Elements of Grothendieck's life and work
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Four stages of life
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(c) 1970-1991 (d) 1991-2014




Sascha Schapiro (1890 — 1942)

m Born to a well-off middle-class Jewish family in Ukraine

m Gives up his family to join an anarchist revolution against

Pl the Tsar at fourteen

(1928-1049) m Captured at 16, sentenced to life in prison, rescued by and
joins the Russian Revolution in 1917

m Allied with Makhno, pursued by Bolsheviks, emigrates to

Berlin, supporting himself with photography
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Sascha Schapiro (1890 { 1942)
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Met Hanka Grothendieck in Berlin anarchist circles

Part 1:
Upbringing

Emigrate together to France to escape Nazism
(1928{1949)

Fights in the Spanish Revolution, violently crushed by
Franco

m Returns to France, deported to Auschwitz in 1942

Figure: Sascha and Hanka




Hanka Grothendieck (1900 - 1957)

m Born to a bourgeois family in Hamburg, broke away as a
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teenager
S‘Sﬁrﬁ{ging m Actress, nomad, editor, writer
(1928{1949) m Marries Alf Raddatzt921: pilot, communist, vagabond

m Meets Sasha, supports the Spanish revolutionaries, sent t
internment camp in France during WWII

m Lives close to her son in later years. Writes an un nished
autobiographyEine Frau




Caleb Ji

Part 1:
Upbringing
(1928{1949)

Part 3
Freedom
(1970{1991)

Sascha and Hanka

m Well-read despite material di culties, aspiring writers
m Extremely aggressive personalities
= All relationships highly troubled

(AG, La Clef des Songes

\And during the long years after the abrupt end of an immense
epic adventure, he carried within him the work to be
accomplished { a rich fresco of faith, hope and su ering, of
laughter and tears and blood that has been shed, crowded an
vast like his own indomitable life, and keen like a song of
liberty [...] And my mother also had blessed gifts, which
predestined her for great things. But they chose to neutralize
each other in an endless passionate confrontation [...] "



Childhood

m Left in Hamburg with the Heydorns, his foster family at
the age of 5
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Part 1:

Part L . , . .
e m Reunited with parents in Paris at 11

m Father murdered in Auschwitz, sent to internment camps
with his mother to live in poverty

m Worked the grape harvest, enjoyed school, especially mat




Student at Montpellier

part 1. What | found most unsatisfactory in my mathematics

o textbooks was the absence of any serious attempt to tackle th
meaning of the idea of the arc-length of a curve, or the area o
a surface or the volume of a solid. | resolved therefore to mak
up for this defect once | found time to do so. In fact | devoted
most of my energy to this when | became a student at the

University of Montpellier, between 1945 and 1948.




Arrival in Paris (1948)

CeleogH m Received a scholarship to study in Paris thanks to Ande
Magnier

m Attended the famous Cartan seminar

S
s | discovered the existence of a mathematical world when | got
to Paris in 1948, at the age of 20, with not much more in my
thin suitcase than a bachelor's degree in science and a
closely-written manuscript using both sides of the paper and
without margins (paper was expensive!), representing three
years of solitary re ections on what (I later learned) was knowr
as \measure theory" or \the Lebesgue integral". Since | had
never met another, | believed until the day | arrived in the
capital, that | was the only person in the world to \do
mathematics", the only mathematician.




The Cartans

m Elie Cartan (1869 { 1951) greatly developed Lie theory,
di erential equations, and di erential geometry

m Henri Cartan (1904 { 2008) contributed to complex
analytic geometry, algebraic topology, and homological

I?/Ia:tlhze:matics algebra

(1949{1970) m Cartan seminar (1948 { 1964) covered much of the
cutting-edge research at the time
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Figure: Elie Cartan Figure: Henri Cartan




Nicolas Bourbaki

Caleb Ji

The Bourbaki group: a group of mostly French mathematician:
dedicated to properly building the foundations of mathematics,
founded by Cartan, Weil, Dieudonre, Delsarte, Chevalley

