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(1) (2nd Bianchi identity) Let (M, g) be a Riemannian manifold. Prove
that

∇R(X,Y, Z,W, T ) +∇R(X,Y,W, T, Z) +∇R(X,Y, T, Z,W ) = 0

for all X,Y, Z,W, T ∈ X (M). (Hint: see do Carmo, page 106, Prob-
lem 7.)

(2) (Einstein manifolds) A Riemannian manifold (M, g) is called an Ein-

stein manifold if Ric = λg for some λ ∈ C∞(M).
Let (M, g) be a connected Einstein manifold with Ric = λg. Prove

that:
(a) If dimM ≥ 3 then λ is a constant. (Hint: see do Carmo page

108, Problem 10.)
(b) If dimM = 3 then M has constant sectional curvature.

(3) Let g be a Riemannian metric on a manifold M , and let g̃ = r2g,
where r > 0 is a constant. Let R, K, and S be the curvature tensor,
sectional curvature, and scalar curvature of (M, g), respectively; let

R̃, K̃, and S̃ be the curvature tensor, sectional curvature, and scalar
curvature of (M, g̃), respectively. Prove that

R̃l
ijk = Rk

ijk, R̃ijkl = r2Rijkl,

K̃ = r−2K, R̃ij = Rij , S̃ = r−2S

(4) Let ∇ be an affine connection on a smooth n-manifold M , and let T
be an (r, s) tensor on M . Let (x1, . . . , xn) be local coordinates on a
coordinate neighborhood U in M . We use the Einstein summation
convention. On U , the affine connection ∇ is given by

∇ ∂
∂xi

∂

∂xj
= Γk

ij

∂

∂xk
, Γk

ij ∈ C∞(U),

and the tensor T can be written as

T = T i1···ir
j1···js

∂

∂xi1
⊗ · · · ⊗

∂

∂xir
⊗ dxj1 ⊗ · · · ⊗ dxjs ,

where T i1···ir
j1···js

∈ C∞(U). Define T i1···ir
j1...js,k

∈ C∞(U) by

∇ ∂
∂xk

T = T i1···ir
j1···js,k

∂

∂xi1
⊗ · · · ⊗

∂

∂xir
⊗ dxj1 ⊗ · · · ⊗ dxjs .

Show that

T i1···ir
j1···js,k

=
∂

∂xk
T i1...ir
j1···js

+
r∑

α=1

Γiα
kmT

i1···iα−1 miα+1···ir
j1···js

−

s∑

β=1

Γm
k jβ

T i1···ir
j1···jβ−1 mjβ+1···js

.


