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Using Mathematica
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Bonus 2ndproblem in film is actually easier

Draw all trees on 10 nodes up to symmetry Confedgefeafz

iii ii

ii

How can we make the drawings easier Imply leaves

iii ii

i

0230 030103 200140 023020 200,020

ii

Leaves are implied
nonsenseRevised degree rule Oo

ht edges I 3
bad Oo D

deaf deg3 p I i p
good

a a



4 nodes Nan leaves t numbers sum to 4

I non leaf

5 nodes Non leaves numbers sum to 5

I non leaf

6 nodes I non leaf
2 non leaves

nodes I non leaf
2 non leaves

8nodes I non leaf
2 non leaves 024003 30
3 non leaves I

9nodes 1 non leaf
2 non leaves

I
3 non leaves

i

10nodes I non leaf

2 non leaves

3 non leaves 020230 023020 030130
4 non leaves 20902020
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partially ordered set induced by contracting edges
some edge contractions are not allowed create degree 2 nodes



After classtube length
n fan list Fibonaccisequence as

sticks length Lor2O T L
filling tube of length n1 I t

2 2 recurrence
2E and generatingfunction
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Howmany wordsof length n can beformed from A uh 79th

n 0 0 n n na aan
n AO n nu n.nu

v un nun
a I u u J UU NUU
j A

too long uhh
a 3 u v na Uno

nu von

f
n

I

n 2 UM
U U UU U

u

0

fln
O nso
1 neo

I
wwenYeafntistowitnoot

zfcn ptfcn zj.no cases and have

f n Lo t 2fCn 1 far 2 it make sense

h O L 2 3 4 5

10 L O O O O O

2fCn l 2 1 22 2 5 2 12 229

Fln 2 I 2 5 12

Fln 1 2 5 12 29 70

To convert to algebra use powers oft to record table position

g t n of Mtn generating function



I 10 I

2tgCt 2fCnD 2t L t 2 tt 5 It 12 It 29 E't

EgCt f n 2 If I t 2 tt 5 Et 12 It

gCt fln 1 t 2 tt 5 Et 12 It 29 E't 70 test

f n Lo t 2fCn D t fCn 2
2
into generating function

g t It 2tgCt EgCt get EI faith
I

g It 2tgCt Eg z I learn to read same way

g It
2

gCt 2 2T E I z 2T E

I t 2 tt 5 It 12 It 29 E't 70 test

I 1 t 2 tt 5 It 12 It 29 E't 70 test

2T 2t 2 t 2 tt 5 It 12 It 29 E't

E E L t 2 tt 5 It 12 It

L O O O O 0

Same calculation more concisely I
n O L 2 3 4 5

fln 2 2 5 12 29 70

_t2 2t slidingWkffforrence



catalannumbet end
New topic s 14

Eend E.ioenshHIfe H
end

f
start

1 I 2 5 14

Howmany lattice paths stay on orbelow the diagonal

How many ways can we triangulate an n gon

n 2 I the empty case we'll see

n 3 I

n 4 2 I
n s s

Pick a corner make a wishbone

5 rotations

n 6 14

CG
rotations rotations Gistaticins 2istations



Associate law Howmany ways can we parenthesize n terms

n L 1 No work to do

n 2 I Only one way to combine terms

n 3 2 C

n 4 S CC f C X f f C y
s

iiiDl l k l D k k D k l D X

o

Cc C X 71 K T

a a

a a
o

FktF HF IF IHHE

I l l l l l l l l l l l l l l l l l l l l l l l l l l l l l

c c f C X l l il K T



what is the common pattern The recurrence
Each step depends on all previous steps

Et

i T

i IIT

Et

I I 2 5 14 42 ri

I l l l l 2 I I 2 5 I I 2 5 14
I l l 2 I I 5 2 1 1 14 5 2 l l

l l l 2 I 2 5 22 5 14 5 4 5 14
2 5 14 42

Flip numbers so far take dot product



Howdid I actually figure out the parentheses for 5 terms

CCC cc K X cc D x

lk DC X X

c c l Dl c k D K X x c D K



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 

 

fins 9 FEE yzwweriweafntisbwitn.it
zfcn ptfcn zj.no casesandhave

f n Lot 2fCn 1 far 2 it make sense

h O L 2 3 4 5

Finn a E
flastdass

Fln 2 I 2 5 12

fin 1 2 5

Hafkell

I 2 5 12 29 words

0 I 2 5 12 0 words lazy evaluation

1,0 2,1 5,212,529,12 Zip
2 5 12 2970 2atb

words I 2 5 12 2970 2 list

Catalan numbers Cn 50,140 ir
0 I 2 3 4

They can befound in Pascal'striangle
I 1

1 2011 q Mn 29
I 3 3 I

1 4 6204 I 2n 2hDrr ntl 2n 2hDrr htt nI 5 10 10 5 I
I 6 IS 200515 G I n n 1 r I htt n n 1 rn I

