Mathematics G4402. Modern Geometry Fall 2009
Assignment 4

Due on Monday, October 12, 2009
[GHL] = S. Gallot, D. Hulin, J. Lafontaine, Riemannian Geometry, Third Edition

(1) Let X, Y be smooth vector fields on a smooth manifold M. Show that
LxLyT — LyLxT = Lixy|T

for any smooth tensor 7' on M. (See [GHL] page 39.)
(2) Let X,Y be smooth vector fields on a smooth n-manifold M, and let s €

{0,1,...,n}. Prove the following identities.

(a) Lxw =d(ixw)+ix(dw) for any w € Q°(M). (See [GHL] page 43, 44.)

(b) Lx(iyw) - iy(LXw) = i[X’y]w for any w € QS(M)

(¢) Lyxw=df Nixw+ fLxw for any f € C*°(M) and any w € Q°(M).
(3) Let w be a smooth s-form on a smooth manifold M. Prove that for any

smooth vector fields Xg, X1,...,Xs on M

dw(Xo, X1,.... X,) = Y (1) X, (w(XO, X .,XS)>
i=0
+ Y (CDMw(X, X)) Ko, Xy XX
0<i<j<s

(See [GHL] page 44.)
(4) Let S? = {(z,y,2) € R® | 2 + y* + 22 = 1}. Let i : S? — R? be the

inclusion map, which is a smooth embedding. We define

O = xdy A dz + ydz A dx + zdx A dy € Q*(R?),
i = —ydx + zdy € Q' (R?),
and let w = i*© € O2(S?), n = i*7) € Q(S?).
(a) Define two smooth vector fields on R3:

- 0 0 0 ~
X=-zz— — 240, Vo= ey ta—.

e zya + (z +y)8z’ y8x+x8y
Show that X(p),Y(p) € T,S? for all p € S?, so that we may define
two smooth vector fields X,Y on S? by

X(p)=X(p), Y(p)=Y(p). pes

(b) Compute Lxw, Lyw, LxY, Lxn, Lyn.

(c) dn = Aw for some A € C*°(S?). Find \(z,y, 2) for all (z,y,z) € S2.

(d) ixwAiyw = ¢w for some ¢ € C*°(S?). Find ¢(z,y, 2) for all (z,y,2) €
S2.

(e) Let 7 : 5% — Py(R?) = S?/{+£1} be the projection, which is a surjec-
tive local diffeomorphism. Does there exist @ € Q%(P2(R)) such that
w = mT*w?