Part 2:
Mathematics
(1949{1970)

Figure: Claude Chevalley Figure: Andre Weil




PhD in Nancy: functional analysis (1949-1953)

Caleb Ji

m Worked with Jean Dieudonre and Laurent Schwartz

m Solved all 14 of their problems on locally convex
topological vector spaces

Part 2:

Mathematics m Develops the concept of nuclear spaces in his thesis,
(1949{1970)

proceeding to revolutionize functional analysis

Figure: Jean Dieudonre Figure: Laurent Schwartz




PhD in Nancy: functional analysis (1949-1953)

_ (Jean Dieudonre)
Caleb Ji

\When, in 1953, it was time to grant him a doctor's degree, it
was necessary to choose from among six papers he had writte
Part 2: any one of which was at the level of a good dissertation."

Mathematics
(1949{1970)

Figure: Grothendieck's thesis




A new life in Brazil: 1953-1955

Caleb Ji

m Spent two years in Sao Paulo

part 2: m Subsisted on milk, bread, and bananas

Mathematics
(1949{1970)

m Frightful family asco on trip to Paris
m Tying up loose ends, beginning to work on topology

\So now | can nally leave the eld of topological vector spaces
with no regrets, and start seriously working on algebraic
topology."




New work in Kansas: 1955

m Visiting research associate professor at the University of
Kansas in 1955

m Wrote \A General Theory of Fibre Spaces with Structure
_ Sheaf"

Part 2:

Mathematics

(1949{1970) m Wrote \Sur quelques points d'algebre homologique”
m Began correspondence with Jean-Pierre Serre
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The Toéhoku paper

m Sur quelgues points d'algebre homologigueublished in
Tohoku, 1957

m Grew from Grothendieck's attempt to reconstruct the
ot 2 Cartan-Eilenberg book on homological algebra

s = Introduced abelian categories
m Gave a general framework for cohomology through derive
functors, which worked for sheaves
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Return to France

Caleb Ji

art 1
m Obtains a position at the CNRS, moves back to Paris in

1956
(1945(1570) m Continued to work deeper in topology and algebraic
geometry

(Armand Borel)

| was sure something rst-rate would come out of him. But
then what came out was even much higher than | had
expected. It was his version of Riemann-Roch, and that's a
fantastic theorem. This is really a masterpiece of mathematics
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Mathematics
(1949{1970)

Part 3:
Freedom
(1970{1991)

Part 4:

Grothendieck-Riemann-Roch

Theorem (Riemann-Roch)

For a compact Riemann surface with canonical divisorand
genusg, for any divisorD we have

(D) I(K D)=deg(D) g+1:

Theorem (Grothendieck-Riemann-Roch)

Let X,Y be locally of nite type over S. LeF be a nite
locally free sheaf oiX of rank r. Letf : X | Y be a proper
smooth morphism. Then

ch(fF )td(Y) = f (ch(F )td(X)):
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Mathematics
(1949{1970)

Part 3:
Freedom
(1970{1991)

Grothendieck-Riemann-Roch

"Witches Kitchen 1971. Riemann-Roch Theorem: The nal
cry: The diagram is commutative! To give an approximate
sense to the statement abodt: X ! Y, | had to abuse the
listeners' patience for almost two hours. Black on white (in
Springer lecture notes) it probably takes about 400, 500 pages
A gripping example of how our thirst for knowledge and
discovery indulges itself more and more in a logical delirium fe
removed from life, while life itself is going to Hell in a thousanc
ways and is under the threat of nal extermination. High time
to change our course!"



Caleb Ji

Mathematics
(1949{1970)

Part 3:
Freedom
(1970{1991)

1957-1958: the beginning of a new era

\1957 was the year in which | began to develop the theme
\Riemann-Roch" (Grothendieck version) - which almost
overnight made me into a big \movie star". It was also the
year of my mother's death and thereby the inception of a grea
break in my life story. They gure among the most intensely
creative years of my entire life, not only in mathematics. I'd
worked almost exclusively in mathematics for 12 years. In that
year there was the sense that I'd perhaps done what there wa
to do in mathematics and that it was time to try something
else.



