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(1) Let (M, g) be a Riemannian manifold of dimension n, and let
f ∈ C∞(M). Let M × R be equipped with the product metric
ḡ. In local coordinates (x1, . . . , xn) on M ,

g = gijdxidxj, ḡ = gijdxidxj + dt2,

df = fidxi, Hess(f) = fijdxidxj

where the Hessian is defined by the metric g. The map φf :
M → M ×R defined by x 7→ (x, f(x)) is a smooth embedding,
so the image Γf = φf (M) is an n-dimensional submanifold of
M × R.
(a) Let g̃ = φ∗

f ḡ, and write g̃ = g̃ijdxidxj. Show that

g̃ij = gij + fifj, g̃ij = gij −
f if j

1 + |df |2

where f i = gijfj and |df |2 = gijfifj.
(b) Let H be the mean curvature of Γf ⊂ M ×R with respect

to the upward unit normal. Show that

nφ∗

fH =
g̃ijfij

√

1 + |df |2

(2) do Carmo page 119-120 Exercise 3.
(3) do Carmo page 122 Exercise 6.
(4) do Carmo page 122 Exercise 7.


