
 
Ziemann Hilbert Correspondence

Mingyuan Shes
Introduction of sheaves rings manifolds tangent spaces
Manifolds n manifold is a topological spacewiththe property that eachpoint has a
eighbourhood that is homeorphic to anopensetof n dimensional Euclidean space
Sheaves Atool forsystematically tracking data suchas sets Abeliangroupsnigelattacked
to the opensets of a topological space and defined locally with regard to them
Rings A ring R CR t I insists of a set R together with two binary
operations t and on R e

t.siR together with operation is an abeliangroup
Iiii The binary operation is associatile

Iiiil Distributive law hold for all ri sit e R
INS t rs trt
tin Sl rt 4s

Tangent spaces

asem.ffm.in iifiiii.iiaiiiiiiiiias.ofca functions
in a neighbourhood of p in M The set of germs is denoted as

Cfimi CPem is a ringwith the addition and multiplication

Adeviation at a point in a manifold M

A linearmap D C 1M R s t

Difgl Df in fiplDg
Tangentvector at p is the deviation at P ortangentspacedenotedas

Andthese tangentvectors at p form a LeetonspaceTpin
manifold



Differential 1 form

Let M be the smooth manifold and p a point in M The cotangent

space ofM at p denoted by T in is defined to be the

duct space of the tangentspace Tpin
consisting all linear forms on Tpiml andtogetherwith pointwise

771Mt T pin
V additionandmultigl

an element in T in is called a covertor at

So a corrector w at p is a linear function

Wp Tp.im R

Then a covertor field which is differential 1form is a function

w that assigns every point p
in M with a covertor up

Then differential 1 form for a fruition f on a manifold al

p denoted as Idflp is

elf 17,1mi Tpimi f
The Riemann Hilbert Correspondence

Tobeginwith consider the sheaf of rings G of holomorphin functions on the
opendomain DCC A sheafof 0 modules is a sheaf of abelian group
5 on sit for every open VEX the group FIL is equipped with

an GCU module stature U FIU Piv makingthe

diagram below



Giv FIU Flu

Gcv Fin FIV
commute for each inclusion of opensets VCU

Also we need the sheaf rip of differential 1 form on D

One possible example of D is defined as

Given a holomorphin function f on some UCD consider

the function of U C givenby 2 fizi I'p
is defined as a complex finition Wu U C s.tn

each 2 EU has an open neighborhood.VE U mapped

isomorphically onto an open disk around 0 in C by a holomorphic function

geOcV sit wy fdg with some ft Ocr

Finally F is defined locally free sheaf if every
ooint of D has an open neighbourhood VCD sit

EG u where 0 denotes the n fold direct
sum of 0 Theinteger n is called the rank of
and we say F is free if there is actually

a isomorphism F 6 on the whole of 1



p 0

Holomorphic connection on D is defined as a pair
1E D when E is a locally free sheaf on D

and Y which is a morphism of
sheaves of C vein space satisfying Labrie mle

I fs If S f 51s

for all UCD te OCU and SE ECU we call
as the connection map and we call SE ECU

horizontal if it satisfies 4151 0 and these

horizontal s wil form a sulisheaf CE

there is a morphism IS D E y

morphism of 0 modules E making the

diagram commte

E 2 2

toxin
E or
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Example

Assume that E 10 is a free 0 module

Then we can identify SE ECU with n tuples f f fr
of holomorphic functions on U Then there is an Mtm
obvious connection map d E or 0 In

n

by setting d I f f Idf idf dfa which

satisfies the Lebnia rule

Lemma 1 Theabsheaf E is a local system
of dimension equal to the rank of E
Proposition The fumitor E 5 Ef induces an

equivalence between the category of holomorphic connections

on D and that of complex local systems on D

This lemma is called Riemann Hilbert correspondence

Roof
Take a local system on D The rule

LIU COIU defines a locally free

sheaf Ʃ on D We define a connection



may 4
on Ey as follows Given an open subset

where E C fix a C basis si.se Sn of

Then each section Si of 10 cantfulyun.hn
as a sum Ʃ S fi with some fit OCU Now

Define 521 by setting s fi Ʃ si df
As tus bases of LIVI differ by a matrix

whose entries are in C and hence are

eliminated by the differential d so I u

doesn't depend on the choice of the Si
Therefore Is u defined over the canonsYatch

together to form a If defined over the
whole

of D and because

E F Ʃ and Eg g inch

an equivalence of categories So by the construction

alone it can define over the whole of D



Remark
Such Riemann Hilbert correspondence holds for arbitrary
Riemann surfaces and extende to higher dimensional complex

manifolds as well In the higher dimensional case one has to

impose a further condition on connection E F we can write as

00 six E or foreach is

and 41W s dw s 1 1 Wn 5157
And we define the connection is integrable flat if toy is this

or'x 61 is zero trivial

Another proposition

Given a holomorphic connection E D on D there is a connection

CE I on p l c with logarithmit poles along S satisfying 15,5 E
E F

proof

Take small opendisc D Cp cc around each i that donot
meet andwrite n for the rank of the connection E.TT

there is a premise that for each i there exists
an nxn y Ay of linear differential equations
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having a single pole at Xi and holomorphic elsewhere

we can write the 1 Ei Fi for the connection given
by E 01 and tillf.fr fuk life Ifn t
Ailf fn We can cover each open set DADi

Di by to simply connected open subsets

Vii and Vi Vix 0190 or Vi 171 0

Over each Ui and Vi the constant sheaves E and E are both

trivial ofdimension n Then we may patch the locally free
sheares

E E 0 and EEE Otsgether The restrictions
of E and Ei to the Ui and vi are both equippedwith the

trivial connection map since they correspond to trivial connection

map since they correspond to trivial local systems So the connections
also

The construction of patch


