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Due Monday, March 26, 2012

(1) Let N be an n-dimensional submanifold of Rn+1. Suppose that
the normal bundle TN⊥ of N in R

n+1 is trivial, so that there
exists a smooth section η of TN⊥ with |η| = 1. Then φ :
N × R → TN⊥, (p, t) 7→ (p, tη(p)) is a diffeomorphism. Note
that exp⊥ : TN⊥ → R

n+1 is defined on the entire TN⊥ because
R

n+1 is complete.
Let Hη(x, y) = 〈B(x, y), η〉 be the second fundamental form

of N in R
n+1 with respect to the unit normal vector field η.

Then Hη is a symmetric (0,2) tensor on N . Let g be the Rie-
mannian metric on N induced by the Eucliean metric g0 on
R

n+1. In local coordinates (u1, . . . , un) on N ,

g =
∑

i,j

gijduiduj, Hη =
∑

i,j

hijduiduj.

Let g̃ = (exp⊥ ◦φ)∗g0, Then g̃ is a symmetric (0,2) tensor on
TN⊥.
(a) Show that, in local coordinates (u1, . . . , un, t) on TN⊥,

g̃ = dt2 +
∑

i,j

(gij − 2thij + t2
∑

k

hikg
klhlj)duiduj

= dt2 +
∑

i,j

(

∑

k,l

(gki − thki)g
kl(glj − thlj)

)

duiduj

(Hint: see do Carmo page 232–233 Example 4.6.)
(b) Let k1, . . . , kn be the principal curvatures at p ∈ N . Show

that

√

det(g̃)(p, t) =
√

det(g)(p) ·
n
∏

i=1

(1− tki).

(2) do Carmo page 237–238 Exercies 4.
(3) Let (Mn, g) be a Riemannian manifold of dimension n. Given

any smooth curve α : (−ǫ, ǫ) → M , let p = α(0), and let v ∈
TpM be any tangent vector at p. Let V (t) be the unique parallel
vector field along α(t) with V (0) = v. Let α̃ : (−ǫ, ǫ) → TM

be the smooth curve in TM defined by α̃(t) = (α(t), V (t)). We
call α̃ the horizontal lift of α through (p, v). We define a linear
map L(p,v) : TpM → T(p,v)(TM) as follows. Given w ∈ TpM ,
let α : (−ǫ, ǫ) → M be a smooth curve with α′(0) = w, and
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let α̃ : (−ǫ, ǫ) → TM be the horizontal lift of α through (p, v).
Define L(p,v)(w) = α̃′(0).
(a) Let (x1, . . . , xn) be local coordinates on an open set U ⊂

M , and let (x1, . . . , xn, y1, . . . , yn) be coordinates on TU

defined as on page 62 of do Carmo. Define vector fields
X̃1, . . . , X̃n on TU by

X̃i(p, v) = L(p,v)

(

∂

∂xi

∣

∣

∣

p

)

.

Write X̃i in terms of the following local frame of the rank
2n vector bundle T (TM):

∂

∂xj

,
∂

∂yj
, j = 1, . . . , n.

(You answer should involve the Christoffel symbols Γl
jk of

the Riemannian metric g.)
(b) Given any (p, v) ∈ TM , define the horizontal space H(p,v)

and the vertical space V(p,v) by

H(p,v) = L(p,v)(TpM), V(p,v) = (dip)v(Tv(TpM)),

where ip : TpM → TM is the inclusion. Show that H(p,v)

and V(p,v) form rank n subbundles of T (TM), and that

T (TM) = H ⊕ V, H ∼= π∗TM, V ∼= π∗TM,

where π : TM → M is the projection.
(c) The projection T (TM) = H ⊕ V → V defines a V -valued

1-form ω on TM . Express ω in terms of the following local
frame of the rank 2n2 vector bundle T ∗(TM)⊗ V :

∂

∂yi
⊗ dxj,

∂

∂yi
⊗ dyj, i, j = 1, . . . , n.


