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2 neu-leaves @-Q
©-O-®
®
>

H
K H-
e b
3 nov- lenves : o+ }—I—&

9 nades ¢ 1 nan-ledt ¢
2 non- leaves -

3 nn-leaves: (@03

10 nades * 1 pan-leat : @
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jb- 2
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Assodahve \aw = Haw maty ways can we pareriesize, h Yeams?

n=L 1 o No worlk 42 d9
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n=3 2 (eee eo(e0
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whal s e comman Qaﬂ@m? The vecurrence ¢
Eadh step depemds on all previess steps.
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| 1 2 5 ¥ Y2 e
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\ V1 21V 2 § 225 4545 |t
2, 5 1% 4Q.

Flip number s e, “ake dot P



Haw did T acvally figse ot e paventheses for B fevms?

D L = <
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w ¥ D
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£ gL L, N=0 At s w
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£ = 15 + 280D + f(n-2) it make ceneR.
& °o t 2z > * 9 last class
Lo L V) o o @) O
25(n-1) 21 202 25 212 2099
n-2) T B O
'F(n) | 1 2 5 2 29 70 \JV
Prelude> words =1 : [ 2xa + b | (a, b) <- zip words (0 : woxds) ] \-lqskeu

Prelude> take 6 words

(L, 2,5,822,2X9) 7161

| (2 8 12 @1  wods
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1,0 2,1 62 25 »n zip

7 5§ 12 29 7o 2a+b
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| 8 ® 5 7% % 8 | (N vl T e () vl

1 2n ('Zm—l) e (n-H) _ |
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Sewond Pk, explaiv the demaminglor L (Zn)
\ 5 MHAn

one of many eqoal S22 gvps, Fud tre chersa

OO TT] @e[o[T] @O [ ] e[ TTe] e[ T] ere[ (e[ ] [[To[T fo|

MICCC IICICC INCCIC D CCCY DCINCC DCRCHIC DD C)
3)XCCC DICHICCE NI C N CCCY NOMIDHXCC ICHOC HEHICCO)
CIINCC CHIICIC Ycd)dC YOI C INCCOY HHXCE)Y YY)
CINCC IMCIC F¢erINe IMIVC INCCCH YCYCCHY DCC) CH
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hat albout se)ne}m'\'lflj onchn?
Play vt Iifferent ways T present reormon.

oM Vast dass: | 1 2 514 42
\ | ) | 1 25 1 | 251y
\ | 2 | 5 2 | | 4 5 2 | |
\ Vo 2\ 2 5225 14545 |
2 5 1% 42.
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| = 202 2%
- 5/5 5
1% 1k
2

=9
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£l = gq(t) + 1 = O
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2q 2t
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We need a flealeslus™ far ualks an gREhs, to ger geneaihng Baehon.
Take Simplel example.’  Represedl eady path by prdvd of edge labdls,

t & Genecating fonchons are sums of all pafus
L @ ®ﬂ )'E wit gqilen stavt, end vevtices.
&@ We can swmeliy qoh i - qwes same
t generdiing foachion. what ave (ules ?

t @ R
@ & Pg“a_;‘\ﬁ L+ b+ £+ 282435, = T2 o)
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t @ + @
Ceo + @) t@g) e [t]e]e] )
t @ t @
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t @ﬁ 7 ) swe: ¢t COD ¥
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| £ 3 2t g s,
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E| L
< 0\ \ "é t SJ— We want ta sum
EL—:E t !t/ | —|C al paths
Jo (o [ o v,
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1 2 943\ = 1-+> - ¢
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Revised Second approadnt Can we mafe twis eader fo see?

"Tr_: LI: ix __=
T
brepke whe cases.
! /T r-l"—/ } where o wegonext?
BN _ [
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Fayoft: Can we 00 o hadder case?
let $0i)= #of Sommo Filings & a Yxn gad.
f(D=1,£(D=5,f3)= 1, Find £%), £(5), genewting fusdhon.

0 " l_[ TR 5 =1l =%
LT 'ﬁ I i (sgf (i) (=] (=0
INIS] (le| (100 1] |=8] (=] 1] =0
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Two domwmos PRF W, So stbstitute t For 5 everywhere,

| NON | l##) dominos.nb

'1. = €=1/7 (1 - (tA2+ (£ +3tr2+tA3)/ (1-th2)))
2 ;73 1
l—'(-l_-;z-E 't“- %'LQ-I-'L ) outl1}= e t+3t22+t3
-t
2= g // Simplify
1-1t2
‘_t'z S e
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/(14 _c12_ 43, 4% 12 42 107, USe rewrimce
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We'lre wel past he paimb cdhere we shoold
have switthed 4o a compoien.

Ab least e process 15 i a form that’s eesy o progam,

This wasnt easy, but the fack it possible shus o
this ko of covalivig prblem can be mechaatzed.

Genelizahw ¢ LFin‘r}e Stzte Quramq’m]




Rignexg p2Z¥Z  Bumside's lemmoy tCo\M‘ﬁV)S itk s?mmeiv-d

> 1Gxl = > 1Xgl. (1)
xeX gei
Lemma 6.1. Let G act on X. Then for any x € X,
M) = 19l @) We need 12
6 Uderstand haw
Lemma 6.2 (Burnside-Frobenius). Let the group G act on X, and let «[? TCQA ’ﬂ'\‘\s .

M be the set of patterns. Then

1
M| = — > |Xgl. (3)
|G|geG 7

m
X= raw set of deec'B
G = symmeties acfﬂvus on X
N = Pqﬂ-esms, equ'\\m\ev\ce, c\aseLs of OE{)QJB UP'fb Sl,mme'\“fv
Xq= elementz o&f X -fixed by 366

M

Exampe:  X=lengh 2 lists fiom Gabl G=3 L bl ¢

do nathing  flip
—
X=£ aa ab ba b,b%
X]=*
M:% aa | [lab ba b,bz I[G}"Z
|m]=3

L
G ,a.Q) C a,bpb)a a G b,bl©
M = acoitst of achon oF G on X

Xq= ge aa (Clab [ba Q C b,b g %il\‘::
X$=% 2a® bbQ 5 *

6 Sl = S KDY = 342> = 3 = |m)




Example:  X=lengh 3 listzs from $ab,c$

G= 5}6\“ :
&—-)32’9
C qq\o:::baq IC aqc?/caq DIC bacchb o
c abb:lobo\ Dl Clabe Zaba D1 Clbbe Zcbb o
eac\oZbcc\,Q eacczccqa ebccqccba
Claca | | Cloab 9| | Clcac!
Clasald| |Croeep ]| [Creseip
Gac.a;) Gbcba GCCCO
\7(\7-?—‘7 lxl\:
[Gl=2 Xel= 9
()=
| @ 8 = 4R+ [4y)) = 3@ =18 =] |




Example:  X=lengh K lish fiom Sa,,..,% 5%

= 1
k G géond\\m'ns EQE
\\X\\z nz — lxl\ substep : do a covvting problem
G =

Kk | = P‘;—:‘ kl = ovnd K/2
(Xeb‘:: Y\[”-\ {Xel,‘ n ([2-‘ rouno ©p />
o) r &=
Lonaie. 2Zdaices 2Zdiaices 3 dngias

n n- n? n?

