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A rational function is a function of the form

where P and Q are polynomials. We assume that P(x) and Q(x) have no factor in com-
mon. Even though rational functions are constructed from polynomials, their graphs
look quite different from the graphs of polynomial functions.
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Rational Functions and Asymptotes

The domain of a rational function consists of all real numbers x except those for which
the denominator is zero. When graphing a rational function, we must pay special atten-
tion to the behavior of the graph near those x-values. We begin by graphing a very
simple rational function.

EXAMPLE 1

Graph the rational function f(x) = 1/x, and state the domain and range.

A Simple Rational Function

SOLUTION The function f is not defined for x = (. The following tables show that
when x is close to zero, the value of | f(x)| is large, and the closer x gets to zero, the
larger | f(x)| gets.

x f(x) x f(x)
=01 —10 0.1 10
=001 —100 0.01 100
—0.00001 — 100,000 0.00001 100,000
Approaching 0~  Approaching — Approaching 0  Approaching

We describe this behavior in words and in symbols as follows. The first table shows
that as x approaches 0 from the left, the values of y = f(x) decrease without bound.
In symbols,

“y approaches negative infinity

i (x) — - as x—0" as x approaches 0 from the left”



The second table shows that as x approaches 0 from the right, the values of f(x)
increase without bound. In symbols,

“y approaches infinity as x

+
flx) > as x—0 approaches 0 from the right”

The next two tables show how f(x) changes as | x | becomes large.

x f(x) x f(x)
~10 —0.1 10 | 01
—100 ~0.01 100 | 001
—100,000 —0.00001 100,000 | 0.00001

Approaching —o0 Approaching 0 Approaching 00 Approaching 0

These tables show that as | x | becomes large, the value of f(x) gets closer and closer
to zero. We describe this situation in symbols by writing

f(x) >0 as x—>—w and f(x) >0 as x—o

Using the information in these tables and plotting a few additional points, we obtain
the graph shown in Figure 1.

i f(x) =1/x
9 ~3
- -
- -2
! 2
1 1
2 > f(x) =0 as
= O 1
FIGURE 1 fe) =—o |T
flx) = 1/x sl

The function f is defined for all values of x other than 0, so the domain is {x|x # 0}.
From the graph we see that the range is {y |y # 0}.
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In Example 1 we used the following arrow notation.

Symbol Meaning

xX—a x approaches a from the left

x—a' x approaches a from the right

xX— —o x goes to negative infinity; that is, x decreases without bound
X— x goes to infinity; that is, x increases without bound

The line x = 0 is called amof the graph in Figure 1, and the line
y =0is a@rizontal asymptotempeaking, an asymptote of a function is
a line to which the graph of the function gets closer and closer as one travels along
that line.

DEFINITION OF VERTICAL AND HORIZONTAL ASYMPTOTES

1. The line x = a is a vertical asymptote of the function y = f(x) if y approaches * as x approaches a from the right

TV

| | |
| | |
| | |
| | |
a : X a X a : X a : X
| | |
| | |
| |

e

y—>oasx—>a y—>®asx —>a y—>-—®asx—>a' y—> —0asx—>a

2. The line y = b is a horizontal asymptote of the function y = f(x) if y approaches b as x approaches *oo.

y—=>basx—>© y—>basx— —c
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EXAMPLE 3

Asymptotes of a Rational Function

2x* —4x + 5
x2—2x+ 1

Graph r(x) = , and state the domain and range.

SOLUTION

Vertical asymptote. We first factor the denominator

2P —4x+5

() (x — 1)

The line x = 1 is a vertical asymptote because the denominator of r is zero when
x=1

y ‘ To see what the graph of r looks like near the vertical asymptote, we make tables
I of values for x-values to the left and to the right of 1. From the tables shown below
y—>®as ‘ y—>®as we see that
x— 1 H o szl
: | y—>x as x—1° and y—ow as x—17
51 - +
; x—1 x—1
\
I x y 57 y
\
T 0 5 2 5
el 0.5 14 L5 14
. L 09 302 141 302
o102 T X 0.99 30,002 1.01 30,002
T
\

Approaching 1~ Approaching Approaching 1* Approaching o

FIGURE 4

Thus near the vertical asymptote x = 1, the graph of r has the shape shown in
Figure 4.

