all places in ng’l. Our goal is to prove the following proposition.

Proposition 4.20. Let R, R, ¢, and L be as in Definition 4.15 such that the cardinality
of R is at least 2. Let (m,V;) be as in Assumption 4.4. For every u € V' satisfying
u & R\ Vy and Vg’) NR C Vsﬁl where p is the underlying rational prime of u, there exist
elements s¥, sy € SE.. \ mE such that

L
-[Tl,Tg (gb(fO) ¢§O7sqfsla 5382791792)1;7“ =0

for every (R,R, ¢, L)-admissible sextuple (¢3°,93°, 81,82, ¢1,92) and every pair (T1,Ts) in
Herm?(F)". Moreover, we may take s} = sy =1 if u & R.

Proof. This is simply [LL21, Proposition 7.1] but without the assumption that m, is a (tem-
pered) principal series and without relying on [l.1.21, Hypothesis 6.6]. The proof is same,
after we slightly generalize the construction of the integral model &), to take care of places

in ng) N V™ and use Theorem 4.21 below which generalizes [[.L1.21, Lemma 7.3]. O

From now to the end of this section, we assume V%’) NRC Vi?l. We also assume u € V}
and when we need m =1 below. We invoke Notation 4.18 together with Notation 4.19. The
isomorphism C = Q, in Notation 4.19 identifies Hom(E, C) with Hom(E,C,). For every

v E ng), let @, be the subset of @, regarded as a subset of Hom(E, C,), of elements that
induce the place v of F.

For every integer m > 0, we define a moduli functor &), over Ok as follows: For every
S e Sch’/OK, X, (S) is the set of equivalence classes of tuples

D . D
(A07 Lon )\on ,r]Aoa A7 LA, /\AJ 77,47 {TZA’U}UEV(F?)HVSFPI\{Q}7 nA,u,m)
where

o (Ao, tay, Aay,1,) is an element in Y(S);
e (A 14,A4) is a unitary Og-abelian scheme of signature type n® — ¢, + ¢, over S, such
that

— for every v € V) \ viam X, [v] is an isogeny whose kernel has order !~

— Lie(A[u®*]) is of rank 1 on which the action of O is given by the embedding & ;

— for every v € V¥ NV the triple (Ag[v™], 14, [°], Aay[v™°]) ®o,. O is an object of

Exofry (S @0, Of) (Remark 2.67, with E = E,, F = F,, and E = K);'®

e 1y is an LP-level structure;

e for every v € Vﬁf) NVEN {u}, N4 is an Ly-level structure;

1"Here, our notation on objects is slightly different from [LTXZZ] or [LL21] as we, in particular, retrieve
the Og-action ¢ 4,.

18The sign condition is redundant in our case by [RS720, Remark 5.1(i)].
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® 7aum is a Drinfeld level-m structure.

See [L1.21, Section 7] for more details for the last three items. By [RSZ20, Theorem 4.5], for
every m > 0, A, is a regular scheme, flat (smooth, if m = 0) and projective over O, and
admits a canonical isomorphism

X @0y K = X7 1@ K

of schemes over K. Note that for every integer m > 0, SRV naturally gives a ring of étale
correspondences of X,,."

The following theorem confirms the conjecture proposed in [LI.21, Remark 7.4], and the
rest of this subsection will be devoted to its proof. It is worth mentioning that even in
the situation of [LL.21, Lemma 7.3], the argument below is slightly improved so that [LL1.21,
Hypothesis 6.6] is not relied on anymore.

Theorem 4.21. Let the situation be as in Proposition /.20 and assume u € V}? and p # L.
For every integer m > 0,

(I (X, Qu(r)) @ @*) =0

(»)
holds, where m == m* N S?QSZF

We temporarily allow n to be an arbitrary positive integer, not necessarily even. Put
Y, = X, ®oy k. For every point z € Y,,,(F,), we know that A,[u®>] is a one-dimensional
Op,-divisible group of (relative) height n, and we let 0 < h(z) < n — 1 be the height of its
étale part. For 0 < h < n—1, let V" be locus where h(z) < h, which is Zariski closed, hence
will be endowed with the reduced induced scheme structure, and put Y,(") = Yk — ylh=1]
(YI=1 = (). Tt is known that Y,(") is smooth over k of pure dimension h.