6 Sl = 3K+ (D) = S Cnenf) < m

n=k=2 (2% =3 o
n=k=3 +@*»®H =18 o

Example - "Necklace”™ pelolems

Make an wn-bead vecklace vsing Kk possile cdws of leads
Two Eaitevns acethe same f ey agree after whiton.
Haw mavy patterns?

coo €I 03

Far eath w, there will be. a vension af the  [2e] wEe mEe. jesae.

(- )

DNI’?W)I[\'\V = vhaove st,mwxe.‘\‘(y n[lﬂ Gunting  prablem




D —

n=kK=3 G =

‘A

15, B B

@’@’@ (AN,
(AR AR SRR AN,
(SARARER AN,

éf@s éf@b ARE
LISEY| |y SLy | €S9 Sy

AR AR W
NNARAR W
AR AR &

| \ W% x‘(\{;{/“ %/“ . x.%é/“
9 P Q@? @;«7@
k%, IS

6[=3 |X\ 27 = x| l><\ % =3

L sgw,xs\ = S (Xalr Xl + %) = L (274343) = 11 | f




Nn=3 any K
[x1={X4l= K
X,| =k
x| =K

G=§ 1 CA
do nating ‘./3_-}\1;4 ‘fs_-\v;n

elelole); Q00O
K colovs —y e« K olors @
~ 0000
K clors
0000 q;y
K clors sc@
Q00O

K clors ﬂ@ @

@ S = bl i) = 5 (ke k)|

Check : k=23

_Ig ( K3+ k + K> = -‘§>-(¢z7+3+3):. oo




efgs Cg(i'@? ngg::gjgd
1588 ﬁ"‘g@ 937

$I588 3‘3“?;2 32583
l6l=% [XI=te=|x| [l=IxA=2 I[Xgl=4

- ée'x‘s‘ = 3 (Xl palexAXal) = L(1gr2 42y = 6 | of




1 R
do nd\ht'ma ‘/q. "'\jm

n=4% any K G

{
———A—

< N2
Y%t hafdumn
—_ —

_ Y4
X|=|x[= K* ©000- <0000 g:g
Q00— — 0000

K clors

[an':\X(\: K okomar?a (J
L& 34

VL
Xnl= K oooo—egggeoooo g:g
K clors K colovrs

é S%GIXS‘ - _'}F(lxul"'lxnl*\xr\*“xn\) = %f( kt+kek+ K2 \>

Checl: k=12 -,%;( \<”+k+k+k2) =-,‘:;(16+2+?,+L?)= c &




Why does this wark ? i _
! (Gl éelxﬂ‘ = |m)

3 B (=) 8=t [

ITXLT T X LT

S3ogy  g3=5D $3ege

oclhec

39y 163
388338333808 3238 88 8383 &3 83 &8 83 &8
—~1/|e|e|e o]le @ @ 0|0 @0 ©o 060 0 0 ©
—>Re|e
—~ne|e|e e
—>[cl|e|e®

Eath dat ® marks avn abject fired b a grovp elemert.
Each box is o pattev uvpfo symmetry.
e ow sums ave, |X[, [X3],[Xg), [XA.
€ we cov figore out why each box gets (6] dsts, we're dane.

Gavp Theary w0 a nutshell : tnings divide. vp evenly,
Laak wave clasely at each arbit. Thig ane is interestivg:

w,aagg:gﬁsdg:ggw,w
Ggo= $1,R% = :a\emem‘\'so“\: G that §ix 30

3 Ggp= 1%1,0§=§¥,3£§={1,f3
VA

|0, [£82, 883 = |§10,3, 0 ] = |e



(_Combmodb\f\cs Feblg)

What is a qrovp ? One opewtian * ar +

Tdemtity auo mverses
Assoaqhnive:  (awe= albc)

+ elen odd x | - X | 2

. 0]o eten |even o3 VT = 1 (12
E23 \]'0 N oédl‘*‘w"*" —|(-\\ ¥ 2(2\

Mod 2 mod 3
+01 2 + 01 2 3 X |2 34
Ojo\ 2 olov 2z 3 [t 2 24
23:\\20 Z%: ‘frzzo0 . 2|24% 13
212 0 | 22301 Y 22| 42
mod D 2{%2 0\ 2 Y14 3 2 |
wod 4 wod S
+ 00 O 1,0 yl +01l 234
0,0[00 O 1,0 Vi olot 2 2 4
2,%x2Zy:  ocijeloPuile 2t 1[1 2340
1,0/1,0 4l 00 O 212 23 4 0|
it 1,0 61 00 22401 2
mod 22 4ol 23
+ O\ 23”" 5 + 00 ol 02 1,0 I L2
olotz34s 00[00 ot o2 1,0 i 12
2g: |[L23450 2,%x2,- 0|01 0200 ul 12 1,9
212245 0 | 02/02 0,0 0,1 1,21,0 I,
21345 01 2 O[O Yyl 2 00 Ol O2
414501 23 uilut 1,2 1,0 01 02 00
cls ol 234 L2 42 1,0 1,V 00,0 O,
wod 2,3

