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Exam 1
Combinatorics, Dave Bayer, February 16-20, 2022

Please show all of your work. You will be graded for both your answers and your explanations. You
need not complete the entire exam; some questions are intended to be challenging.

This test is open-book. You may use any resource such as my course materials, textbooks, or The
Omn-Line Encyclopedia of Integer Sequences. You may not receive help from another person.

“What can you say about f(n)?” is up to you. There might be a formula. There might be a generating
function. You might notice a pattern, or recognize the sequence.

Please match your understanding of my words with the examples, and contact me if you're concerned
about any ambiguity.

[1] Shown are two grids with shaded obstacles. We are counting paths that start in the lower left square,
end in the upper right square, and step either up or to the right, avoiding the obstacles. For the smaller
grid there are 7 paths. How many paths are there, for the larger gird?

[2] Count paths as before. Let f(n) be the number of paths that avoid the diagonal squares on ann x n
grid, except at the start and the end. As shown below, f(4) = 4. Find f(5) and f(6). What can you say

about f(n)?
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[3] Let f(n) be the number of words of length n in the alphabet {a, b, c} with the property that b never
immediately follows a. As shown below, f(3) = 21. Find f(4) and f(5). What can you say about f(n)?

Qa

aja

allc(la
Qajlc
Qllc|ic
blla bllc|la
b bjlc
O EEE
blla clclla
b cllc|lb
bllc cllc|lc

[4] Let f(n) be the number of ways of arranging 1 x 1 tiles and 1 x 2 tiles in a 2 x n grid. As shown below,
f(1) =2 and f(2) = 7. Find f(3) and f(4). What can you say about f(n)?

2x|

2x2

d
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[5] Let f(n) be the number of ways of placing three markers on an n x n board so no two markers are side
by side, either vertically or horizontally. As shown below, f(3) = 22. Find f(4). What can you say about
f(n)?
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Exam 1
Combinatorics, Dave Bayer, February 16-20, 2022

Please show all of your work. You will be graded for both your answers and your explanations. You
need not complete the entire exam; some questions are intended to be challenging.

This test is open-book. You may use any resource such as my course materials, textbooks, or The
On-Line Encyclopedia of Integer Sequences. You may not receive help from another person.

“What can you say about f(n)?” is up to you. There might be a formula. There might be a generating
function. You might notice a pattern, or recognize the sequence.

Please match your understanding of my words with the examples, and contact me if you're concerned
about any ambiguity.

[1] Shown are two grids with shaded obstacles. We are counting paths that start in the lower left square,
end in the upper right square, and step either up or to the right, avoiding the obstacles. For the smaller
grid there are 7 paths. How many paths are there, for the larger gird?

[2] Count paths as before. Let f(n) be the number of paths that avoid the diagonal squares onann x n
grid, except at the start and the end. As shown below, f(4) = 4. Find f(5) and f(6). What can you say
about f(n)?
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[3] Let f(n) be the number of words of length n in the alphabet {a, b, ¢} with the property that b never
immediately follows a. As shown below, f(3) = 21. Find f(4) and f(5). What can you say about f(n)?

Qa

alla

allc|la
allc
cllc
blla bllc|la
bilb blic|lb
B EEE
bjla clic|la
b cllc
Ml_g cllellc

[4] Let f(n) be the number of ways of arranging 1 x 1 tiles and 1 x 2 tiles in a 2 x n grid. As shown below,
f(1) =2 and f(2) = 7. Find f(3) and f(4). What can you say about f(n)?

2x|

2x2
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[5] Let f(n) be the number of ways of placing three markers on an n x n board so no two markers are side
by side, either vertically or horizontally. As shown below, f(3) = 22. Find f(4). What can you say about
f(n)?

k
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Exam 2
Combinatorics, Dave Bayer, April 6-10, 2022

Please show all of your work. You will be graded for both your answers and your explanations. You need
not complete the entire exam; the questions vary in difficulty.

[1] How many ways can we color the cells of a strip of n squares using at most k colors, counting two
patterns as the same if one is a reversal of the other?

1 LI T ]
HENEEN NN NN EEEEEE

[2] How many ways can we color the cells of this beehive using at most k colors, up to the dihedral group
of rotations and flips? Confirm your answer for k = 2, by finding all patterns up to symmetry.

[3] How many ways can we color the edges of a cube using at most k colors, up to the group of rotational
symmetries? Can you check your answer for k = 2?

— .

[4] Let f(n) be the number of ways of dissecting an n-gon by at least one cut, up to the dihedral group of
rotations and flips. As shown, f(4) = 1 and f(5) = 2. Find f(6) two ways, by drawing the cases by hand
and by using Burnside’s lemma.

A OB O

[5] How many ways can we color the faces of a cube using at most k colors, up to the group of symmetries
generated by rotations and reflections (“look in the mirror”)?
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Exam 2

Combinatorics, Dave Bayer, April 6-10, 2022

Please show all of your work. You will be graded for both your answers and your explanations. You need
not complete the entire exam; the questions vary in difficulty.