1 7 21 35 35 21 7g
I 2n 2h 1 rrrfntDI.net 2n 2n DrrrCntDn1 8 28 56 7014056 28

ntl n n 1 1 htt n n 1 r I

2n 2hDrr htt
why Andrei's reflectionmethod ncn Hf



C3 5 valid paths on 4x4 grid 20 is

Ft I F tF I HATE

t.ITEHIEHIEl.HIElHIEHIE
o.ie oo o.ooo o o

t II IIi iIIo III I

t.ttEHHIHfIlHIEttfI little HATE
o.to oolooo.oootoo.oooo oootoooot.oo ooo

t.ttEtffIIFIEHfIEttfIItfI little
o Do o so o to Otto Otto Otto

oeo.tl

EHEitIIElIIEIIIE HIEI
o o o toooo

odooooioooo.io
i Eiii

DO Of



secondproof explain the denominators Hf
One ofmanyequalsized groups Find the others rn

t.AE EEFEftHIIEHIEtfIF t.ttE
0 00 oooo oooo oooo oooo oooo oooo

C C C
C C C

C C C
C C C C

t.AE fFtfIFttIEttHFEttf titfer
oooo oooo oooo oooo oooo oooo oooo

7 C C C
C C C

C C C 7 C C
C C C 7 C C

t.IE EHIE.hHIEtHEHIF
00 00 010 00 Do I 00 000 17

C C C C C
C C C C C

C
C



Rearrang in strands HIHf 4 214 5

FIE t.AE ElHIEtfIF
0 00 oooo oooo oooo oooo

C C
C C

C C
C

EEF LFf t.IT IHEtttIE
oooo oooo oooo oooo oooo

C C C
C C C

C C C
C C C

Effie t.IE EtTI.EfFfHHEE
oooo oooo oooo oooo

C C C
C C C
C C C
C C C

t.IT ETffEfTrIEtTItfIF
ooo oooo oooo 00017 oooo
C C C C



what about generating function

Play with differentways to present recursion

from last class I 1 2 5 14 42 ri

I l l l l 2 I I 2 5 I I 2 5 14
I I I 2 I I 5 2 I I 14 5 2 I l

l l l 2 I 2 5 22 5 14 5 4 5 14
2 5 14 42

Flip numbers so far take dot product

L L I 2 5 14 42
I 1 2 I 2 5 14

I I I 2 5

2 2 24
5 5 5

14 14

42

Let gttl nocr.tn
Then get It

tgctftgctfg.lt 11 0

ax2tbxtc x b Ta get
2 t

2T



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Dominotiling
Let fan of domino tilings of a 3x2n grid
FCI 3 f 2 11

find f 3 f 4 generating function

3 2 3 4 3 6

3 8

First try scrap work break into cases from the left

IX
Usesymmetry

Treat

as same case

A
3 4 11 1541 56153 f 31 41 f 47 153

WU



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Redraw more carefully

I

i F i T I i

I Y l f l I

I 4 1556

I 3 11 41 153

1 4 15 56

4
I 3 11 41 153 2 8 30 112
0 I 2 3 4 I 2 3 4

i iis i
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gttt E.oxnfhfsf ffttf.sifhYIsIhHEo4nfld9ftf3iDfh'Estl'd
I 3T l t 2T t
i 4ttt ftp.tt EI hYIs ld

fgffff ftz3ttIttI tlbl lEEtt3tIl Fest
4ttE

so g It
l t_ I 4ft 4 02I 4ttI2 1 4 t th

n O I 2 3 4 n

ki 4ttE I 4 1556209 use recurrence 1 4 t t

ti 4ttE O 1 4 15 56 shift by t
n I 3 11 41 153 in OElSAOO183T

Second approach Remove dominos in canonical order

1 3 46 What does the frontier look like

2 5

I 4 6
23

s
First attempt

1111
at graph



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

weneed a calculus for walks on graphs to getgenerating function

Take simpler example Representeach pathby product ofedgelabels

t Generating functions are sums of all paths

t 0
7
It

with given start and vertices

we can simplify graph if it gives samet generating function What are rules

t

t t Potthoff f Lt ttt2t2t3t3t4t _i c 3

t

t t

t t t t h t t t t t

t t

t t

t t t t t Toft t t
t t

t t

t O t t t t t t t t

t t

t

t Jt E3 same t DE
t same Dttt3

It Itttt2tt3t

t t3 It Cttt3 ttt3ftCttt3PtCttt3Yt _1 173
I t t3 t22t4tG t33E3 EE E 4th
I t t t t t 2t3t3t4 t



