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(1) Let G be an abelian Lie group, and let g be the Lie algebra of G.
Let π : P → M be a principal G-bundle together with a connection
Γ, and let ω ∈ Ω1(P, g) be the connection 1-form of Γ. Let Ω(M,x)
be the space of loops γ : [0, 1] → M with γ(0) = γ(1) = x. Given
any u ∈ π−1(x), define φu : Ω(M,x) → G by Hol(γ)(u) = u · φu(γ),
where Hol(γ) : π−1(x) → π−1(x) is the parallel transport along γ

defined by the connection Γ.
Suppose that γ : [0, 1] → M is a C∞ map such that γ(0) = γ(1) =
x ∈ M , and that the image of γ is contained in an open subset U

such that P |U → U is a trivial principal G-bundle. Then for any
u ∈ π−1(x), there exists a cross section σ : U → P |U such that
σ(x) = u. Show that

φu(γ) = exp
(

−
∫

1

0

(σ ◦ γ)∗ω
)

.

(2) Suppose that a Lie group G acts smoothly on the right on a C∞

manifold M . For any g ∈ G, define Rg : M → M by Rg(p) = p · g.
Define a right G-action on TM by

(p, v) · g = (p · g, (dRg)p(v)), p ∈ M, v ∈ TpM, g ∈ G.

Define a right G-action on T ∗M by

(p, θ) · g = (p · g, θ ◦ (dRg−1)p·g), p ∈ M, θ ∈ T ∗
pM, g ∈ G.

Verify the following statements.
(a) If X ∈ X (M) = C∞(M,TM) then X · g = (Rg)∗X for any

g ∈ G.
(b) If α ∈ Ω1(M) = C∞(M,T ∗M) then α · g−1 = (Rg)

∗α for any
g ∈ G.

(3) Let Γ = {Hp | p ∈ S2n+1} be the connection on the principal U(1)-
bundle π : S2n+1 → Pn(C) defined in Assignment 19 (2). We now
specialize to the case n = 1. Let C be oriented by the volume form
dx ∧ dy, where z = x +

√
−1y is the complex coordinate on C. We

choose an orientation on P1(C) such that f : C → P1(C), z 7→
[ 1√

1+|z|2
, z√

1+|z|2
] is orientation preserving. Let ν ∈ Ω2(P1(C)) be

the volume form determined by this orientation and the Riemannian
metric ĝ. Let Ω = Dω ∈

√
−1Ω2(S3) be the curvature form of ω.

Show that Ω =
√
−1cπ∗ν, where ν is the volume form defined by ĝ,

and c is a real constant. Find c.


