


































































Factor IF andG betwo projectivecurves withoutcommoncomponet then FnG isfinite

Problem thenumberof theseintersectionpoints ieFǎpFG1
Local ringsof IP ForPt1122 definelocalringofP at P

asOp二Opp 徏 f.geK xyJhomogeneousofthesamedegreewithglpl 6了v401

withkernel Ip Iprp 9考 EOp fiproandglp 03 COp
describes localfunctionsthat have valueo at P

KIXy is thevingofglobalfunctions ontheplane
Op二 KIX.yJflxxo.yy.li ionlistsof allveduledrationalfuntionswhose
denominator is not o at p rationalfunctions which aredefinable nearP

F G idealgenerated byFandG Lie anythingyoucangetfromlombinations

aFt bG where a bare in KIXy
Taking Quotient meansanything in F.az is o

claim

Dfineintersectionmultiplizityof 2curves F G at a pointPEP upIFG dimOpkFG ENU107

lemmald Summing up intersectionmuHipliliti.es

let F and G be 2 affinelwuvesoverkuithnolommonlomponentcFnGfin.itel

considernatural ring homomorphism 4 KIXYJICFG7 在FnGOP
KF G

thatsends theYassof a polynomialftkixnpto.lassof ftOp ineachfactorOpkFG
cal 4 is surjective

bl if k is algebraicallyclosedthen 4is an isumouphim
























ial let FnG fP Pml with Pi lxiiyilfovi o ms.inle FnG isfinite

Thereis a number nE NS.tlx xiln y yil o EOpikF.GSforall i byClaimla

Define f 二丽ix_xit 菲y.lyyi E KIxy

gip bydefinitionof Op thenthereis a polynomialrepresentative gEKIXy7
for f E Op KF G Thepolynomial fg isthenmappedby 9
in component Opof CF Go to fg f f 1 Sinceg is representative

in all other components Opi FG7 for is0 since f o E Opi kF Gˋ

By symmetry We can find in thesamewayforall i 1 m a polynomial

that ismapped by 4 to 1 in the pilomponentOpilandtoo in allothers

Sinle imageof4 is a subring it follous that e is surjective
lb It suffices to show e is injective

let fEKIXy with alfio and Considertheset I 9gE Ktxy gt EcFG73
This isclearlyan idealContaining F G

Reiall AnyIdeal I inkEx 一一xn uitnvc I1 over an algebraically nosed

fieldk is the unit ideal I c1s

wantto prove V221 sinethen I KIX y henceI E I i e fEㄑF斤
andthus f 0 KIXy 4F n

cll VlII 二 VI plxl o for all x inUCII
Assumethere is a point PtV171 As F.GE I weknow PEFnG Heniepis

one ofthepoints in theproduct in the targest spateof9 so f oE Op cFG7
as f E kev4 Thin means that fg Ft号G for a b.ge Kixy withgplto
gf a Ft bG henieg EI and PEUII gipl o 1contradicts

o



Let F a betno affine curvel ofdegrees mi degF and n degG
Suchthat their leading parts Fmand Gn haveno common component
Then f E CF G cktxiyl of degreed degflan bewritten as

f aFtbG for 2 polynomials a andb withdega dmanddegbed

r.ptAs f CF G ae can write f a Ft bG for some ab E KIx y
Choose such a representationuithdeg a minimal
Assume for a loneradiationthatdegasd m or degbod n ThenaFor bG
contains aterm ofdegree biggerthan d leadingtermsof aF and
bGmustcancel in f Henie if a and b denotetheleadingtermsof a and b

respectively we have a Fm byGn butFmandGnhaveno common component

byassumption so wemusthave ax cGnandbe cFmforSomuhomogeneous

polynomial c Thisgivesus a new representation f la cGIFtibt.FIG
in whih leadingteum ax of a cancelstheleadingtermsGnofCGinthefirstbracket
Hencedegla

cGlcdega.ontradictsdegaistheminimalmoem_a_3
liet Fand G be affinecurves nith no common lomponent of degrees

m degF and u degG
F ㄨ2 G xthaelommonaldimktx.DKF G mn component

b If the leading parts FmandGnhaveno cóimonlomponent thenequalityholds in lal

I For all ds mtn consider sequenceofvectorspale homomorphisms
KIXY dmXKIX.YJednsKIX.y7c.dEsKIXYJKF.ns

T

1
la.be aFtbG Tynomiakofdegatmostd quotient mapwhichhas dim1十d212



1

kernelof α consistsofallpairs laibl ofpolynomialsofdegrees at mostdm
and dh with aF bG AsFandG haveno common lomponentthis is

equivalent to a c G and b cF forsome CGKIXykd m n
Sothatkerα KTyy d m n CG FI

obvious that imα c ker T dsmth
dimimn 1 dimkevin 竺 dimima

二 9是1 9笁 十2 tdimkevx

di cd.int1 9in 1 dmint

mn

Tv ktxiyj KIXy F G surjective dimKEYy cF G7 mn

by it we have
Yumaāi

kevin in a we haveequality

affinecurve13thezero setof a polynomial in 2variables
prjective curve is zeroset in a projeitiueplaneofa homogeneouspolynomial in 3variables

affine laure can be completed in projective curvebyhomogenicing it definingpolynomial

projective moveofhomogeneous equation hexy.tl o lanberestricted to the

affinecurveof equationhxiy11 o

o



BezoutlsTheoremletFandGbeyvojectivecuu.es without commoncomponent

over an infinitefield K Then fnMpIF.nl degF.degG 1equalityholds if
K is algebrainally Nosed

A Sinle k is infinite then AnyFinGilis infinite a pointQ intheaffine

partof业2whichdoesnot lie on FIUGI Moveover Fnh finite ne lan

picka lineL through Q which doesnot intersect FnG Now wemake a

projective coordinate transformation sothat L becomes theline at infinity

ThenneithirtuovG conit.ini the line at infinity as a component
ie degFi degF and dogGi degG andall intasetionpointsof Fand
G lie intheaffinepart Itheyare also intenseition pointoftheaffine
lurves FIandGil
ThenApplylemmaland lemma3 to FiandGi

FnupIFG1 FinipIF Gil dimKEXYJK.FIG degFI.degGi degF.deg n
lemma1 lemma3

Andlet K bealgebraicallyclosedthenwehave at

thenby lemma 3 wehave at



DaslallsTheov.ms let F be an irreducible projective conicwith infinitely

many points over an algebrailallyllosedfieldor anellipse overD Pick6

distinct point Pi Po onF that canbethoughtof as the vertices

of a hexagon inscribed in Fl Thenthe intenseitionpointsofthe opposite

edges of the hexagon leg P PilsznT4P5QTzpsnpiandRBP.tnPip nhereTilldenotesthe linethroughPiandPjl lie on a line

louiider2cubicsGi PII2UPI4VP5PoiandGz PzTUP.TVIT
Thenby Bezout Theorem they intersect in 9 points Pi P6 P.Q.R

pinkanypoints fF notequal to thepreviouslychosenones Then

i.izfkhotbotho.sulhthat G XG it X2GL vanishesat s sineGist 0 is

one homogeneous linearequation in 2 variablesXiiizl ThenF meets Gin 7 points

Pi Po s andsobyBezouttheorem these2 luvves musthave a lemmon

component Asdes I 二 2 degG 3 and Fi irreducible the only possibility

forthis is that G contains faltor下 so G F.L for a line L

But P Q R lie on G sinle they lie on G andGL buthot on F

so theymustbe onthe line L



Example Co F Yx2 Zyㄨ2

C3 J X 2 x zz
there is an intersection
point at infinity o 1 0