Horizontal asymptote. The horizontal asymptote is the value that y approaches as
x — *oo. To help us find this value, we divide both numerator and denominator by
x?, the highest power of x that appears in the expression:

1 4 5
2 =5 2--+3
‘_2x'—4x+5 X x x
M e
5 1-—-+3
X X X
s . 4.5 2 1
The fractional expressions ? — ; and — all approach 0 as x — *oo (see Exer-
A X o

2 X
cise 90, Section 1.1, page 12). So as x — * o, we have

4 5
2—-—+=
x x 2:—0-40
y = N - = =
2 1 1-0+0
===
X X~

These terms approach 0

FIGURE 5 Thus the horizontal asymptote is the line y = 2.
22 —4x + 5 Since the graph must approach the horizontal asymptote, we can complete it as in
r(x) = 2 =24 Figure 5.

Domain and range. The function r is defined for all values of x other than 1, so the
domain is {x|x # 1}. From the graph we see that the range is {y|y > 2}.
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A rational function of the form

can be graphed by shifting, stretching, and/or reflecting the graph of f(x) = 1/x shown
in Figure 1, using the transformations studied in Section 2.6. (Such functions are called
linear fractional transformations.)

EXAMPLE 2 = Using Transformations to Graph Rational Functions
Graph each rational function, and state the domain and range.
_ 3

x+2

2
(@ r(x) = ~—3 (b) s(x)

SOLUTION
(a) Let f(x) = 1/x. Then we can express r in terms of f as follows:
2

e

1
= 2<x — 3> Factor 2

= 2(f(x - 3)) Since f(x) = 1/x

From this form we see that the graph of r is obtained from the graph of f by shifting
3 units to the right and stretching vertically by a factor of 2. Thus r has vertical asymp-
tote x = 3 and horizontal asymptote y = (. The graph of r is shown in Figure 2.
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FINDING ASYMPTOTES OF RATIONAL FUNCTIONS

Let r be the rational function

an'xn + an—lxn_l NG ax + dy

Al2E)) =
( ) bmxm 7t bm—lxm_] h e blx i bO

1. The vertical asymptotes of r are the lines x = a, where a is a zero of the

denominator.
2. (a) If n < m, then r has horizontal asymptote y = 0.
a
(b) If n = m, then r has horizontal asymptote y = b—"
m
(¢) If n > m, then r has no horizontal asymptote.
EXAMPLE 4 = Asymptotes of a Rational Function
. . . 3x2—-2x— 1
Find the vertical and horizontal asymptotes of r(x) = ——————.
2% £3x = 2

SOLUTION

Vertical asymptotes. We first factor
= 3x2—2x— 1
T 2 = 1)(x + 2)

This factor is 0 This factor is 0
when x = whenx = -2
The vertical asymptotes are the lines x = 5 and x = —2.

Horizontal asymptote. The degrees of the numerator and denominator are the same,
and

leading coefficient of numerator 3

leading coefficient of denominator 2

Thus the horizontal asymptote is the line y = 3.
To confirm our results, we graph r using a graphing calculator (see Figure 6).

10

— 3

|
|
|
|
|
T
1
|
L

—10
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SKETCHING GRAPHS OF RATIONAL FUNCTIONS

1. Factor. Factor the numerator and denominator.

2. Intercepts. Find the x-intercepts by determining the zeros of the numerator
and the y-intercept from the value of the function at x = 0.

3. Vertical Asymptotes. Find the vertical asymptotes by determining the zeros
of the denominator, and then see whether y — o or y — — on each side
of each vertical asymptote by using test values.

