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(1) Let E be a C∞ complex vector bundle over a C∞ manifold M , and
let ∇ be a connection on E. The induced connection on End(E) =
E∗ ⊗ E satisfies

∇X(φ(s)) = (∇Xφ)(s) + φ(∇Xs)

for all φ ∈ C∞(M,End(E)), X ∈ X (M), s ∈ C∞(M,E). The exte-
rior covariant derivative d∇ : Ωr(M,End(E)) → Ωr+1(M,End(E))
satisfies

d∇(α⊗ φ) = dα⊗ φ+ (−1)rα ∧∇φ

for all α ∈ Ωk(M), φ ∈ C∞(M,End(E)). The trace map End(E) →
C, where C = M × C is the product (trivial) complex line bundle
over M , induces tr : Ωk(M,End(E)) → Ωk(M,C). Prove that if
φ ∈ Ωk(M,End(E)) then

d(trφ) = tr(d∇φ).

(2) Let (E, h) be a hermitian vector bundle over a C∞ manifold M ,
and let ∇ be a unitary connection. Let F ∈ Ω2(M,End(E)) be the
curvature 2-form of ∇.
(a) Use (2) and the Bianchi identity to show that

chk(E,∇) := tr
(

(

√
−1

2π
F
)k
)

is a closed 2k form for any positive integer k ≤ dimM/2.
(b) Let r = rankCE, and let Pk : gl(r,C) → C be any any invariant

polynomial, homogeneous of degree k. Use (a) to prove that

Pk(E,∇) := Pk

(

√
−1

2π
F
)

is a closed 2k form for any positive integer k ≤ dimM/2.
(3) Let (E, h) be a hermitian vector bundle over a C∞ manifold M ,

and let ∇ be a unitary connection. We also use ∇ to denote the
induced connection on the dual vector bundle E∗, and on ΛkE. The
determinant line bundle of E is defined to be detE := ΛrE, where
r = rankCE. Prove the following identities of Chern forms.
(a) ck(E

∗,∇) = (−1)kck(E,∇).
(b) c1(E,∇) = c1(detE,∇).