1957: death of Hanka

Caleb Ji

(AG, La Clef des Songes)

\It was given to me to be with her in the last weeks of her life,

zwlgge{rfg;ig)s to care for her and see her die. And also, in these nal weeks,

to see dissipate as if it had never been, the arid and bitter
despair in which it had been maintained for the last ve years.
So his death came as the unexpected resolution of such
accumulated tension that | believe it would have broken me if
my mother hadn't died reconciled, loving and at peace.

m Resolves to become a writer, to complete Hank&isie
Frau

m Ends up back in mathematics for 12 more years!
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Mathematics
(1949{1970)

Part 3:
Freedom
(1970{1991)

Part 4:

1958: a new era in algebraic geometry

"The following year (1958) is probably the most fertile of all
my years as a mathematician. This was the year which saw th
birth of the two central themes of the new geometry through
the launching of the theory of schemes (the subject of my
paper at the International Congress of Mathematicians at
Edinborough in the summer of that year) and the appearance
of the concept of a \site", a provisional technical form of the
crucial notion of the topos."



Grothendieck's family

m A air with Aline Driquert, resulting in a son: Serge
Grothendieck

m Married to Mireille Dufour, resulting in three children:
Johanna, Alexandre, Matthieu Grothendieck

Pan2 m Marriage lasted around 1957 { 1970, though not formally

(1949{1970) divorced till 1981

m Later a air with Justine Bumby, resulting in a son: John
Grothendieck
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The 1958 ICM address

Caleb Ji m Inspired by Serre's FAC, announces the introduction of
cohomology into algebraic geometry

m Mentions the Weil conjectures as a future goal

par 2 m Introduced schemes and gives immediate applications
Mathematics
(1949{1970)

Figure: Grothendieck's address




The 1958 ICM address

Caleb Ji

m Cohomological topics outlined:
Part 2:

- Weil cohomology for algebraic varieties
(1949{1970) Cohomology of coherent sheaves

Finiteness theorems

Duality theorems
Riemann-Roch theorems
Theorems on abelian varieties

Applications to local algebra

m Also emphasizes the transition from varieties to schemes
and even morphisms of schemes, the relative point of vie
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Mathematics
(1949{1970)

Part 3:
Freedom
(1970{1991)

Schemes

De nition (schemes)

Given any commutative rind\, de ne the a ne scheme Spe&

to be the locally ringed space consisting of the prime ideals of
A equipped with the topology of closed sets being those
containing a xed subset oA. The structure sheaf is de ned

by Ospeca(D(f)) = As. A scheme is obtained by gluing a ne
schemes along open subsets.

"The very notion of a scheme has a childlike simplicity - so
simple, so humble in fact that no one before me had the
audacity to take it seriously."



Schemes

Caleb Ji

m Grothendieck also develops the functorial point of view,
which (by Yoneda's lemma) characterizes a schexhdy
Part 2: the functor hy : SciPP ! Set

Mathematics
(1949{1970)

hy (T) = Mor( T ; X):

m In fact, one can restrict to a ne schemes, and thereby
de ne schemes by imposing appropriate conditions on
functorsF: Rings! Set.

m This point of view translates geometric properties into
categorical ones, and is used to construct new types of
geometric spaces, including algebraic stacks (used heavil
in moduli theory).




The Institut des hautesetudes scienti ques (IHE:

m leon Motchane, businessman and mathematician, secure:

e funds for the IHES

m Modeled after the Institute for Advanced Study (IAS) in
Princeton, goal to retain and support French scienti c

I?/Ia:tthxze:matics researCh

(1949{1970) m Located in Bures-sur-Yvette, a Parisian suburb

m Grothendieck and Dieudonre recruited as the rst

professors




Professor at the IHES (1958{1970)

m Known as the Golden Age
m Creates math 12 hours a day, 7 days a week
m Leads his legendary SGA seminars

Caleb Ji

Part 2:
Mathematics
(1949{1970)