+ X
0> |
| & 2

21 5
3x%

Inverses & Eadn vow (5 a pevmutation ot tre twat vow
Each <ol s a pevmutation ot the tivst col



e symmehic geup S3*  Permrihons of N33
Symmeties §F a Tiaagle

O—0|

s
N

54
%,
£
1%
X

2>
2
>
£
7

oo mibes” BEER -
— ® &o O—O
Poll fight 2 0 9

13
>
>
>
-
=

Trvevses E{@ E%E] -

[1E [ X



Sz multiplicghon tables

+ BEREENKE x QG
S | BB 14 | AN IEN I @l
2 | B S 1A | IBNIEN ey |4
5 | B R 16 | 14y NG | |y
| BRI (&) & @@ BN ey
¥ | HREEHRER & | DRI ENIE B
S| R RRERE B | I8 EIE e I8
Not comwaviative
- B EBEE- M
vt blem : av cells in a trianavlar avi
coumning pECER ilﬂow km‘:m( 206"‘ ems, -\JP"(SS\:; s?im:e:h‘y?
k=2 ooy

c@i@)é&c@) & || &
B& | B | DK



' :(g)+3(§)+(g-))] = 2(15+33) = 4 &

s [Er2t)ra)] = vz o



Fixed po‘m‘\% \07 ovbit

&

e
C]iEE
B
B @5
SEE

&

B

B
e

&

%5 (B
I EEEEEEEe>
=

PHBEEPEBEEP

aeslxﬁl counts all fixed poivits  (3,0) whert ox=x
3

If we cav uvaderstand why there ave (6| Fixed povi B3 per orbrt,

then we vaderstand \P\ = Tléiaeelxal
3



Look closely at how G ad®> ov a particolar ovbit

?%
&,

£

)

B«

[

&y

& B

‘rom (@) &

By

P

ey

M

£

2

Tese subsets of G (cosets) ave always I3\ Gorvespondence
wiin each e, g0 they divide G inta equal syzed subsete,

{BEE

ey

-
-{

&9

)

}

&) =

&

A =

&9

}

8,

e

2

&,

<=H= Fixed pomté or é&}(&zﬁ of ovbit) = \G)

}
}



Quotiemt3 ¢ mod ovt by "normal sobgvaup“ i’,.g

* DG |AE)A
O [N & IEI4
ey g@& A IAE +0 |
&Y LY 1A A&
= 2%y
& & AIE 18)IE 6 o8 2
NN N
NN R R
{@, } 1s hot hovmgl

and we dont get a conevedt talde when we tyte mod out.

«AE AE BE
AlaE aE BE
&lan @a Qe
AlEE BE B
A|@E @a ®ma
B EE EE EE Ve orries are
Alaa B Ba




Expand an class questians:

Even-odd pavity.

¢ \ WalKs betuieen
- L Sqoares of e

Same Cp\ov
even # steps

WalKs qlernale squave clors

——
—

(o WalkKs betuieen
[ ? Squavres 6(: he

apposite color ¢
odo 4t steps

——g
) |
)

3 7 7 13

We cavn chmeckerkoard the qrapgh of qll -["ﬁqna\e, Posi‘ﬁons.
Flips all change checkerhoavd clor

o0—

AZA RS

z:\f\ N *\Z\ /\/'
2N E e

We cavnn oeckerboard the qragh of all ?evmu'l't(hows ¢ %L),..)Ir\g
Euev-odd: How Wauy paws are out of ocder?
Adjacent Paw swaps dhavge this count by 1

o—0

<3

(Sams)
L 24 3)-¢€ ‘}‘11%23'4-

—<L/ RS




k colors \P‘ = -‘-%-isze\elxsl = .%,(KG-I-Q_K?-I-SK‘&)

& @
N =
@ | SPeoo | K

@ BBBARE
N Y Y Y Y
R Y Y Y Y
Y Y Y Y9

k=3 |P| = L(¥+2+3K*) = £(729+29+391) = (65

RN

2

)

use L color: 3
vse 2 colars: (2)18  (Fewakove)

= vse 3 colors: 165-3-(2)13 = 108
Nob easi\y checied
(is way \ies madness )



Let Sz ack on e wlors, for Ais [x|= 108
8 —(ogzzzw) 21

lldé&@)c@ﬁ
BHRE S DR

oo (BBBS
210 [ BBBLE .
IYYV VT

388 lRBBBD -

Now wunt odsit sizes oy Sy hs b color
(@)@ C@)‘s C@)G (@)3 ¢ 21+1;1= 103
& B & & c@f
& B B B &
@)2 C@; (@)3 (@)@ (@)@



Move systemahc way to get (@J C@) c@) (@)

2\ ways 1o color & BB B B B
UswWg % intercmangrable colers
vp 1@ MQWa\e 57?0'“6{*(189: @3 C@) C& C% C& C@D C&
B & &% & &

let G= Szx33 , QUIP AR pawvs of achows of form &%
acting on tavgle and +hen color Cndices

|G1= |S5]|S51 = 66 = 36

5 1 & C& 22,98, 3 = 729-192+2 = SHO

RO L (cuo+49+336+9:%)= 21
2 A\ 683 nane 36(:{59 e 2) -

89  nane
o

none

§§) C@)C@) 33=9
69
0]

nane

Y zones
(@) color vswg all 3 colovs
t_qo%y 3 = @I-4R+3 = 36

gg) none

P KK

29 &
21 30
o o

6
B
(6 R O~ T 5 O Y




Con we use incdusion-exclusion instead of Burnside’s lewmma?
Need 4> consider poset of sobgaups oF S3. Mdbivs muersion.

BB R E @

2 P P 2

B85 mmE w8 B E
~__ {é\&}//

C@) K colors lP| = \G\alxal (21 3k*)

at least’ ctly, divided b wet; 6 Lt 2
tye of symmeby lest  exactly, divided by symmetries (& k>/6

JAI] & K& d(adt-Keak) [ 1]3]4]3

VA Al s K 3= 2| |2
A& & sk 2| |2
A AL e K 50 2| |2
VA A A o ¥ 3K 3|3
B BB, &« k 6
@g)&)&} 1320

(213K o



Better qppadn @ SKip Mabivs invesrsian to compute “edactiy
Rather; wvwen a pq‘H-eJm has & versions, we waat 13 coudt ean ane with weight %-
Wav o?'hz POset, adjushing weghts bagd on count Sp fav from Lelw,

c@) kelors  [P] = Ixal (K +2K%+3K")

dES‘IYEA subtad het
fye of symmely  atlest  weight bdaw  comivibuhon

] (ke & T 3k

£ T
B Ef ¢ 3 & gk
AN N S S %
VAL e K 3 & 4k
B BB ¢ 2 3 3K
VBB, Sk 1 0
& & (& (B2 o

This can be easier Than Bemgdds lemmg



Placm K markers on an nxn loagrd, vp to sqmmetvy.

