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M (twisted Cubic)
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Noncamwutghve VEBon 1S5 unbeadeq\k famous wovd prdem,

G < /,a\h\ %Cw“ﬁlncﬁf hque\am{’s-i
beme Sf’.‘t 0—? ()O\ﬂtz) %'-:(%I}"‘]%V\B wIT\'\ C{“ %‘L#O

on wth L vanishes.
for avny binomal xa-xbe T

and any O eom‘B %’h e G
H: Sk = (ﬁ,h\/-'-; cbhhh) then
%t\= %b and l"\q'-: ‘nb =S (%‘ﬂ)q - 5‘”\”\: SL]O!; - (%L‘)‘o

£ g = (&) ) 9n ) then
= =D @) = O'= (@) = (@Y
onmo o L =(L,.., 1),
,1_0‘ = QD = 1. Thws (& 15 an goelan gvop.



G) Mus 9, Bayer
[ohat™ 15 e shcture of G ¢ [ sturmfels, Eisenbua]
Defne o lathee L € 2" fom T
L= {a-b | @& xLx°e L)
and also Consden
Lsat‘ _ Sea\n(L-) N Z"’-
We cam Omd a madnx A:z"— 'Zd So Lsat-:ker(m,
WG 4 rational Pamme'\\ﬂzq'h()n ot e COMPOf)eMt G%_
Thyvovyhh 1=, o G:
k[x\)m, Xn-.l — k[q‘lﬂ) "';"1(';;'1
x© > Lfﬂb
An 2G> er———Ad\{caod h-lewe\anes—ﬁ

t .
Also, G = 1> Jesoibes e dishinet
/ /GL /L' CoMponem‘B ot

T dffes fvom I predsely by e plimary omponeits
suppocted on e coodmate hypexplaves & AL

» To compute T, fvom T, cavry oot an algelbrac

(Dmceaowre CovesEaNnd ey 3 evasmig ese.
pnmam comgon@q\% ypp@&éb on  Coovd mate h‘((ﬂ/p)%ej‘

. To CA)MQv‘}Q I, fom L, detine
b b
T = (Oux™..., xRIX )

for 4 bass  § A0, 00 ot L, and prezeed
as qbN€,



® Mz 9, Bayer
Himally , au qtaoﬁ’f‘m‘, How do we remove components ?

Famliar e5fect *
Lt $+,-%%, %3,/..73,,,75 be fuo genereiting set3

for an inhomogemenus weal T € k(%5 Xn]
seh nma  an a‘ﬂ:me \Iar}e‘ly (zex? locss) XC_/;Z)"}
Homogemzivy wihh a vew valgble X,
—~ £
£ = x:es( V(K LS
0

QﬂuH‘ ea dh eNm by powev st Xo, b‘“‘"ﬂ 1 all tevms 091’6 Same d%\

Then Ly = (E‘)"v?ﬂ)a
T, = (3, Ay S k(%05 Xn]
com defne Sishnck prgechue wwiehes Xy,
bt X0 A" = Xpn AT =X,
Ddferemee 1S @3:@@ prImavy o mpaneats suppod'ed
on hyperplane ot mPndy L Xs=03.

X, cBP"

i-F\;‘",{:Q’i s G hOW]ZHS bQSIS e@\r T
o) T=( E)..., E) JeFmee X =closve o X }p’l

Any redued G@bney bass oY & 6328?66"(‘@596&5‘15
evm QPN On k(:xa,.../x»ﬂ BN'E‘,)' G ho"‘%e“\a"j

basts fox T,
Tn o wows, Brdbnes bases an evase

camponeqts  (here, those sngwkt) at o)



(D ™ 4, Bayer
Algeovaic View : LcS, t€5
(L:f°) =< 9| -F“‘%e]_"_ for some m >
s e dea formed from T by dividivg by
£ whenever and as moch as pessible.
Sngose I 5 m facd PL valy 10€al W aSSstq‘Tt’d
prime P,

of feP = feT for Some m
= 1 e(r:f") = ()= (£:F%)
£¢P = (& fpeT ™en oeT
= = (I:F%)

s Opemihovy bmmwfes Wit pnmam dewm(oosmon, SO
'+ exases all plmal companest Sup()o«]‘ea‘

own %-F:':O'SJ lequ'mﬂ vest  mfact:

