Mathematics G4402. Modern Geometry Fall 2009
Assignment 6

Due on Monday, October 26, 2009

[dC]= do Carmo, Riemannian Geometry
[GHL]= Gallot, Hulin, Lafontaine, Riemannian Geometry

(1) Let H" = {(y1,--.,yn) € R* | y, > 0} be the n-dimensional
upper half space. Define a Riemannian metric A on H,, by
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Let D, and (f~')*g be defined as in Problem 1(b) of Assignment
5. Prove that (H",h) is isometric to (D,, (f~!)*g). (Hint: see
[GHL] page 57.)

(2) Let G1 and G5 be Lie groups, and let e; € G and e; € G be
the identity elements. Suppose that f : G; — G2 is a group
homomorphism and a smooth map. Prove that df., : T.,G —

T.,H is a Lie algebra homomorphism.
(3) Let

S"={(z1,...,Tpp1) ER"™ |2} + - 22, =1} CR™,

and let ge., denote the Riemannian metric on S™ induced by
the Eucliean metric on R™™!. Let §ean be the Riemannian met-
ric on P*(C) such that 7 : (S** gean) — (P"(C), Jean) is a
Riemannian submersion.
(a) Prove that P(C) is diffeomorphic to S2.
(b) Prove that (P*(C), fean) is isometric to (52, 1 gean).

(4) Let G be a compact connected Lie group (dim G = n).

(a) Let w be a left invariant C'*° n-form on G, that is, Liw = w
for all x € G. Prove that w is right invariant. (Hint: see
[dC] page 47.)

(b) Show that there exists a left-invariant C'*° n-form on G.

(c) Let (, ) be a left invariant metric on G, and let w be a
left invariant C* n-form on G such that [,w > 0. Define
a new Riemannian metric ((, )) on G by

(o)), = / (dR.), (0), (ARy)y (1)) s o,
z,y € G, u,veTl,qG.

h:

Prove that the new Riemannian metric ((, )) is bi-invariant.



