Math V1202. Calculus IV, Section 004, Spring 2007
Solutions to Midterm 2

Problem 1. Consider a vector field F(z,y, z) = sinyi + cos zj + k.
(a) (8%) Is F conservative? Explain.
Solution: No. The curl of a conservative vector field is 0, but
i ik
curllF =| 2 a% 9 | = (—sinz — cosy)k # 0.
siny cosx 2?
(b) (10%) Evaluate the line integral [, F - dr, where C' is the line segment
from (2,1,0) to (0,1, 3).
Solution: The line segment from (2,1,0) to (0,1, 3) is given by

r(t) = (1—1)(2,1,0) + £(0,1,3) = (2—2t,1,3t), 0<t<1.

F(r(t)) = (sinl,cos(2— 2t),9t*)
r'(t) = (=2,0,3)

1 1
/F~dr = /F(r(t))-r’(t)dt:/ (—2sin 1+ 27t%)dt
C 0 0
t=1
=9—2sinl

(9w, 3
= ( 2sin 1 t+9t)t_0

Problem 2. Consider the vector field
F(z,y,2) = (32%yz — 3y)i+ (22 — 32)j + (z°y + 22)k.
(a) (12%) Find a function f such that F = Vf.

Solution:

flz,y,2) = /(3x2yz — 3y)dx = 2°yz — 3zy + g(y, 2)

OF _ 3 3p—us 30499 _/ _
o =2z —3r=2"2 3x—|—8y, g9(y,z) = [ 0dy = h(2)
fla,y,z) = 2’yz — 3oy + h(2)

of

dh
5, = ° y+2z=u=x y+dz, h(z) /2zdz 2" +c

where c is a constant. We may take ¢ = 0 so that

f(z,y,2) = 2°yz — 3oy + 22



Figure 1: C'is the union of the line segment from (0, 0, 2) to (1,0,0) and the
arc {(z,y,2) | 2> +y*=1, £ >0, y >0, 2= 0} from (1,0,0) to (0,1,0).

(b) (6%) Use part (a) to evaluate the line integral [, F-dr, where C is the
oriented curve from (0,0, 2) to (0,1,0) shown in Figure 1.

Solution:
/F-dr:/Vf-dr:f(O,l,O)—f(0,0,Q):0—4:—4
e, c

where the second equality follows from the fundamental theorem for line
integrals.

Problem 3. Use Green’s theorem to evaluate the line integral

/ (sin(z?®) — y)dz + (z — e)dy
C

where C'is the rectangle with vertices (1, 1), (4, 1), (4,3), and (1, 3), oriented
counterclockwise.
Solution: C' = 0D, where D = {(z,y) |1 <2 <4,1 <y <3}.
By Green’s theorem,
]{ (sin(2®) — y)dz + (z — )dy
c

B //D e%(‘” — )~ ; (sin(z®) — y)dzdy

Y
3
= //dedy://dedy:H
D 1 J1

Problem 4. Consider two vector fields

Show that curl F - k = div G.



Solution:

i ]k 9 9
cnlP=| £ gL =0+ () - 2P )k

P(x,y) Q(z,y) 0 Y

50 0 9

curl F - k = a—ng(x, y) — a—yp(x, Y).
We also have
0 0 0 0

ivG = — Jp -9 ~Zp

So curl F - k = div G.

Problem 5. Evaluate [[,F -dS, where F = zi + yj — zk, and S is the
part of the paraboloid z = 4 — 2% — y? that lies above the plane z = 0, with
downward orientation.

Solution 1: A vector equation of S is given by r(z,y) = (x,y, g(x,y)), where
g(zr,y) =4 —2* —y? and (z,y) € D = {(z,y) € R? | 2% + y* < 4}. We have

F(r(z,y) = F(r,y,4— 2" —y*) = (z,y, 2> +y* — 4)
r, Xr, = (—gz —0gy, 1) = (22,2y,1)

r, X r, is upward, so

//SF 8= //D F(r(z,y))  (—rz x 1,)dzdy

= [[ g -4y (20 -2 1) dody
D

= // (4 — 32% — 3y*)dxdy
D

We use polar coordinates x = rcos @, y = rsin €, dedy = rdrdb.

27 2
// (4 — 32% — 3y*)dxdy = / / (4 — 3r*)rdrdf
D o Jo
2T 2 21 3,,,,4 r=2
= / / (4r — 37‘3)drd9 = / (27"2 — —)
o Jo 0 4
27

do
= / —4df = —87
0

r=0
Solution 2: A vector equation of S is given by

r(r,0) = (rcosf,rsinf, 4 —r?), 0<r<2 0<6<2m,



We have

F(r(r,0)) = F(rcosf,rsinf,4 — r*) = (rcosf,rsinf,r* — 4)
r, = (cosf,sinf, —2r), ry= (—rsinf, rcosd,0)
i j k
r, Xrg=| cosf sinf  —2r | = 2r?cosfi+ 2r?sinfj + rk
—rsinf rcosf 0

r, X Iy is upward, so
2 2
// F-dS = / / F(r(r,0)) - (—r, X rg)drdtheta
S o Jo
2 2
= / / (rcos,rsin@, r* —4) - (—2r? cos ), —2r*sin 0, —r)drdf
o Jo