4. Horizontal Asymptote. Find the horizontal asymptote (if any), using the
procedure described in the box on page 300.

5. Sketch the Graph. Graph the information provided by the first four steps.
Then plot as many additional points as needed to fill in the rest of the graph
of the function.

EXAMPLE 5 = Graphing a Rational Function
Oxt + Jx—14

Graph r(x) = Er—

, and state the domain and range.
SOLUTION We factor the numerator and denominator, find the intercepts and asymp-
totes, and sketch the graph.

_ -1 +4)

Factor.
| VT o D2

x-Intercepts. The x-intercepts are the zeros of the numerator, x = 3 and x = —4.

y-Intercept. To find the y-intercept, we substitute x = O into the original form of the
function.

202 +7(0) -4 -4 _

(0)2 + (0) — 2 =g -

r(0) =

The y-intercept is 2.

Vertical asymptotes. The vertical asymptotes occur where the denominator is 0,
that is, where the function is undefined. From the factored form we see that the verti-
cal asymptotes are the lines x = 1 and x = —2.

Behavior near vertical asymptotes. We need to know whether y — o or y — —o on
each side of each vertical asymptote. To determine the sign of y for x-values near the verti-
cal asymptotes, we use test values. For instance, as x — 1~, we use a test value close to
and to the left of 1 (x = 0.9, say) to check whether y is positive or negative to the left of
x =1

(2(0.9) — 1)((0.9) + 4) et (+)(+)
(0.9) = 1)((09) + 2) = (=)(+)

So y— —o as x — 1. On the other hand, as x — 17, we use a test value close to
and to the right of 1 (x = 1.1, say), to get

o (2(1.1) = 1)(1.1) + 4) whose sien is (+)(+)
¥ = (+)(+)

(1.1) = D(1.1) + 2)

y = (negative)

(positive)



So y— o as x — 1 7. The other entries in the following table are calculated
similarly.

As x — -2~ -2t i 1"
o opy 2 ZETDEED [ () (DN (H)(H) ()
SRSV =)@ +2) | (D)-) ()F) (X)) (X))
so y — —00 00 —o0 00

Horizontal asymptote. The degrees of the numerator and denominator are the
same, and
leading coefficient of numerator 2

= —i= 2
leading coefficient of denominator 1

Thus the horizontal asymptote is the line y = 2.

Graph. We use the information we have found, together with some additional val-
ues, to sketch the graph in Figure 7.

; y
-6 0.93
-3 ~1.75
-1 450 |
1.5 6.29 ————
2 4.50
3 3.50

FIGURE 7

i 2x2 4+ Tx — 4

rx)=—F—"—
xX+x—-2

Domain and range. The domain is {x|x # 1, x # —2}. From the graph we see that
the range is all real numbers.



EXAMPLE 6 = Graphing a Rational Function

2
x°—4

Graph the rational function r(x) = ————, and state the domain and range.
25 + 2%

SOLUTION

e+ 2)(x=—2)
Factor. y =
2x(x + 1)

x-intercepts. —2and2,fromx +2=0andx —2 =10
y-intercept. None, because r(0) is undefined

Vertical asymptotes. x = 0 and x = —1, from the zeros of the denominator

Behavior near vertical asymptote.

As x — -1- —-17 0 0"
(x +2)(x —2) - (£)(=) (H)(=) ()(=) (+)-)
2x(x + 1) (=)= &A% (=)eR) (FBIEE)

SO y — —o0 00 o) —0o0

the sign of y =

Horizontal asymptote. y = }, because the degree of the numerator and the degree
of the denominator are the same and

leading coefficient of numerator 1

leading coefficient of denominator 2

Graph. We use the information we have found, together with some additional val-
ues, to sketch the graph in Figure 8.

| YA
X y |
|
0.9 2 |
_ |
0.5 7.50 | Lo

—0.45 7.67 |

—0.4 8.00 |

-0.3 9.31 '

0.1 22.17 : —-———%———()-———*——ﬁ———. -
| 1 X
|

FIGURE 8 }
x> -4 |
2= 0 o !

