









































Gromov WittenPotentialsofLocalBananaManifold
and Siegel ModularForms

JointwithJimBryanfrom 2019
ConnectswithrecentmirrorsymmetryworkofAzam Cannizzo hee Lin

Outline

1 Curve counting theories for a local bananamanifold
2 Quicksurvey of Siegelmodularforms andJacobiforms
3 Main computations
4 Comments on mirror symmetry

l Curve countingtheoriesfor localbananamanifold
S Let S ID be an elliptically fibered surface

over a disk such thatthecentral fiber is aY nodal an c andall other fibers are smooth
elliptic curves

Forthis talk the localbananamanifold

Y Bla Sss
is a small resolution of singularitiesof SxpS blowingup
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Bananaconfiguration Conifoldsinguleity
of the rationalcurves eqx.y.w.ttexy we

SoY ID is a non compact CalabiYan
threefold fiberedby Abelian surfaces

Smoothfibers Exe for smoothelliptic curve E
The central fiber is a non normal toric surface

Normalizationof the
singular fiber is a blowup G
of P'xp at twotorus
invariantpoints
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Muchofenumerative geometry is concernedwith definingcurve counting invariants for
Calabi Yanthreefolds Sowe wantto understand curves in Y

C CzCz Latticeofpropercurves inY
Forany

effective curveclass BeltzY2 we canwriteB d ctdzcztdz.cz
Butto seemodularitylater on it is convenientto use a differentbasis
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Introduce formalvariables Qqy suchthatthe

aboveclass corresponds tomonomial

Q q y
DonaldsonThomasPartitionFunction

EDTY I É DTpme.nlY l p Qqye
Supp4 Pml

subschemes
virtue É Itilbill X191 k

Theorem Bryan TheDonaldsonThomaspartitionfunctionofYis givenbytheinfiniteproduct

FbiY IT l pughye
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where c14am l K are Fourier coefficientsoftheequivariantellipticgenusof E
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Remark Theabovetheoremlooksanalogoustothe Igusa KEEth
cuspform conjecture forK3xE Oberdieck PandharipandePixtonShen

EDT KBE
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40198.81 Eyng l Qqye
chame's

Igusacuspform CYum l Fouriercoefficientsof Ellgy
k3

Gromov WittenPotentials

Fg Y E GW Qqye
genusg 1
GWpotential GWinvariants virtualcountsofstable

maps intoY

Theorem BryanP For g 2 thegenus g Gromov WittenpotentialFgY are

meromorphic genus two Siegelmodular formsofweight 2g 2 Moreover

Eagle I 43Én q Egly I Fg y
Eisensteinseries SoeachFgY isbuiltessentiallyfromEsgmodularweight2g972

2 QuickSurveyofSiegelModularFarmsandJacobiForms
DefinethegenustwoSiegelupperhalfspace tobe
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andtheintegralsymplectic group

Spy121 I eMy d
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Noticethat It generalizestheordinaryupperhalfplane and Spa171genalizes54171
Wehave an actionof Spy12 on It generalizing thatofStal21 on It

R s Rr art b credit 8 Ed Esp 12
Genustwo Siegelmodular forms are functions on Itta transformingunderSpy 2

Morespecifically a Siegelmodularformofweight K is a holomorphicfunctionfillt t d
suchthat

f real deflectd fir
forall 8 Ed eSpy12

GeometricInterpretation

A2 modulispaceofprincipallypolarizedAbeliansurfaces

Az E H Spy12

PrincipallypolarizedAbeliansurface isom PeriodmatrixDelta uptoSpy 2

Thereexists a bundle E Az called the Hodgebundle withfiberHIXRx ourYEA

Explicitly we construct II as follows



X 2 6 Spy 2 x2

Family
E s ya

Universal

Id Hispid S zerosection

Remark I'm ignoringthat X A isreally anorbifold family and IE an orbifoldbundle
Needtotake an honestfamily 21,14 Agentforprincipal congruence subgroup finicSpy121
and quotient by Spy172

Proposition Aweight K Siegelmodularform f can beviewed as a sectionoflinebundle
felt'tAzdat E

Roughly thinkof transformationlaw f real def catd f r as a transitionfunction
betweencharts

This ispartofthemuchbigger storyof automorphicforms on ShimuravarietiesXf
MaassLiftingJacobiForms to Siegel ModularForms

StandardChange

ofVariables R EE ng Q é't
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Theorem Eichler Zagier A Siegelmodularform f of weight K has a FourierJacobi
expansion

f Qqy É4am8Y Q
where4kmqy are Jacobiformsofweight k andindexm I defn
Forall Ed eStal and t.me2

transformation

km E cEta ceta exp II dance z
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Okm E Z X Et exp 21in X's 2xz 4am e z r
elliptic
transformation

