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Deligne LustzigTheory

Motivation by VDrinfeld

The discrete series rep of Sta Fg can be obtained through

l adic cohomology of the curve over Fq sit xy9my I

Rmk Fg is a finite field i.e Galoisfield with a eles

A finite field of order q exists 9 Pk for P bea prime KE 2so

Rmk l adic cohomology l is a primenumberdifferentfromCharP of g

Tounderstand objects varietiesgroups overFq we employ l adicok'ygps
which allows us to carry naturalaction of the Frobeniusmap

Strategy Rep of ShaFg Drinfeld curve Delign Lustzigvariety

1 Detin ShaFg E Gla Fg ad be I

Property 11Sta Fg is finite non abelian and simple for g 3

2 1512 Fgl 9 92 1 choose921 firstcolumn qchoicesforsecond

Rmk Agp is simple if it has no non trivialsubgpsotherthanits identity

so for973 thecenter Z Id and the quot't gp Stack 2

is Psta Fg projective special lineargp

For non abelian forany 9 2 take matrices A di andB 9

then AB 1 BA

Also since Sha Fg is simple for g 3 ithas no nontrivial

1 diment rep

Now let us delve into the rep theory of StaFg



We have G Sta Fg which is finite We want to showall imedle complex
repran of G
Upshot irreducible rep conjugary class of Sta Fg 9 4

center Z Id 2

semisimple split 8 a Id at 4 9 4

non split 9

unipotent 1 btt 4

Forthe semi simple part ShalFa hastwotypesof max l tori

i split torous T a cFg diag le over Fa
Characters of this torus give the principal series via induction

ii Non split turns T 6 Mgt whereMgt are

routsof unity of order 9H
So Matt Ker IN Fg Fa Stacal its matrices cannot be

diagrile overFq but only after passing Fq
Discrete series rep cuspidal follows

We first work on principal series rep of Sta Fa

Rmk In algic gptheory a Bad subgp G herestack is a max l
connected solvable subgp

we knowthat solvable means a gp canbe breakdown into finitelymany
abeliangps



In ShalFg let B 8 a Eft beta i e upper triangular

2 2 matrices with def L

Inside B a special subgp calledunipotent gp U d b E Fa

where all eigenvalues are 1 wecan thinkof U as almost identity or

2 2 upper triangular matrices with Is on its diagonal

Then we find the Baelsubgp B T X U semi directproduct

Now we choose a chare O T gp homism

Fact sends each to O a ex

only depends on a

Henle there are q 1 characters since Fat is cycle of order q 1

But we want 0 into B not just T.ie Oextends trivially through U

0 9 1 0 8 o a

Here the unipotent U acts trivially We define induction from B toG

sit To Ind O This means if we consider a fric

o G St 0 bg 0 b 019 beB gestalk

so 6 A 0 by right transin g 07
x 0 xg

we upgrade a small character 0 into large rich rep of G

we have 3 cases to consider Call it parabolic induction



1 0 0 generic so each character are distinct Recall that

Fat has g1 characters so we takeoff trivial 021 93 charcaters

O and O in same gp we get

2 02 1 but 0 1 quadratic observe To is not irreducible so each

splits into two inedle repswith same dimension 2 reps

Recall dim IndB ol G B 9H

3 0 1 trivial Éy g 2 reps

sumall 2 2 1 total reps

22 Discrete series weneed to find 3 irreducible reps

Progress further we introduce Drinfeld carve to Deligne Lustzig variety

Revisit Y xy9 thy 1 overFg the cure Y carries largegp
of automorphisms The gp Mgt a 4 by multiplying

coordinates

Sha Fg AT by lineartransformation

In fact Matt Sta Fg commute eachother
symmetric

ManxShack A Y

what is this mean SinceMgh acts on it by 6 7.4 57 54

it admits to say ax by axtby 9 fat bychar P
x tdy Catdy9

and so fixes
deepf xy say I



By compactifin the genusof 5 of Y is g
919

since Matt Sta Fg A 9 we study l adic étale cohomologygpofY

H Y Q and this cohomology becomes rep of Staff

Deft Introduce Deligne Lustzig induction

Recall D Mgt It be a character then wedefine

ROI HY Y O HI Hi Y 0 For each 0 weget

a virtual representain of 522 Fg Sowhen 0 1 it yields to

irreducible discrete reps

Them Every irreducible repof Gt finitegpof Lietype appears in

Rw O for some we W Na t T and O TW s

Moreover the innerproduct on virtual characters

Rw01 RwL0 xEW 2.0 09
TW mail torus assoc'd w w having Frobeniusstructure

Wt Weylgroup ofelets fixedby F

So in Sla Fg WE 2 22 0 0 then Rauld is irreducible

0 0 it splitsintotwoirreducible

Rmk Variety means setof solin to a poly't eg n

w structures smooth quasi projective

Roughly geometric object thatis cutoutby poly'tegins
Soover a field It it is aspacelocallydescribedbysolinto poly egins

e.g ellipticcurve y a't x