Domain and range. The domain is {x|x # 0, x # —1}. From the graph we see that
the range is {x|x < jorx > 7.5}.



EXAMPLE 7 = Graphing a Rational Function

% + 21 ,
Graph r(x) = — , and state the domain and range.
x°+ 10x + 25
SOLUTION
Factor L
iV (G 5

21
x-Intercept. Py from 5x + 21 =0

Intercept 2 because r(0) ik
- R — use r(0) =
s PR s 0> + 10-0 + 25
2
25
Vertical asymptote. x = —35, from the zeros of the denominator
Behavior near vertical asymptote.
As x — -5 -5
: L Bl (-) (-)
thes1gn0fy—(x+5)zls (=) ()(+)
SO y — — —

Horizontal asymptote. y = 0, because the degree of the numerator is less than the
degree of the denominator

Graph. We use the information we have found, together with some additional val-
ues, to sketch the graph in Figure 9.

VA
5 y :
—15 0.5 :
~10 =12 TS
_3 1‘5 1 1 1 ! ¥
= 1.0 i
3 0.6 1
|
1(5) 8-2 FIGURE 9 |
: 5x + 21 |
r(x) =————— |
x°+ 10x + 25 |

Domain and range. The domain is {x| x # —5}. From the graph we see that the
range is approximately the interval (—oc, 1.6].
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where the degree of R is less than the degree of Q and a # 0. This means that as
x — * 0, R(x)/Q(x) — 0, so for large values of | x| the graph of y = r(x) approaches
the graph of the line y = ax + b. In this situation we say that y = ax + b is a slant
asymptote, or an oblique asymptote.

EXAMPLE 9 = A Rational Function with a Slant Asymptote

9.

X . x> —4x -5
Graph the rational function r(x) = —_3
%
SOLUTION
x+ 1)(x—=5
Factor. y = M
x—3

Xx-Intercepts. —1land5,fromx +1=0andx —5=0
y-Intercept. i because r(0) = Uhad Ul ad .
3 0-3 3
Vertical asymptote. x = 3, from the zero of the denominator
Behavior near vertical asymptote. y-—> o as x—3" and y > —o as x — 3"

Horizontal asymptote. None, because the degree of the numerator is greater than
the degree of the denominator

Slant asymptote. Since the degree of the numerator is one more than the degree of the
denominator, the function has a slant asymptote. Dividing (see the margin), we obtain

8
X=:3

r(x)=x—1-

Thus y = x — 1 is the slant asymptote.

Graph. We use the information we have found, together with some additional val-
ues, to sketch the graph in Figure 11.

y
x y
-2 —14 Slant
1 4 asymptote
2 9 \ s
4 -5 5 =5
6 233 LA

FIGURE 11
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EXAMPLE 10 = End Behavior of a Rational Function

Graph the rational function

() = X —2x*+3
rx ¥ = 2
and describe its end behavior.
SOLUTION
(x + 1)(x* = 3x + 3)

Factor. y =

%= 2
x-Intercept. —1, from x + 1 = 0 (The other factor in the numerator has no real
Z€eros.)

0°—2.0°+3 3

3
-Intercept. — —, because r(0) = -
y P > (0) 0—2 2
Vertical asymptote. x = 2, from the zero of the denominator
Behavior near vertical asymptote. y— —o as x —2~ and y —> % as x —»>2*

Horizontal asymptote. None, because the degree of the numerator is greater than
the degree of the denominator

End behavior. Dividing (see the margin), we get

S
=2

=y +
r(x) = x .

This shows that the end behavior of r is like that of the parabola y = x> because
3/(x — 2) is small when | x | is large. That is, 3/(x — 2) — 0 as x — = This
means that the graph of r will be close to the graph of y = x? for large | x|.