2 2
= / / (=213 cos? @ — 2r®sin? O — r® + 4r)drdf
o Jo

2 2 2m 37,4
= / /(—3r3+4r)drd9:/ <——+2r2>
0 0 0 4
2
= / —4df = -8~
0

Problem 6. Evaluate [[yzdS, where S is the part of the sphere
22 +y? + 22 = 4 in the first octant.
Solution 1: A vector equation of S is given by

r=2
do

r=0

r(0,p) = (2sinpcosh,2sinpsinf,2cosp), 0<O0< - 0<p<

o

T
2

lrg X ry,| =4singp

w/2 /2
// yzdS :/ / 2sin psing - 2 cos p|ry X r,|dOdy
S 0 0

w/2  pm/2 /2 /2
= 16 / / sin? ¢ cos @ sin dfdy = 16 / sin Adf / sin? o cos pdyp
0 0 0 0

0=m/2 ind O0=m/2
= 16<—cos€’ )_(sm SO’ ):16~1.%:1_36

=0 3 =0

Solution 2: A vector equation of S is given by r(x,y) = (z,y, g(x, y)), where

g(z,y) = /4 —a2? —y* and

(r,y) € D ={(x,y) eR? | 2* +9* < 2,2 >0,y > 0}.



o B T Y
r, Xr, = < Gz, gy71>_<\/4_x2_y2’\/4_x2_y271>

B x? y? | — 4 B 2
rp XTIy = 4—x2—y2+4—x2—y2+ - 4_x2_y2_m'
//yzdS:// y\/4—x2—y2\rx><ry|dxdy:// 2ydxdy

s D D

We use polar coordinates x = rcosf, y = rsin €, dedy = rdrdb.

w/2 2 w/2 2
// 2ydxdy:/ / 2rsin9rdrd9:/ sin@d@/ 2r2dr
D 0 0 0 0
9:71'/2 3 r=2
6=0 3

r=0) 3 3
Solution 3: A vector equation of S is given by

r(r,0) = (rcosf,rsinf, V4 —r?), 0§r§2,0§9§g
r, = (cosf,sin b, \/%7702% rg = (—rsind, rcosd,0)
r, X Ty= Colsé’ siié’ —\/k’"_Q = T2COS¢9i+ Tzsmej+rk
—rsinf rcos6 ST vA=rt o ViA—r?
r,,><r9|:\/T4C0829+T4Sin29+r2: 472 _ 2
4 —r2 4—r2 4—1r2  \J4—92

w/2 2 w/2 2
// yzdS = / / rsin0v4 — r2|r, X ro|drdd = / / 2r? sin Odrdf
S o Jo o Jo

/2 2 — 93 |r=2 1 1
= / sin@d@/ 2r2dr = <—cos€‘ ) . <L ) =1- 16 = 6
0 0 6=0 3

r=0 3 ?
Problem 7. (12%) Let S be the part of the cylinder 2 + 2? = R? that lies
inside the cylinder y? + 22 = R2. Find the area of S.
Solution 1: Let S, be the part of S in the first octant. A vector equation
of S, is given by

r(y,z) = (VR2—2%y,2), (y,2) € D={(y,2) ER*|y’+2" < R’ y,2> 0}




= <0? ]‘70>7

-
ISy
I
—~
=
—_
~

r, Xr, =

R
Iryxrzl—\/1+ _Zz TR

R p/RT_22 R R ,
Area(S ://rxrzddz:/ / ——dydz = Rdz=R
( +> D‘ Yy ‘ Yy 0 0 \/m ) 0
Area(S) = 8Area(S,) = 8R?

Solution 2: Let S, be the part of S in the first octant. A vector equation of
S, is given by r(z,y) = (z,y,g(z,y)), where g(z,y) = VR?* — 2? and (z,y)
is in the triangle D with vertices (0, 0), (R, 0), (R, R).

x

o
o = e

r,Xr, = 2,,>
VR? — 22

— gy, 1
‘r;pxry| = A D3 =2 —;(,“2 —LU2 \/ﬁ

R T R
Area(S = e X 1 |dedy = ———dyd
rea’( +) //D|r ry| xy /0 /0 m yx
R

r=
R2 — 2

/ LU
o VRR—a2%
Area(S) = 8Area(S,) = 8R?

Solution 3: A vector equation of S is given by r(6,y) = (Rsin6,y, R cos0),
(0,y) € D, where

D = {(0,y) eR*|0<6<2my* < R*— (Rcosh)?}
= {(0,y) eR*|0< 6 <2m,—R|sinf| <y < R|sinf|}

= (Rcos#,0,—Rsinf), r,=(0,1,0)

i j k
rg Xxr,=| Rcosf 0 —Rsinf | = Rsinfi+ Rcosbk
0 1 0

lrg xry| =R

R|sin 6| 2
Area(S) = // rp X ry|d9dy—/ / Rdydﬁ—/ 2R?| sin 6|df
R| sm@\ 0

= 4R2/ sin Adf = 4R? (— 00899 ) = 8R?
0 =0