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

t t t Redrawn
t

t we want to sum
t t

t
s'mpathsto

itself

taking product of
t t labels for each path

t

Now simplify I
t t

E t tt t
t

t t t t

t

3 t t3

3 TH't IIe Est z

Es 2tt a1ItI t3y tg zt3 tIt4I3ttT

l t 3 dominos
Itt per n



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Revised secondapproach can we make this easier to see

break intocases
wheredo we go next

breakintocases
First visit or looping

I
3

E3
Its

I 3

He

l t
44 Es 2tt F4ttI2



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Better to stoponly
when there is achoice

Color codeedges

1
T

MIT T
T T T

1

O O

C marks extra steps to get to a choice

Now classify irreducible walks A to A

1
1

O O

t t3 E3 t t3

Es 2tt yIII t3y tg 2t3 tItI3ttT
I t 3 dominos
F4ttI2 per n



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Payoff can we do a harder case
Let fan of domino tilings of a 4 xn grid

FCD l f 2 5 fl 3 11 Find FC47 f s generating function

what are frontier shapes Stoponly wherethere's a choice

T T
T T

T T

BOK BO Oft AIDE 0317

graph example path

Cd I

f t.ly p
s

1

q H T



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

t

t t4 t't t t4

6 4
tht't t t4 tht't

Two dominos per n so substitute t fort everywhere

2 tt3t2tt31 ftti ET
l t2

l t SE t3tt4

or we multiply by Mathematica cs.de

N O L 2 3 4 5 r

142 t Sta Estt't l 1 6 12 42107 US Ee f 7 t4
TM t Sta Estt't O O I 1 6 12 rr shift by Ed

fcn 1 I 5 11 36 95 OE1SAOO5l78T
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processingthesetables is a
DIAO strain Can wemake this

HIT IT If
easier to see

r
1 LF It

tht It
1 LIL HIo o E o

T T
T

T T

BOK BO's FOH not 0317

t
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Ft.IEEiIEIE

78 ooooo 99188 68 6 7,2788 78872 88
32000 00112 22100 21100 00000 22001 11000

Easier to learn rules for 00000 representation withoutdiagrams

Needto track of moves for labels

of course we couldalsoswitchto a computer



I ft Relearn 4th case
in preparator for

9908 88 sin case

Increment Erst Add 2 to first zero
pair of zeros

f f f what are roles

7 7 7 7
I I 12
I 1 2 00 1

Isolated zero is Decrement if
forced move no zeros

1 T
T T

T T

FOIE A

t
n t U 14 11

0000 I 100 2000 00 I 1 1 00 I 2200
I I 00 0000 I 00 I 2 O 000 0000 I 100
2000 O O I 1 2 2200 1 1 00 2 1 00 I 4 00002

I 100 2000 00 I 1 1 00 I 2200
I I 20 21 10 20 I 1 1 20 I 2220
I I 22 2 1 12 22 I 1 I 221 2222
00 I 1 1 00 I 1 1 00 O l lo l l l l

Z l l 0 0000
2 1 12
100 I



Now 5in case confirms we've reached thattable

00000 I 0000 20000
I I 0 O O I 1 I O O 2 I 1 O O
20 000 I 2000 2 2 000

0000 I 1 O O I 1 2000 1
1 I 00 I 00 O O O l O O I 2 3
2000 I 2 I I 00 3 2 2001

O O O I 1 I O O I 2 2 00 I 1
O O I 00 2 0000 I I 0 000
2 OD I I 1 O O I 2 5 I 1 1 00 2

O O I 00 I I 0 O O 2 I 00 I
l l l 00 00 O O I 2 I 0 O O O
22 I 0 O 2 I 1 2 00 2 I O O I 5

O O I l l l l O O I 2 I I 0 O
O OO OO OO O O O I 0000
I I 0 O O 2 O O I 1 2 3 I O O I 1 2

00 I I 2 I 1 1 00 2 2 00 O
OO O O I 0 O O O O I 1 O O I 2
I 1 O O I 2 O O O I 1 2 22 2 O O

I 1 2 00 2200 I
00 I 00 I I 000
O O I 1 I 2 0000 I 3

I 2000 2 2 I 0 O
2 1 00 I 3 I 1 000
I 220 O O O I 00 3

1 22 O O 2 2 20 O
2 I I 00 2 I 1 I 0 O
l O 0 O O 3 O O O O O 2
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we're well past the point where we should
have switched to a computer