Graph. In Figure 12(a) we graph r in a small viewing rectangle; we can see the
intercepts, the vertical asymptotes, and the local minimum. In Figure 12(b) we graph
rin a larger viewing rectangle; here the graph looks almost like the graph of a parab-
ola. In Figure 12(c) we graph both y = r(x) and y = x?; these graphs are very close
to each other except near the vertical asymptote.

20 200 20
4 -30 30 .
-8 = 8
-20 -200 -5

(@) (b) (©)
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SOLVING POLYNOMIAL INEQUALITIES

i

Move All Terms to One Side. Rewrite the inequality so that all nonzero
terms appear on one side of the inequality symbol.

Factor the Polynomial. Factor the polynomial into irreducible factors, and
find the real zeros of the polynomial.

Find the Intervals. List the intervals determined by the real zeros.

Make a Table or Diagram. Use test values to make a table or diagram of the
signs of each factor in each interval. In the last row of the table determine
the sign of the polynomial on that interval.

Solve. Determine the solutions of the inequality from the last row of the
table. Check whether the endpoints of these intervals satisfy the inequality.
(This may happen if the inequality involves = or =.)

EXAMPLE 1 = Solving a Polynomial Inequality
Solve the inequality 2x* + x* + 6 = 13x.
SOLUTION We follow the preceding guidelines.

Move all terms to one side. We move all terms to the left-hand side of the inequal-
ity to get

270+ = 13x+6=0
The left-hand side is a polynomial.

Factor the polynomial. This polynomial is factored in Example 2, Section 3.4, on
page 277. We get

(x=2)(2x—1)(x+3)=0
The zeros of the polynomial are —3, %, and 2.
Find the intervals. The intervals determined by the zeros of the polynomial are
(=, =3).(=3.2). (5:2). (2. )

Make a table or diagram. We make a diagram indicating the sign of each factor on
each interval.

Signof x — 2 = = = i
Sign of 2x — 1 = = + +
Signof x + 3 = + +
Sign of (x — 2)(2x — 1)(x + 3) = + = g

Solve. From the diagram we see that the inequality is satisfied on the intervals
(—3,3) and (2, ). Checking the endpoints, we see that —3, 5, and 2 satisfy the
inequality, so the solution is [—3, ﬂ U [2, ). The graph in Figure 2 confirms our
solution.




EXAMPLE 2 = Solving a Polynomial Inequality
Solve the inequality 3x* — x* — 4 < 2x* + 12x.
SOLUTION We follow the above guidelines.

Move all terms to one side. We move all terms to the left-hand side of the inequal-
ity to get

3t -2 -2 - 12x—4<0
The left-hand side is a polynomial.

Factor the polynomial. This polynomial is factored into linear and irreducible qua-
dratic factors in Example 5, Section 3.5, page 291. We get

(x = 2)(3x+ 1)x*+x+2)<0
From the first two factors we obtain the zeros 2 and —j3. The third factor has no real
Zeros.

Find the intervals. The intervals determined by the zeros of the polynomial are
(=, =3), (=5.2), (2. =)

Make a table or diagram. We make a sign diagram.

w—
o

10 + Sign of x — 2 = = +
Sign of 3x + 1 = + +

Sign of x> + x + 2 + +

: Sign of (x — 2)(3x + )(x* + x +2) + = +

Solve. From the diagram we see that the inequality is satisfied on the interval
(=1 2). You can check that the two endpoints do not satisty the inequality, so the
FIGURE 3 solution is (—%, 2). The graph in Figure 3 confirms our solution.

* . Now Try Exercise 13
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Unlike polynomial functions, rational functions are not necessarily continuous. The
vertical asymptotes of a rational function r break up the graph into separate “branches.”
So the intervals on which r does not change sign are determined by the vertical asymp-
totes as well as the zeros of r. This is the reason for the following definition: If
= P(x)/Q(x) is arational function, the cut points of r are the values of x at which
either P(x) = 0 or Q(x) = 0. In other words, the cut points of r are the zeros of the
numerator and the zeros of the denominator (see Figure 4). So to solve a rational in-
equality like 7(x) = 0, we use test points between successive cut points to determine

r(x)

the intervals that satisfy the inequality. We use the following guidelines.

