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O
. History

18th and 19th centuries

Poincare (1854-1912)
·

prehistory of algebraic topology

1873 = Riemann and Betti

after 1918

Bronwer's work on approximation

Weyl's treatment of the theory of Rician surfaces

Frechet (1906)

Hausdorff (1914)(

1
. Introduction to Algebraic Topology

1
.1 : topological space (X

,
T

(1) 0
,
X ET

(2) The intersection of finitely many sets in T is again in T

(3) The union of any collection of sets in T is again in T

elements of T and open

TXTused
points

1 .3 : connected space

continuity : IR
,

IRV
, topology

1.4 : f : X3Y is continuous ...

1
. 5 : continuity for a path

1
.
6 : path-connected space

local properties ,
"zoomed in"

,

" small
"

1
.
7 : neighborhood of x

1 .8 : local path-connectedness
-

circle = square

homeomorphism

1
.9 : fog-idy & gof = id

1.10: homeomorphic

homotopy equivalence

"continuous deformation"

homeomorphic homotopy equivalent

1
.
11 : H : XXI & Y C .t . H(x

,
0 = f(x) and H(x

,1) = g(x) VxEX

homotopic : f = g

he: X - Y

hy: = H(xx\+3

1 .12 : - is an equivalence relation on the set ((X ,
Y) of continuous functions from X to Y

·

Proof follows in Lecture



1
.14 : homotopy equivalent w . r .t fog Fid and gof Fidx

1.16 : contractible

1 . 17 : null-homotopic

h(0) = f(0) = g(0) and Ky(1 = f(x) = g(i) VtEI

1.18 : homotopy relative

2. The Fundamental Group

topological invariants

fundamental group

"group of loops"

2 . 6 : Loop in X is a pathf with flo = f(x)

2
.2 : constant loop in X based at x ...

02t2
.4 : path multiplication => f .

g =3-1 It =

2
.
5 : f (t) = f() -t)

59 = 5 . 9

If c

is loop multiplication associative?

(f . g) - h =
f . (g . h)

(f . g) . h = f - (g . h)

·

[t] · [g] = [5 · g)

[f]· [c] = [t]

[f] . [f"] = [c]

2 . 6 : fundamental group ,
(X , Xo

·

2
.
7 : homomorphism Px([f]) = [pof]

2 .8 : Let X be a space and let xo ,
X

,
EX in the same path-connected component . Then I

, (X , xolEH,
(X

,
x,

Proof follows in lecture

2 . 9 : If X is path-connected ,
then ExoX ,

EX
,

T
,
(X

, x.) *N, (X
, X

,
) . We then refer unambiguously to this isomorphism class as "the

fundamental group of X
,

"

denoted it
,
(X)

·

2 .10 : simply- connected space

3. The Fundamental Group of S

i , (s) = (2
,

+ )

f : I + S

winding number

n(f)

(t) = counterclockwise

0 S never makes full loop

( - > = clockwise

·

2 loops in S' are homotopic E) same winding number

IR projected on to the circle by the Complex) exponential map

lifts

IR = covering space

3
.
1 : p : /R + S' ; plxy = eix = (cos(x) ,

sin(es) ; pis an open map

3
.2 : restriction Plx

,
x +2)

of p to an open interval of the form (x
,
x +2) is a homeomorphism unto S'\Ep(xc

3 .3 ; unique path lifting property

: widgnumber Weisulittoa
(1)n(fg) = n(z) + n(g)

(2)( = y = n(f) = n(g)

(3)n(z) = n(g) = f = g



(4) Let xES' . UKEE
, loop h: Its' bused at x s .t . n(h) = k

·

Proof of 1
,
4 follows in lecture

·

3
.
7 : m

,
(S = (2

,
+

4. Covering Spaces

4
.
1 : A covering space of a space X is a space Y together with a map p:* eX

,
called a covering map , sit . each XEX is contained in an open

neighborhood whose preimage p"(V) is the union of disjoint open sets in Y
, each of which is projected homeomorphically by ponto V

.
That is,

P-CV) = ↓Us ,
where the Us are disjoint open sets in st . Plu : V V is a homeomorphism

p : Y = X

p"(x) = Fiber

degree n

n-fold covering

evenly covered

sheets

eix
,

ei(x - S , x+ 8)

4
.
2 : p:+ X

, f : Y + X
,

F : YeX
, pot = -

4
.
3 : homotopy lifting property

4 .4 : based map ,
F : (X , x0) + (4

, Yo

4
. 5 : covering space , injective...

4
. 6 : lifting criterion

4 .7 : unique lifting property

isomorphism

1-to-1 correspondence
·

4
.
8 : X, *,

Pityfin

5
. Covering Spaces and the Fundamental Group

5 .1 : semilocally simply-connected space X

5 .
2 : simply connected covering space of X

:
5 .4 : isomorphic covering spaces EP

, x(,
/, , ,2 = Paxlt ,( . Fall

E
. 5 : 1-to-1 correspondence blur the set of all based isomorphism classes of path-connected covering spaces p : (X

, Eo) + (X
, Xo) and the set of

all subgroups of
,
(X

, Xp

Proof follows in Lecture