EGA and SGA

EGA (with J. Dieudonre)
Le langage des sctemas
Etude globaleekmentaire de quelques classes de
morphismes

Mathematics Etude cohomologique des faisceaux colerents
(1949{1970)
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Etude locale des sclemas et des morphismes de sclemas
SGA (with Raynaud, Demazure, Artin, Verdier, lllusie,
Berthelot, Deligne, Katz)

Revétementsetales et groupe fondamental

Cohomologie locale des faisceaux colerents et treoemes

de Lefschetz locaux et globaux

Schemas en groupes

Theorie des topos et cohomologieetale des sctemas

Cohomologie I-adique et fonctions L

@ Theorie des intersections et treoeme de Riemann-Roch

Groupes de monodromie en geonretrie algebrique




Mathematical opus

Through 1970, includes:
Topological tensor products and nuclear spaces
Derived categories, the 6 operations
Part 2: Grothendieck-Riemann-Roch, K-theory
zwlgTée{Tea;ig)s Schemes
Topos theory
[@ Etale cohomology and I-adic cohomology
Motives, motivic Galois groups
B Crystalline Cohomology, de Rham and Hodge coe cients
El Topological algebral -stacks
and afterwards:
i Mediated topology
Anabelian geometry, Galois-Teichmaller theory
® Schematic or arithmetic Viewpoints for regular polyhedra
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Weil conjectures

Let X be a projective non-singular algebraic variety de ned
overFq. The zeta function (X;s) is de ned as

Caleb Ji

X N
X;s) = Bm o ms.
(X;9) g
m 1
Mathematics ) .
(UM whereNy, is the number of points oK de ned overFgn.
Part 3:
Freedom
(1970{1991)

Theorem (Weil conjectures)

(X;s) is a rational function ofT = g S.

(X;n s)= q% ES (X:s) whereE is the Euler
characteristic ofX.

j iyi=g forl i 2n 1landallj.

If X is a (good) "reduction(mod p)" of a non-singular
projective varietyY de ned over a number eld embedded
in the eld of complex humbers, then the degree Bf is
the ith Betti number of the space of complex points ¥f.




Weil conjectures

Caleb Ji

\ These utterly astounding conjectures allowed one to envisag
paiz for these new " discrete varieties" ( or "spaces"), the possibility
(1949{1970) for certain kinds of constructions and arguments which up to
that moment did not appear to be conceivable outside of the
framework of [topological spaces]."

"The panorama that opened up before me, which | was oblige
to make the e ort to scrutinize and capture, greatly surpassed
in scope and in depth the hypothetical needs for proving these
conjectures, or indeed all the results that would follow from
them."




Caleb Ji

Mathematics
(1949{1970)

Part 3:
Freedom
(1970{1991)

Motives

"In contradistinction to what one nds in ordinary topology,
one nds oneself in the presence of a disconcerting abundanct
of di ering cohomological theories. One had the impression
that, in a sense that should be taken rather exibly, all of these
theories "boiled down" to the same one, that they "gave the

same results".

"This idea was developed, on the fringes of more fundamental
and urgent tasks, under the name of the "theory of motives",
or of "philosophy (or "yoga") of the "motives", through the
years 1963-69. It's a theory of a fascinating structural richness
a large part of which remains purely conjectural.”



The Fields medal

Caleb Ji

m Wins Fields medal in 1966

m Refuses to go to Moscow to accept it in protest over

Mathematics human rights violations
(1949{1970)

= Donates prize money, auctions o medal to the Red Cross
of Vietnam

(ICM citation)

Built on work of Weil and Zariski and e ected fundamental
advances in algebraic geometry. He introduced the idea of
K-theory (the Grothendieck groups and rings). Revolutionized
homological algebra in his celebrated \Tohoku paper."




