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y EXAMPLE 1 Find the surface area of the part of the surface z = x* + 2y + 2 that lies
(1,1) above the triangular region 7 in the xy-plane with vertices (0, 0), (1, 0), and (1, 1).
SOLUTION The region 7 is shown in Figure 3 and is described by
Yy =X
7 T={xy) |0sx<1,0sy=<yx}
- Using Formula 2 with f(x, y) = x* + 2y + 2, we get
(0,0) (1,0) X
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Figure 4 shows the portion of the surface whose area we have just computed. o



EXAMPLE 2 Find the area of the part of the paraboloid z = x* + y? that lies under the
plane z = 9.
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Exerase -

. The part of the plane 6x + 4y + 2z = 1 that lies inside the
cylinder x* + y* = 25
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12. The part of the sphere x* + y* + z* = 4 that lies above the
plane z = 1
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[4] Fubini’s Theorem for Triple Integrals If f is continuous on the rectangular
box B = [a, b] X [c,d] X [r, 5], then

ﬂf flxy,2)dvV = j f ‘ f ff (x,y,2) dx dy dz
B e~————e~———~—— — —

/ / /
Can bc armr:]w( h %9 an/ order .

EXAMPLE 1 Evaluate the triple integral |||, xyz>dV, where B is the rectangular box
given by
={(xy,2)|0sx<1, -1sy<2 0<:z<3}

SOLUTION We could use any of the six possible orders of integration. If we choose to
integrate with respect to x, then y, and then z, we obtain

2.2 5!
J,J;‘ xyz2dV = j(: J_2, f(: xyz*dx dy dz = f: fl [x ;Z :I_\-=0 dy dz
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This integral exists if f is continuous and the boundary of E is “reasonably smooth.” The
triple integral has essentially the same properties as the double integral (Properties 5-8
in Section 15.2).

We restrict our attention to continuous functions f and to certain simple types of
regions. A solid region E is said to be of type 1 if it lies between the graphs of two con-
tinuous functions of x and y, that is,

E] E= {(x. v,2) | (x,¥) € D, ui(x,y) <z < us(x, )')}

where D is the projection of E onto the xy-plane as shown in Figure 2. Notice that the
upper boundary of the solid E is the surface with equation z = u,(x, y), while the lower
boundary is the surface z = u(x, y).

By the same sort of argument that led to (15.2.3), it can be shown that if  is a type 1
region given by Equation 5, then

Junlx, y)

(6] mf(x v,2)dV = 'I [ "“m' “./'(.\‘, ¥, 2) 11:] dA

The meaning of the inner integral on the right side of Equation 6 is that x and y are held
fixed, and therefore u;(x, y) and ua(x, y) are regarded as constants, while f(x,y,z) is

r'ntEjm‘t?z{ with respect w2
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type 1: ﬂf fx,y,2z)dV = Lb fgzm uzuw)f(x, y,z) dz dy dx
E
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fype T ﬂ f(x,y,z)dV = Ld flhzm D f(x,y,z)dzdx dy
E
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A solid region F is of type 2 if it is of the form
E={(xy.2) | (32 €D, u(y,z) < x<uxyz)}

where, this time, D is the projection of F onto the yz-plane (see Figure 8). The back
surface is x = u,(y, z), the front surface is x = u»(y, z), and we have

Jiwly, z)

mf (x,y,2)dV = H [“"“( - f,y,2) dx] dA
= y

Finally, a type 3 region is of the form
E= {(x. ¥, 2) | (x,z) €D, wi(x,z) <y =< ux, :)}

where D is the projection of E onto the xz-plane, y = ui(x, z) is the left surface, and
y = u»(x, z) is the right surface (see Figure 9). For this type of region we have

[11] HI fx,y,2)dV = H [ "“:“'”f(x, v, 2) d_v:| dA
E D

Juglx, z)

In each of Equations 10 and 11 there may be two possible expressions for the integral

depending on whether 7 is a type I or type II plane region (and corresponding to Equa-
tions 7 and 8).
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_l,:lﬂv\_ﬁ/g_{) : EXAMPLE 2 Evaluate [[[, z dV where E is the solid in the first octant bounded by the
surface z = 12xy and the planes y = x, x = 1.