Now we suppose that m > 1. Let &" be the set of free O, /p™-submodules of (p;™/Or,)"
of rank n — h, and put &,, := Uy—} &" . For every M € &"  we denote by Y,(M) C V(M) the
(open and closed) locus where the kernel of the Drinfeld level-m structure is M. Then we
have

v = 11 v
Meah,
for every 0 < h <n—1. Let Y,,LM] be the scheme-theoretic closure of Yn(lM ) inside Y,,. Then
we have

(4.1) yM = ) yQ)
M eSSy,
MCM'

as a disjoint union of strata. Note that Hecke operators away from w (of level L%) preserve
Y M) and hence VM for every M € &,),.

We need some general notation. For a sequence (gy, ..., g;) of nonnegative integers with
g = g1+ -+ g, we denote by Py, . the standard upper triangular parabolic subgroup of
GL, of block sizes gi,..., g, and My, _,, its standard diagonal Levi subgroup. Moreover,
we denote by C919 the cardinality of

GL9<OFH/le)/Pgl,m,gz (OFg/p;n>7

t

9When m = 0, we do not need u € Vg as the same holds even when K is ramified over F,,.
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which depends only on the partition g = g1 + - - - + ¢g;. We also put
L, = ker (GLy(Or,) = GL4(Or, /py))

Lemma 4.22. For (¢1,...,q) with g = g1 +--- + ¢+ as above and another integer ¢’ > g,

we have
9’ —9,9( 91,9t — (V9 —g+91,92,...,gt
cy ca =CY .

Proof. 1t follows from the isomorphism

Pg/*g,g(OFg/p;n)/Pg’ngrgl,gz ,,,,, gt (OFg/pgm) = GLg(OFg/pZL)/Pgl ,,,,, gt (OFg/pgm)'

Lemma 4.23. Suppose that m > 1. Take a sequence (g1,...,9:) of nonnegative integers
with g =g1+---+g:. Let m;X--- K, be an admissible representation of My, 4, (F,). Then
we have

77777

LY t 9;

dim (Tnd ™ w8 @) = g [Ldimr S

Proof. Pick a set X of representatives of the double coset

Por,oo (Fu)\ GLg(Fu) /LG,

contained in GL,(OF, ), which is possible by the Iwasawa decomposition. Then an element

,,,,,,

is determined by f|x. Since GLQ(OFu) normahzes L9 a function f’ on X is of the form

u,m’

= f|x if and only if ' takes values in ®'_, 7r =" As | X| = C99 the lemma follows. [

For an irreducible supercuspidal representation 7 of GLg4( u) and a positive integer s, we
have the representation Sp,(m) of GL4,(F),) defined in [TTl , Section L.3]. In particular,
when ¢ is an unramified character of F,, Sp,(¢) is the Stelnberg representation of GLg(F},)

s—1
twisted by ¢| |

Lemma 4.24. Suppose that m > 1. For every positive integer g and every unramified

character ¢ of F, we have

> (=1)"CoM dim Spy, () i = 0.

h=0
Proof. We claim the identity
9

(4.2) > (=1)" [ndg? ) Spa(@) B (0] [ odetyn)| =0

h=0
in Groth(GLy(F,)). Assuming it, we have

g

Lo(Fy) ath-1 LY m
Z " dim (Ind O Sp(9) B (d)\ B Odetgh>) — 0.

By Lemma 4.23, the lemma follows.
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For the claim, put

GLg Fu

I(¢) = Indp, " {r) OB S| [ B - K| [§7.

By the transitivity of (normalized) parabohc induction, every irreducible constituent of

GLg(Fu) gthl
1(6)~" = Indgy 2 Spu(@) B (01 [ o det, )

is a constituent of I(¢). By [Zcl80], there is a bijection between the set of irreducible sub-
quotients of I(¢) and the set of sequences of signs of length g — 1. For such a sequence o,
we denote by I(¢), the corresponding irreducible subquotient. For 0 < h < g — 1, we denote
by o (i) the sequence starting from h negative signs followed by g — 1 — h positive signs. In
particular,

AAAAA

I(@)otg-1) = SPy(9) = 1()*",  L¢)o(0) = ¢ W7 o det, = I()"
By [HT01, Lemma 1.3.2], we have

[1(¢)"™"] = [1(&)om] + [L(&)o(n-1)]
in Groth(GLy(F,)) for 0 < h < g. Thus, (4.2) follows.