MIDIIIDE}m=

k=n1=2 |)(‘= 7’)::.G

C) C) C) C) C) C) 22
o| [olo] [0 o o
k=2 n=2 |X[= (3 =36
5
o olo oo 3 3 - 5 S
0 ) ol [0 °
<) o
5
5
8 olo oo o o s> ° 5 5 ol Jo
o o To = 5 . - .
- © o) o o) olo
o
o
& & o 5 olo 5
ol o o G 5 s 5 g
ool R %(@4-2-&2.24-2.2): 2

5+ (36+4+16426) =g
36

>>>D
PIPW
I

>D

RN

o0
(]
m
T

0
ol o] [o] |o
5]

N P o e
6')67_;:0

e|lm|>| [FlM|R| |[@|m|e] |[®]|0|®
T|o]m] [o]dfe] [a]a]eo] [2]w]n

w|>|o] |»|2|>]| [a]o]|D] |D[W]|D

BE &
H ®E B BB




W Cwmng wih %Y mmetes on Qo\{lﬁ@eﬁ,
%mw@\es N Z0qce.

Lineas 3\3@00\ /o angle , feustly
ten a3 rese <Fa7 £

odaonorma) Dass

vk 0,6 oMoy [@Q@ $aVz (v;l=t

dvalty L"B V=g
,\.\I}

% m(}@ O\ Q VidV] :Vi,\f-:o
90l

-

Somq cwbes

- 5\N@\€X T’%“

el —e  1- SWQ\BQ

'MM?S\C A, 9. 9(,.\(‘}& COMN) = i/ Seb=1
rtahovs

ebahed o0 g 3—,5\1»\@\6}&
SymmeNC OV &\)@Umﬁ&ws & 7). /hg Syl
@{% 3@011165\0\1\60 (®) Ij [R) Aneen

pA MO Ve % [5%\ 9§ G

ISy=24 Se 161=%
(Au)=1Z ) (A adoed o




2
X = = - \m
AX+bxtic=0 = X= —p F\|p-Yac

A

3.2:
& maAc tr 1o destvov 9 MMET)
/ CHNT cholees

% haues & cher

(Go)  n2iwer & tog ngy s

\2-



[\ (6\=%

g, \=
\——7 @ (6|=F2=24 19l =2

% ‘Sg‘: 3!
25, =20
) Gl=202-¢ °

. = he

Hwas < ooy Laes o% Q WMC&V@‘)
op to Sy

[Bl=12-

L 1 S0 aghuyy | donriy

1,0 % DINS
Y yafces

5 /\ K2t







[ Macoh 11 )

[

T have posted plans fox the goave made) an our website.
The fbvuhedren has 17 symmetnes :

G= %'m.)PO‘F sqmmeMeS
of fehvzhedmn m R
(e ignore €iigs Thvavgh KY)

O haoe & corne (@ choose cvmedge 4.3 12
U onalces meefinoy that c»n\er ‘G( +3
2 cMo\CQ,S

Can wefivdhese 1Z symmetnes?

YL Y

Y3 qurn eher way Yo tvrn
axiSthaogh axis thvaugh
face and veAex opposite edqes
12 o

Example : Hqw many Ways can we o
e sies & q tmhedon, vpto sqmmetvy,
0sg K colo ?




Y

T
o A A & L
A & A o A
L L A A L




Chex: k=4 O@O O 36 o
N Vo Vv

AbLL bbb
od b bHLAA

Do HS AL

bbb AL
Ab K0 Kn Kb AN KN

I+ \+ 1+
Fivally a dnwva\ Paw ﬂol (O 5
Lok o O, see OO or O O




Ths tells ys That & we gllow 'FHQs , we'll get

k{1 2 3 &
G [ 1 5 1536 (nofrgs)
Syl 1 5 15 3B (flipswm RY)
|Sel = 4! = 2% breaks op by oyde deamgosition
1 3 3 evew
O G ONE ONE
) 2
oo ©6 oYes

0dd

6
o0

6
Q™G

oo o
k> k

K* K> k>

l _

T Xol = L (gt 2k + 6k

‘G\geG[ 3 7J-t(k + 6k>+ 1k + 6 k)

kK| k* k* k'] 6k k> 6k2 k| & &

I T T T T - [ 24 |

2|l % Q@ [ 12 4 48 16 |20 5 %qs before
209 29 Q1| 13 99 le2 B | 260 5

t| 16 ot 25| 2% V16 28+ 296 | g40 35 [ ot 26

Choosma sovsetz oF faces 15 vestvicted Vevsion of 2—(;0\0!\\43 = ho dn'\'m\i{’y
Colormg vertices 1s dual to clovmg fuces , Sawe problem

O Coloring edqes ?7
O Caloring e\lew,‘h‘.na?



Coloring edges :

g 12 \4¢ ot
Cheek: k=2 @@ 12 'z B

AN AA

AAN  AA

AN AN
HH HH

(Corrected Fram class)




ﬁ"oes day, Marh 16:)
From lask less © 12 Ways 12 2-colov edges oF & telahedvon, oo symmetvy
Chex: k=2 @@ 12 If

AN  AA
AAN  AA

AN AN
HH HE-

1 (Corrected Fram class)
amens AN AN |

Tese were actually the same.

The last two cases

ave cnwal,
e -
0 @ G N
$ J 5 $




s tells us ™at mclvdmg€Tips Anvavgh RY, we shavid get 11 not 12
|S¢l = 4 = 2% breaks o by oyde decomposihion

1 L) 2 ewew|odd 6 6
O O Q r@z ® ,(5 ® @ ®”©
)

OO0 @ ® @p@ ® @ ® @
A (4,2) A (12) (2,3 (1,3) A (3 A (12 (7%)
8 (3,4) B (1M (2w (3%) 2 (1,2 (% (44
c (1,3 (%) N ORC)! > (%) (2,%)
o (1) (2(3) D [IC)) (‘2,‘(’)

G SAXsl = 2 (Keeakts 1k?)

| & kY |k 9kt B 8
LR N T O L - B [ L S |
Y 56 4% oY |26% 11




s .
qmw\e.’\V\eS of e cbe G-= QVoJp O‘F 5‘1'1\(“6'\“\65

of cube in R
(we ignove €ips ’n\‘m\lzh 9]

@ @ |Gl=2-3=2%

O Onaose & corner D hovse anedge
g OnalRs mez\'mg'rhcd- Comer

3 owas
Can we fiMd fhee 2t symmenes?

dertty L "2 turn ‘2. furn Yt s tuen
ether way  exther Lay

1 G 3 6 8

Tis G ® Sy. ga%}wz ‘\‘:d diagana) SHAKS isidetne elbe.
s\ev: Lq ste cormerz the sqne., Usy Y,2,%4
Every Wmmo\gg:s 16 possible. e, VB 1B

How many ways can we K-clor The faces oFacove, vph symmetry?

detty L 2 turn ‘2. turn Y tuen Vs tuen
ether way  erther way

K© ck? 3k 6k? g k>
i (K8 3\<‘*+ 123+ 3k?)

