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Exam 2
Combinatorics, Dave Bayer, April 6-10, 2023

Please show all of your work. You will be graded for both your answers and your explanations. You
need not complete the entire exam; some questions are intended to be challenging.

This test 1s open-book. You may use any resource such as my course materials, textbooks, or The
On-Line Encyclopedia of integer Sequences. You may not receive help from another person.

[1] How many ways can we choose three vertices of an octagon, up to rotation?
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[2] Which dissection of a polygon corresponds to this Young tableau, under Stanley’s correspondence?
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[3] let f(k) count the number of ways of coloring the squares of a 4 x 4 grid using at most k colors, up to
the dihedral group D, of rotations and reflections of the square. What is f(2)? What can you say about
f(k)?

L oY RS +F X R

16 dngvees B dnoves 4 dnogvees B Movees 1O no\ees

Ecm= (K 2K 368+ 2k /3 )

@) = (2'%+2.2% 2%+ 22%) /3 = ‘8.5‘*@
(65536 +2-102% + 3256+ 2:16 ) /g

1 2 3
116 1 65,536 43,046,721
2 10 2 2,048 118,098
3 8 3 768 19,683
2 4 2 32 162
1 8,548 5,398,083
A217338 Nlémbc;r of inequivalent ways to color a 4 X 4 checkerboard using at most n colors allowing rotations and
reflections.

0, 1, 8548, 5398083, 537157696, 19076074375, 352654485156, 4154189102413, 35184646816768,
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[4] Color the vertices of a cube using at most k colors, up to rotations of the cube. Let f(k) count the
number of chiral pairs: Mirror images that are not the same under rotation. What is f(4)? What can you

say about f(k)?
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[5] Let f(p) count the number of ways of coloring a p bead necklace using at most 3 interchangeable colors,
up to rotatlon In other words we're partitioning the beads into up to 3 unnamed subsets, up to rotation.
As shown, f(2) = 2 and f(3) = 3. What is f(5)? What can you say about f(p), when p is prime?
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