Proposition 4.25. Fiz an isomorphism Qp ~ C. Suppose that m > 1. For every 0 < h <

n—1and M € &",, we have
H (Yn[@M] ®k Fpa@@)m -
for every j # h.
This is an extension of [TY(7, Proposition 4.4]. However, we allow arbitrary principal

level structure at u and our case involves endoscopy.

Proof. In what follows, h will always denote an integer satisfying 0 < h < n — 1. Denote by
D,,_, the division algebra over F, of Hasse invariant ﬁ, with the maximal order Op,_,
_ For a T-scheme Y of finite type over k, and a (finite) character x: To(Q)\To(A>)/Lo —
@y, we put
[He o (Y, Q)] =D (1) Hi(Y @5 Fp, Q) [x]
jeL

as an element in Groth(Gal(F,/k)) for ? € { ,c}.

Let I be the Igusa Variety (of the first kind) introduced in [HT01, Section IV.1] so that

I" is isomorphic to Y, (M) for every M € &" as schemes over k (but not as schemes over

0( ). Combining with (4.1), we obtain the identity

(4.3) [H, (Y, Q)] = Z S (=D T e (V. Qo))
h'= OM/GG%L
MCM’

’ [HC,X(IQL/7 @Z)]

Il
M=

(=1 (M e &7 | M C M}

’

>

0

(=)' MO [Hen (1, Qo))

I
M=

<
Il

in Groth(Gal(F,/k)).
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Now to compute [H, (I, Q,)], we use [(S17, Lemma 5.5.1] in which the corresponding
Jp(Qy) is Dy x GLy/ (F,), and we take ¢ = ¢%¢p,, where ¢* is the characteristic function of

L% and ¢, is the characteristic function of O X LZ’m Then we have the identity

h!

) — , « « W
(4.4) [HC,X(LZ , Qo)) = Z Z c(n,1I") - Redz (WZ)ODn—h/ Lum

n I
in Groth(D;,_,, /O ), where

W

e n runs through ordered pairs (n;,ny) of nonnegative integers such that n; + ny = n,
which gives an elliptic endoscopic group G,, of U("V);

e 1™ runs through a finite set of certain isobaric irreducible cohomological (with respect
to the trivial algebraic representation) automorphic representations of G, (Arg), with 77"
the descent of II7 to G (Fy) =~ My, n, (Fu):

e ¢(n,II") is a constant depending only on 7 and II" but not on /;

e Red”: Groth(M,, ,,(F,)) — Groth(DX_,, x GLy/(F,)) is the zero map if &/ < ny, and
otherwise is the composition of

— the normalized Jacquet functor

Groth(M ny (Fi)) = Groth(My vy ns (Fa),
— the normalized parabolic induction
Groth(My,—p/ p/—ng my (Fi)) — Groth(My,—p p (Fy)),
— the Langlands—Jacquet map (on the first factor)
Groth(M,,—p p/(Fy)) = Groth(D;_,, x GLy/ (F,)).
The image of [H.,(I",Q,)] in Groth(Gal(F,/k)) is given by the map
Groth(D;;_,,/Op ) — Groth(Gal(F,/k))

h/
sending an (unramified) character ¢ o Nmpx  to rec(¢™!) - X, where X is a finite character
n—h'

of Gal(F,/k) determined by x. In what follows, we will regard

X n'
Oanh/ XLy m

Red” (1)
as an element of Groth(Gal(F,/k)) via the above map.
Now let us compute for each n = (nq,ny),
h / I ’ / % h/
(45) S (=) Redy () P

h'=0

in Groth(Gal(F,/k)), when 7} is tempered. Write 7 = 7' X 7% where 7* is an tempered
irreducible admissible representation of GL,, (F,). In particular, 7! is a full induction of the

form
GLn, (Fu)