K=2 = 64+3|G+\‘2%+%% = 240 =
wx( % 39.> % — P






Atter class: Ty ausler way 42 daw these.

Two wive Sames par patievy, 4> sepacyte re faces o each colov:

¢ n

f




Check hat actiav oF Sy mduces every symmetry of cobe
Fou e mavied OO0 0O
v pawz of oxpos Covmers, ma by 98 ¢9°
Sy pevmutes Mese a3
Every pexrmutatiov orresponds 2 same vatzition w space:




How wang ways can we choose k edges of a whe, vp 1o symmetry 7
1 G 3 6 8

dertity 1 ‘2 furn V2 urn, Vs tven
extheyr way
O E & =4 2
O D D D
D c /¥ B e c c /® B
O Al ¢ £ A Alel Al L2
c G % A D
O € D ¢
a > E A
g AO A OO A OO0
O 8 O 8 OO 8 OO0
O c 00 c ga c 000
O o OO p 00 p OO0
a e 00 e 00
O F OO0 F OO
% e ¢0g Edges wome prepqc\cqﬂeé w buadles
K=2 We need 2 make Kk boying ewhve luadles

('3)=66 G 6 O O
i 2%l = g (66 Gor26)= By = > < > <

anly Wwagto meet  only Wayte 0se  only Way 1 vse
ob a Vertex a\\ &c:\r vevted  justtwo vewtey
ars




@\arc)n 2';) Evlev dnavacteristic of boondaw

e Assodiahedvon in ®3 L= V-e+f = Lf-20+9=2
lilke any sghere

c ¥ e v
1] 9

[z ]




T(n)) = vumoer of dissecdons of an n-gan by k cit3

0O 1+ 2 3 4 5 b K cuts
3| 1
Y1 1 | 2
5| 1] 5 S 3
e 1] 2 |2 | ™ & 1he associahedvon in TR
21 [ w | 56 | 8% | %2
@[ 1 | 20 [ 120 | 200 320 | 122
9] L | 27 | 225 | 825 | 1485|1287 | 429
. Catalan
n-gon “ mbers
. . 1
the asseciahedvon in R

. S
the. associahedvon in TR

L1[s ]S |




®

1 cwt: 3 n D-n|® |
42 IRHE (D) peire & verhices
5 o] s | s
@ 2 5 al slels — sides &f n-gav
9 % 921 20 | 7 | M = 4k intecior eaaes
2| 20 gl 28| B | 2©
9| 21 9l 26| 9 | 27
o 6
2 wiz: 3 @),_(m
4 n@® (z) (3 @ paws af ntenor eétaes
S| S s|ls|w]|5|&S — TS5 g pq‘u;
G| 2| 6|l 9 |36 | \S | 2
7| s¢ 921 4 | 91| 25| s6
= EEEE oom
9| 225 9l 27 | 351 | 126 | 225
©) ®
3 ts: 3 4 eots: 3 Can be done ad hoe.
g % Gets havder,
5
@ G| 1% @ G Many appvoadkes
7| 34 742
@[ 200 g | 330
9| %25 9 [14gs
Formula:
T, = vumeer of dissecklons of an n-gan by k o3
= | (n—3>(n+l<-1> 1890 Cayley
K+ | K K e 2000 Przt1+«1cKL, Sikara,

Meanng of each pavt

We avevcouit, ten dwde. K iz = kel regians,
R+l Coumt K witz witn a mavied region,

\\ \\ \\ Courits \\ 2 Himes
Qrient T Kk vieed
‘\\°. \\' .\\ re4ion ?:qufhc: left. e Mt

Each cot naw has a "start. @



(VH- k- 1.) This laaks like o "bars € stars™ mavameal coust,

K
Me K ots can start anquhere, iclodwe several
. From The same. veirtes.

Y meRpe

Vv X “ Z v+ W Xz Y% y e
x|

— - B85

n~\ K (m K,\>

C)nqose/mﬁkXS @ @ @ @ @

Qn,a) Cavsty, ways 2 fivish d\aﬁm\m ;) 69 cut deechawms
K ot CDW)QG'\'I\a\ﬁ M o dhoice ofF Mmarked ‘reg on.

n=5, k=2 = Z\=1, umque way for our examgle.

DO 0@ 68 Y 8
2@ O LY DS B

D@ Q8 PO 8 Y&

Vv




("3} =6, k=2 = (3)=3

oS = & O o
o= o O N
f“‘=>[\‘7>
o> QO S

Anyone vp for o veal ifE loanus question?

C\nq\levlae,: Withaut |00k\\45 at 2000 Rrzytycki, Sikora, 5

find yovr quwn pef of Mis last step.
Play with this, T elieve tmeve could be a simpler argument,



A goacenrly vavelated fopic.  (of covrse Mhey've related!)
( Yovag tableavx ' How many ways can we qvow o

shuvrcase shage, step by step?