Now Take o homogenesss eal L € k[ XoyrsXn )
form ovdex whidh quolds Xo (sovt> firdt by degreen Xy Kn)

(T:xS°) con be computed by S whereever possible

b Xo i o Grdbnexr bgsis for L.
Guwen TE k[?(\,--;xnl fsvm Ktx"/""x’ﬂ/( x=F)

and

awb, doove. T2 CDMPO‘}Q (I: %)

L IL. = (I_ . O(I.--—XVSD) i O eVaSe 0/ VIVRbIP
at 6 Hhme




™MUAa Bayer
Example Chuisied woic)

1= [3212] e Ls eyt e
o o—r~ —
T = ( b-ac, be-63)

Vanety X _C_ﬂ’g defined b\) T  comsst3 of husted cwbic

“,,‘L_____s ﬁ>';
(s,£Y — ( 3'3,5";,5{2, £>)
and o 1we A 2 a or o aPeeANS 1)
l? (y eadn'i'?”pm of >
(s,t) — (9,0, s, t) agens of T

We wmpuk G Gepbnev basis avoldmg O Ty evase an%q::o}:

/“’° b(be) — c(6¥) =0

o b(be-ad) - c(b-ac) = 0ct— abd
OW1d ey by A, gel rematinmy genenter

qu-bA o'? IL-'



O R 16, @ayer
We wamt 1o study syzyqes ot lathce 0adls, apglymg
pAnciples we leavned Hom movomial Cse€ *
Stk o speaal case’

R = KCyM .., y™] & kl4i,mYml subvng generited
by monomals all of e same dyree .

A= F’t. é‘iz ‘;L,] mxi maltix, columns ereoneut
I ' vedon of tha monomials.
L= ker(h) € Z" lattice kewnel o A
I, € Kk, %0 defined by
I, := (x%xS| b-cel >

we have
Y, = ke Cxyey Xn 12 L*N'—’ kg™, y™1 =R
x; F y*e
Santky ek xo s b
x? = x& mod Ty
& L1!\\:: — %F\C
&  Ab=Ac

&) b-¢c € ker(A) = L o/



@ ™ 10, Bayer
Shvdy  e249yes- We recall for movomal deals T Angt
Tovy (LK) wovked hieely-  Here,
TQV-L( '.li, K) ov T:Dri(s/_[‘_; Ky 77

How.  We see fwo term expressions whexe ¢ F1BF SyF4A16s
& monomial (deals, o genentsy of bnempal 1deqls.
So letz choke vp on TR lgt, and hmk - 1€S/g, 05
12 aenexal) " Monomial.

How d.b T-OY-}J(S/IL’KB 60?

EE Slxyed o0 OK Iogs o€ anyPrmg which 15 ain Xjmmolhok
eA. dwisied oorve, We meu’]e TQ(}'K (S/IL)\() by
resolimey S/r, awd ®K» Men takwmo howoleg™

O—%% & S e —G3e——8% e—0

e

—==

4 \ NIz
music PPN 2 ﬂ-?g?&@-fAl
0oy eQ 5 _\/L —

S —
. A A A
0y ? exe (S
0 —¥ a
2 0 0 — k&0 «— O PIC/WIQ
&6 V| 0 &0 0 e 0 «— 0 LU'QCtM;\{"

Swole gadd o~ @.,{'"3 B2~ 2



@) M 0, Boyer
o (We recal) f‘brac(s/fuk) an qlsh ke fon’pu‘k& by Y'QSQ'UIHS
k £ S/C?(\)"';va) and  ® /1, Then fakimg homol sg/

”KOSZU) wm{)}e)ﬂ\ IS dujff' Ta'{tor YgO'U‘DQVJ o'? C?(\):-'/xh)

whith we Tthwk of as 5|mehqq| i’eSOIU'hah pn e ‘C{,“ 91"‘\01@(-’
w X
+ %2Xs,
(3
Xy  Xfa
« Yoga hexe 15° stare at a sigre muthgvaded shamo,
an?d rf_ﬂgs_q}_z_g_, homoh@u) as STMQ\ECiq‘ homo\ogt] 1
some simpliaal GmplRX. Figue odt a way & say9
it so e vemewm bRy Whet hat SIw@\(qql wme\@( was |

Xz

Hexe asses:
n ¢y (n-)
Otk e S e85 S ... — S e—Se O

Cooe © )&%,

@ts %&rreka\b" 15 When€ one pauses , rﬂpeq‘t% ”huh?“ 25 o W\QH'\YZ(J "7
Al What does ®T, ==l 807

Gk lops ofF aboach oF sV bot (X5 Xnd
was a monomal (deal.