Pslgl ~~~~~ Stgt(FH

Il’ld ) Sps1 (ﬂ-%> & e & Spst (Trtl)v

where s1,...,s; and g1, ..., g, are positive integers satisfying s1g; + - - - + s;g; = ny; and for
1 <i<t, m is an irreducible supercuspidal representation of GLy, (F,) such that Sp, (7;)
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is unitary. Let I be the subset of {1,...,t} such that ] is an unramified character (hence
gi =1) and s; > n — h. Then we have for h' > na,
/ X h
(4.6) Red?” () Pnn
GL,,/ (F.) Lk,
= Y dim (Ind w(F) SPy, i —n (T} ) B (ﬁj# Sps, (le)) X 7T2> -
sigggh’
ree((x)) M 1) - A
in which the suppressed subscript in P7 is (s; + b —n, 8191, .-+, 5Giy - - -, StGe, N2)-
We claim that for each i € I,
(4.7)
i h—h' ~h—h',h’ GL,/ (Fu) 1 1 9 Lgm
h/; (-~ dim <Ind ) SPg, 4 —n(m;) X (&#i Sp, (ﬂ'j)) X ) =0

if s; > n — h. In fact, by Lemma 4.23, there is a nonnegative integer D independent of A’
such that the left-hand side of (4.7) equals

h

_n _n Y o . si+h'—n
Z (_1)h h C:;z R';h ,0787;+h ,81915-58195--5t9612 . ) . dim Spsﬁh'—n(ﬂz‘l)LE’m
h!=n—s;
i h—h' ~h—h',s;+h'—n,s19 $1Gire 188Gt M2 1 Lsﬁ_hl_n
_ - —h',s; —T,81G1 5351 Gise--,StGt,N2 . di .
— Z (_1) Cm ‘ e D dlmspsﬂrh’fn(?ri) wm
h!'=n—s;
htsin ’ !t N Lh/
— Z (_1)hfh C«Tllmjsl'*n*h D' ,819150,8iGiy-,StGt M2 D - dim Sph/ (7].21) w,m
h'=0
h+s;—n n!
— ( )hch-&-sz TyS1G1 5351 Gi ey St GEST2 . D Z Ch+81—n h',h . dim Sph/ (W})Lﬂ»m
h'=0

in which the last summation vanishes by applying Lemma 4.24 with ¢ = h+s; — n > 0.
Here, we have used Lemma 4.22 twice.

By (4.6) and (4.7), we know that (4.5) is a linear combination of [rec((m})™}| |u ) - X|
with ¢ € I satisfying s; = n — h. Thus, (4.5) is strictly pure of weight h since Sp, (7}) is
unitary. By (4.3), (4.4), and the fact that localization at m annihilates all terms in (4.4)
with 77 not tempered, we know that [H, (Y, Q)] is strictly pure of weight h. Finally,
by [Man08, Proposition 12], we know that Y™ is smooth over k of pure dimension h. Since
YIMl is also proper, we have

Hj (YTELM] Sk Fpa @f)[X]m -
T

for every j # h and every character x: To(Q)\To(A®)/Ly — Q) from the Weil conjecture.
Then the proposition follows. 0J

Proof of Theorem 4.21. Recall that n = 2r is even. We may assume m > 1 since the
morphism &, — A} is finite and flat. In what follows, h is always an integer satisfying
0<h<n—-1=2r—-1. ForasubsetECan, we put

y®= (JyM  yE= ] yM

MeX¥ MeX
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in which the first union is disjoint. If h > 1, we also denote by XT the subset of Gh!
consisting of M’ that contains an element in X.
Fix an arbitrary isomorphism Q, ~ C. We claim

(%) For every 0 < h < 2r — 1 and every ¥ C & |
Hg:(yrgzz) Ok Fpa@é)m = H](Yn[mz] by ﬁpv@f)m =
holds when 7 > h.
Assuming the claim, we prove H* (X,,, Q¢(r))n = 0. By the proper base change theorem
and the fact that taking global sections on Spec O is the same as restricting to Speck

and then taking global sections, the natural map H?"(X,,,Q(r)) — H?" (Y., Q¢(r)) is an
isomorphism. Thus, it suffices to show that

H(k, H*" (Y @ Fp, Qe(r)))m = H' (b, B (Yo @1 Fp, Qu(r)))n =
The vanishing of HO(k, H*"(Y,,, @ F,, Q/(r)))m already follows from (x ) Y,, = Y21 Now
we consider H!(k, H*1(Y,,, @ F, Q¢(r)))m- By (¥), H (Y222, F,, Q)n = 0, hence the
natural map
HZ M (V2D @4 By, Qo) — B (Vi @4 B, Q)
is surjective. It suffices to show that H'(k, HgT*I(Yn(f“l) @k Fp, Qu(r)))m = 0. Now we prove
by induction on 0 < h < 2r — 1 that for every M € &"  H (k, H* (VM) @, F,, Q¢(7)))m = 0.
The case h = 0 is trivial. Consider h > 0 and M € & . Since Y,,[lM] is proper smooth
over k by [Man03, Proposition 12], we have Iil(/i,Hh(YJlM] Rk Fp, Qe(r)))m = 0 by the Weil
conjecture. By (x), we have H*(VIM' @, F, Q/)n = 0. Thus, it suffices to show that
HY (k, H- 1Y @, F,, Qu(r)))m = 0. By (*) again, we have H* 1 (VI @, F, Q) =
Thus, the desired vanishing property follows from
H' (b, H (V) @, F, Q) = @ BTV @
M’'e{M}t