Example Theuniqueweight 2 index1 weak Jacobiform

daGigi ly g y I 11 gg I'll gg pt q
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GivenSiegelmodularform f Qqy theJacobiforms 4am it are ingeneral unrelated

Butusing Heckeoperators Vmwe can build a Siegelmodularformfroman index 1Jacobi
form

Theorem Eichler ZagierAoki If 4k is an index 1 Jacobiform then

MLId ÉVm din Q
is a Siegelmodular formofweight k called theMaasslift ofde

HereVm Jack IJackm is the Heckeoperator raisingtheindexof a Jacobiform
For m O

V dial mIF IFd d
a b az

Fact Fourier
coefficientsonlydepend

on thequantityYu12

Proposition If da qyl E c14n l qy is the Fourierexpansionofdie then

MLId clot I c14ame's r Q qr y
mine so

where R Borcherds

Vodin cool t.I.gl e I r qrgre



3MainComputation

I wanttosketch aproofofthefollowingmaintheorem

Theorem BryanP For g 2 thegenus gGromovWittenpotentialFgY are

meromorphic genus two Siegelmodular formsofweight 2g 2 Moreover

Fg Y ML asgEsg81.4.2 gy
whereang g Bug is a constant

WeusetheGWDT Correspondence Underthechangeofvariables p e

log25 Y IIFg y 23
2

reducedDipatiffintin
FgY Fg Y Fg YdividebypowerofMacMahonfunction

Forg 2 wehavenice formula fordegreezero contributions
I degree 0stable
mapcontributions

Y C1 Big Big2
2g21 2g 2g 2

EDTY safeso l pkqmqnyej.cl
4mm l K

logZ'Dt Y Eg Ez c14mmtsk log l pQqy
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EquivariantEllipticGenusofG
Under thechange ofvariables p e wehave Zhou

Ellqy tip IoX angEsg8 t.z.iq.gl

LetCag214n l betheFouriercoefficientsof t Thenwe have

Eec14am lik pr I Cg Yume rt

logZai Y É x I.e gag214mm it r Q q y

Fg'LY1 GWDTCorrespondence

ML ArgEsg8 dz qyl cog lol By2
212g2 Fg Y

Cag210 s Zag bkthe80 coefficientof4.2qigl
is j 41

Thekey isthat anyBag is precisely thedegreezerocontributionsto FgY So

MLLanyEsg'lldz.iqy Fg Y

4 MirrorSymmetry

GeneralComments

It is expectedthatmirrorsymmetryplacesserious constraints on the



I
Gromov Wittenpotentials FgX of a CalabiYauthreefold X

Amathematicianmightthinkof FgX as just a formalseries in curve
variables I Qi Qr

In physics youtreatQ as coordinates on the complexified Kahler cone
and FgX as an expansion atlargevolume

But viathemirrormap FgX should live atleastlocally onthe
modulispace M ofcomplexstructures on the mirror I

Conjecturally FgX shouldbe a locall sectionof a degree
2g2 linebundle vacuumbundle on M

Seee.gDijkgraaf's MirrorSymmetryadEllipticCurves

Or FgX inheritsmonodromyactionpresentonB modelside

AboutaidAurouxKatzarkov There is a sense inwhichthemirror of a banana configuration
is a smoothgenustwocurve Really twomirror LandauGinsburgmodels

Roughly
Symplecticvolumeof
the bananas

Three complex
periods Relltz



def E 29
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SoFgY is a sectionof a
degree 2g2 linebundle
over Mz thecomplexmodel

M z
e t A typ 12 space of themirror to a

banana configuration
modelspaceof
smoothgenretwo
curves

C i s Jac C

GlobalKahlermoduli known in physics as the stringy Kahlermodulispace
Micah is notwellunderstood in general

It is conjecturally related to theBridgelandstabilitymanifold

Butsomerecentprogress has beenmadeforthelocal bananamanifold

Theorem Azam Cannizzo Lee Lin

Man Hq
where G Ed Esp 121 c o C Spa Z

Theactionof G on It is generated by

R I b b symmetric 2 2 integralmatrix

R i s a Rat a E GLz Z

Fact G cSpy12 is the subgroup underwhichFg transforms trivially



All Siegel modular forms are invariant under R Rtb
Necessary to have Fowier expansion Q explain q exp Zeit

Fg adat det a s Fg R Fg r

6
2

Sopullingback Fg R bythecoveringmap 4G Myspace defines a
function on H2G ie a sectionofthe trivial bundle