@S{IL \denhfies mowomials hat™ mag o the soave
monomal . R = k[yqu,_' q"]

[SL,.S&@SS&L trins S8 b R‘ll




) R4 10, Bayer
w2 U-mf& tho\O%u, of
2)

Otk e " e~ 7 e R'eReo0

Since R 15 monomigl SUbV)'HS of k["f\)-j“lm:\,
evehing 15 m-graded , and We Cam coNSIdA G
smsl& m—%mdeé degyree W2 be N™
Logk £or 5lmp\1dq\ homalog) . Two questions
o het 15 ‘alive’ R i cegree b7
e (ohat do the maps ook lie’

4 over all sobsefs F & %X\) “s )(,,’g
|Fl=1
e svbset -

h
R(;) — @RF) Summin

Thmk also of F as a O- veddoyy pidmg odt
Tin our m-gugomy, €ath X has oeyreé Ay
‘e sobset F s degrd AF.
tre summand K stats in degree  AF
1.e. at tne monomial ]QOIHF

S0 d\m(RF)Q: 1 F L‘AF Awdes Lib m R
e 4> er
-0 oMmerwse.

leaexsZ il
LDOKS 'F&“’fl\‘lﬁ\‘rm ‘FOT o monamia!  10enl )

K, = {Fe,b.\ < Fe ]:'g

So R replaces monomig! 0@\, A tavslates X-steps mb> y-sieps



(®) ™ 10, Bayer
Gefhng fonﬁ)slns od/o an exam?Le T8 mmd/ v 1
simplest example at covlo pessible hep

t .
+ . dwisted whbic
b e 2
Il o ® = R=1k(s* s, stot®) <klst)
® ¢ 12
- S/ = b,c, 0
ep . AT
a —— %S %bd

@’oj(a,o) =1 counts gpnem'hsr ot S/ILg R

K(o‘o) = %@3 becavse (0,0) € semigvesR
ot stepemg down by ab,c ocd leaves.
H (5¢7) Sk puks ve s Rett #.
L
B4 = 1 counl3 %un@zzf\w boac oF Ty
K(q,q,) = 55'_9!5} a,b, < acg = eb

’_..'-'-"'_.
o c

becanse Mese steps
sty In semgvevp.

H(kea) Sk o
y =1 ouas syzqQY ¢ (I ac)-o(bc-ad) ta(Z)=0

B?.,(S,Lt
K(q'-a: S hoh. ‘There must R 4 betier way
to Kegp tad<...



© ™ 10, Bayer

?a'?- J0d2bed, ¢
| 40 acd,6d,C”
Eb a} C‘Z. Obd ) C\CQS \O‘ZC,
(glq) Q 5
‘_(} ad)bc aé)a‘oc)lo
( c: %)
C ac,b '
o® .a\o
1 Z
| NG & —

by Rsal-hheugle style recw gon_

Lt ways oF qeting avovnd)
gwe mqyramal faces

Square v copeavts of ese monomals
(FactEr) ot Kb (and Some nested faces )

0 b~
K(‘;H) - % H &k o
T fom S(abéjacz, b §

a c

K = b S ~
(G,?:\) r/// H| = 0 g
QG A m % Q'Z..d) C\bcf bgg

One chedKs Tt mwps wovkeé out ng’ht , S9°
\ﬁ;'b :a«p"i(s/ft,m = dm By € KQ\




infeqen p@mmnm;a@

OMon 13duly, Bayer

~ IO: (—zl\)

Conh & Trgwenso
Tnomas
cuemtels
. C= Cl,"?—)
- v"' L .a
b \.—-
. X \ o
L Ve
' \
J 2a+4b+t5¢ =0
“a=0,2)