_——

SOLVING RATIONAL INEQUALITIES
1.

Move All Terms to One Side. Rewrite the inequality so that all nonzero
terms appear on one side of the inequality symbol. Bring all quotients to a
common denominator.

Factor Numerator and Denominator. Factor the numerator and denominator
into irreducible factors, and then find the cut points.

. Find the Intervals. List the intervals determined by the cut points.

Make a Table or Diagram. Use test values to make a table or diagram of the
signs of each factor in each interval. In the last row of the table determine
the sign of the rational function on that interval.

. Solve. Determine the solution of the inequality from the last row of the

table. Check whether the endpoints of these intervals satisfy the inequality.
(This may happen if the inequality involves = or =.)




EXAMPLE 3 = Solving a Rational Inequality
Solve the inequality
1 — 2%
x2—-2x—3

SOLUTION We follow the above guidelines.

Move all terms to one side. We move all terms to the left-hand side of the
inequality.

1 — 2x
5 -1=0 Move terms to LHS
x° = 2% —3
(1—2x) — (x> —2x—3)
2 =0 Common denominator
X- = 2% =3
4 —x° b js
> =0 Simplify
X+ — Dxp—<3

The left-hand side of the inequality is a rational function.
Factor numerator and denominator. Factoring the numerator and denominator, we get
2 =.x)(2 +
-+ _

(x =3)(x+1)

The zeros of the numerator are 2 and —2, and the zeros of the denominator are —1
and 3, so the cut points are —2, —1, 2, and 3.

Find the intervals. The intervals determined by the cut points are
(=, =2), (=2, 1), (=1, 2), (2,3),(3, )

Make a table or diagram. We make a sign diagram.

=2 -1 2 3
Signof2 — x + + + - -
Signof 2 + x - + + + +
Signof x — 3 = = = = +
Signof x + 1 - - + +
Sign of :2\ — %))7((%}1\))7 - B B X &

Solve. From the diagram we see that the inequality is satisfied on the intervals
(=2, —1) and (2, 3). Checking the endpoints, we see that —2 and 2 satisfy the
inequality, so the solutionis [—2, —1) U [2, 3). The graph in Figure 5 confirms our
solution.



EXAMPLE 4 © Solving a Rational Inequality

Solve the inequality

x> —4x+ 3
i S

=0
xXX—4x -5

SOLUTION Since all nonzero terms are already on one side of the inequality symbol,

we begin by factoring.

Factor numerator and denominator. Factoring the numerator and denominator, we get

(x=-1)
(x=5)(x+1)

The cut points are —1, 1, 3, and 5.

FIGURE 6

FIGURE 7

See Appendix D, Using the
TI-83/84 Graphing Calculator,
for specific instructions. Go to
www.stewartmath.com.

10
[ N

r \_/ Y2
0 10
FIGURE 8

Find the intervals. The intervals determined by the cut points are
(=, =1), (=1,1), (1,3), (3,5),(5, =)

Make a table or diagram. We make a sign diagram.

Signof x — 5 = = - =
Signof x — 3 = = -

Signof x — 1 - -
Signof x +1 - +

+ o+ o+ o+

+ o+ o+

3 sl =73)(x=1) i =
Siga.of (x=:9)x+.1)

+

Solve. From the diagram we see that the inequality is satisfied on the intervals

(—o, —1), (1,3), and (5, «). Checking the endpoints, we see that 1 and 3 satisfy the
inequality, so the solution is (—oe, —1) U [1,3] U (5, =). The graph in Figure 6 con-
firms our solution.