FWQZ(T)))m =0,

which holds by the induction hypothesis. We have now proved H* (X,,,, Q¢(7))n = 0 assuming

To show the claim (), we use induction on h. To ease notation, we simply write H3(—)
for HY(— @k Fp, Q)w for ? € { ,c}. The case for h = 0 is trivial. Suppose that we know ()
for h — 1 for some h > 1. For every M € & | we have the exact sequence

— W) (v (M) - 1 (v M) -

By Proposition 4.25 and the induction hypothesis we have HJ (Y(M )} =0 for j > h. Now
take a subset ¥ of &" . Then we have H(Y,)) = @ex HJ(Y( )} = 0 for j > h. By the
exact sequence

LS H(YO)) s B (YY) 5 B (YT o
and the induction hypothesis, we have H/(Y/*]) = 0 for j > h. Thus, () holds for h.
The theorem is proved. 0

Remark 4.26. In fact, our proof of Theorem 4.21 shows that for general n (not necessarily
even),

(HY (%, Qu(r") ©Q%) =0
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as long as n < n’ < 27/, where m is the maximal ideal of a suitable spherical Hecke algebra
associated to a tempered cuspidal automorphic representation of the corresponding unitary

group.
4.4. Local indices at inert places. In this subsection, we compute local indices at places
in Vi2* not above R.

Proposition 4.27. Let R, R, £, and L be as in Definition 4.15. Take an element u € Vi
such that its underlying rational prime p is odd and satisfies ng) NRC Vi?l.

(1) Suppose that u & S. Then we have

log ¢, - vol*(L) - Ir, 1, (077, 957,81, 52,91792)2u = Cr,m((91,92), Po @ (5107° @ (3205°)°) )
for every (R,R', £, L)-admissible sextuple (¢3°, p5°, 81,82, 91, g2) and every pair (T, Ts)
in Herm, (F)*.

(2) Suppose that u € smv}Z and is unramified over Q. Recall that we have fixed a u-nearby
space "V and an isomorphism *V @p Af ~ V ®@4, A% from Notation J.2(H9). We also
fix a Vg y-self-dual lattice A}, of “V,,. Then there exist elements s¥,sy € Sgac \ mE such
that

log Qu - VOIH(L) ) IT1,T2( TO7 ¢C2>O7 Sqfslﬁ SSSQ, g1, gQ)i,u

= QETLTQ((gl? 92)7 (I)go ® (Sqfsl¢i>o ® (SgSQngO)C))U
_ logqy
¢, —1
for every (R,R', £, L)-admissible sextuple ($3°, p3°, 81,82, 91, g2) and every pair (T1,Ts)

in Herm, (F)*.

In both cases, the right-hand side is defined in Definition 4.10 with the Gaussian function
D0 € .Z (V¥ @4, Fa) (Notation 4.2(H3)), and vol*(L) is defined in [.1.21, Definition 3.8].

Proof. Part (1) is proved in the same way as [LL.21, Proposition 8.1]. Part (2) is proved in
the same way as [[.1.21, Proposition 9.1]. Note that we need to extend the definition of the

Er, 1,((g1,92), P @ (s{s107 7 @ (555205 )°) @ Liagyer)

ram

integral model due to the presence of places in Vﬁf) NVE™, as we do in the previous subsection.
The requirement that u € V5. in (2) is to ensure that K is unramified over E, (see Notation
4.19). O

4.5. Local indices at ramified places. In this subsection, we compute local indices at

places in V™ not above R.

