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Assignment 20

Due Monday, April 9, 2012

Let G be an abelian Lie group, and let g be the Lie algebra of G.
Let 7 : P — M be a principal G-bundle together with a connection
I, and let w € QY(P, g) be the connection 1-form of I'. Let Q(M, x)
be the space of loops v : [0,1] — M with (0) = (1) = z. Given
any u € m1(x), define ¢, : UM, z) — G by Hol(v)(u) = u - ¢u(7),
where Hol(v) : #=(z) — 7 1(x) is the parallel transport along -y
defined by the connection I'.

Suppose that v : [0,1] — M is a C° map such that v(0) = v(1) =
x € M, and that the image of 7 is contained in an open subset U
such that P|y — U is a trivial principal G-bundle. Then for any
u € 7 (z), there exists a cross section o : U — P|y such that
o(x) = u. Show that

1
Pu() ZeXp(/O (0 o07)w).

Suppose that a Lie group G acts smoothly on the right on a C*

manifold M. For any g € G, define R, : M — M by Ry(p) =p-g.

Define a right G-action on T'M by

(p,v)'gZ(p'g, (ng)p(U))a p €M, UETpMa g€G.

Define a right G-action on T*M by

(p,0)-g=(p-9,00(dRy1)py), PEM, 0€T;M, geaG.

Verify the following statements.

(a) If X € X(M) = C®°(M,TM) then X - g = (Ry).X for any
g €aq.

(b) If a € QY (M) = C®°(M, T*M) then o - g~ = (Ry)*a for any
g €aq.

Let I' = {H,, | p € S*"*1} be the connection on the principal U(1)-

bundle 7 : $?"*! — P, (C) defined in Assignment 19 (2). We now

specialize to the case n = 1. Let C be oriented by the volume form

dx A dy, where z = x + /—1y is the complex coordinate on C. We

choose an orientation on P;(C) such that f : C — P;(C), z —

[\/&W, \/1er] is orientation preserving. Let v € Q2(P1(C)) be

the volume form determined by this orientation and the Riemannian

metric §. Let @ = Dw € /—1Q%(S3) be the curvature form of w.

Show that Q = v/—1ler*v, where v is the volume form defined by g,
and c is a real constant. Find c.