(05 wg‘j; & bovaded r%fon)

2
Mwmize  (0-D)-(xY) awen (Y€ Z

@n&M\hB

_‘l?lm

| 2

S| -3
“lo
0

ond  wmihal  fegsible PQMJC (~1,-1)

how to model usng, teie eals ¢

slack YanaBes

L

[ G

b
C

\ 2 )(1_
- | “

\ L

p—
—



3
o ‘Them Cafb’ c) € m , Com 0")"1 nmove b'-, f)/]qnaw]j
X e (1,74
y © (7,72
° Inhal PO\V\’t (~,-1) maps 1 (aHe)=(0,), 1)
» ind a weagnt vector  w=(0)1,2) whid s mulhele
of (st (o) M (X4q) AWPS.

Dhme L = LGN, (21D € 2°
feasde powlz of TP 1:1 with adat oF  (o1))
In ng ondeX adllon § L. Wamt 4 fwmd POMJF

MM ZAO) (0) ) (4 b,)

Rewterprel as  (rdbnv basis prliem.
Dofme. T, as lathe el (AR | u-Vely as usdal.

We okl w k(qtb.c.}'-
T = (b=oc, ct-otb) from lathice. gems

= T

(T:a™) = C ", v, be-0>) = T

Now gefine tevm oy -
\ . coit st by oegeee WXL w=(0,,2)
> Hrea\d hes by revtnse lex (ava\d <)

Gvohnex basts = C{i‘—ac, Z-ab, ‘3_:.9:0?’75
2 ZT 4 | 2 O
DNay) C

Y\‘O)re T 15 homogytmews .t (24,S) -—cawnc)mgb
from  2a+4Lt G =0 bdore,



@ Mon |>>) Ba‘rek

Now TP tamslefes T
Reduce, the monemigl be mod I, wit. Jerm ordex >
5 and no fvrmar yeduchons pessible.

63 & (0,0) wm ongid prckvee ; [2}1[_51{2}?[-3}
0 2 o

whidh 15 0gTImum  vedek for 1P

e ——

Relates 1o fest sev mMeMods :
b9 o set O'F Jest vectovy Cc)nreéhohs i M MOUM@

which gofrce o mmwmize Axzb for any b omd
- our speabc ot velor
oY o any ¢o5} vectoy
Not obvlous gt et e oz ave even e ?

Gaver ques “Gaver basis” £ 2% pvolotom, any st weder.

Tace vaon of

it Daess w each oviast v lafiice L.
In Cx,q)-—coorz)ma&fs qwes onwevsal Test S‘etj for A.



B Mon 3, Bayer

He)(ﬁ aNnsSwev” 1S - Slﬁh m-“-ms
, bmomq\% a b c | x Yy | =+r -t -
e
b= ac Il -2 1 | VO }—x
Zotb |2 V2| o »
be-a3 23 -l - v X
Tem-abo |l 3 -3 - "
v—ad |u -0 | 2 1 | * | %
c?-0° | 5§ o 3| 2 | * X
ci-b> [0 S 4| -2 | x | X
=) .
("q '510) ®
®
ooyl oL e
be-plane
- AMant
e Hhibat basis 15 Mw_@
Get fox 56Mlc6v'u"€

U
(50) =©
++- odthanl”




@Monl3,(3>aqtr
Cony we Tell § we ever e etk of tnese vectovs ¢

plo Mem n ongmal 52, and Shrink-wW@p o

mkﬁfaev preggvaum avvad eadpon(3.
b

eaqnd e 6 famslate
o{' ou( oﬂ%lhq\ PMl'eoW\

Need s vedor

st = (\.7') -1:(2)0)

7 )
eogR 15 extema\
A QO‘H’{U’?Q/
oy ofver applicaie
veckse says "oty put’
on extner ewd o s
edpe, but we wast

1 move 1o
minmimal

m Oeof«;l: :




@ Mon 12, Bayex~
Mhegeem (Shurnafels)  (Geobner Bages and vt folytoees ]
o 3 latice basis L5
S S 10l geneators for IS
< 5 Gwsbner besis wyt. same % g
S S Uawensal bvsbnes badic
c g Guaver basis 4

and g inc\usion can be st &
o A Gaver basis eement is m (nwesal G ey bl
& extremgl 966*1 n mwmgl TP m whidh ¥ appeas.