Some PhD students

Caleb Ji

Part 2: Demazure (algebraic groups)

Mathematics
(1949{1970)

lllusie (cotangent complex, deformation theory)
Verdier (derived categories)

Deligne (mixed Hodge theory)

Giraud (non-abelian cohomology)

Berthelot (crystalline cohomology)




Trip to Vietham

m Travels to Vietnam in November 1967
m Lectures on requirements for scienti c research, schemes,
homological algebra, sheaf theory, and the Weil conjecture

Caleb Ji

Part 2:

Mathematics \They have con dence in themselves, and that is the best
(1949{1970)

reason for us to have con dence in them and in their struggle
on all fronts, cultural as well as economic and military."




Haang Xuan Snh

Caleb Ji (AG)

\ During the war her working conditions were particularly

di cult, and her contact with me was restricted to an
intermittent correspondence. She was able to come to France

Mathematics

o) in 1974/75 [...] and earned her doctoral degree with this thesis
in Paris."




m 1968 was a year of great left-wing, anti-war, and civil
rights protests around the world

m In France, students and workers joined in a nationwide
strike, reaching its peak in May '68

Pan2 m Rapidly dissolved after suppression and an election

(1949{1970) m Left a deep impression on Grothendieck; his full
commitment to mathematics began to wane

Caleb Ji




1970: The great turning point

m Grothendieck discovers that a small part of IHES funding
came from the military

m The nal push behind Grothendieck's decision to break

with the mathematical establishment, under enormous

Part 2: internal personal forces

Mathematics
(1949{1970)

Caleb Ji

|
Dear Sir, Following my letter to the Scienti c Committee, |
herewith con rm my departure from the IHES starting 1
October 1970. Please accept, Sir, the expression of my
distinguished consideration. A. Grothendieck




Mathematical posts held post-1970 in France

Caleb Ji

m Guest professor at Colege de France (1970-1972)

Part 3:

Freedom m Visiting professor at the University of Orsay (1972-1973)

(1970{1991)

m Professor at the University of Montpellier (1973-1988)
m CNRS researcher (1984-1988)




1970 ICM

Heisuke Hironaka wins the 1970 Fields medal for resolution of

caleb singularities in characteristic 0.

Part 1

(AG, footnote to laudatio)

"This is all the more true since the development of algebraic
geometry, and everything else as well, will come to an end if

o o our species disappears in the coming decades { a possibility
(1970{1991)

that today seems more and more likely."
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Part 1
pbringir

Part 3:
Freedom
(1970{1991)

Survivre et Vivre

m Born on July 20, 1970 from a conference in Montreal
m Environmental, ecological goals, and political goals

m Founding members include AG, Claude Chevalley, Pierre
Samuel.

(Mission statement)

"Fight for the survival of the human race and for all life, which
is endangered due to the ecological imbalance caused by the
industrial society of today (pollution and destruction of the
environment and natural resources), and by military con icts
and the threat of military conict."



Survivre et Vivre

m Published a bulletin, 1970 { 1973, on themes such as
ecology, scientism, the military-industrial complex, nuclear
power, pollution, consumerism, etc.

m Organized conferences, meetings, public discussions

Caleb Ji

Part 3:
Freedom
(1970{1991)




Survivre et Vivre

Caleb Ji

m Grothendieck tries to recruit scientists, due to both his
perception of their responsibility and his status among

them
Part 3:

oo m Attends mathematical conferences to give environmental

talks, to recruit, and also simply to agitate

m Tours universities, schools, meets with local movements ¢
over the place in both France and abroad

m e.g. Invited to CERN to lecture on \Shall we continue
with scienti c research?"




Trips to America

Caleb Ji

m 1/1971 { 3/1971: invited professor at Queens University.
Trudges through the Canadian winter barefoot in sandals,
lectures on group schemes and ecology, supports nearby
Native American activism

m 3/1971 { 4/1971: Survivretalks at 21 universities in 7

Freedom weeks, including Hamilton, Bu alo, Rochester, Stanford,
(1970{1991)

Berkeley, Los Angeles, Princeton

m 5/1972 { 7/1972: Teaches at SUNY, visits Fordham,
Rutgers, Brown, Albany, University of Massachusetts,
Stony Brook to talk aboutSurvivre

m Meets Justine Skalba at Rutgers, who follows him back tc
France

m Summer 1973: Lecturing up to seven hours a day in
Bu alo on algebraic geometry and topos theory