At least the process is in a form that's easy to program

This wasn't easy but the fact it is possible shows us
this kind of counting problem can be mechanized

Generalization FinitestateAutomatT



 
 
 

 
 
 
 
 
 
 

Aigner p 242 Burnside's lemma

csvntingwithsymmetryfweneedtsfiiou.s.n.no.nu

X raw set of objects
G symmetries acting on X
M patterns equivalenceclassesofobjects upto symmetry
Xg elements of Xfxed by gEG

Example X length 2 lists from a b G I at
donothing flip

X a a a b b a b b

1 1 4M a a a b b a bib 161 2

IMI 3a af a b b a f P b b D

M orbits of action of G on X
1 21 4

X a a a b bad bib
1 1 2

a af b bf

g.GGXgl zC Xzlt X IzC4t2 3 M



Example X length 3 lists from a b c

E E mining at

aabTbaaf aacTrcaafPb.a c Tr ca b f

abb bba f abcTrcbaf
bbCTrcbbfPacbMb.ca

f Paco Lecca f bcc T.ccb f

aaa f G bab f G ca c f

G ab a f G b b b f Cbc f

G a ca f G b ab f Ccc f

1 1 27 I l 27

En Hi
g.GGxgl zC Xzlt X IzC27t9 I8 M



Example X length K lists from a an
E I at

donothing flips

1 1 nk 1 21 substep do a countingproblem
161 2

X n Kal n Kal roundup Kk

to Et Iv
1choice 2choices 2choices 3 choices

n n2 h2 n3

feelxgt tzllxg.lt X l ECnktnfEl1

Im1nK 2E 22t2 3 0
n K 3 33 32 18 01

Example Necklace problems
Make an n bead necklace using k possible colors of beads
Two patterns are the same if they agree after rotation
Howmany patterns

of g q000 lol o_O

it

For each n there will be a version of the on to It To
c

Divisibility more symmetry n counting problem



n K 3 G atoning Igm Etf
o o o o o o o o o

o o o o o o o o o

o o o o o o o o o

To o_O o_O
exo exo exo

oo o o o_O To o_O o_O o_O
so so so so

I da I da I da I da
To o_O To o_O
ios ios ios ios

o_O o_O o o o o To o_O o_O
so yes ios who

I da I da I da I da
To o_O To o_O
ios ios ios ios

161 3 1 1 27 1 11 1 21 1 1 3

fegtxgl tzllxg.lt XaltlXd tz 27 3 3 11 0



n 3 any K G
d timing x

gn Ign

1 1 1 21 153 99880 0 988 o_O

ios ios
0000
Koslors

IX I K 0000 0 02 Koslors 0
84

Xfl K 0000 TOKoslors O LO

fegtxgl tzclxg.lt Xalt Xd tz k3tktk

check 1 3 tz k3tktk b 27 3 3 11 0



h 4 k 2 0 00 0 O_O

added

my Egg
III

s s
44turn halfturn

O_0 O_O
toooo IEEE

diode
r r

0 09 0 09 O_O O_O
old old Glades a

0 0 0 0 0 0 0 0 0 0 0 0

d dsd dd dsd dd dsd.io
drier drier drier

o_O O_O O_O O_O O_O O_O
d dsd od dsd dd dsd.io

161 4 1 1 16 1 1 1 21 141 2 4

g g
XgI Htt Htt d 16 2 2 4 6 0



G I 2a 4am
I

s s

1 1 1 1 154 99 0 0 9 88 O_O
oooo oooo 10 01
Kcolors Koslors

O_0Kal Hd K 9 88 f d I

99.88405

Hak k OE 9988 8

g.ggXgI I4 XiltXaItIXsltHsl I k4tktktk2

check 1 2 f k4tktktk2 16 2 2 4 6 0



why does this work feeling 1Mt

a h

C0 90 8 o_O o_O o_O o_O 0 9 0 9do d osd od o sd od o sd.co
a tr tr tr tr tr to

go go EI o geo fotkq 8888 tod o o d o d o dos

yEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEI
1

I t y y
s

Each dot marks an object fixed b a group element
Each box is a pattern upto symmetry
The row sums are 1 1 Hal Hal Hd
If we can figure out whyeach box gets 1Gt dots we're done

GroupTheory in a nutshell things divideupevenly
Look more closely at each orbit This one is interesting

GO 0 0 0,21 a golf drop 1 a

a a

Gq I s elements of G that fx 8
Gg a I s a 1 as I s

I f

fc2 sk EE8 E83l K1 a a s3l lol
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