Mathematics G4403. Modern Geometry Spring 2012

Assignment 15
Due on Monday, February 20, 2012

(1) Let gk be the incomplete Riemannian metric on R™ defined in
Assignment 13 (1):

A(dz? + - -+ da2)

(0 Kyl af)?

(a) Find rx > 0such that the exponential map exp,, : B, (0) =
{v e ToR" | |v|, < rx} — R" is a diffeomorphism, and de-
scribe exp,, explicitly.

(b) Find the pullback Riemannian metric expg g on B, (0).

(2) (a) Let (M, g) be a connected complete Riemannian manifold

with non-positive sectional curvature. Prove that any ho-
motopy class of paths with fixed ends p and ¢ contains a
unique geodesic. [Hint: The Theorem of Hadamard.]

(b) Find a connected complete Riemannian manifold (M, g)
and two distinct points p,q € M such that there are two
different and homotopic geodesics connecting p and gq.

(3) Let (M, g) be a complete Riemannian manifold, and let N C M
be a closed submanifold of M. Let py € M, po ¢ N, and
let d(po, N) be the distance from py to N. Show that there
exists a point gg € N such that d(po, qo) = d(po, N) and that a
minimizing geomedesic which joints pg to qg is orthogonal to N
at qo.

(4) do Carmo page 208 Exercise 5.