SOLUTION When we set up a triple integral it’s wise to draw two diagrams: one of

the solid region E (Figure 5) and, for a type 1 region, one of its projection D onto the
xy-plane (Figure 6). The lower boundary of the solid E is the plane z = 0 and the upper
boundary is the surface z = 12xy, so we use ui(x, y) = 0 and u>(x, y) = 12xyin
Formula 7. Notice that the projection of E onto the xy-plane is the triangular region
shown in Figure 6, and we have

[9] E={xy2|0sx<1,0<y<x0=<z=<12xy}

¥4

FIGURE 5 FIGURE 6

This description of E as a type 1 region enables us to evaluate the integral as follows:

z=12xy

F1 [x (12xy 1 pxi| 52
Jil=av=1, fol sdzdyae= | | [%] dy dx

- %f“l f()‘ (12xyfdy dx = 72 J‘()l J::xzyzdy N

x=1

1 3 Jy=x N 6
=72j pLpa dx=24Jlx5dx=24x— =4 E
0 3 g 6 x=0
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EXAMPLE 3 Evaluate (||, v/x* + z2 dV, where E is the region bounded by the
paraboloid y = x* + z* and the plane y = 4.
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EXAMPLE 4 Express the iterated integral |, _f'(‘f |* f(x, v, z) dz dy dx as a triple integral
and then rewrite it as an iterated integral in the following orders.

(a) Integrate first with respect to x, then z, and then y.
(b) Integrate first with respect to y, then x, and then .
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Let’s begin with the special case where f(x, y,z) = 1 for all points in E. Then the
triple integral does represent the volume of E:

[12] V(E) = | jj dv

For example, you can see this in the case of a type 1 region by putting f(x, y,z) = 1 in
Formula 6:

[ o= |22 = bt =t o
E D - P

and from Section 15.2 we know this represents the volume that lies between the surfaces
z = wi(x, y) and z = uy(x, y).

EXAMPLE 5 Use a triple integral to find the volume of the tetrahedron 7 bounded by
theplanesx + 2y + z=2,x =2y, x=0,and z = (.
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All the applications of double integrals in Section 15.4 can be extended to triple inte-
grals using analogous reasoning. For example, suppose that a solid object occupying a
region E has density p(x, y, z), in units of mass per unit volume, at each point (x, y, z) in
E. To find the total mass m of E we divide a rectangular box B containing F into sub-
boxes B of the same size (as in Figure 18), and consider p(x, y, z) to be 0 outside F. If
we choose a point (x%, y/i, z/5) in Biji, then the mass of the part of E that occupies By
is approximately p (x5, v/, z5) AV, where AV is the volume of B;;;. We get an approxi-
mation to the total mass by adding the (approximate) masses of all the sub-boxes, and if
we increase the number of sub-boxes, we obtain the total mass m of E as the limiting
value of the approximations:

m n

L — ’ I SRS
= T RS — - V.7
FIGURE 18 @ m L ,,l,_l{,r},x z 2 zl p(xife, ¥, zi) AV L“ plx,y,z)dV
The mass of each sub-box B, is
approximated by p(x, v, z%) AV Similarly, the moments of F about the three coordinate planes are
M, = m xp(x,y,z)dV M, = m yp(x,y,z)dV
E E

M, = m zp(x,y,z)dV
I
The center of mass is located at the point (x, y, z), where

_ M, M,. M.,
13 - ’

y = 7 =
m m m
If the density is constant, the center of mass of the solid is called the centroid of E. The
moments of inertia about the three coordinate axes are

L= 0>+ pyaav L=+ 2)plxyav
E E

L= ﬂ (x* + y*)p(x,y,2) dV
E
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If we have three continuous random variables X, Y, and Z, their joint density func-
tion is a function of three variables such that the probability that (X, Y, Z) lies in E is

e

P(X.Y,2) € E) = |[[ f(x. 3, 2) av

E
In particular,

tb (fd (s
Pa<X<b c<Y<d r<Z=<s) = ‘ ‘ ’.f(x,y,z)dzdydx

The joint density function satisfies

~

flx,y,2)=0 j: J; ‘: f(x,y,z)dzdydx =1



EXAMPLE 6 Find the center of mass of a solid of constant density that is bounded by
the parabolic cylinder x = y* and the planes x = z,z = 0, and x = 1.

gt.eto{/\"

SOLUTION The solid E and its projection onto the xy-plane are shown in Figure 19.
The lower and upper surfaces of E are the planes z = 0 and z = x, so we describe E as
atype | region:

E={(xy2 | -1<y<l,y’<x<1,0<z<x}

Then, if the density is p(x, y, z) = p, the mass is

: = ([ o= .| pa s
[foav-J.J

2 x=l1
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x=y?

p i 1
=5, 0= yhdy= pfo (1 =yh)dy

FIGURE 19

5l
S R ) . )
51, 5

Because of the symmetry of E and p about the xz-plane, we can immediately say that
M,. = 0 and therefore y = 0. The other moments are
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37

= pf_l. J..‘LXdedy = Pf_ll [x?]_ L dy
1
M, = J.ij. zpdV = fjl J‘l J.(: zp dz dx dy
= pjll jlj [22—2:|_ dxdy = %Jj] J.‘VIIXde dy
o B =0 :

_ Pt _ 6 =2_p
3jo(l y)dy ==

Therefore the center of mass is
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m m

3



ereive

14. ([[ze”>dV, where
E = {(x,y,z) | 0sys<l,ysx=< l,OSzgxy}
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