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(1) Let S2n+1 = {(z0, . . . , zn) ∈ C
n+1 | |z0|2 + · · · + |zn|2 = 1}. Write zj =

xj +
√
−1yj , where xj , yj ∈ R. Let g be the Riemannian metric on S2n+1

induced from the Euclean metric g0 =
n∑

j=0

dx2
j + dy2j on C

n+1 = R
2n+2.

Let U(1) = {λ ∈ C | |λ| = 1} act on S2n+1 on the right by

(z0, . . . , zn) · λ = (z0λ, . . . , znλ).

Then U(1) acts freely, properly, and isometrically on (S2n+1, g). There
is a unique Riemannian metric ĝ on Pn(C) = S2n+1/U(1) such that π :
(S2n+1, g) → (Pn(C), ĝ) is a Riemannian submersion. For every p ∈ S2n+1,
the horizonal space Hp ∈ TpS

2n+1 is defined to be the orthogonal com-
plement of Tp(p · U(1)) in TpS

2n+1, where p · U(1) = {p · λ | λ ∈ U(1)}.
Then Γ = {Hp | p ∈ S2n+1} is a connection on the principal U(1)-bundle
π : S2n+1 → Pn(C).
(a) The connection 1-form ω of Γ is an element in Ω1(S2n+1, u(1)) =√

−1Ω1(S2n+1). Find ω. [Hint: You may write your answer as ω =
i∗ω0, where i : S2n+1 → C

n+1 = R
2n+2 is the inclusion, and ω0 ∈√

−1Ω2(R2n+2).]
(b) Let C be oriented by the volume form dx∧ dy, where z = x+

√
−1y is

the complex coordinate on C. We choose an orientation on P1(C) such
that f : C → P1(C), z 7→ [ 1√

1+|z|2
, z√

1+|z|2
] is orientation preserving.

Let ν ∈ Ω2(P1(C)) be the volume form determined by this orientation
and the Riemannian metric ĝ. Let Ω = Dω ∈

√
−1Ω2(S3) be the

curvature form of ω. Show that Ω =
√
−1cπ∗ν, where ν is the volume

form defined by ĝ, and c is a real constant. Find c.
(c) Let [z0, . . . , zn] denote π(z0, . . . , zn). Given any φ ∈ (0, π

2
), define

γφ : [0, 1] → Pn(C) by γφ(t) = [cosφ, sinφe2π
√
−1t, 0, . . . , 0]. There

exists aφ ∈ U(1) such that Hol(γφ)(p) = p · aφ for any p ∈ π−1(γφ(0)),
where the holonomy Hol(γφ) is defined by the connection Γ. Find aφ.

(2) Suppose that a Lie group G acts smoothly on the right on a C∞ manfold
M . For any g ∈ G, define Rg : M → M by Rg(p) = p · g. Define a right
G-action on TM by

(p, v) · g = (p · g, (dRg)p(v)), p ∈ M, v ∈ TpM, g ∈ G.

Define a right G-action on T ∗M by

(p, θ) · g = (p · g, θ ◦ (dRg−1)p·g), p ∈ M, θ ∈ T ∗
pM, g ∈ G.

Verify the following statements.
(a) If X ∈ X (M) = C∞(M,TM) then X · g = (Rg)∗X for any g ∈ G.
(b) If α ∈ Ω1(M) = C∞(M,T ∗M) then α · g−1 = (Rg)

∗α for any g ∈ G.