o Tuke Compyelk homagenizghon 2n va’s
A e Px.xP
————

n hwes
() - (&)

Toren Sudea\%ev. set o f,_\ =% Goaver bagis §
Example T=( b"‘AC-*B%,L’ AR- Cazh)
(T-abehec™®) = (v, v, beh-a2Be, GAB-QEL,
B, 3A5-ChSy - )
al% Beauer basis m emivety.

The wlates 1o Lawrence 1 Fmo é g]

\n ?Al‘]mm ' Se‘e Z\EB\'CY‘} bOOKm




(D Tves 14, Bayer
teym 0139’0 dnﬁgolqiqees) amd _n_eadlay m%g’dfq'hmqf
Theorem Let & e o tevm @& on S=kXy-, X, and

— e,

let E<N” Y‘CP‘“’S&"!JT g finte set of monomuals th S
( x5 for each bEE), Men Mere exuls a waght veds

se 7" co for abeE, xAyx® & waruwb

— o
pxf. Let =% o-b | ab€eE anwd X2y x° %,
e com Bnd weZ" go W >0 £ov al\ veN, ovnless

Tne ConVRX holl o"(“ \] Mf\mi'ﬁs bbl g‘){- I'F it doe5,
Slayvy =0 for vi e\, o€ N. Rewrite as
For sufbauently 14432 (w all

m
SVi; =0, dllowng repeal3-
8
Vi.j*q‘ € n\l“ fox J?=|..m

J=! "
wods) a€ N we have &, = %l

Men  ag Mg @< &xtmext, 4 ol

Tor o gvem (de, Dawersal  bound (regolaviti)
oS anhy ]deql wﬂ"\ samé

on deqeers of gemer a3
thibest gdlynomal, hemee 0 perer. oF Yy Gvdbnex basts

olomadt o any ovdex: Let
E e be e seb oF movemials vp T

f—

s Oegreed.
oo~y & vt same oSfect on E.
wal. 10eal T ™o ouly Hadely mamy equivafiene@

clesses oS S o T
= only findely many m(T) .



@ Tves 14, Bayer
fow o class®y ¢ hoose lawgye degree D (> reglavely bound).

Torm oer > orders monomals n Sbbg decreasing welght
Wb, correspomdima weighh vedse co.

monormal &

hoose k- basis for Iy T D).
X >xb> < x©
s OV D ——
& {:Iz —) é —
= redve [

Among all nonzexd mmors of  Tis m4tx, n (O

s oy of KA weignt wNp, b
oyeatest

n
So elot all minors by e lumn exgowd‘ SOMS btct.. € N
S yevhles ot @n\X hol\ § > S in(@) for oifferent

M 15 Shate plyTepe (Bm,ex,mommy of L.

Dual fan 15 Gwbner fan ( Movu, RQobans)
whose 1atenors  give weight vedo 3 I0ducdngy STl fovm ovdeN3

Tntevp retabion
I3 I8

inside [hlbedt schens

-




@) Tves 1Y, Bayer
Example  Monomial suoving k([ xz,yz, x4 u% xy] € KO 4.2,
- K[_at bl C'l C)/ QI/IL.

Qa b
XZ- vz
y e b ¢ 4 €
Wm\ | 6 2 0|
o— @ 02- A:[O|C'2|
X XY Hé 1 | 0 0O

C
L= ((\,),© 4,71, -\, |Jo,-m>

)

T=( ao-be, be-ae)

(T: (a\océesﬁ) =T, = v, e2-cdd

Law rence I\‘H“Mg ) Cof“?\ﬁ‘e Gagey basis (Un\Uﬁl&d

Cvsbnerv bqs'iS):
g = (Qr)%E—“bEﬁD, b AE- BCae)
- 2z 4
(J: (4‘9539-1%369’&)00) =("“Y e"C.b-—cAt?; QQA%C’“\:Tcﬂ d)

m 2q i | \,
& ) p : 3
ad-be be—ae
a v a o
c_/:\b % : :55
e~ co &b

anmqqﬂd? Ono1gs m Q Mangulq'bm)