. Now Try Exercise 23 |

EXAMPLE 5 = Solving a Rational Inequality Graphically

Two light sources are 10 m apart. One is three times as intense as the other. The light
intensity L (in lux) at a point x meters from the weaker source is given by

10 30
= e
x> (10 = x)*

(See Figure 7.) Find the points at which the light intensity is 4 lux or less.

L(x) =

SOLUTION We need to solve the inequality
10 30
—+———=
x> (10 = x)°
We solve the inequality graphically by graphing the two functions

_10, 30
x2 (10 = x)?

4

8341 and »n=4

In this physical problem the possible values of x are between 0 and 10, so we graph
the two functions in a viewing rectangle with x-values between 0 and 10, as shown in
Figure 8. We want those values of x for which y; = y,. Zooming in (or using the
intersect command), we find that the graphs intersect at x = 1.67431 and at

x = 7.19272, and between these x-values the graph of y, lies below the graph of y,.
So the solution of the inequality is the interval (1.67,7.19), rounded to two decimal
places. Thus the light intensity is less than or equal to 4 lux when the distance from
the weaker source is between 1.67 m and 7.19 m.

® . Now Try Exercises 45 and 55 |
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EXPONENTIAL FUNCTIONS

The exponential function with base a is defined for all real numbers x by

f(x) = a*

X
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where a > (0 and a # 1.

We assume that @ # 1 because the function f(x) = 1* = 1 is just a constant func-
tion. Here are some examples of exponential functions:

f(x) =2* g(x) = 3" h(x) = 10*

Base 2 Base 3 Base 10

EXAMPLE 1 = Evaluating Exponential Functions

Let f(x) = 3%, and evaluate the following:

@ £(5) M) f(-3)
(© f(m) @ f(V2)
SOLUTION We use a calculator to obtain the values of f.
Calculator keystrokes Output
(@) f(5) =3 =243 [3][~][5][enter] 243
() f(=3) =37 =04807 [3][~][J[=][2][+][3]>][enrer] [0.4807498]
(©) f(m) =37 =~ 31.544 (31.5442807 )
@ f(V2)=32=~47288 [3][a][v/][2][enter] [4.7288043



Graphs of Exponential Functions

We first graph exponential functions by plotting points. We will see that the graphs of
such functions have an easily recognizable shape.

EXAMPLE 2 = Graphing Exponential Functions by Plotting Points

Draw the graph of each function.

(@ f(x) =3 () g(x) = (%)

SOLUTION We calculate values of f(x) and g(x) and plot points to sketch the graphs
in Figure 1.

x f(x) =3 g(x) = (3
-3 7 27
~2 3 9
-1 5 3
0 1 1
1 3 1
2 9 5
3 27 &

FIGURE 1

Notice that

so we could have obtained the graph of g from the graph of f by reflecting in the
y-axis.
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GRAPHS OF EXPONENTIAL FUNCTIONS

The exponential function

fx)=a* a>0,a#1

has domain R and range (0, o). The line y = 0 (the x-axis) is a horizontal
asymptote of f. The graph of f has one of the following shapes.
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(0, 1)
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flx) =a* fora>1
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flx)=a"for0<a<l
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The Number e

The number e is defined as the value that (1 + 1/n)" approaches as n becomes large.
(In calculus this idea is made more precise through the concept of a limit.) The table
shows the values of the expression (1 + 1/n)" for increasingly large values of n.

(1)
n 1+ —
n
| 2.00000
3 2.48832
10 2.59374
100 2.70481
1000 2.71692
10,000 2.71815
100,000 2.71827
1,000,000 2.71828

It appears that, rounded to five decimal places, e = 2.71828; in fact, the approximate
value to 20 decimal places is

e = 2.71828182845904523536

It can be shown that e is an irrational number, so we cannot write its exact value in
decimal form.

THE NATURAL EXPONENTIAL FUNCTION

The natural exponential function is the exponential function

f(x) = e

with base e. It is often referred to as the exponential function.




