Mathematics G4403. Modern Geometry Spring 2010

(1)

Assignment 22
Due Monday, April 19, 2010

Let E be a C* complex vector bundle over a C'* manifold M, and
let V be a connection on E. The induced connection on End(E) =
E* ® E satisfies

Vx((s)) = (Vx9)(s) + ¢(Vxs)

for all ¢ € C*°(M,End(E)), X € X(M), s € C*(M, E). The exte-
rior covariant derivative dy : Q"(M,End(E)) — Q"+1(M,End(E))
satisfies

dv(a®¢)=da®@o+ (—1)"a AV

for all o € QF(M), ¢ € C°°(M,End(E)). The trace map End(E) —
C, where C = M x C is the product (trivial) complex line bundle
over M, induces tr : QF(M,End(E)) — Q¥+1(M,C). Prove that if
¢ € QF(M,End(E)) then

d(trg) = tr(dv ).
Let (E,h) be a hermitian vector bundle over a C*° manifold M,
and let V be a unitary connection. Let F' € Q?(M,End(FE)) be the
curvature 2-form of V.
(a) Use (1) and the Bianchi identity to show that

n(5.9) = (5, 1)')

is a closed 2k form for any positive integer k& < dim M /2.
(b) Let r = rankcE, and let Py : gl(r, C) — C be any any invariant
polynomial, homogeneous of degree k. Use (a) to prove that

V=1
2

is a closed 2k form for any positive integer k& < dim M /2.
Let (E,h) be a hermitian vector bundle over a C'*° manifold M,
and let V be a unitary connection. We also use V to denote the
induced connection on the dual vector bundle E*, and on AFE. The
determinant line bundle of E is defined to be det E := A"E, where
r = rankcE. Prove the following identities of Chern forms.
(a) cx(E*, V) = (*1)kck(Evv)'
(b) c1(E,V) = ci(det E, V).
Let M be an n-dimensional submanifold in an (n + 1)-dimensional
Riemannian mannifold (M, g). Let g be the induced Riemannian
metric on M. Suppose that n € C°°(M,TM*) is a unit normal
vector field along M, so that p := H, (defined on page 128 of do




Carmo’s book) is a symmetric bilinear from on M. Let (z1,...,zy)
be local coodinates on M, and write

9= gijdridz;, p=> pidzdz;,
i,j ,J
V%p = Zpij,kdxid:cj.
i,5,k
The norm square |p|? of p and the trace trp of p are smooth functions
on M given by
_— -
pI> = piprg™e’, trp = pijg”.
7 —
Let R and . R denote the scalar curvatures of g and g, respectively,
and let Ric denote the Ricci curvature of § (defined as in Chapter

4, Section 4 in do Carmo’s book).
(a) Use the Gauss equation to prove that

n(n+1)R - 2nRic(n,n) = n(n — )R + |p|* — (trp)®
(b) Use the Codazzi’s equation to prove that
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