Proposition 4.28. Let R, R, ¢, and L be as in Definition /.15. Take an element u € VE™

such that its underlying rational prime p satisfies v}l’) NRC V?’l. Then we have

log gy, - VOlh(L) Iy 1, (077, 057, 81, 82791792)€7u = E1,.1,((g1, 92), P2 @ (5167° @ (5205°)°) )
for every (R,R',{, L)-admissible sextuple (¢5°, 3, 81,82, 91,92) and every pair (11,Ty) in
Herm, (F)", where the right-hand side is defined in Definition /.10 with the Gaussian func-
tion 0 € L (V¥ @4, Fs) (Notation 4.2(H3)), and vol*(L) is defined in [I.1.21, Defini-
tion 3.8].
Proof. The proof of the proposition follows the same line as in [L1.21, Proposition 8.1], as

long as we accomplish the following three tasks. We invoke Notation 4.18 together with
Notation 4.19.
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(1) Construct a good integral model X; for X; over Og for open compact subgroups
L C L satisfying L, = L, for v € ng) \Vi}?l, which is provided after the proof.

(2) Establish the nonarchimedean uniformization of X; along the supersingular locus using
the relative Rapoport—Zink space N from Definition 2.3, analogous to [LL21, (8.2)],
and compare special divisors. This is done in Proposition 4.30 below.

(3) Show that for x = (zy,...,29,) € W? with T(z) € Herm§, (F,), we have

L L b2r7u<0)
X <ﬁN(Zl) Qay -+ Qo ﬁ/\/(m‘)) B logjqu

if T'(x) = T". In fact, this follows from Theorem 2.7, Remark 2.18, and the identity

,}D (O, 14r, H(ARE)ZT)

r

barw(0) = JT(1 = ¢,).

=1

The proposition is proved. U

Let the situation be as in Proposition 4.28. The isomorphism C = Q, in Notation 4.19
identifies Hom(E, C) with Hom(E, C,). For every v € V%’), let @, be the subset of ®, regarded
as a subset of Hom(E, C,), of elements that induce the place v of F.

To ease notation, put

U= {vev?\ v |v#£ul
In particular, UNR = 0. ) )

There is a projective system {X; }, for open compact subgroups L C L satistying L, = L,
for v € V%) \ V2! of smooth projective schemes over Oy (see [R5720, Theorem 4.7, AT type
(2)]) with

Xi ®OK K — X}/ ®El K — (Xi ®E Y) ®El K,
and finite étale transition morphisms, such that for every S € Sch'/OK, X;(S) is the set of
equivalence classes of tuples

Y2 D
(A07 LA, )‘Aoa 77A07 A7 LA, )‘Av M4, {nA,v}vevg)mv?l)

where
o (Ao, Lay, Aay,1y,) is an element in Y(S);
e (A,14,A4) is a unitary Og-abelian scheme of signature type n® — ¢, + ¢, over S, such
that
— for every v € V%’) \ Viam X4 [v°] is an isogeny whose kernel has order ¢}=;
— for every v € UN V™, the triple (Ao[v™], ta,[v™°], A4, [v™°]) ®0, Oy is an object of
Exo(’o) (S ®o, Of) (Remark 2.67, with E = E,, F = F,, and E = K);
— for v = u, (Ao[v™], 14, [V>]; A4, [v™]) ®0, Oy is an object of Exop  1y(S ®o, O)
(Definition 2.59, with £ = E,, F' = F,, and £ = K);
e 7} is an LP-level structure;

e for every v € ng) N Vi?l, NAy 1S an f)v—level structure.

In particular, S* is naturally a ring of étale correspondences of X7,
Let ¢ € .7 (V ®a, AX)L be a p-basic element [LL1.21, Definition 6.5]. For every element

t € F that is totally positive, we have a cycle Z,(¢>); € Z'(X;) extending the restriction
of Z;(¢>) to X7, defined similarly as in [[.7Za, Section 13.3].
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Now we study the nonarchimedean uniformization of X; along the supersingular locus.
Fix a point Py = (Ao, tay, Aag:M,) € V(O ). Put