[1] How many ways can we color the cells of a strip of n squares using at most k colors, counting two
patterns as the same if one is a reversal of the other?
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[2] How many ways can we color the cells of this beehive using at most k colors, up to the dihedral group
of rotations and flips? Confirm your answer for k = 2, by finding all patterns up to symmetry.
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Q00

[3] How many ways can we color the edges of a cube using at most k colors, up to the group of rotational
symmetries? Can you check your answer for k = 2?
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[4] Let f(n) be the number of ways of dlssectlng an n-gon by at least one cut, up to the dihedral group of
rotations and flips. As shown, f(4) = 1 and f(5) = 2. Find f(6) two ways, by drawing the cases by hand

and by using Burnside’s lemma.
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[5] How many ways can we color the faces of a cube using at most k colors, up to the group of symmetries
generated by rotations and reflections (“look in the mirror”)?
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Final Exam

Combinatorics, Dave Bayer, May 3-13, 2022

Please show all of your work. You will be graded for both your answers and your explanations. You need
not complete the entire exam; the questions vary in difficulty.

[1] How many ways can we place four balls in n bins, if each bin has a capacity of two balls?

lole] [o[elo [olofs] [SIS[ | [SL1S] | [313]
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[2] There are twelve ways to dissect an octagon (8-gon) into quadrilaterals (4-gons), using noncrossing
diagonals. How many ways can we dissect a decagon (10-gon) into quadrilaterals?

DO S
SO0
O

;Qw@
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[3] There are five ways to dissect a pentagon (5-gon) making one cut. There are five Young tableaux with the
corresponding shape under Stanley’s correspondence. Which Young tableau goes with which dissection?

LSS

W
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[4] Let Gy be the complete graph on k vertices, with one edge deleted. How many ways can we properly
color the vertices of G, using at most n colors? (For a proper coloring, adjacent vertices have distinct

VI B
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[5] There are twelve ways to glue together pairs of sides of a square, while choosing which gluings reverse
orientation.

T /“’ |
/ ) |/ D

2
7
72
Vet

There are six combinatorially distinct cases, which yield four distinct topological surfaces.

|A A AT R A B y&a “Jiﬂ yya
4 PEY AET & P
lnlslel (alal [ellal 24/ ladrel lagla
l-‘2?=0 (-2+1=0 2-2+1=| 23-2+|=2 2-2+1=| (-2+1=0
tavrus Kienkotle  prajedive plane shere  prediveplane  Kiewn batle

Understanding these gluings in general is a famous problem: The Harer-Zagier formula counts gluings
that yield a genus g surface, and was applied to solve a deep problem in algebraic geometry.

What can you say about gluing a hexagon?
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Final Exam
Combinatorics, Dave Bayer, May 3-13, 2022

Please show all of your work. You will be graded for both your answers and your explanations. You need
not complete the entire exam; the questions vary in difficulty.

[1] How many ways can we place four balls in n bins, if each bin has a capacity of two balls?
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[2] There are twelve ways to dissect an octagon (8-gon) into quadrilaterals (4-gons), using noncrossing

diagonals. How many ways can we dissect a decagon (10-gon) into quadrilaterals?
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TS adat 15 similar 13 e Catalan numbers .
The Oﬂ(7 difference Mere 15 binavy (not 3-way) Nees !
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Qur pblem sqtishes a similar equation:
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+Q -+ = 42
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Twis equqtion qwes an revative algocitum for computing g(t):

x| 1 113 39 x| 113}%(2
L L[ 1]3 YR E
i efez
313 '7L7_
l 1'3 e — 1 2"7 e — 1 3’\2_ e — 1 ]_'3 (2 o
—  —oF s Tt
9(t) g(t) 9({;) g(t) =1+t g(t)

Qvganized in ove chaet, Fll in DEOOE «w Sequence.

gofss[ 231 (1] [L[1]8]2[ss[23 go= 1+ tgw’
23111l A AAAA
al3iain L] 1]3] 125890
2] 12N 2121 e
55\"7‘72\
g\ 3|
)
g(t)a

The Hade\l pgrammmg langiage vies call-by-need (lazy') edaloghon,
allowing it 2 support i iR (153, Huskell easily expresses this genecating funchon :

convolve :: [Int] — [Int] — [Int]
convolve xs = map (sum . zipWith (%) xs) . tail . scanl (flip (:)) [1

23 |[TEmiE]

g
g =1 : convolve g (convolve g €)

T you datdlgp av interest in taskel), Tim hagpy o offer support.,



notlz?3H Jost as Mere & @ Brmala fx e Catglan numier
W 1]2]6|20]70

-cn:) 1{1{2]5][m cmy = GR)/Cns)

RI[L]3 |15 |81+ et 16 a formdla for e numoen

x| 1| 1| 3 [12]55

c,m = G/ (2n+\)J

T 15 more eatistying 12 specialize the, 2000 Frzytycki, Sikom
P(OO'F of qu(ey‘s 'ﬁNmu\q ‘ﬁn‘ q«rbu‘l‘fam POH(AQV) d'\SSQChDV\S/
Tan to %equhze, an qb hoc p(bo'\: for Catalan rumbers :

N squares fom a (2n+2)-gon, disseded by () aits.