1‘—-’1 1 =
2‘—"2 112 =
2=1*\ 1 =
2
3=3 L|21% =
3=2+| 112 =
)
113 =
2
3=+ 1+] 1 =
2
3
U: [i]z]=]4 (23 1z
+ 3|y | |2
3
124 113 Y% ' |3
2 A 2
I | |4
L2 2
Z >

<|lw|[w]—




Wk leag™ formulq ) For eaon c2ll, reco® the lPMgTh
oF e “hook" down ov oven

Sl3|2 [ 3 2
Y121
|
Y 2 1
1

For n cells, dinde wn! by the p‘(adod\’ of the hook lengms,

>
TBEHFLN SN
: = 21 oY -_-.21
XBELKZN-) e N
ME
11213 WrAK A ) 1 12 |4 | 12 |4 (2|4 V215
41516 %(S|7 %16 |7 3|5]|6 31|5(7 3|67 3|46
7 © S ¥/ () S ]
1215 112 |5 (|12 |G | {216 13 |Y% 13[4 L3 |4
2% (7| [216]7] 13|14]7| [2]|%]|7] |2]|S5|6e| |2]|5|7| |2]|6]|7
6 Y 5 Y% 7 G S
1 [3]5 \1315 113|5 1 [3]|6 [ 136 | %15 | |4]|0
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'(Y\afc)n %02 Rec‘,qg’ finish formolq om last week.
Formula:

T(n,)) = vwmger of dissectlons of an n-gan by k o3

(@AY LR R, siene

meamms af ean Qav‘t'

We avercondt, Men dwde. K otz = kel regians,
K Cowmt K witz wc‘l"l a mavied region,

SO o Do
Qrient eadh cut 12 Keep mavkeed
@ @ reqion on fhe left. "
o

Eadh ot naw has a

(n+ |<-1> #H monomals oF degree K n N Vavisbles

K
= # ways B stavl K wts on n corners

N=5, k=2 (nek1) = (§)=

@@@@@
Q0000
GO00L



Qn—’b) County, ways t2 fvish diagam, sg cot deedhams
K at CDmPcT\'\\O\ﬂ M o chaice ofF macced reﬁuon,

Easy 12 see i gll cots stavt ab same caorner:
Tere ave -3 eligible comers, we pick K of them.

@@@@@
SHCNRGRG

modiﬁcoﬂ’)Oh Q'\:' 2000 Pr21+r1cki,, Sikora qr%omemt;
Slide, startmg positions ovound ke abaws beads,

Tanster obave configighions by revevside steps
to avy set of stavhug Eositions,

O-U-0O-0
-0~ T-~0

Usvally we jost rotate o cot o e 3 stavt.

Whewn wo o\{B ONW0e, unique Way 1o Yesolve Guflick
S There & shll o Covls\s\-w’r mavked vegion.




Two kwds of Nausitions :

& OO
2 OO
O'mex cases Sant arise: @ @

We dont let stavs nat censistent
Pass thavgh eack ather

NY

SIS

<,

The order i wWhich we mave saviz doesnt mater;

Not That we vieed 1o care. We gt a [l correspodence
by \-e:\w\o\vlg ol slefs.




SISISIGIVISISI SIS
ESISVISISIelSISIelS
OO0 LUO000
@®®@®®®®®®®

JeSIeISISISISI=lals

' SO0O00OO0D
e®®®®®®®®®®




Q(oung ﬁub\eqo{)

Fok leng formulg ) For eachn cell, e fhe lengh
of e “hook” down qv over:

Bl131|2 3 3 2
gzl
|

Y 2 1

1

For n cells, dinde wnl by the p‘(adod\‘ of fhe. hook lengms,

3 6
g e S S
X

Shil o prool that makes this obViou s,

Knuth's heurigtic avguments
Fill i 4ubleay of vandom, gnd look ab one Wook.
Chances, ¢F Smallest dement bevg at comer = LAk lengh

\ |2 | [2 ) |3 1 ) | (Y% [ 1Y 24 rAR
2|4 u(> 2|4 k(2 Z|% 2|2 Z |4 43
21> 212 2 ¥ 2 (% 2]\ 34 Yy 3|2
ki 11 ) 2|1 24 %l 1 |u AN
2|4 3|4 4 (4 % (4 Y2 4 (2 k(2 $13
A 2]\ 7213 212 '3 2 ' 2 2.0\

Prblem: These pehbabilities avent mdependent, B orffertt hooks,



My idea m college (while takma o UMse with Herb Wilf)

GCenoate o Yauvgtablequ ot @ndom,

Stavk with v in upper left e
Hop dowv/avex unifoimly of vandom HI) stuek,

NO{;D \'\'Q'Ta‘\'e. PO;{ﬁCN\ “’1/ hewm ﬂ"‘?-) ﬂ)?l)m

[¢] 0 [6) 10
me hoe
[6] 5 10
hqe 16) hq? (0]
10 \op 10 1o op
(o)

This doeswt quite work,  Uw) hook tengims? T shl) Kid< mysel .
1979 Greene, Nigeanhois, Wi came vp Lt 4 belter peess:
AFter e fivat atep, Jump witnivn haoks, Legds to pwoof™ oF fBrmula,

[0} 0 10 10
—> —
hop op
0 \ 10 10

Y ‘ 3 (0]

op \noe

(6] s

10




Special case : Ty eqda) vaws, ane column,

N <t
Sl
=1 oR[N]T2
N
3 RS SR e
35 :1 }SN :5 ngu 5
't 5 [s
"\
- léfcza Y 1 Y
“\ 3 3= 9 % 7|7 2[%4[%33| 7|7
2 It S N
*e N
AW
T(n,) = vwmer of dissectlons of an n—gan by k csf3
Compqve=
O L 2 3 4 5 6 K cuts
3] 1
Y1 1 | 2
S| 1| s S
6| 1 | yA 1%
71 1 4 | 56 | 8% | 42
2l 1] 2 [120200]33%] 132
9] 1 | 27 | 225 | 325 | 1485|1287 | 429 Cabalan
n-3oh “ nembers
n=6
. \ HINES
3 k=2 \ | | K=2
' m\ssins cut
1 m\ssina cut

Fovrolas agree, on averlap.
Tese sebs are v 1:1 correspandence.



Fovrmulas agree, on overlap:

2k + (n-k-3)+ 2 clls
w ~ J
n+k-1

n-t |ket] .., |32 n- ket o | 31 2 n-(ket|,, |32 n- k|, 312
2| K |2Z]1 2| K| |21 2l Kl 2] 2| K|e 2]
nk3 n3 nk3 nk3
2 2 2 2
\ \ \ |
(n-D)(n-2) () k! K! (h-k+3)!

(n+k-1) o n(n-00-2) (n-3) e (n-keu) (n-ke3) v 3. 21
(k1) k! (n-0(n-2) K! (n-k+3)!

= R

0 Good Mhat fscmdlas agree
o Better 12 ind 141 corvespandence, between sefz
O Even better i¥ covrespondence,

© has low complewity
O presenes a Mg,hbor 43N
O presexves a pol‘fbpe

Hexe, we o\ leqvin wore abgut- ‘\)ouns +ablequx
from what we know about pol~l3on dissections.



