Math V1202. Calculus IV, Section 004, Spring 2007
Solutions to Practice Midterm 2

Problem 1 Let C be the arc of the parabola y = 222 from (1, ) to (2,2).
Evaluate the following line integrals.

(a) [, xds
(b) [oydx + x*dy
Solution: = =t, y = t2/2, 1 < t < 2, dx = dt, dy = tdt, ds = /T + £2dt.
(a) )
/C:L"ds = /1 tV1 + t2dt = %(1 + 2)3/2

t=2

- %(5%5 —2V2).

t=1

) 2t2 5 t3 t4
de+22dy = | (5 +at= (2 + 5
/ny—i-m Yy /1(2+ ) <6+4)

Problem 2 Consider the vector field

(b)
=2 59
=1 12

F = (yzcos(z2))i+ (sin(zz) — 2)j + (zy cos(zz) — y)k.
(a) Find a function f such that F = V f.

Solution:
of _ zcos(xz) of _ sin(xz) — z of _ xycos(xz) —
ax - y ) ay - ) az - y y

Y, Z) = /yz cos(rz)dxr = ysin(zz) + g(y, 2)

= sin(zz) + 99 =sin(zz) — 2

dy
g—g =—z, 9(y,z) = /(—Z)dy = —yz + h(z)

f(z,y,2) =ysin(zz) —yz + h(z)

fla
of
ay

g—i = xycos(rz) —y + = cos(xz) —y
h
Z—Z =0, h(z) is a constant
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f(!lf,y,Z) = ySlIl(ZlZ'Z) —Yyz

(b) Evaluate the line integral [, F - dr, where C' is the curve given by
r(t) = (1 — t)et,tz,sin(gt)), 0<t<1.
Solution:

‘LF.M :tLVfwhzf&ﬂD—fﬁwﬁ
= f(0,1,1) = f(1,0,0) ==-1—-0=—1

Problem 3 Use Green’s theorem to evaluate the line integral

f@%m%w+@ﬂw%@
C

where C' is the oriented curve shown in Figure 1.
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Figure 1: C' is the union of two semicircles and two line segments.

Solution: C' = 9D, where D = {(z,y) | 1 < 2*+y* <4,y > 0}. By Green’s
theorem,

7{ (2° — y*)da + (2 + y*)dy = / / (32% + 3y*)dxdy
C D

xr=rcost, y=rsind, drdy=rdrdd

T 2 ™ 4
/ / (322 4 3y?)dxdy = / / 3r3drdf = / 3
D 0 1 0 4
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Problem 4 Consider the vector field F = xyzi + yzj — 22k.

(a) Is F a conservative vector field? Explain.

Solution: No. The curl of a conservative vector field is 0, but

i k
curl F = a% a% % = —yi+ 2z +zy)j — zzk # 0.

ryzr yz —a®

(b) Is there a vector field G such that curl G = F? Explain.
Solution: No. We have div(curl G) = 0 for any vector field G, but

o0 0 0 2
divF = 8x(xyz)+8y(yz>+8z( ) =yz+ 2z #0.

Problem 5 Let T be the torus with vector equation
r(u,v) = (3+cosu)cosvi+ (34+cosu)sinvj + sinuk, 0 <u <27, 0 < v < 27.

(a) Calculate ry, r,, and r, X r,.

Solution:
r, = —sinucosvi — sinusinvj + cosuk
r, = (3+cosu)(—sinv)i+ (3+ cosu)cosvj
= (3+cosu)(—sinvi + cosvj)
i J k
r, Xr, = (3+4cosu)| —sinucosv —sinusinv cosu
—sinwv CoS v

= (3+cosu)(—cosucosvi — cosusinvj — sinuk)

(b) Find an equation for the plane tangent to 7" at (g, 0, @)

Solution:

2 5 V3 2 5 5V3
3 0= 05 )0 =0 - =)

So the tangent plane is given by

5 5_@2_\/3

J—5) - e—5) =0, ie, v —V3z=1



(c¢) Find the surface area of T'.

Solution: |r, X r,| = 3 + cosu.

u=2m

27 2T 2T
Area(T) = / / (3 4 cosu)dudv = / (3u + sinu) dv
o Jo 0

u=0
2
= / 6rdv = 1272
0

Problem 6 Evaluate the surface integral [[g2%dS, where S is the upper
hemisphere 22 + y* 4+ 22 =1, z > 0.

Solution: x =sinpcosf, y =singsinf, z =cosp, 0 < 0 < 27,
0 <y <7/2, dS = sinpdidp.

/2
// S = / / cos® psin pdfdp = / 21 cost @ sin dyp
S

p=m/2
= ——COS = —.
5 v =0 5

Problem 7 Evaluate the surface integral [[;F - dS, where
F = —yi+ 2j + zk, and S is the part of the cone 22 + y?> = 2% between
the planes z = 1 and z = 4, with upward orientation.

Solution 1: A vector equation of S is given by r(z,y) = (x,y, g(x,y)), where

g(z,y) = /22 +9y? and (z,y) isin D = {(z,y) € R? | 1 < 2? +y* < 16}.
We have

F(r(z,y)) = (~y, 7, V2% +y?)

ry X ry = <_gw7 _gyv 1) = <

— R
VR +y? a2t +y?

r, X r, is upward, so

// -dS = // r(z,y)) rxxryda:dy—/ Va2 + yidxdy

We use polar coordinates x = rcos@, y = rsin 6, dedy = rdrdf.

2 4 2 .3
// Va2 + yidedy = / / ridrdf = / T
D o J1 o 3

4

r=4

2w
df = / 21d0 = 427.
0

r=1



Solution 2: A vector equation of S is given by r(r,0) = (rcosf,rsinf,r),
1<r<4,0<6<2m

r, = (cosf,sinf, 1), ry= (—rsinb, rcosd,0)

i j k
r, X Ty = cos 6 sinf 1 | = —rcos#i—rsinfj+rk
—rsinf rcosf 0

r, X Iy is upward, so

//SF'dS - /Ozﬂ/14F(r(r,9))~rr X tg drdd

21 4

= / / (—rsin@,rcosf,r)- (—rcosf, —rsinf, r)drdd

o J1
2 4 2 7,3 r=4 21

= / / rzdrd9:/ — d9:/ 21d0 = 427
0 1 0 3

r=1 0