By maHng ane df mese n 4ans, we can oneyit eack wt
S0 e marked vegion 1s on e cits leSt.

Eadn it 15 Then delarmue) oy 13 s\nr'hv)s \n@r‘tex/
becaose e veaym = 115 vight must be a quadrilateral

We are garling eah o (0-) Wiz 1 ane of @n+2) bus.
Ddwg by our chiolee sF que o n requms 1 mavk, we hare

(@D = BV = (3Y)/aw

A swmlar arqoment eavers the formila for Catalen numbers.

¥ (oo trere ave details 18 soet adl. Tt matee cot> taldon’y have giveir cs™ i Their way.
™S Same argument wovks mn qe\’)erq[. Ernumenite the possible vegion Comb\wq'\'lOﬂS/ for e e

Whee all cote stavt at fre same vertex. The same regian combiatiaus ar passibie,
no matt®r where e, ol stact.
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[3] There are five ways to dissect a pentagon (5-gon) making one cut. There are five Young tableaux with the
corresponding shape under Stanley’s correspondence. Which Young tableau goes with which dissection?
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[4] Let Gy be the complete graph on k vertices, with one edge deleted. How many ways can we properly
color the vertices of Gy using at most n colors? (For a proper coloring, adjacent vertices have distinct
colors.)

N D] &8 &

1ters a@vaaoh ‘

n-\

o L)

h (1000 -2)(n- 3 o -

n - n(u-D0n-2"
k=t k=6

K=% k=4
L(N=1) e (n-K43) CV\-k-l-z)?'

Sewnd appro4ah -

OO same calor or net OO nit QO same

L(N-1) ~e(n-Ke3) (N-k+2) (n—k+1)
+ L(n=)) e (n-X+3) (n-k+2) 1

L= o (n-K+3) (N-K+2) (vx—l<+z>
hW-k+2)
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[5] There are twelve ways to glue together pairs of sides of a square, while choosing which gluings reverse
orientation.
T [ |
N ¢ I IR Z S _1\ v
—y— B e e

%

N

N
N

+

Al
NN

There are six combinatorially distinct cases, which yield four distinct topological surfaces.

E‘@' A\>A
\

+

N

NN

Zag
&

|

A @ B
hod Ao AR 4 * / ‘%
Al A Al i A B a
l-%=0 I-‘Z?lzo ‘2-'23|= [ 3-2+1=2 2 —2+1= | 24\
tarvs Kienkotle  prgedive plane shere  prgedive plane K\e\n bok\e

Understanding these gluings in general is a famous problem: The Harer-Zagier formula counts gluings
that yield a genus g surface, and was applied to solve a deep problem in algebraic geometry.

What can you say about gluing a hexagon?

Let's begm by sus\'hMMS’(B a are \n\nb tao‘l‘qhon 1o help s think quicker:

&, A
}éﬁ S "‘j['xvecf v 'c.

x=N-es¥ ®
° -2-3+| X=0 =3-3+| x=1
AB ABC
Tn standad natahion, edge co)O‘fS and qdWJs axe avbitvary,
ser\ivig anly 2 @en‘h'é'-) glued paws, and mdcate oCientation.

In s oidp ngahon, 'me, oer-/under pattern 15 weelevanit-
Stvips ndevrh% glue paics, @10 @ &) e miieqtes onevitarhan reversal.



To wmpste e Euvler chavaclershic, we need fo releavn ow
1o Coun‘\‘ verhces
Preserve qnedtation

.‘%\ % B‘%\. %’ fallaw stap edge o 1o

neignboring corner (Same vertex)

Reverse qaevtation
B C'%\ » CY0SS quer stﬂ +o 0
neighhoing comer (Same Vetex)

How many Qaivg dgrams arethere, before considenug ofiedtation ¢
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SN D 2
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P S RS CURA Y
571 @ NS @@

So we ha\re IS paving diaq@ms

%‘é‘ B & % c£
SIS D
Up b sc,mme:k\g’l‘naeme 5 iffrent dugams:

B S S &



For eac oF tese 5 amci_mms we can naw wWavk qut The. possible
anientahons, and count verties f2 compuie eadn Euter chavaderishic?
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Thexe a 26 dtﬂ“exen’r glutng &agwams/ & 2 3
yieldvg S diffevent surfaces: & 5138 |9

—

We can coivm s unt veg BumsikE's lemma,
lethag e gined@) qrup act on the 2%16= 120 gluing diagwams,
faling all possible adentaiian choees for Me 15 pawing diag@ms,

The. wo(K here is learning o see wiida pawmgs are frxed by av achan,
and when 4wo gnén ’m'\von chaies must aqres:
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|Gl=12 (\20+22+26+32+43:.16+3-32)/12. = 26 @
—~ L ~ J ' ~— )
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