(F\Pﬁl 1] Stanley covescondence betwepn pdlygon dissechans avd Yavng Hableavk

n=06

N\ T e
L;——- k=2 — Q || «=2

: 1 m'nssins cut

1 m'sssins cut

Formulas aneee

T A = s

polyopn dissechans = Yaung fableaux

ONONONONONGNO)
Bater and exit fop Side
Mark every other wall by degh-fit seavch

{2 |Y% ©®06

Select first exit from eacm chamber
s will become, BBt W of Yaung Fablequ

AT A

Vz |4 ® 06 o
7] G remainng mavke® 12 recd chamber sizes
Select VoV shads for sewnd row

L ®
Use RMaiN(ng mavkey? f¢ 1yl of Vodl\g Tablequ

w
g
<




Yaung tableauk =y Eolyaan dissechovs -

|2 |% (ONONONRONONGCNO) Reqéod\’nUMMB%Mav\(%
357
6 /\ /\ cover cham 128

5 66 6 Re ber s128$

ARlesdoe ® o Make sizes fohat et mavkers
We can X & Mis as a disechan or afr.

holohoeeo @opeoe o0 o
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n=6 k=2 21 cases

0000000

000000 J



n=6 k=2 21 cases

000000 J

0000000



n=6 k=2 21 cases

0000000

000000 J
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k=2 21 cases

n=6

oGy
ONY
P)NFR\
/N gR/
N

S
QUAFE /
E)

3 ®

%e @% MM ®m ®mw Mw ®O©

o ©0 @ ©® ®8 @
m|o| 0@ || 0 O 6 + || 0@ || 6@ x| @% wnlie| @
N v [ Nln < s <o g
2 (2 — [T — SN —|o|C - || — |0 (v PO (e
(92 XS o | Ao~ + [ NS + |~ s
Sl [T T N 9 | YIS | oy e
—|F|c e EHC —|s[n —leolc — oo —nln Tl
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k=2 21 cases

nN=6

ee

@6
CJC)

|

2[5
3[%][7

®o
e®

OJC)

2

[

3267

|

2[5
3|4 (7

2

@6

CJG)
OJC)

L|6

{

3 %[

L6

©]G)
e®

5 &) s

D @
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267

{

3 %[
5

® 651G 1G]
©®
© @®
@O @®
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k=2 21 cases

n=6

®0
@ @
©JC) ©JC) oe

\n o |~ wn(cs
S WEs YK
- N — | [© e GIES
wn [ s wn|c
@ |F WEs YK
- N[ —|N|® G S

& O B

@®

@
O

b

3
ARE

3|6
AL AN

)

@O ®e
@O GIC)
® ®
CIC) C[C)
‘V
A
(Ch [ N |~
o [ |9
e GUEE = | en
(Ch [ W |~
o [ |9
e GUE S =

4|6
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(Kpﬁl 3 Gwmph Oalocmgs) P\Q«\e
plana ™

%i (2)=6

A p\qVMV MGP Cowr rerW‘C 4 colors
© @lors — easy t2 pvave 'g ,
Il do
S wlov? — havder we
% colod — very dRwlt | shill nopadf easily undexstood

Euler omavacteristic (2’1 V~€""F]
Dnvaviant of  simplicial, callulavr surfaces &

xX= -_ﬁ__verhces
+#-Fad?:eéss

Assacahedvon
AX=2=4-U+9
X=2 for anytopoligical sphere  (gemvs 0)

£ 'veF

r_Fz_' o) -1 =0

—-<
o)(b



77 ‘g’
A V= "-J Q

(Klem potle)  (same 2D

] ‘o
w@ECCCCCCHm CCCCCEu
T ol GG
> L
orientalde

oestahion - revexsig path
= not ovientalde

@ec:hve_ plome

pOS'rhO nS of Q shakc oientuhion - Yevexsivg pafl
i€ we aant Jell ends qpavl 2 nat orientalde 4

]
‘-_\
"
= <
I
— (0
-




SUTSU( ﬂ] ¢ TWao sorfaces cav \oe’ﬁddeé\\ b'1 Covmecmv)ﬁ wrt a Hbe

oviewtable

non-

oviemtable

x=1 %=0 7(,=/—|> Y=-2
= A | )
“bogg oS e

Gog “oee ".." ,a'!." G':‘.'!’

1






(T\pm 13 Gwmgh Oolor‘mgs)
%=2 =1 %=0 %=- %=-2

ovientuble

o

noh- 1el

oviemtuble

Dontbying sucfuces Fom e gloig diagmms
xX=v-e+ €

? 3 1
Onase. devitificaions 1o enumerste vertices

OOO&

]
font df » back of back o€ »  femt & >

wSo V=2 AB
£=2-3+1=0

dows ov Klem bottle

Ts o onentable?  No loops at veverse ofieilahon. = +ons

vi / (]
)

oY Co, e

WY e e
e i\é’; } 5

back of >




We can glso glve multigle ieces:

37

‘.‘

x=1-5¢+ 1." -3 oveqtzfion-reversieg loop
™i$ qlane te\\s vs cant be ovievtuble

Y= 2-5+2 = -1

Agan wmust be
non-avientable

We can find Masbws ship

mside sucface

Same 1deags GG w00



H@\)\b] Eoler onauctnshe X=v-e+f 4o Plamv*.avz\e\og:
LEVQXV Plavav 3‘&(:\0 has g vertew of 685&6 5-9

© View a Qg‘ﬂa\f dvagh as Srauww ov q 5€h&w¢~e, (x=2)
Make et c5t3 50 cam(;ln s "l‘dcmﬁula Yan of '\'ne.sd)@tt

v e ¥
| ;_—/.\T\{:Z
ﬁﬂﬁa X=3-138

(ef=2)

@ Bvery Tangle has 3 s1des. This counts exew edgptice .

( e = 2f |

@ et Jd be e averzgae degree. of o verte.
Eaon edge hgs two ends, SO IV wuilz eacn eézgz—twice.