Commune life

Caleb Ji m In late 1972, founds a commune in &enay-Malabry
along with Justine

m Gradually withdraws fronBurvivre activities

m Commune collapses in 1973 due to complicated personal
relationships and lack of funds, as Grothendieck goes to
Bu alo

(AG, La Clef des Songes)

“Although | committed myself with the utmost energy, my

re ections only touched the periphery of my existence. No
doubt because | dimly perceived this, | gradually withdrew
during the year 1972 from anti-militaristic, ecological and
\counter-cultural” activities, since | felt that we had reached a
point where we were stuck in routine engagement instead of
integrating ourselves into a bigger movement ... "




Proof of the Weil conjectures: 1973

Caleb Ji

\If I had done it using motives, he would have been very
interested, because it would have meant that the theory of

motives had been developed. Since the proof used a trick, he
did not care." - Pierre Deligne

Part 3:
Freedom
(1970{1991)




Proof of the Weil conjectures: 1973

Caleb Ji

Part 3:
Freedom
(1970{1991)




Life in Villecun: 1973-1979

Caleb Ji

= Moved to Villecun, a small village in France
= Justine leaves soon after with their son
m Grothendieck takes up a professorship at Montpellier

(Winfried Scharlau)

[H]e was cheerful, he brought wine, fruit, vegetables or nuts tc
the common meals, he sang, helped with manual jobs, was

in nitely generous (in the circle of his friends he was often
called \the bank"), and his house was open to everyone; he
was (at least for some years) deeply convinced of the value of
the alternative lifestyle that he encountered with the region's
\breakaways" and in the rural communes. Later, in hindsight,
he wrote that he had experienced this period as a \Sunday".




Lifestyle

Caleb Ji

m House small and dingy, but open to everyone
m Sleeps on a door taken o its hinges
m Vegetarian, lives o local farmers

part 3: m Gives away money and buys people land left and right

Freedom
(1970{1991)

m Drove an old Citroen 2CV to teach at Montpellier
(received license after failing his driving license nine time:

(AG, La Clef des Songes)

my "relatives" ... are neither family members nor people of
education even of vast culture ... but the poor among the poor




Professor at Montpellier

|
\I will never forget the evenings spent at Villecun, the two of us
doing math by the light of the old oil lamp. [...] Grothendieck
was completely di erent, other-worldly. Instead of translating
things into another language, he thought and spoke directly in
the language of modern structural mathematics, which he had

Freedom contributed greatly to creating." - Yves Ladegaillerie
(1970{1991)

Caleb Ji

art 1




Teaching philosophy

Caleb Ji 1973 { 1977: Taught undergrad courses on analytic
functions, topology and the fundamental group, and grouy
theory

1977 { 1978: Taught a course on the geometry and
combinatorics of polyhedra

1977 { 1982: Taught courses on research

(AG, letter to friend)

The mathematical thought of a child (in so far as it actually
leads to a \discovery") could be more \valuable" than a
published work (inasmuch as it is mindless and joyless, a routi
publication). Or rather, the one is valuable, and the other is
spiritual and psychological \junk”. ... Polyhedra (take just the
cube or even the icosahedron) are an equally inexhaustible
source of mathematical re ection and insight on every \level".




Introduction to research

Caleb Ji

m Tries to stimulate his students toward creativity, with
Pt i varied success

m Gives a detailed account of this ima Clef des Songes

(AG, En Guise de Programme)

(Flfgggflfggl) When an intense curiosity animates research, we advance as
carried on impatient wings. Are we not then like a venturesom
bark, which avidly plows the immeasurable ocean? Yes, we ai
surrounded on all sides by billowing mists, ceaselessly taking
shape, illuminated by our searching gaze, ceaselessly dissolvi
in order to challenge us all the more to penetrate them!

[::]

It lies with us whether we will be the child absorbed in a
fascinating game { or hopping marionettes...
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