@ Tues 4, Bayex
Plot a\ tus m lathe coods L & 2% :

a b ¢ 0 e

o0-be |y -4 o1 =1 |10
be-Q€ [y | 1 o ~1|0O 1
& co TJJ o -l =\ 2 |-t -]
21 12 — —
Go-bC |2 2w 10 |1 |
2
w}ad v
bc-ae
\ oc
& cZd-blc




(S) Tves 14, Bayer

So we see \J—I;Zﬁ 1$ G|waqs a .Squa\reﬁ'ee monomigl|
10ea\, e Stamley -Reisner deal o The Sfmphqql

Complex o 4 '(Y?aM%—qufhnn of e powmt set.

lohidn Triamgolghms avise?  (Sturmtels)

gﬁﬁ"li“i tangulerous
fvachHom To vertrees of POWﬂ‘ C,on‘ﬁgJﬂ"hb'\.

P\ssnzm aQ he(cgk{-
LEt fo dus haght ™ new wovd, take lowev LU ndaNY
ot conuex hol.

o 2
EXQMQ\Q : &
¢ o 1

Trams\ates, fo fevm ovve Gwen any  bnomial - szé I,
ln‘RVPrQ\” a5 ftwo ways o‘f wfmwﬁ Same Poivf\' as

posihve ombwahon & YBes.  Lead tevm 15 MOYT
expeusive (higher) way of wabngy (Ophmighon prablem)

O™ "0e @0

be"‘ad bc-ae

T % ’% o

-
Ca LT Oa 4
om ﬁ
¢ 3 X o 81_
cd-e? 2 - aXd
=



6 Tves |4, Rayer
We cam confivm by L,Jr'rhns heygni fun v
w= (0,2,0,1,6) 1n L- c0odS :

(0,2,9,1,0) + (1,-1,0, ,-1) = ~1
(-1, 1, I,O,"'l) = 2

be, be, <0, b

VAN

which agreds wih our
previous calwlaton .
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i res] A '.,Ke\s

Latfice —NS- monOmial iceals

“ Teesl
. /Tes]
Why ave coashrchoms ‘Qet’;\\‘*
in TsYic 10aals 50 similav Acyelic wn()ﬁbl o veont pagpers
4o constucons 1 monomal ideals ? following Lok & Scaarf
They've bdth comboinaorial.
pck one — T dont ke coefFidedts.
\J They're reﬁl\: e same .
 best answeV

—

Tintvigomg similavi : Luhere do you see Mo fevm exQressIonS
n ommotzhre alge lovz ?

{ E‘? bimoma\ geme)mfm of latha Beals
... = [k syzryes ot mMonomidl 18e's

G%MW 1€S for a b\nom;q\ qU‘bh&qk %/rl_ 1s somehou)
aemenator Qe T for a monomial 1deal J

same as

B

While wére at If,
L. & Zh 1S a NP achng on
We've been S‘Néulmra restachon o (13 adhow on N

Gmphieates effects  e.§. wheve axe gemevators of I
come fom banguay (uld  walls £ W

as Bzt oMot R’l o &

'Zh by Nanslabon |



wha”(‘s w('OYB u){f\) M™is PICWU@?

@ Retter to have L. act freely for vs,
C9 S("""“‘)/L_ s« tovus. Where's The m;?

I

Example (huisied tobic)

22 ¢O
A= [-.0\ '?.'5] L= <(—','2,-'1,0))C0,—|,2,—-l)>

T = ( be-ad, b -0, ¢=bd ) € S

10,59 KTabs)
5'S) o foc’s) o (abcd”
™
b +0 4 o8
+b c?“ ~C
O ~b
2 A AL
(9,172 V) a 0(\\ o 0 0 0C
1 @
¢ C )
Y xe QA V+C
<+’°Q’ b"| +¢ -—ac L7
@’ (1,-21,0) @
0 ¢
- -b
[b=ac, be-ad, €= toa] bal
&'— S 0

OeS/ «— 9 &

Take. cellolay resalvhov, 10ty faces mod L.,
ot minimal resaluhon o S/, -
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