(dV=28) = e=9dv/2, f=3Jv/3

(hed fhese ecl‘\)a\’h' MS n an examgle : \é:%-'-'F =2 &
©

v e F J
w@ 5 9 6 184 %@7:%2 <
X ! ‘g(l&_\\h'&-&%*%}:% 3V = 2e ﬁ
\8’5-‘; 2-9

D= v-e+% = Vv-=dV/2 + V/23
v(1-43/G6)

[ .
must be posihve = ( I< B ]

i



CE\le;M glavm‘r %“’Z&Q“\ can be cnloved Uy 6 w@

Indocve (wae /rewrsr\re algovdum :

Find a vovted oF degree €6
Delete b, and 6-@lor Me swaller grgh left
Now 433 (t bac, qnd chopse a wlor vt ¥sed By iz neighbors

0O 6]

ret Q:-»\'M plavav aph can be enloved Ugnoy 5 wl@
10P®®G ]

Some erauf , but we need an dea to handle this case:
Cwee out oF colovs)




Sucface Topology enters agan

Same 16ea os pof same player wus  Nash /Hex

 Red vesigns

Blue has a foved oin
(14x 14 15 much havder)




Topology i TF we cdlov every cell, Red ov BlUe has a win

A bndge. Red to Red blocks
any ossible bAdge Blete Blue.

Sawe Wi egqwng of @l0s n o qunqr‘ %rq?\'\,.

{@@QQ’E

We can sUap the colaz in q connected chain,
avd no ane else czves



TF 40, loop Sepavates ® ® so we can tgale o @ @ shand.



@-vamth. polqnomuaD "JOJCROROXC, 3

Let £(n) = # ways o colav a %faek G using up & N (oot
£(n) 15 4 polymamial in n

G 15 g ving on X verticas: O0—0—0=—=0

Fivs vevtesl can be any colovi  n cholces

Eadh followmo vertex. cant repart pveviaus glar: (-0 choles
f )= (-0

G s a tee on X verics:

Same argumet
Gvaw e one vewter ot a time

felnr = n (n-0

G is a cycle on Kk vertices:
Tgnare bottam edge.
= 400 many colavings

Subhact M\Ith\ %lon\ﬂq_é
= VaWd coVoMM4S | ule cpllqpse edcbe,




Stavt mdocthan:

AN

£, = (-1

© @J}D @
- eAe
n (n-v) (n-2)

Qv vecurse, 562 what happens

£,00)

—
—

—
—

Il

I\

TARVANE S )

n(h-0F = n(n=)

a0 ((-1)-1) = nl-dm-D

{1

nln-1)> —

n(n-1(w-2)
n(h-0 { (n-0"=(n-D))

n(n-0" — whn-0[(-0%-n-D)
A () [ (0= ()2 + (e — 1)
—

\oe\hrwmvhshou(:q&em



General constuchan :  Deletion /condachon
Grph G, edge &

L= TT-Y

G\e G/e
£c <m = foe —f M

Examgle.: Complete guaph on U vertices

V\(V\-O[(V\'\\z—(h-‘i}) —nm-N — n(n-1)(w-2)
= -0 (n-DT- (n=2) = (n-1) — (N-2))

e o~
W -5a+6 = (N-2)(W-2D
= N-ND-DIh-3) 65 expected

© O=® O—@
»




@VU\QH m\@ A G@gh H 15 a minor of a quaph G
& H caw e dstawved fvom G by deletion and conivachon.

thstory -
Kuratowsii's theorew (136) ¢ A quagh G 15 danar &
it does nat contam a ssbdivisian oF Kg ar Ky

Wagnex's theoem C1a37) ¢ A quagh G 15 danaw &
it does nsT contay  Kg or Ka} GS a m\noer

KS K 2 ,'5

Tnfevpretation : A pvopevty of amehs 15 Minav dlosed
\F (s presenved by takivg mmors,

A qeaph nat having tris ppevty s minor minimal
f eakh f 13 MwoG has the praperty.

O  Any mwvoyv o a p)qvwr queh \S al%o p\amq,v:
0 Ks and Kzz are the mior mwnmal nen glavar geghs

So Kuratowsey / Nasw/ eom 5 o Fin'teness Theorem,



Hhibert agis thesrem (1890

TwK ¢fF ST as delehan/condandion
%o 15 oY closed

o (o
oo

T s mavr minmgl

Geuph minacs are sqme 1dea:
Robevtzay- Seqmove Meovern  (1933-2004, 500 pages)

Every minor dosed propevty of gmphs can be charmdenzed
by g fuie 2k & forbidden miners,

T
EvoyMone has heavd of EBverest oot K2 15 a bigger da\.

T
(Fove colov Treorew )
1976 ﬁq\:e\ , Heken
(9Q7 Roverizan, Scwdens, Seywidv, Thawa s
2005 Gonwtwexr

OThev exampis
O If Gcan be damwmon a surface, then 5o can any mivor
_—~—
plane, sphexe, foxss, .
focbidden mve®  complicated /onkmausn

O If G 15 a fovest (uvwion of trees & 10 cycles)
em so 15 any mnaC

™e 'H‘\oms\e, \S UO‘\qve Lovbidden miner



(Four color Teoren )

D

KS K% 3
Lad
Q&‘Og N-calorable 1s net mMwor c\oseé :

—

2-co\ovable U- colovzl)e
Cﬁaé w\gx 'S Cof\dec:\'\’@ -—/‘> @U\f colov ’meoruv\j

TF G 15 loopless and ostans vo K\, mivar,
‘\’V\@vx G s n-coloruble.

Knguvw for L 4w <




(Matoid foeorsy )

letc Vi Ve ke vectsrs 1n the vector space W Quer the feld K

et R = tewl of supsts B < Tvi,mVid
et ave lweady depewent

How can we seot a valio & 7

Easily seen wles not quite eNnlgh. Exchange axiom

f A,B independent ez and |A) >1B)
they AVEAND so BV IVI s wdependent

An abstad matod  (Jata fov > safisfymvey these vy les)
s repesjidble over e feld K
& we can ‘ﬁw& Viy i Vi Vecters in the vectsr space. W

aver K, wim this shoocture 2

0 Cawn « ﬁ‘Z&P\n G be daWwn on & gurfgee S 7
fovip\ddem mmvos ) ci’/panéwlg m S

0 Gan a mivoid & be represem‘ké over g feld K 7
Fovirdden wvows, cepemdmg an K,

Definiions ave more technica),
but Theow 15 evih‘re(y pavallel.

Gvaphs are ac‘h)q\\l, a Speua\ case of whaids:
A set of edaes 15 indepencedt & they don't contam & cyde.

Thexe 15 o C)(\‘(DMQJV\Q, po\\,woma\ 'F@" MQ"\YB\&S,
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