X ZZI'&HXE
L

and denote by Xj the fiber of Py along the natural projection X — ). Let X be the comple-
tion along the (closed) locus where A[u] is supersingular, as a formal scheme over Spf Of.
Also fix a point P € X\(F,) represented by (P ®o, Fp; A, 14, Aa, M, {T]A,v}vevg)mvsgl).
Put V' := Homg, (A ®o, F,, A) ® Q. Fixing an element @ € Op that has valuation 0
(resp. 1) at places in UN VA (resp., UN V™), we have a pairing
( , )VI VXV s FE

sending (z,%) € V? to the composition of quasi-homomorphisms
x M. qv 3V v T A
Ay X S A" — A — A
as an element in Endo,(4¢) ® Q, hence in E via t,.. We have the following properties
concerning V:
e V (, )v is a totally positive definite hermitian space over E of rank n;
o for every v € Vin\ (ng) \ V1), we have a canonical isometry V @5 F, ~ V ®p F, of
hermitian spaces; B
e for every v € U, the Op,-lattice A, = Homo, (4o ®o, F), A) ®o, Op, is
— self-dual if v € UNVE and €, = 1,
— almost self-dual if v € UN VR and €, = —1,
— self-dual if v € UNVE™,
o V ®p I, is nonsplit, and we have a canonical isomorphism

V @p F, ~ Homo,, (Ao[u™] ®o, F,, Alu™]) ® Q
of hermitian spaces over E,,.
We have a Rapoport—Zink space N (Definition 2.3, with £ = E,, F = F,,, E=K , and
o the natural embedding) with respect to the object
(X, 0x, Ax) = (Afu], ealu], Aa[u™])™ € Exol, 1) (Fp),

where — is the morphism (2.21). We now construct a morphism

(4.8) T X — U(V)(F)\ (N' x UV)(AT)/T] Lv>

veU
of formal schemes over Spf O, where L, is the stabilizer of A, in U(V')(F},), as follows.
We have the Rapoport—Zink space N'®u = /\/&[umh A[u] A au]) from Definition 2.64. We
first define a morphism

T: &) — UV)(F)\ (/\/% x UWV)(AF*)/T] Lv> :

and then define Y™ as the composition of T with the morphism in Corollary 2.65. To
construct T, we take a point

P = (PO ®O}~( S7 A7 LA, )‘A7 77%, {UA,U}UGV;E)QVSPE’I) € XO/\(S)
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for a connected scheme S in Sch’/o N Sch}o with a geometric point s. In particular, A[p>]
is supersingular. By [R796, Proposition 6. 29] we can choose an Og-linear quasi-isogeny

p: Axs(S®o, Fp) = A®g (S @0, Fp)

of height zero such that p*Aa ®z (S ®o, F,) = A x5 (S ®0,, F,). We have

o (A[u™], La[u™®], Aa[u™]; p[u™]) is an element in N (S);
e the composite map

V ®g A%P 55V @g AP 5 Hompggaces (Hi (Ag s, A%P), Hy (A, A®P))
2% Hompegases (Hi(Ag,s, AP), Hi(As, A™P)) = V ®g AP

is an isometry, which gives rise to an element h* € U(V)(AX");

e the same process as above will produce an element AP € I] o U(V)(F,);

ver'P) v
e for every v € U, the image of the map

psx0: Homo, (Ags[v™], As[v™]) = Homo,, (Ags[v™], Av™]) @ Q =V @Fr F,

is an Og,-lattice in the same U(V')(F),)-orbit of A,, which gives rise to an element
h, € U(V)(F,)/L,.

Together, we obtain an element

(AW, alw] A plu]), (07, B, {hu}oew)) € NP2(S) x UV)(AF*)/ T] Lo,

veU

and we define T(P) to be its image in the quotient, which is independent of the choice of p.

Remark 4.29. Both V' and T*™ depend on the choice of P, while the isometry class of V'
does not.

Proposition 4.30. The morphism Yrel (4.8) is an isomorphism. Moreover, for every p-basic
element ¢ € S (V @u, AR and every t € F that is totally positive, we have

(4.9 T (2(6™)ily) = D > d(h ') - (N (™), h),
wEFW))(F)t\V heU(VH) (ENUWV)AT )/ [T, Lo
x,x)y=

where

e V' denotes the orthogonal complement of x in V';
o ¢ is a Schwartz function on V @p AN™ such that ¢, = ¢ for v € VI \ (V2 \ V) and
¢, = 1a, forveU;
o 2™ s defined in (2.25); and
o (N(2™), h) denotes the corresponding double coset in (4.8).
Proof. By a similar argument for [RZ96, Theorem 6.30], the morphism T is an isomorphism.
Thus, T* is an isomorphism as well by Corollary 2.65.
For (4.9), by a similar argument for [Liu21, Theorem 5.22], the identity holds with A/(z™!)
replaced by AN'®«(z). Then it follows by Corollary 2.66.
The proposition is proved. 0
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4.6. Local indices at archimedean places. In this subsection, we compute local indices

at places in V.

