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(1) Let (M, g) be a Riemannian manifold of dimension n ≥ 2. Show
that in the normal coordinate system at p ∈ M , det(gij) has the
following expansion:
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i . [Hint: you may use the Taylor expansion of

gij derived in class.]
(2) do Carmo page 122 Exercise 6.
(3) do Carmo page 122 Exercise 7.
(4) Let (M, g) be a Riemannian manifold of dimension n + 1. Let f :

M → R be a smooth function, and let a ∈ R be a regular value of
f such that M = f−1(a) is nonempty. Then M is an n-dimensional
submanfold of M . Let i : M → M be the inclusion map, and let
g = i∗g, so that i : (M, g) → (M, g) is an isometric embedding.
Let Hessf = ∇df be the Hessian of f , where ∇ is the Levi-Civita
connection on (M, g). Prove the following statements.
(a) For any p ∈ M and x, y ∈ TpM , we have

gradf(p) ∈ (TpM)⊥, Hgradf(p)(x, y) = −Hessf(p)(x, y).

(b) Let H be the mean curvature of M in M with respect to the

unit normal gradf
|gradf | . Then

H = −
1

n
div

(

gradf

|gradf |

)

where the gradient and the divergence are defined by g.