Proposition 4.31. Let R, R, ¢, and L be as in Definition 4.15. Let (mw,V,) be as in
Assumption 4.4. Take an element u € V(EOO). Consider an (R,R',(, L)-admissible sextuple
(3°, ¢, 81,92, 91, g2) and an element 1 € VIR Let Ky C G.(A¥) be an open compact
subgroup that fizes both ¢3° and 1, and §1 C G, (Fx) a Siegel fundamental domain for the

congruence subgroup G,.(F) N g*K1(g°)~'. Then for every Ty € Herm, (F)", we have

VOlh(L)'/S SOC(7191) Z ITl,Tz(quO?¢§o>slas277-191792)L,u dn

1 Ty €Herm?(F)+
1 c 0 00 co\c
—5 [ e Y Enml(nign ), 0% © (5167 © (5205)%))udr,
51 T1€Herm? (F)+

in which both sides are absolutely convergent. Here, the term &g, 1, is defined in Definition
4.10 with the Gaussian function ®°, € S (V> R4, Fs) (Notation 4.2(H3)), and vol*(L) is
defined in [1.1.21, Definition 3.8].

Proof. This is simply [LL.21, Proposition 10.1]. O

4.7. Proof of main results. The proofs of Theorem 1.4, Theorem 1.5, and Corollary 1.7
follow from the same lines as for [LL1.21, Theorem 1.5], [LL1.21, Theorem 1.7], and [L1.21,
Corollary 1.9], respectively, written in [L1.21, Section 11]. However, we need to take R to
be a finite subset of Vi,?l N V;z containing R, and of cardinality at least 2, and modify the
reference according to the table below.

This article [LL21]
Proposition 4.8 Proposition 3.6
Proposition 4.9 Proposition 3.7
Proposition 4.20 Proposition 7.1
Proposition 4.27 | Proposition 8.1 & Proposition 9.1
Proposition 4.28 (not available)
Proposition 4.31 Proposition 10.1

Remark 4.32. When S, = (), Theorem 1.4, Theorem 1.5, and Corollary 1.7 can all be proved
without [LL1.21, Hypothesis 6.6]. In fact, besides Proposition 4.27(2) (which we do not need
as S, = ()), the only place where [[.1.21, Hypothesis 6.6] is used is [[.[.21, Proposition 6.9(2)].
However, we can slightly modify the definition of (Sﬁ)ﬁ in Definition 4.14(2) such that it is
the ideal of S} of elements that annihilate

D H(Xirw Q(r) ®q L,
uevin\yi)
where H" (X1, 15 o, Qo(r))@glL is the Q,@gL-submodule of H*" (X, r u, Q¢(r)) ®olL generated
by the image of the cycle class map CH"(Xp,70.0) — H* (X280, Qu(1)) ®g L.
Theorem 4.21 implies that when u satisfies u € RN V?l NVy and V(}J) NR C Vi?l where p is

the underlying rational prime of u, there exists an element in (S§ ac)gz \ m?® that annihilates
H (X200, Qe(r)) ®g Q*°. Indeed, we have a commutative diagram (in the context of the
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proof of Proposition 4.20)
CH"(X,,) H? (X, Qo(r))

| |

CH"(Xpprra) — HY (X ppra, Qe(r) = H*" (X100, Qu(7))

in which the left vertical arrow is surjective, which implies that H"(Xp 1r., Q(r)) is a
quotient of H*" (X, Q,(r)).

It follows that with this new definition of (Sﬁf)gﬁ, [L121, Proposition 6.9(2)] holds when
R C V' NV} without assuming [L.1.21, Hypothesis 6.6].

Remark 4.33. Finally, we explain the main difficulty on lifting the restriction F' # Q (when
r > 2). Suppose that ' = Q and r > 2. Then the Shimura variety X from Subsection 4.2
is never proper over the base field. Nevertheless, it is well-known that X admits a canonical
toroidal compactification, which is smooth. However, to run our argument, we need suitable
compactification of their integral models at every finite place u of E as well. As far as we
can see, the main obstacle is the compactification of integral models using Drinfeld level
structures when u splits over F', together with a vanishing result like Theorem 4.21.
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